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In the context of quantum theories of spacetime, one overarching question is how quantum information
in the bulk spacetime is encoded holographically in boundary degrees of freedom. It is particularly
interesting to understand the correspondence between bulk subregions and boundary subregions in order to
address the emergence of locality in the bulk quantum spacetime. For the AdS/CFT correspondence, it is
known that this bulk information is encoded redundantly on the boundary in the form of an error-correcting
code. Having access only to a subregion of the boundary is as if part of the holographic code has been
damaged by noise and rendered inaccessible. In quantum-information science, the problem of recovering
information from a damaged code is addressed by the theory of universal recovery channels. We apply and
extend this theory to address the problem of relating bulk and boundary subregions in AdS/CFT, focusing
on a conjecture known as entanglement wedge reconstruction. Existing work relies on the exact
equivalence between bulk and boundary relative entropies, but these are only approximately equal in
bulk effective field theory, and in similar situations it is known that predictions from exact entropic
equalities can be qualitatively incorrect. We show that the framework of universal recovery channels
provides a robust demonstration of the entanglement wedge reconstruction conjecture as well as new
physical insights. Most notably, we find that a bulk operator acting in a given boundary region’s
entanglement wedge can be expressed as the response of the boundary region’s modular Hamiltonian to a
perturbation of the bulk state in the direction of the bulk operator. This formula can be interpreted as
a noncommutative version of Bayes’s rule that attempts to undo the noise induced by restricting to only a
portion of the boundary. To reach these conclusions, we extend the theory of universal recovery channels to
finite-dimensional operator algebras and demonstrate that recovery channels approximately preserve the

multiplicative structure of the operator algebra.
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I. INTRODUCTION

The AdS/CFT correspondence is a duality or equiva-
lence between a gravitational theory in (d + 1)-dimensional
asymptotically AdS spacetime and a conformal field theory
with one less spatial dimension [1-5]. Roughly speaking,
the CFT lives on the boundary of the bulk AdS spacetime,
and the quantum state of the boundary CFT is dual to the
state of the quantum-gravity theory in the bulk. In the limit
of a large number N of degrees of freedom (d.o.f.) and
strong coupling in the CFT, the gravity side of the
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correspondence can be approximately described by
classical Einstein gravity. Hence, AdS/CFT provides a
theoretical laboratory to understand how classical space-
time emerges from microscopic d.o.f. and how quantum
effects alter the physics, at least in a toy model of quantum
gravity. Only certain CFT states correspond to classical
geometries in the bulk, and this important class of states
occupies much of our attention. For such states, there is an
emergent spatial direction in the bulk theory, and under-
standing how locality in the bulk geometry arises in the
boundary theory is a longstanding problem. One way to
approach the problem is to ask which regions of the bulk
are completely described by a given region of the boundary.

The question above has been phrased in various
forms over the years [6,7], and a particularly natural
approach is to think operationally. Physical observables
are described by Hermitian operators, so the goal becomes

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevX.9.031011&domain=pdf&date_stamp=2019-07-24
https://doi.org/10.1103/PhysRevX.9.031011
https://doi.org/10.1103/PhysRevX.9.031011
https://doi.org/10.1103/PhysRevX.9.031011
https://doi.org/10.1103/PhysRevX.9.031011
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

JORDAN COTLER et al.

PHYS. REV. X 9, 031011 (2019)

the identification of all local bulk operators that can be
expressed in terms of boundary operators with support
only on the boundary subregion. Such operators correspond
to those observables in the bulk subregion whose physics
can be completely reproduced using boundary observables
in a boundary subregion. Significant progress has been
made on this problem, starting with the so-called HKLL
prescription [2], so named in honor of its authors Hamilton,
Kabat, Lifschytz, and Lowe. The method works in certain
cases but falls short in general; there are bulk operators that
should be expressible on a particular boundary subregion
that are inaccessible to the HKLL technique. An example is
the operator corresponding to the area of the minimal
surface in the bulk that calculates the entropy of the
boundary subregion, the so-called Ryu-Takayanagi surface
[8,9]. For a single hemispherical region in empty AdS,
HKLL and related techniques suffice to reconstruct bulk
operators in terms of a boundary spherical region, but
almost any more-complex scenario falls outside of the
purview of HKLL.

The problem of finding the dual to a boundary subregion
is at the heart of the subject of bulk reconstruction: Given
an operator in the bulk, can one find a representation of this
operator acting on a subregion of the boundary? Recently, it
has been proposed that for a given subregion A of the
conformal boundary, any low-energy bulk operator acting
on a spacetime region called the entanglement wedge of A
can be reconstructed using only information in A [6,10,11].
Roughly speaking, the entanglement wedge of a boundary
subregion is the bulk spacetime region between the
boundary subregion and its corresponding bulk minimal
surface, the aforementioned Ryu-Takayanagi (RT) surface.
More precisely, for time-symmetric situations, the entan-
glement wedge is the set of bulk spacetime points that, due
to the bulk light-cone restriction, can be influenced only by
the bulk spatial region between the RT surface and the
boundary subregion (see below for a fully general defi-
nition). The entanglement wedge reconstruction conjecture
was strengthened in Ref. [12] and established in tensor
network toy models of holography [12—14]. Very recently,
it was proved in Refs. [15,16] under the condition that the
bulk and boundary relative entropies are exactly equal.

At large but finite N, within the framework of bulk
effective field theory, one expects only approximate equal-
ity of the bulk and boundary relative entropies. When
similar situations were studied in the quantum-information
theory literature, it was found that algebraic consequences
of exact entropic equalities often do not provide qualita-
tively correct predictions in the approximate case. An
important and, in fact, closely related example is the exact
saturation of strong subadditivity of the von Neumann
entropy, which is known to imply that the underlying state
is a quantum Markov chain [17]. Such states have an
orderly pattern of correlation in which different subsystems
are independent of each other given an appropriate buffer

between them. The associated algebraic structure slightly
generalizes operator algebra quantum-error correction and
is precisely the structure relevant in AdS/CFT [15]. Near
saturation of strong subadditivity, however, fails to imply
that the state is nearly a quantum Markov chain state for
systems of large Hilbert space dimension [18,19]. As we
discuss above, a large number of local d.o.f. is essential in
AdS/CFT, so the failure of the approximate version of the
implication in large Hilbert spaces represents a potentially
serious issue for AdS/CFT.

Indeed, the most direct generalization of the reconstruc-
tion theorem from Ref. [15] to approximate relative
entropy equalities does not lead to the goal of full
approximate quantum-error correction but rather to a
significantly weaker structure known as a zero-bit code
[20,21]. Ignoring this distinction can lead to qualitatively
wrong conclusions for code spaces whose dimension grows
too fast in the large-N limit (e.g., code spaces containing a
large number of black-hole microstates) [22]. For mixed
states in such code spaces, the entanglement wedge of a
boundary region A may be strictly smaller than the bulk
complement of the entanglement wedge of the comple-
mentary boundary region A even in the limit N — co. A
naive application of Ref. [15] would incorrectly suggest
that any operator in the larger latter region can be
reconstructed in region A; in fact, only operators in the
entanglement wedge of A can be reconstructed in a state-
independent way.

In this article, we demonstrate the entanglement wedge
reconstruction conjecture without assuming exact equality
of bulk and boundary relative entropies. In doing so, we
also provide an explicit formula for entanglement wedge
reconstruction. Our analysis builds on recent results in
quantum-information theory giving sufficient conditions to
approximately reverse the effects of noise. We show that
having access only to a subregion of the boundary is
equivalent to throwing away or damaging a known part of
the error-correcting code describing the bulk spacetime,
and it is this correspondence which opens the door to the
methods of universal recovery channels. A general quan-
tum map known as a quantum channel AV (i.e., a completely
positive, trace-preserving map) is said to be reversible
if there exists another quantum channel R known as
the recovery channel, such that the composition R oN
acts as the identity on all states in the domain of N (i.e.,
RoN|p] = p). For example, all unitary operations are
reversible, with the adjoint of the unitary acting as a
recovery channel (since U'U = 1), and quantum-error-
correcting codes are designed around noise processes such
that the noise can be reversed on the code subspace.

When a channel N is reversible, it has been known for
some time how to construct a recovery channel R [23].
Exact reversibility will almost never be satisfied in practice,
however, and for many applications one may require only
that a channel be approximately reversible. For example, in
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approximate quantum-error correction, one requires only
that the recovered state R o \[p] be close to the input p up
to some small tolerance. For a channel that is not exactly
reversible, it is natural to ask whether or not there exists a
recovery channel that works approximately in the above
sense [24]. This question has spurred a flurry of research
and was answered only recently in Ref. [25], wherein it
was shown that for any quantum channel /, there indeed
exists an approximate recovery channel R such that
RoNlp] =~ p, YV p, with the quality of the approximation
controlled by the behavior of the relative entropy under the
action of the channel N'. We review these recent results in
the next section. In the context of AdS/CFT, there is a map
from the bulk to the boundary, and a noisy quantum
channel arises from tracing over a subregion of the
boundary. Our ultimate goal is to recover from that noise
process (i.e., recover from the loss of part of the boundary).

The paper is organized as follows. We begin with a
review of recent results on universal recovery channels,
as well as a few basics of AdS/CFT and recent results
in holography. We then apply the theory of universal
recovery channels to the problem of entanglement wedge
reconstruction in AdS/CFT, and we arrive at an explicit
expression for a bulk operator recovered on the boundary.
After discussing its salient structural properties, we sketch
how our formula applies to AdS;-Rindler reconstruction,
and we conclude with possible avenues for future research.
In the Appendixes, we prove our entanglement wedge
reconstruction result for arbitrary finite-dimensional alge-
bras of observables, thereby obviating simplifying assump-
tions used in the main body of the paper. To do this, we
extend the universal recovery results of Ref. [25] to finite-
dimensional von Neumann algebras. Importantly, we also
prove that approximate recovery channels automatically
approximately preserve the multiplicative structure of the
original bulk algebra, which ensures that correlation
functions of boundary reconstructions of the individual
operators, even if each operator is reconstructed using a
different entanglement wedge.

II. BACKGROUND AND PRELIMINARIES

In this section, we review the theory of recovery channels
and basics of AAS/CFT, as well as recent developments in
each that we later use to establish our results.

A. Universal recovery channels

To develop intuition of quantum recovery channels, it is
helpful to first set aside quantum mechanics and consider
good old probability theory. Our goal is to reverse the
effects of applying a stochastic map. In particular, given a
stochastic map p(y|x) and an observation of y, try to infer
x. One way to do this is to introduce a new stochastic map
p(x|y) via Bayes’s rule

pmw—ﬂ@ﬂ%ﬁ, (1)

465

which has the property that » , p(x'|y)p(y|x) = d,y if the
noise can be reversed. In situations where the noise cannot
be perfectly reversed, Bayes’s rule provides an excellent
(and in many ways optimal) estimate of the input. Since it
will prove useful in solving the quantum version of the
problem, it is worth noting that we can trivially rewrite
Eq. (1) as

d
pxly) = dr

()
[;%(R5+m@m) @)

In other words, the recovery channel p(x|y) can be
expressed as the logarithmic directional derivative of the
matrix p(y)p(x)~" in the direction of the channel p(y|x).

Let us now consider a noncommutative generalization of
Bayes’s rule. We want to find a quantum channel (i.e., a
completely positive, trace-preserving map) that reverses the
action of some input channel. Instead of a classical
stochastic map, our goal is to reverse the action of a noisy
quantum channel. To make the problem precise, consider
two Hilbert spaces H, and Hp. Let S(H,) and S(Hp)
represent the sets of density operators on systems A and B,
respectively. A quantum channel N:S(H,) — S(Hjp) is
said to be reversible if there exists a quantum channel
R:S(Hp) = S(H,) called the recovery channel, such that

(RoN)[p] =p forall pe S(H,). (3)

A simple example in which reversible channels play a
starring role is quantum-error correction. In this case, N is
the composition of encoding some d.o.f. in a code space H,
into a potentially larger Hilbert space, followed by a noise
channel (wherein we lose certain d.o.f. or otherwise corrupt
the encoded state). R is then a decoding map, and Eq. (3)
corresponds to perfect quantum-error correction.

One way to quantify the noisiness of a quantum channel
is by comparing the distinguishability of input states and
output states using the relative entropy. Under the action of
a quantum channel N, the relative entropy between two
states can never increase. This fact is known as the
monotonicity of relative entropy or the data processing
inequality:

D(pllo) = DN [pl[|Ne]), (4)

where D(p||o) := Trplogp — Trploge is the relative
entropy between p, o. If there were a recovery channel
R such that (RoN)(p) = p and (R oN)(6) = 6, monot-
onicity applied a second time to R would imply saturation
of Eq. (4). In fact, the converse is also true. Equality in
Eq. (4) holds if and only if there exists a recovery channel
R, such that (RoN)(p) = p and (RoN)(6) = o. In this
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case, Petz and co-worker [26] identified an exact recovery
channel R = P, given by

Pase = 0PN (Wl PN ), (5)

where A/* denotes the adjoint of the channel A/. Because
P, does not depend on p, it can be used for all p
saturating Eq. (4) [provided that & is chosen to be full rank
to ensure that the relative entropies in Eq. (4) are finite for
all states p]. P is an exact recovery channel often referred to
as the Petz map.

Since the condition is necessary and sufficient, failure to
saturate Eq. (4) means that an exact recovery map R cannot
exist. But what if A/ almost saturates Eq. (4)? In this case,
does there exist an approximate recovery map, which
would behave well in cases of near saturation, as does
Bayes’s rule in the stochastic case? Indeed, an approximate
version of the recovery channel was developed by Junge
et al. [25], who show that, for any p,c € S(H,) and any
quantum channel )V, there exists a recovery channel R, y,
such that

D(plle) = D(N[p][|N[o]) = —21og F(p. Ry o Npl).  (6)

where F(p, o) := ||\/p\/o]|, is the fidelity. The inequality
says that the fidelity between the recovered state and the
original is controlled by the extent to which the channel
saturates monotonicity of relative entropy [Eq. (4)], with
perfect fidelity in the case of saturation. Importantly, there
is no dependence on the dimension of the Hilbert space.
Moreover, Junge et al. [25] gave a concrete expression for
the channel R, 5 called the twirled Petz map and given by

R = / difo (1)o7
R
2 PG.N <N[6][(it)/2](')N[U}_[(”)/z])6[(”)/2]’ (7)

where P, s is the Petz map of Eq. (5), and f, is the
probability density fy(¢) == (z/2)[cosh(xt) + 1]7!. The
twirled Petz map is an example of a universal recovery
channel, since Eq. (6) holds for any channel /. When o is
full rank, both the Petz map and the twirled Petz map are
trace-preserving completely positive maps (i.e., quantum
channels).

For a completely positive map N, the Choi operator is
defined by @) = (id ® N)[®], where |®) = " [j)|) is
an un-normalized maximally entangled state. By working
with the Choi operator, we can rewrite the recovery channel
R in a form similar to Eq. (2). In the case of the recovery
channel R, 5, the Choi operator can be expressed as

Rov =7 log(N[o] ® o7 4+ D)), (8)
. dt],—

where A[o] is the complex conjugate of A[s], and 67! is
the inverse of ¢ on its support. A proof can be found in the
Appendix B. This is the appropriate generalization of
Bayes’s rule to the noncommutative case. When the
channel is reversible, the twirled Petz map R, » reduces
to the Petz map P, . In the classical case, both the Petz
map and the twirled Petz map reduce to Bayes’s rule.

1

B. AdS/CFT background

The AdS/CFT correspondence states that quantum grav-
ity in d + 1 spatial dimensions is dual to a CFT in d spatial
dimensions. There are two main dictionaries that describe
the mapping between bulk and boundary quantities in the
AdS/CFT correspondence: the differentiate dictionary
[27,28] and the extrapolate dictionary [29]. The differentiate
dictionary relies on the equivalence between the partition
functions of the bulk and boundary theories (Zcpr = Zgpay)-
On the other hand, the extrapolate dictionary relies on the
fact that local CFT operators living in the boundary theory
can be expressed as the limit of appropriately weighted bulk
fields as they are taken to the conformal boundary of the AdS
spacetime. In particular,

O(x) = limz™2¢(x, z),

where O is aboundary field, A is the scaling dimension of O,

and ¢ is a bulk field. With this equivalence, boundary
correlation functions can be expressed as

(O(x1), -, O(x,)) cpr = Zlimz_”A<¢(x1 22)s e P(X05 2) Dbulic-

—>00

The HKLL procedure [2] uses the extrapolate dictionary
and the bulk equations of motion to write a local bulk field
operator ¢(x,z) as a smearing of boundary operators O
acting on the “strip” of boundary points that are spacelike
separated from (x, z), as shown in Fig. 1. In particular,

(a) (b)

&\_// N
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< /

FIG. 1. (a) The HKLL procedure provides a way of writing bulk
operators in terms of boundary operators living on a strip in the
boundary consisting of all points that are spacelike separated
from the bulk point. (b) The causal wedge HKLL procedure
provides a way of expressing bulk operators in terms of boundary
operators living only in the domain of dependence of a boundary
region whose associated causal wedge contains the bulk point.
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#2) = [ dvK(nzx)0w)

where the smearing function K can be computed using a
mode-sum expansion. The choice of smearing function X is
not unique, and there are different choices of K that will
reproduce the same bulk field ¢. For instance, bulk field
operators ¢(x, z) can be written using a smearing function
that is supported only on a subset of the boundary, namely,
the domain of dependence of a boundary subregion whose
causal wedge contains the bulk point, as shown in Fig. 1.

Using the HKLL procedure, one can find representations
of a given bulk operator on different regions in the
boundary. As observed in Ref. [30], this redundancy is a
reflection of the quantum-error-correcting properties of
AdS/CFTIf we fix a boundary region A, the entanglement
wedge of A is defined to be the bulk domain of dependence
of any achronal bulk surface bounded by A and the
covariant RT minimal surface associated to A. For readers
unfamiliar with the entanglement wedge, it is easily
visualized on a fixed time slice: The entanglement wedge
is the region in the bulk bounded by A and the RT surface of
A. The full spacetime picture of the entanglement wedge is
then the bulk domain of dependence of the region on a fixed
time slice. The entanglement wedge reconstruction pro-
posal asserts that any local bulk operator acting on the
entanglement wedge of A has a representation with support
only on A.

The key input from holography is a result by Jafferis,
Lewkowycz, Maldacena, and Suh (JLMS for short) in
which they show that bulk and boundary relative entropies
are approximately equal [16]. The relative entropy between
two “nice” states in the bulk and their associated states on
the boundary are equal to leading order in 1/N. To be
precise, let p and o be two bulk states with the same
semiclassical geometry, p, and o, be their reduced density
matrices on the entanglement wedge of A, p and & be the
corresponding boundary states, and p, and &, be their
reduced density matrices on region A. Jafferis et al. [16]
then showed that

D(pallza) = D(palloa) + O(1/N). ©)

At higher orders in 1/N, the equivalence in Eq. (9) is no
longer well defined, since the choice of minimal surface
used to define the entanglement wedge becomes state
dependent. Crucially, AdS/CFT provides only a global
map from bulk to boundary states (p — p). Our approach to
entanglement wedge reconstruction will be to construct a
suitable local quantum channel mapping states in the
entanglement wedge to states in the boundary region
(py > pa)- Only then can we interpret Eq. (9) as an
approximate saturation of the monotonicity of the relative
entropy for a quantum channel, so that Eq. (6) guarantees
the existence of an approximate recovery map. It is the

adjoint of this recovery map that we ultimately use for
reconstruction.

III. ENTANGLEMENT WEDGE
RECONSTRUCTION

We make the following assumptions:

(1) The bulk Hilbert space contains a code subspace that
is mapped via a quantum channel into the CFT
Hilbert space.

(2) The JLMS relative entropy condition holds to
leading order in 1/N.

In fact, the first condition is slightly relaxed in the most
general version of our result (Theorem 4). Just for the
purposes of illustration, we also pretend that the bulk and
boundary Hilbert spaces admit simple tensor factorizations,
since this is a familiar convention in the community.
However, the reader is cautioned that this convention is
not actually correct—even for free theories, the Hilbert
space does not factorize, and the problem is only com-
pounded for gauge theories. The proper approach is to work
at the level of algebras of observables, without ever making
a tensor product assumption. As such, we adopt the more
general algebraic approach in the Appendix, proving all
claims made in this paper rigorously at the level of finite-
dimensional von Neumann algebras.

With these assumptions, let us formalize the problem.
Let H,.q. be a code space with density operators S(Hoqe )
and let Hcpr be the Hilbert space of a CFT with density
operators S(Hcpr). There are many valid definitions of
what it means to be a code space in AdS/CFT, but our
results hold for any suitable definition. For instance, one
can define the code space to be the set of all states formed
by acting with a finite number of low-energy local bulk
operators on the vacuum [15,30]. In this context, low
energy means the action of the operator does not change the
bulk geometry appreciably. The AdS/CFT correspondence
relates states in S(Hoq.) to states in S(Hcpr). We model
this relationship by an isometry J:Hoqe = Hcpr embed-
ding the code space into the CFT Hilbert space. Note that
H o4 can be identified with its image under the isometry J,
resulting in the code subspace of previous works [15,31]. In
general, one could consider an arbitrary quantum channel
mapping states on the code space to states on the CFT
Hilbert space. We prove our general result in Theorem 4
without requiring the mapping between code and CFT
states to be an isometry.

We now partition the CFT into two regions A and A, and
we partition the bulk into a and a, where a is supported
only on the entanglement wedge of A, as shown in Fig. 2.
As discussed earlier, we assume that Hcepr = Hy ® Hj
and that H 4. = H, ® H;. The problem of entanglement
wedge reconstruction then amounts to constructing a
boundary observable O, supported only on A, such that,
for any bulk operator ¢, supported in the entanglement
wedge a of A,
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(a) (b) A

A

FIG. 2. (a) A bipartition of the boundary into a connected piece
A and its complement A. In this case, the entanglement wedge of
A coincides with the causal wedge of A labeled by « in the figure.
a is then the complement of a. (b) A bipartition of the boundary
into A and A such that A consists of two disconnected compo-
nents. In the figure above, A spans just more than half of the
boundary, and in this case, the entanglement wedge of A is not
simply the union of the causal wedges of each piece of A. In the
bulk, a represents the entanglement wedge of A and a is the
complement of a.

(O spst = (ba),| < 6l ball (10)

for all p € S(Hcoqe) and for some small 6 > 0. Using our
new notation, Eq. (9) says that, for all p, s € S(Hcde),

Dipallon) = D(Gpr e, )| <o

where € is controlled by 1/N, and the notation (-), =
Trjz(-) is shorthand we use throughout.

Note that in this paper, we use the approximate equality
of relative entropies in @ and A in order to prove that
operators in region a can be reconstructed in A. In contrast,
the starting assumption in Ref. [15] was an exact equality
between relative entropies in @ and A. As we discuss in the
Introduction, an approximate version of this latter condition
implies only that the zero bits of region a are encoded in
region A, which is a significantly weaker condition than full
entanglement wedge reconstruction [20-22].

Since the relative entropies approximately agree, one
might expect that we can find a universal recovery channel
that would undo the effect of the partial trace over A.
However, there is an obstacle: A priori, (JpJ'), depends on
the state p defined on the whole bulk not just on the reduced
state on the entanglement wedge p,. In this form, the theory
of recovery channels is not applicable. To overcome this
challenge, we first restrict the recovery problem to special
code states of the form p = p, ® 0;, where o is some
fixed fiducial state. We thus obtain a quantum channel
pa = (JpJT), mapping states on the entanglement wedge
to states on the boundary region. We then verify that the
recovery map R obtained for this channel works in fact for
all code states p, only increasing the error by a small
amount, since Eq. (11) also implies that the CFT states
corresponding to any p and its factorized version p, ® o,
are approximately indistinguishable on the boundary
region A. The adjoint R* of the recovery channel then

maps bulk operators ¢, supported in the entanglement
wedge to boundary operators O, supported on A and
satisfying Eq. (10), thereby achieving entanglement wedge
reconstruction.

In more mathematical detail, we first define the local
channel N':S(H,) = S(H,) by

Nlp] =Trz[J(p, ® 62)J7] = (J(pa ® 02)J7)a  (12)

for all states p, € S(H,), where o5 is some fixed full-rank
state. If we also choose a full-rank ¢, € S(H,,), then we can
use Eq. (7) to obtain a recovery channel R =R, »r such
that, for all p, € S(H,),

—2logF(pg. RoNlp,]) <|D(palloa) = DN [pa]IN o)) .
However, by Eq. (11), we have
ID(palloa) = DN [pu]llNoa])| <€,

and therefore, we conclude that the recovery channel R
works with high fidelity (cf. Ref. [25] Corollary 6.1). By
one of the Fuchs—van de Graaf inequalities [32], we have
that

lpa = RN Tp])ll < 2ve =5,

for all p, € S(H,). We now show that the channel R
recovers the reduced state on the entanglement wedge for
arbitrary code states p, not just for those of the form
P =pa® o0z

INTpa] = (TpT ) alli = 11 (pa ® 02) T4 = (IpI )4 II7
<2In2D((J(pa ® 6) I )all(IpJ 7))
<(2In2)e=:52,

where the first inequality is Pinsker’s inequality, and the
second inequality is Eq. (11), with one state set to p and the
other set to p, ® o;. Therefore, we obtain that, for all
pPE S (Hcode)’

lpa = RIIPI)Allls
< lpa = RV lpa))lli + IRV [pa]) = RIIpT") allly
<llpa = RN lpal)lli + IV pa] = (IpT )4l
<8y + 6, =0. (13)

Thus, we conclude that R recovers arbitrary bulk states
in the entanglement wedge with high fidelity, as desired.
We now show that the adjoint of the map R solves the
entanglement wedge reconstruction problem in the form of
Eq. (10). Given a bulk operator ¢, supported in entangle-
ment wedge a of A, define Oy = R*[¢,]. Then we have
that, for all p € S(Hcoge)s
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|<(9A>prr - <¢a>p‘ = |TI‘R* [¢a](‘]p‘]+)A - Tr¢apa|

— Teg RIUIpI )] = Trdapa
Trg, (prm - pa)
<IRIIPI)A] = pal Iall < 61l

where the first inequality is Holder’s inequality and the
second is Eq. (13). Thus, we have arrived at the desired
approximate equality of one-point functions.

9’

IV. CORRELATION FUNCTIONS

Given a set of n bulk operators {¢£,i)} acting on the
entanglement wedge a of A, our result implies that we can
calculate their n-point correlation function as the expectation

value of the boundary operator O, = R*[Hizﬁ(ai)] obtained

by reconstructing the composite bulk operator Hicﬁ(ai).
However, one might hope that the reconstructed operators
approximately reproduce the bulk algebra in the sense that

<H¢§’>> ~ <H(’)§;>> , (14)
i P i IpJt

where OV = R*(4). When the bulk and boundary
relative entropies are exactly equal, it is known that R* is
an algebra homomorphism (Ref. [26] Proposition 8.4), so
that Eq. (14) holds with equality. We prove in Theorem 4 in
the Appendix that when the bulk and boundary relative
entropies are only approximately equal, as in Eq. (11), then
Eq. (14) still holds approximately, although the size of the
error may grow quadratically with n.

Furthermore, we show in Corollary 5 that the above
result continues to be true even when different operators are
reconstructed using the entanglement wedges a; of differ-
ent boundary regions A;:

() =(ot) . 09

JpJt

where (’)Xi) = Rj;l_ [(/)(a”} and R, is the recovery map for
boundary region A;. This result is illustrated in Fig. 3.

V. AN EXPLICIT FORMULA

Our ultimate goal is an explicit formula for approximate
entanglement wedge reconstruction. Thus, we want to
calculate O, = R*[p,] explicitly by using Eq. (7).
Recall that the recovery channel R depends on our choice
of 6, and, through the channel N/ from Eq. (12), also on the
choice of o;. The result is particularly satisfying when
both ¢, and o, are chosen to be maximally mixed. It is
important to emphasize that this is just a convenient choice
that we make in order to simplify our expressions. For an
infinite-dimensional code space, such a choice would
not be well defined, and instead another choice of average

FIG. 3.  We show in Eq. (15) that correlation functions of bulk
operators can be computed by pushing each bulk operator to the
boundary separately and computing the expectation value in the
boundary theory. The bulk operators need not live in the same
entanglement wedge. In this figure, the boundary is decomposed
into four regions: A, B, C, and D. Regions AB and BC have a
nontrivial intersection, and the bulk operators ¢ are localized to
the regions as shown. We can use the recovery maps R}, and
Rjc to push the operators to AB and BC, respectively.

code state can be used. With this simplification, we find
that, for all bulk operators ¢, with support in the entangle-
ment wedge a,

Op=R"[a]

1 Ly e
- / difo ()X Trg (g, @ 1) s 14108,
dcode R

(16)

where H, = —log (JzJT), is the boundary modular
Hamiltonian on subregion A associated with the maximally
mixed state 7 on the code subspace. The above expression
makes it clear that the natural basis one should use for
entanglement wedge reconstruction is the eigenbasis of the
modular Hamiltonian. What is more, the recovery channel
can be expressed in the form of a logarithmic directional
derivative, as in Eq. (8):

1 d
Or=R*[pa] = T dowdt
code =0

HA[Tcode+t¢a®ﬂ&]’ (17)
where we write H,[p] := —log (JpJ'), for the boundary
modular Hamiltonian on subregion A associated with a bulk
state p. In other words, the boundary operator corresponding
to ¢, can be computed as the response in the boundary
modular Hamiltonian H 4 to a perturbation of the maximally
mixed code state in the direction of the operator ¢,,.

Equations (16) and (17) are explicit expressions for
entanglement wedge reconstruction that are meaningful
even when the bulk and boundary relative entropies are not
exactly equal. When the relative entropies are exactly equal
for all p, they reduce to the simple Petz map, which is
equivalent to existing notions of operator algebra quantum-
error correction, as applied to bulk reconstruction.
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In Eq. (16), we first map our bulk operator ¢, to the
entire boundary via ¢, — J(¢, ® 1;)J7. One might won-
der what the connection is between this mapping and the
global HKLL reconstruction procedure [2] discussed in
the preliminaries, which likewise produces an operator
Ohpxir, supported on the full CFT Hilbert space and
satisfying (¢,), = (OnkiL) - The latter condition means

that J'OykiJ = ¢, ® 1;. Hence,
J(pa @ 1)J7 = JJ Opgrr JJ.

The map JJ' is precisely the projection onto the code
subspace. This means that, in order to compute the term
J(¢, ® 1;)J7 in our formula (16), we can leverage the
global HKLL procedure to map out the bulk operator to a
global boundary operator if we make sure to subsequently
project the result onto the code subspace. Such a projection
onto the code subspace is not necessarily complicated.
In the Appendix, we work through an explicit calculation
involving our reconstruction formula. The example is
analogous to Rindler wedge reconstruction, although it
is only strictly true for free fields. We consider a bulk
operator ¢, in AdS; localized in the entanglement wedge of a
boundary interval, and we choose a two-dimensional code
space spanned by states |0) and ¢,|0), where |0) is the
vacuum state. Using only our recovery formula and global
HKLL, we find an expression for reconstructed bulk oper-
ators as a mode expansion supported on the Rindler wedge.

VI. DISCUSSION

The mapping of bulk operators to boundary subregions
was recognized as a problem in operator algebra quantum-
error correction in Ref. [30]. This important conceptual
advance, along with the insight that bulk and boundary
relative entropies agree [16], imply that any low-energy
bulk operator in the entanglement wedge of a boundary
region should be representable as an operator acting on that
boundary region [15,16]. In this sense, a boundary region is
dual to its entanglement wedge.

In this article, we use recent advances in quantum-
information theory to provide a robust demonstration of
this result that does not assume that the bulk and boundary
relative entropies are exactly equal. In addition, we find a
satisfyingly simple explicit formula for the boundary
operator, namely, that it can be computed as the response
of the boundary modular Hamiltonian of the subregion to a

perturbation of the average code state in the direction of the
bulk operator.

Our argument does not rely on the structural conse-
quences implied by exact equality of relative entropies
assumed in the proof of the entanglement wedge
reconstruction conjecture in Ref. [15]. That said, the
argument that we present here still assumes the finite
dimensionality of the associated von Neumann algebras.
Most of our expressions can be applied formally even in the
infinite-dimensional setting, but it would be a worthwhile
project to try to rigorously extend our results to the infinite-
dimensional case. It seems likely that additional hypotheses
will be required in order to ensure the existence of the local
channel that is instrumental in our argument.

In independent work [33], Faulkner and Lewkowycz
arrived at a formula for entanglement wedge reconstruc-
tion which also involves modular flow. Their approach
builds on the insights of Ref. [16] and uses the free-field
physics of the bulk to argue that entanglement wedge
reconstruction involves integrating the modular flow against
a certain (generally unknown) kernel. It would interesting to
understand their results from the perspective of our frame-
work; most likely, this requires further exploration of the
consequences of the free-field assumption in the bulk which
we do not a priori need to assume in our approach.
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Note added in proof.—In follow-up work to this paper, it
has also recently been shown that one can perform
entanglement wedge reconstruction using only the Petz
map as opposed to the twirled Petz map [34].

APPENDIX A: FINITE-DIMENSIONAL VON NEUMANN ALGEBRAS

A finite-dimensional von Neumann algebra is a (unital) subalgebra A C B(H) of the linear operators on some finite-
dimensional Hilbert space H. We define the set of states as the intersection S(A) = A N S(H) of the algebra with the set of
all density operators on the Hilbert space H denoted by S(H). We denote the larger space of positive linear functionals (with
no normalization condition) on A by P(A). We write (¢), := Trp ¢ for the expectation value of an operator ¢ € A in state
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p € S(A). [To any state p € S(A), we may assign the positive normalized linear functional ¢ > (¢,), thereby connecting
S(A) with the standard definition of states on a von Neumann algebra.]

In this way, we may lift standard definitions in quantum-information theory to finite-dimensional von Neumann algebras.
For example, the trace norm difference ||p — 0|, the relative entropy D(p||o), and the fidelity F(p, o) for p,c € S(A) can
be defined in the usual way by |p—o|, :=Trlp—0|, D(p|o):=Tr[plogp—plogs], and F(p,o) = |\/p\o|,
respectively, in agreement with their abstract definitions for von Neumann algebras. For a completely positive map
N:P(A) — P(B), the adjoint or dual channel N*:B — A is defined by demanding that (), = (N*[¢#]), for all
p € S(A) and ¢ € B.If N is trace preserving, then it is called a quantum channel (equivalently, the dual map is unital, i.e.,
N*[1] = 1). It is called a quantum operation if N is merely trace nonincreasing (equivalently, A**[1] < 1).

Consider a (unital) subalgebra .4 C . For any state p € S(B), we define its restriction p| 4 as the unique element in S(.A)
such that (¢),, = (¢,) forall ¢ € A; the assignment p > p| 4 defines a quantum channel. The inclusion map & 4:S(A) C
S(B) is likewise a quantum channel sometimes referred to as a state extension. (In the language of von Neumann algebras, it
is the predual of a conditional expectation onto .4.) Importantly,

Ealplla=p (A1)

for all p € S(A). Since €4 is just the inclusion map, it is immediate that

D(plle) = D(E4lpll|€.alo]) and
F(p,0) = F(Ealpl. £4lo]) (A2)
for all p,o € S(A).
Lastly, we show that there is a natural generalization of Stinespring’s dilation theorem to quantum operations on finite-
dimensional von Neumann algebras.

Lemma 1. Let NV:P(A) — P(B) be a quantum operation on finite-dimensional von Neumann algebras with A C
B(H,) and B C B(Hp). Then,

N(p) = [VEA(p)V']I3. (A3)

where V:H, — Hpz ® Hp (for some auxiliary Hilbert space Hy) and VIV < 1.
Proof.—We define

N:P(Hy) » P(Hp)., o — Eg(N o] ).

This is a quantum operation between states on Hilbert spaces and hence has a Stinespring dilation V:'H, — Hz ® Hf such
that N' = TrzV(-)V'. However, it follows from Eq. (A1) that

N =Ne&40)]ls. (A4)

and thus, we obtain Lemma 1. n
We refer to Refs. [26,31,35] for more detailed expositions of the theory of finite-dimensional von Neumann algebras.

APPENDIX B: APPROXIMATE RECOVERY MAPS FOR VON NEUMANN ALGEBRAS

We now extend the universal recovery result of Ref. [25] to finite-dimensional von Neumann algebras [cf. Eq. (6) herein].
Lemma 2. Let NV:S(A) — S(B) be a quantum channel of finite-dimensional von Neumann algebras and p, o € S(A)
states such that suppp C suppo. Then,

D(plle) - DN _210gF<p, <R,,,No/v>m),

where
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Ro‘/\/[y] /dtﬂO( ) _iI/ZPG.N(N[U]it/zYN[G]_iI/Q)GiZ/Z

is a quantum operation defined in terms of the Petz recovery map
Poxlrl = o' 2N*(N[o]' /2y Nlo]~/2)s' 2,

and the probability distribution () = (z/2)[cosh(zt) + 1]71.
Proof—By assumption, A C B(H,) and B C B(Hp) for finite-dimensional Hilbert spaces H,, Hp. We denote by £ 4
and &g the corresponding state extension maps defined above. As in Lemma 1, we now consider

N:S(Hy) = S(Hp), o Eg(N o] y).

This is a quantum channel between density operators on Hilbert spaces, and hence, Ref. [25] Theorem 2.1 is applicable. It
states that

D(wlix) = DN [w] [N'[x]) = 210gF< (R, zoN)w }>

for any pair of density operators ,y € S(H), such that suppw C suppy. We now make the choice @ = E4[p]
and y =E&4[0]. Then, using Egs. (Al) and (A2), it follows that D(wl|y)=D(p|c), DWN|[w]|Ny]) =
DWNp]|Nol), R, 50 = EaoR,n, and hence, F(w, ( )(NON)[ o]) = F(p, (RynroN)[p]). The lemma follows
immediately. u

If a quantum channel V': S(A) — S(B) is exactly reversible, then it can be reversed by the Petz recovery map P = P,
for any faithful state . In this case, P* is multiplicative in the sense that P*[¢'¢p| = P*[¢'|P*[¢] (e.g., Ref. [26] Proposition
8.4). If R is an arbitrary quantum operation that reverses A [i.e., (RoN)[p] =p for all p], then it is still
true that (R*[p\|R*[¢a]...)nip) = (R¥[P16b2-- D apy) = (P1h2...), for all peS(A), or, equivalently, that
N (R[] R*[ha]...) = N*(R¥[¢1¢h>-..]). In fact, this is true even when a different (exact) recovery map is used for
each operator ¢;. We now prove that approximate reversibility implies approximate multiplicativity. Correlation functions
are reconstructed up to an error that grows at most quadratically with n, even when different recovery maps R; correcting
different subalgebras A; of the original algebra A are used for each operator ¢;.

Theorem 3. Let N': P(A) - P(B) and R;: P(B) - P(A;) be quantum operations on finite-dimensional von Neumann
algebras, with A; C A, and € > 0 such that, for each recovery channel R;, we have ||R;oNp] —p|,|l; < e for all
p € S(A). Then,

HN(HR[ ) H¢, < 3n—1H||¢z|| (B2)

for all ¢; € A,.

Proof—Let A C B(H,) and B C B(Hp). We define the operators V:H, — Hg ® Hg and W;:Hg — H, ® Hp to be
Stinespring dilations (as in Lemma 1) of N = [V(£4(-))V']|z and R; = [W.(E5(-))W]] | 4,» respectively. Since N and R,
are quantum operations,

IVIL Wil < 1.
Let T; = V1 = VVIW]$,W,;V. Then,

O<TIT; <VIWg(1-WVVIW)g:W,v
:/\/*(R}‘[qﬁ;(ﬁ,-]) —N*(R; i) N* (R¥[¢]) = A + A,

where A = N* (R} [(ﬂqﬁi}) - qﬁjrﬁi and A, := (/5?(;5,- — N*(R:[i]) IN*(R:[h;]). By assumption,

IN*(Ri ) = x1l < ellxll
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for all operators y € A;. Hence, we can bound ||A;|| < el|¢|*> and ||A,]| < 2¢||¢|]%, and it follows that
ITill < V3eligil. (B3)

As a result, we see that

|

k
H W:r¢iWi:| (1-vvf)
i=1

k—1
vi [H Wngb,Wl] VVIWig WV 1 = Vi
i=1

HVT [HW oW ] (1= VVWig WV 1 - VV'H

k=1 k=1
<t Tl + |v* [TT wiaw] vi=vv?
i=1 i=1

il < &kﬂ 1l
i=1

where the first inequality is the triangle inequality, the second follows from the submultiplicativity of the operator norm, and
the last inequality uses induction and Eq. (B3). Hence,

HV} |:HW ¢l t:| 1 — VV )W(k+1)¢(k+l)W(k+l)V H VTW:¢1W1VH
i=k+2

<||vt {H Wj(p,-w,} (1-vvh

i=1

1Tl TT eball < 3ke [T ligil
i=1

i=k+2

and
HN(HRWD—HNWMMw
i=1 i=1
—HVT {H W?¢iw,} v-TTvwigwy
i=1

i=1

sg'

S%en(n—l). (B4)

|

Vi [HW% ] (1-vvhw k+1)¢k+1WkHV[H VTW}¢,W,~V}H

j=k+2

Finally,

'H/\/* R: [ H¢,

SZ IV (R ) - ol [ T <n€HII¢,H (B5)
i=1 J#i
From Egs. (B4) and (B5), we see that Eq. (B2) follows immediately by the triangle inequality. [

Although we prove this result for general quantum operations on finite-dimensional von Neumann algebras, the
special case of ordinary quantum channels between density matrices of finite-dimensional Hilbert spaces follows immediately
by considering A;=A=B(H,) and B=B(Hj). Perhaps surprisingly, the result does not appear to have been previously
known, even for a single recovery channel and for ordinary subspace quantum-error correction.

To conclude this section, we provide a differential formula for the Choi operator of the recovery map R, which is given in
Eq. (8) above,

d
Op =—| log(No] ® 67! +1Dy),
P

where A/* denotes the adjoint of the channel N, and N[s] is the complex conjugate of N[c]. First, recall the integral
formula (see, e.g., Ref. [36] Lemma 3.4)
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log(A +1B) = / dify(1) A+ 4BATE,

—o0

dt

t=0

Then we have by direct computation

d N
—‘ log(No] ® 67! + 1Dy )
dt t=0

—o0

- 7 a1 © o) (Ve @1) e (Ve 1)

[Se]

= / difo(1)(1 ® o) (1 @ A7) [(1 ® No] )0l ® N[a]-%-’é’>] (I ® o),

which, comparing to Eq. (B1), is indeed ®y.

APPENDIX C: ENTANGLEMENT WEDGE RECONSTRUCTION FOR ALGEBRAS

We are interested in reconstructing bulk operators acting on the entanglement wedge of a subregion of the boundary CFT
using only boundary data supported in that subregion. A simplified picture of our setup includes the following data: a
boundary CFT modeled by an algebra of observables Mgy, a subalgebra M, C M pr of operators acting on a boundary
subregion A of the CFT, a code space modeled by an algebra of bulk observables M4, and a subalgebra M, C M4, of
operators acting inside the entanglement wedge of A. We also have a bulk-to-boundary map 7 :S(Mpge) = S(Mcpr)
taking code states in the bulk to states on the boundary. The setup is as follows:

incl res
M Mcode S(Ma) S(Mcode)
R* i Ij* R i [J
MA (—>1ncl MCFT S(MA) T S(MCFT)

The map R* (dashed) is the desired map implementing entanglement wedge reconstruction that we construct in Theorem 4
below. A fully general treatment of the problem includes infinite-dimensional algebras of observables. However, there are
many technical difficulties in infinite dimensions, and as such, we restrict ourselves to finite-dimensional algebras as in
Ref. [31]. Our setup and analysis closely resemble the one used in the main body of this paper, with appropriate changes
made to account for the more general algebraic structure.

The following theorem generalizes our main results to the setup above, showing that approximate equality of
relative entropies implies approximate entanglement wedge reconstruction even at the level of algebras.

Theorem 4. Let M, C M . and M, C Mcgr be finite-dimensional von Neumann algebras, J:S(M_oqe) —
S(Mcgr) a quantum channel, and € > 0, such that

ID(palloa) = D(Tplall Tlola) < € (C1)

forall p, 6 € S(M_eqe), Where we denote by py the restriction p| ,, of a state p to some subalgebra M y. Then, there exists a
map R:S(My) - S(M ) such that for all p € S(Mq) and ¢, ¢, € M,,
R(T

) Hpu M ) <6,
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(i) [(ITiey R¥[@il) gy — Ty @il < [V21In2 + (B — Dn]y/e IT; |44,
where 6 := (2 + v/21n2)./e. Explicitly,

Rl = [ dipo(e z"HAJ[ ( L g o, )]—H ()

where H, = —logo, and Hy = —log J(&,[6,]), for some arbitrary fixed full-rank state 6, € S(M,), with £, the state
extension map S(M,) C §(Myqe) from Eq. (Al).
Proof.—We consider the “local” quantum channel

N:S(Ma) - S(MA), Wy = j(ga[wa])A'

A crucial property of N is that, for any state p € S(M o),

IINLOa]—JMAlll=||J(5a[ﬂa])A—~7L0]A||15\/21n20<j[ < )] IIJ[P])

< \/ 2 ln2(D {Ea (%)allpa} + €> =V2In2e, (€3)

where the first inequality is the familiar relation between trace norm and relative entropy, the second inequality is our
assumption Eq. (C1), and the last identity is Eq. (Al).

We now let R = R, 5 denote the recovery map (B1) associated with some full-rank state 6, € S(M,). With this choice
of R, Eq. (C2) holds true. Moreover, Lemma 2 shows that, for all p € S(Moqe)s

—zlogF(pa, (RoN) w) < D(pallog) - DN JINTod)) = D(Enlpal.liEalol,) - D(J<ea[pa1>A||J<sa[an>A) <c

by using our assumption Egs. (C1) and (A1) a second time. Thus, F (pa, (RoN) [pa}) > 1 — ¢/2, and using the Fuchs—van
de Graaf inequality,

1pa -~ RN < 2\/ I —F( a,mo/v)[paJ)Z <2e (c4)

We obtain (i) from Egs. (C3) and (C4) and the triangle inequality. This readily implies (ii), since

|< [¢a]>JU) <¢a>p| - |<R*[¢a]>JU)]A - <¢‘1>/’ |<¢a>R[J[/) <¢tl>/)“ 5||¢a”'

For (iii), we observe that

(Trwl) =(TIe) |-(TIRwl)  ~(TIa) |<[(TIR @D~ (TTe) |+vamze[Tial
i Tlpl i P i Tlpla i Pa i i Pa i
(v (TImwl)) -(Ta) |+vame]Tisi
i Pa i Pa i
<[V2In2+ (3n—1)n]
where the first inequality is Eq. (C3), and the second inequality is Theorem 3. [

When the fiducial state 6, € S(M,) is chosen to be the maximally mixed state, then the map (C2) takes a particularly
Simple form. In this case, 8a [Ua] = 1]code/dcode = Teode> where dcode = Tr[]]code]' We obtain
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1 , '
Ripa] =— / difo(1)el0=0/2Hx T 1, el Fi0/2Ha

dcode

(C5)
where we recall that H, = —10g J[coge]4 is the modular Hamiltonian of the boundary region A associated with the

maximally mixed code state. Equation (C5) can be rewritten as follows (Ref. [36] Lemma 3.4):

Relp] = | 108 Tt + 1]
=—— ogJ|t
a dcode dt o g code alA
1 d

=- — H thal, C6
dcode dt o A[Tcode + ¢a] ( )
where we introduce the notation H [p] := —log J [p] , for the boundary modular Hamiltonian on subregion A associated with

a bulk state p € S(Mq.). That is, the boundary operator R*[¢,,| can be found as the response of the boundary modular
Hamiltonian to a perturbation of the fiducial bulk state in the direction of the bulk operator ¢,.

If 6, is not the maximally mixed state but is instead some arbitrary state, Eq. (C6) for R*[¢,] no longer holds. However,
using Eq. (B6) we can write a similar equation for the Choi operator of R* itself:

(I)R* = —

d
log |:5';1 ®J (“:a <O-a)> + t®j(€a['])A:| ’
=0 A

dt

where @ 7 1)), is the Choi operator of J(&,[-]),.

Finally, we show that correlation functions of bulk operators are preserved even when each operator is reconstructed
using a different entanglement wedge.

Corollary 5. Let M, C M and M, C Mcpr be sets of finite-dimensional von Neumann algebras,
J :8(Mgoge) = S(Mcpr) a quantum channel such that, for each pair of algebras M, and M, , the JLMS condition

(C1) holds for some ¢ > 0. Then,
i=1 Tlpl i=1 14

n(3n—1)(2+ v21n2)\/5ﬁ |2
i=1

<

F (C7)

0| —

where the recovery maps R4, are defined by applying the explicit construction (C2) to the pairs of algebras M, and M.

Proof.—The proof is a simple consequence of applying Theorem 3 to condition (i) of Theorem 4. If we take J to be the
encoding map (denoted as NV in Theorem 3) and include the restriction onto each boundary subalgebra M 4, as part of the
corresponding recovery map R, , then Eq. (C7) follows immediately. n

APPENDIX D: RINDLER WEDGE RECONSTRUCTION
FROM GLOBAL RECONSTRUCTION FOR FREE FIELDS

In this Appendix, we work through an illustrative example by applying our entanglement wedge reconstruction formulain a
problem motivated by AdS-Rindler reconstruction using only global HKLL [2] as input. This example is strictly valid only for
free-field theories, but we nevertheless use the language of AdS/CFT for familiarity; in short, we pretend both bulk and
boundary fields are free, and we comment on the difficulties that arise when the boundary field is only a generalized free field.
Let A be the boundary region corresponding to a single Rindler wedge, a be the entanglement wedge of A, D, be the boundary
domain of dependence of A, and A be the complement of A. We show that local bulk operators in a can be represented as linear
combinations of field operators for Rindler modes confined to region A. The subtlety for a true AAS/CFT calculation lies in the
Rindler decomposition; in general, no such decomposition exists for generalized free fields.
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For simplicity, we consider the case of AdS;. We use Poincaré patch coordinates,

f2
ds?® = = (=df? + dx* + d7?),

and we label bulk points by ¥ = (7, x, z) and boundary points by y = (7, x).

Suppose that we want to reconstruct a bulk operator ¢(Y) for ¥ € a on the boundary of the Rindler wedge A. Let us
denote the vacuum state by |0) and an excitation of the ground state by |1) = ¢(Y)|0), which we take to be normalized. We
consider a two-dimensional code space Hoq. = span{|0),|1)}. Our goal is to reconstruct the action of the operator ¢(Y) on
the code space restricted to the boundary interval A. The maximally mixed state on the code is simply
7 =1(]0)(0] + |1)(1]). Note that in this simple example H, = Hcoq., since we do not consider any d.o.f. living in a.

As an operator on the code space, ¢(Y) acts as X == |1)(0| + H.c., mapping the vacuum state to the excited state and vice
versa. With our chosen operator, code space, and maximally mixed state, we can rewrite Eq. (16) as

RN = 5 / difo(DN el THORLATH O] + [0)(T]
x N[e]~l0+i0/2 (D1)

where we introduce N[p,| = Tr;[Jp,J'] as shorthand.
In order to evaluate Eq. (D1), we need to compute terms of the form

N(Ix)(3]) = Teallx) (1],

where x, y € {0, 1}, and the states |x) := J|%). The empty AdS state |0) is mapped to the CFT ground state J|0) = |0). The
excited state |1) is mapped via global HKLL to

1= = [ avk, (o)),

where K, is a bulk-to-boundary kernel (g denotes “global”), ®(y) is a boundary operator, and D is a boundary spacetime
domain.

To leading order in 1/N, ®(y) behaves like a generalized free field [37]. Unfortunately, generalized free fields do not, in
general, admit a decomposition into Rindler modes. Thus, we now pretend the boundary field is instead a true free field, and
we expand it in terms of Rindler modes {a,, b,} adapted to A and B = A:

D(y) = Zfa,f(ﬂ% + Lo May+ o 0)be+fh,()b). (D2)
7

In order to upgrade this calculation to a true AdS/CFT computation, some care needs to be taken with respect to this
decomposition for generalized free fields, but we nevertheless forge ahead in the name of pedagogy. Note that the modes a,
and b, are entangled in the state |0) since there is entanglement between A and B.

With the HKLL prescription of |0) = J|0) and |1) = J|I) in hand, we can now compute the partial trace of the various
matrix elements appearing in Eq. (D1) with respect to the region A. We begin with Tr[|0) (0| + |1)(1]]. Since |0) and |1) are
approximately distinguishable on A, the result of tracing out A (i.e., tracing out the B modes) will be approximately block
diagonal. On the upper block of the reduced density matrix, we have the ground-state density matrix p, o = Tr[|0)(0]] for
A, and on the lower block, we have

pan = Tral|1){1]] = Trz [ / . / KK, (Y 2)20)[0/00(0)|.
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To simplify the form of p, ;, a crucial fact is that the ground state |0) is comprised of entangled a, and b, modes. More
precisely, focusing on a single mode, there is a modular energy E, such that the ground state is of the form

o Y e n),, [n),
n

In such a state, the reduced density matrix of A has the form p, o Y, e7>™"|n)(n|, , so that
1/2
0) o< PG5 I, Inhs,
n

Using the “transpose trick,” it follows that mode operators on A can be written in terms of operators on A:

1/2 1/2
bs|0) = pA/Oapr o/ 10),
b}10) = p)sacr;’10), (D3)

and vice versa. We also note the following helpful identities:

1/2 12 _ E,
Pa0ArPay = ase™™,

-1/2 /2 —nE,
Pap AePagy = ace ™,

1/2 1/2 ¥ —rnE
pAOaprO =aze ",

12 & 1/2
Pag abpils = e (D4)

Using Eq. (D2), we now evaluate A/[|1)(0]] = Trz[|1)(0|]:
NI = [ kT, [(Zfa,fmaf T F )b+ Fe(3)be +f;:,f<y>b;) 0) <0|] .
4

For brevity, let

]vca,f:/ Kg(Y’y)ff,a(y)7
yeD
]vcb,f = / Kg(Y’ Y)ff,b(Y)-
yeD
Using Eq. (D3), we can rewrite N'[|T)(0]] = [ K,®|0)(0] = 04|0)(0|, where
Y Vo 12 5 =12 s 1)2 0 —1)2
Q4 = Zfafaf + fa,fa; + fb.pr/o APy, o/ + fb,pr/o AppPy, o/ .
7z
Finally, using the identities (D4), we write Q4 as
Q4 = Z]rafaf + facal + foeabe™ + i paem,
Z

taking note that this operator is only guaranteed to reproduce the action of [ K,® when acting on |0).
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Using Q,, we can write N[|X) (F|] = (Q4)"pa O(QA) where x,y € {0, 1}. In particular, we have that p,4 | = Q4p4. OQA
and N[|1)(0]] = Qupao. We then rewrite Qup,o = pAO(pAlo/zQApi/oz)pA o» Where the term in the parentheses is still a
simple sum of a, and af with various weights. Explicitly, it is

—1/2 1/2 }: E E
Pa0 Pao = fafafe”(—'—f aeﬂf

+ Foeal + i oaz.

Using the approximate block diagonality of N[z], we can write

. 1 [(l—it)/Z] =1+it =14t
N1/ (5) (pAO + P4k )

although the reader is cautioned that we have not analyzed the quality of this approximation. The approximate block
diagonality also implies that

_ i 1/2 1 [(1_lt)/2] ﬂ 1/2
N [e]l=1+in/ 2]/0A/,0 ~ <§> P40 /’A/o

(1 [(1=i1)/2] )2
~—\2 Pao>

1\ [(14i1)/2] =
/ZNH ~1=i0/2) <§> /’A,(I)/Q-

and a similar argument shows that

Thus, the recovery channel is proportional to
RO = [ anpo(nnll5 o 0arkolls
and we note that the factors of 1/2 cancel out. The combined object px/oz (Pa IO/ZQAp/L/ g )P A’(t)/ * is then
Z]\?afafe—ﬂE/—Hn'Eft + }‘Zfa;eﬂE{—iﬂ:Eft
¢

+ fbfa;e_mEﬂ + fz’fafelﬂEﬂ-

Defining Sy (o := [ dtfy(t)e™" and noting that Bo(—w) = Po(w) by symmetry of f,(t), the recovery map acting on our
operator is

R(I1)(0) = Zfa rase™™ Bo(nEy)

+ furase™Bo(nEs) + FyrayBo(nEy)
+ fhrasBo(nEs), (Ds)

and there is an analogous expression for R*[|0)(1|]. o
Equation (D5) is our desired result. The bulk operator X = |1)(0| + H.c. can be reconstructed on the Rindler wedge
using only Rindler mode operators. Moreover, only single-mode operators appear.
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