
Topological Phases Protected by Point Group Symmetry

Hao Song,1,2,* Sheng-Jie Huang,1,2 Liang Fu,3 and Michael Hermele1,2
1Department of Physics, University of Colorado, Boulder, Colorado 80309, USA

2Center for Theory of Quantum Matter, University of Colorado, Boulder, Colorado 80309, USA
3Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

(Received 6 June 2016; published 21 February 2017)

We consider symmetry-protected topological (SPT) phases with crystalline point group symmetry,
dubbed point group SPT (pgSPT) phases. We show that such phases can be understood in terms of lower-
dimensional topological phases with on-site symmetry and that they can be constructed as stacks and
arrays of these lower-dimensional states. This provides the basis for a general framework to classify and
characterize bosonic and fermionic pgSPT phases, which can be applied for arbitrary crystalline point
group symmetry and in arbitrary spatial dimensions. We develop and illustrate this framework by means of
a few examples, focusing on three-dimensional states. We classify bosonic pgSPT phases and fermionic
topological crystalline superconductors with ZP

2 (reflection) symmetry, electronic topological crystalline
insulators (TCIs) with Uð1Þ × ZP

2 symmetry, and bosonic pgSPT phases with C2v symmetry, which is
generated by two perpendicular mirror reflections. We also study surface properties, with a focus on
gapped, topologically ordered surface states. For electronic TCIs, we find a Z8 × Z2 classification, where
the Z8 corresponds to known states obtained from noninteracting electrons, and the Z2 corresponds to a
“strongly correlated” TCI that requires strong interactions in the bulk. Our approach may also point the way
toward a general theory of symmetry-enriched topological phases with crystalline point group symmetry.

DOI: 10.1103/PhysRevX.7.011020 Subject Areas: Condensed Matter Physics

I. INTRODUCTION

Topological band insulators host fascinating and rich
properties on their surfaces [1–3]. Spurred on by these
phenomena, it has been recognized over the past few years
that topological insulators are one example in a large family
of symmetry-protected topological (SPT) phases [4–13].
Such states are now well understood for free-fermion
systems with internal symmetry [4,5], and much attention
has now turned to “strongly correlated” SPT phases, those
that require strong interactions in the bulk. Motivation to
understand strongly correlated SPT phases comes in part
from materials such as SmB6, where strongly interacting f
electrons are proposed to play a crucial role in forming a
topological insulator ground state [14].
In order to find SPT phases in real systems, it is

important to consider realistic symmetries. Most existing
theories of strongly correlated SPT phases focus on
internal, or on-site, symmetries, such as U(1) charge
conservation, ZT

2 time reversal, and SO(3) spin rotation.
Of course, crystalline point group and space group sym-
metries are often important in solids, and much is now

understood about free-fermion SPT phases protected by
such symmetries (see Ref. [15] and references therein),
including some results on these states when interactions are
included [16–20].
Much less is understood about strongly correlated SPT

phases protected by crystalline symmetries. While there has
been some progress for one- and two-dimensional states
[6,7,10–12,21–26], and a few works pertaining to three
dimensions [12,27–30], there is currently no generally
applicable framework to classify and characterize crystal-
line SPT phases. Many of the powerful approaches used to
study SPT phases with internal symmetry, such as group
cohomology [12] or gauging of symmetry [13], cannot
straightforwardly be generalized to crystalline symmetries.
This is thus a significant gap in the theoretical under-
standing of SPT phases, which we fill in this paper for
crystalline point group symmetry.
We consider SPT phases protected by crystalline point

group symmetry, which we dub point group SPT (pgSPT)
phases. More precisely, we consider crystalline symmetry
groups leaving at least one point fixed [31]. We show that
any pgSPT state in spatial dimension d can be adiabatically
connected, preserving symmetry, to a system composed
of lower-dimensional topological states with on-site sym-
metry. This dimensional reduction allows us to classify
bosonic and fermionic pgSPT phases in any spatial
dimension, to study symmetry-preserving surfaces, and
to explicitly construct pgSPT phases as stacks and arrays of
lower-dimensional states.
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We illustrate our approach via a number of physically
interesting examples, devoting particular attention to the
case of mirror reflection symmetry (referred to as ZP

2 ) in
three dimensions (3D). We consider both bosonic and
fermionic pgSPT phases protected by ZP

2 , obtaining clas-
sifications (summarized in Table I) and studying surface
properties. Remarkably, all the states we find can be
constructed as stacks of two-dimensional topological
phases.
Among fermionic pgSPT phases, an especially physi-

cally relevant case is that of electronic topological crys-
talline insulators (TCIs) with charge conservation and
reflection symmetry [Uð1Þ × ZP

2 ], which have been pre-
dicted and observed in the SnTe material class [32–35]. At
the free-fermion level, these systems obey a Z classifica-
tion, which breaks down to Z8 for interacting electrons
[16]. We show that the full classification of such states is
Z8 × Z2. The root state generating the additional Z2 factor
requires strong interactions in the bulk and can be under-
stood as a topological paramagnet, where the spin sector
is in a bosonic pgSPT phase. This state is analogous to
topological paramagnets found in the classification of
interacting topological insulators protected by internal
symmetry [36].
Our approach can be applied to any point group, and we

illustrate this for 3D bosonic pgSPT phases with C2v
symmetry, which is generated by two perpendicular mirror
reflections. We find a ðZ2Þ4 classification, where the states
can be understood in terms of two-dimensional (2D)
topological phases on the mirror planes, and in terms of
one-dimensional (1D) SPT phases located on the line
where the mirror planes intersect. Extensions to other
point groups, including for fermionic systems, are left
for future work.

In crystalline solids, point group symmetry always
occurs as a subgroup of a larger space group including
translational symmetry. We emphasize that, in general, our
dimensional reduction argument cannot be applied so as to
respect translational symmetry. Instead, the strategy is to
focus on point subgroups of the full space group and treat
each one separately while ignoring the rest of the sym-
metry. For each point subgroup, we can obtain a classi-
fication of pgSPT phases, and by considering relations
among different subgroups imposed by the full space group
symmetry, we can obtain a partial classification of SPT
phases invariant under the full space group. However, while
we know of no concrete examples, our approach could miss
SPT phases with nontrivial interplay between translation
and point group symmetries and should not be considered a
full classification of space group SPT phases.
We expect the ideas developed here to be applicable

beyond the domain of SPT phases. In particular, the
essence of our approach can be applied to symmetry-
enriched topological (SET) phases with crystalline point
group symmetry. SET phases are those that remain non-
trivial even if all symmetries are broken explicitly, for
instance, because of the presence of fractional excitations
with nontrivial braiding statistics (i.e., anyons, in two
dimensions). Despite some progress [37–41], so far there
is no general theoretical framework to classify and char-
acterize SET phases with crystalline symmetries; we
believe that, combined with other ideas, the approach
developed here could form the basis for such a framework.
This possible extension of our results is discussed further
in Sec. VII.
Our main focus is on 3D pgSPT phases, so we now

discuss some prior work in three dimensions. In particular,
we note the work of Isobe and Fu [16], who showed
that interactions reduce the classification of TCIs with
Uð1Þ × ZP

2 symmetry from Z to Z8. They imposed a
spatially varying Dirac mass term that produces, at the
surface, an array of well-separated one-dimensional con-
ductors on axes of reflection symmetry. They then pointed
out that these one-dimensional conductors are identical to
edges of 2D electronic topological phases protected by
internal Uð1Þ × Z2 symmetry, and they drew attention to
the connection between these two apparently different
kinds of topological phases. Indeed, these observations
are an instance of the general connection between
d-dimensional pgSPT phases and lower-dimensional topo-
logical phases that we obtain. By exposing this general
connection, without relying on a noninteracting description
as a starting point or focusing only on edge and surface
theories, we are able to go beyond Ref. [16] to classify
general pgSPT phases.
A few works obtained some prior results on strongly

correlated pgSPT phases in three dimensions. You and
Xu studied 3D SPT phases protected by spatial inversion
symmetry, also combined with internal symmetries, using a

TABLE I. Summary of the classifications obtained for point
group SPT phases in three dimensions. The first column indicates
whether we are considering bosonic or fermionic systems, the
second column gives the protecting symmetry, and the third
column gives the classification. ZP

2 denotes reflection symmetry,
σ the reflection operation, and ð−1ÞF the fermion parity operator.
C2v is the three-dimensional point group generated by two
perpendicular mirror reflections. Translation refers to discrete
translation symmetry normal to the mirror planes. The last
column shows the section of the paper where each classification
is obtained.

Bosonic/
fermionic

Protecting
symmetry Classification

Section of
paper

Bosonic ZP
2

Z2 × Z2 II
Bosonic ZP

2 with translation ðZ2Þ3 II
Fermionic Uð1Þ × ZP

2
Z8 × Z2 IV

Fermionic ZP
2 , σ

2 ¼ 1 Z16 V
Fermionic ZP

2 , σ
2 ¼ ð−1ÞF Trivial V

Bosonic C2v ðZ2Þ4 VI
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nonlinear sigma model approach [27]. Hermele and Chen
identified some 3D bosonic SPT phases protected by a
combination of U(1) and crystalline symmetries, by devel-
oping a method to test for anomalies in candidate surface
theories [29]. Finally, Kapustin et al. used the cobordism
approach developed in Refs. [42,43] to study fermionic
SPT phases [28]. While their focus was on internal
symmetries, results agreeing with ours were also quoted
for fermionic topological superconductors protected by ZP

2 .
We now give an outline of the remainder of the paper.

We illustrate our approach in Sec. II, where we discuss 3D
bosonic pgSPT phases protected by ZP

2 symmetry. The
approach is based on reduction to a 2D state on the mirror
plane, where the ZP

2 reflection symmetry acts effectively
as an on-site Z2 symmetry. The reduction procedure is
described in Sec. II A, and it is then used in Sec. II B to
obtain a Z2 × Z2 classification of pgSPT phases.
Section II C discusses the role of translation symmetry
normal to the mirror plane, which expands the classification
to ðZ2Þ3. Sections II B and II C also show that the pgSPT
phases we find can be understood as stacks of two-
dimensional topological phases. For the Z2 × Z2 classifi-
cation obtained with ZP

2 symmetry alone, there are two root
states; one of these can be understood as a stack of nontrivial
2D SPT phases with on-siteZ2 symmetry (theZ2 root state),
while the other can be understood as a stack of bosonic E8

states [44] with alternating chirality (the E8 root state).
Surface properties of these states are considered in

Sec. III, focusing on gapped, topologically ordered surfa-
ces. The Z2 root state admits a surface with toric code
topological order and anomalous reflection symmetry
fractionalization, while the E8 root state admits a
reflection-symmetric surface with three-fermion topologi-
cal order. The latter surface is anomalous because, in
strictly two dimensions, the three-fermion state has gapless
chiral edge modes [45] and is thus incompatible with
reflection symmetry.
Section IV discusses electronic TCIs in three dimen-

sions. These are fermionic SPT phases protected by charge
conservation and reflection symmetry [Uð1Þ × ZP

2 ]. In
Sec. IVA, we find a Z8 × Z2 classification of such phases,
reproducing the Z8 classification of Ref. [16], obtained
starting from free-fermion states, and identifying a new
additional Z2 factor, associated with strongly correlated
TCIs. The corresponding root state can be understood as a
topological paramagnet, where the spin sector is in the E8

root-state bosonic ZP
2 pgSPT phase and is thus dubbed the

E8 paramagnet TCI. Surfaces of this state are studied in
Sec. IV B. In Sec. IV C, we show that the n ¼ 4 state of the
Z8 factor (i.e., four copies of the root state that generates
the Z8) can also be viewed as a different topological
paramagnet, where the spin sector is in the Z2 root state.
This strongly interacting limit of the n ¼ 4 TCI is
very different from the noninteracting limit of the
same phase.

Section V discusses the classification of topological
crystalline superconductors protected by ZP

2 symmetry.
There are two different cases to consider. In the first case
(Sec. VA), reflection squares to the identity operator, and
we find a Z16 classification. These states can be obtained
starting from free fermions, and the same classification
can be obtained by a straightforward generalization of the
arguments of Ref. [16], as was mentioned in Ref. [20]. Our
analysis shows that the Z16 classification is complete even
when accounting for the possibility of strongly correlated
topological crystalline superconductors (barring the pos-
sibility of as-yet unknown 2D topological phases appearing
upon reduction to the mirror plane). In the second case
(Sec. V B), reflection squares to the fermion parity oper-
ator, and we find a trivial classification. These results are
in agreement with Ref. [28], which obtained the same
classifications by very different methods.
In Sec. VI, we study 3D bosonic pgSPT phases protected

by C2v symmetry, which is generated by two perpendicular
mirror reflections. We find a ðZ2Þ4 classification, where
two of the root states are based on 2D Z2 SPT states on the
mirror planes—one is based on the E8 state on the mirror
planes, and one can be understood in terms of the 1D
Haldane phase [46,47] located on the line where the mirror
planes intersect.
We conclude in Sec. VII with a discussion of our results

and with possible directions for further work. Appendix A
uses our approach to recover the known Z2 classification
of bosonic 1D pgSPT phases with reflection symmetry
[6,7,10,11]. Appendix B gives some technical details per-
taining to a modified toric code model used in Sec. III A to
study the gapped, topologically ordered surface of the Z2

root state.
Finally, we note that some of our results have appeared

in Ref. [48].

II. BOSONIC POINT GROUP SPT PHASES
IN THREE DIMENSIONS

A. Approach: Reduction to 2D

We illustrate our approach by considering 3D bosonic
systems with a single mirror reflection symmetry, σ:
ðx; y; zÞ → ð−x; y; zÞ. We begin with this example as it
is relatively simple, it leads to interesting phenomena on
symmetry-preserving surfaces, and it is physically relevant,
e.g., for spin systems. Moreover, the results we obtain here
will be useful when we consider electronic TCIs and
topological crystalline superconductors below.
In a solid, reflection symmetry would only occur as a

subgroup of a larger space group including translation
symmetry. It turns out to be important for our approach to
ignore all the symmetry except for a single reflection, at
least as a first step. In Sec. II C, we will return to the role of
translation symmetry.
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We argue that a 3D SPT phase protected by reflection is
adiabatically connected, while preserving symmetry, to an
extensively trivial state. An extensively trivial state is a
product state, except over a subextensive region (i.e., one
that occupies a vanishing fraction of the system in the
thermodynamic limit). In the present case, the subextensive
region is centered on the mirror plane and can be viewed
as an effective 2D system, on which reflection acts as an
on-site Z2 symmetry. The classification of pgSPT phases
protected by reflection symmetry in 3D then reduces to a
classification of 2D states with Z2 on-site symmetry.
Now, in more detail, we consider a lattice model, refer to

the degrees of freedom at each site as a spin, and refer to the
symmetry group as ZP

2 ¼ f1; σg. The unitary operator Uσ

represents the action of the reflection σ on Hilbert space.
Because ZP

2 has no nontrivial projective representations
[formally,H2(ZP

2 ;Uð1Þ) is trivial], without loss of general-
ity we assume U2

σ ¼ 1 acting on any individual spin, and
therefore also on the entire Hilbert space. We consider a
system of linear size L with periodic boundary conditions,
which means there are actually two planes in the system
fixed by the reflection σ, as shown in Fig. 1. We focus on
properties near one of these planes, which we refer to as o.
We view the other plane as spatial infinity upon taking the
thermodynamic limit, and we refer to it as ∞. We come
back to this point later in this section, where we discuss the
role of boundary conditions.

We suppose the ground state jψi is a SPT phase.
Precisely, we take this to mean that there is an energy
gap to bulk excitations, there is no spontaneous symmetry
breaking, the ground state is unique, and, if we allow
explicit breaking of symmetry, jψi is adiabatically con-
nected to a trivial product state. The last condition can be
expressed by writing

Ulocjψi ¼ jTi; ð1Þ
where Uloc is a local unitary described as a finite-depth
quantum circuit (see Fig. 2), and jTi is a trivial product
state.
If jψi is in a nontrivial pgSPT phase, then we cannot

choose Uloc to trivialize the state while respecting the
symmetry. However, we now see that we can act with a
different local unitary to extensively trivialize jψi while
preserving symmetry. We divide the system into four
regions as shown in Fig. 1. Regions ro and r∞ are reflection
symmetric, while σr1 is the image of r1 under reflection.
The thickness of ro and r∞ is w, which is held fixed in the
thermodynamic limit (L → ∞), so these regions are truly
two dimensional. An important parameter is the ratio w=ξ,
where ξ is the correlation length. The statements we make
below are expected to hold in the limit w=ξ ≫ 1.
First, we trivialize the system in region r1. We note that a

finite-depth quantum circuit can be restricted to act in a
smaller region [49], as is illustrated for 1D in Fig. 2. We
restrict Uloc to a region r01 that contains r1 and extends a
small amount into regions ro and r∞, and we denote the
resulting restriction byUloc

r1 . A few correlation lengths away
from the boundaries of r01, the action of Uloc

r1 on jψi should
be indistinguishable from that ofUloc. Therefore, we expect

Uloc
r1 jψi ¼ jTr1i ⊗ jψ r1i; ð2Þ

FIG. 1. Three-dimensional system with periodic boundary
conditions and ZP

2 reflection symmetry. Each point on the solid
circle corresponds to a 2D plane with periodic boundary con-
ditions. The dashed line intersects the system at the two mirror
planes o and∞, which are contained in the shaded regions ro and
r∞, respectively. These regions have thickness w. Dotted lines
indicate the boundaries of these regions with two other regions, r1
and σr1. The regions are chosen so that ro and r∞ are invariant
under reflection, while r1 and σr1 are exchanged under reflection.

(a)

(b)

FIG. 2. (a) One-dimensional local unitary represented as a
finite-depth quantum circuit. The vertical lines represent spins,
and each shaded rectangle is a unitary operator acting on a pair of
spins. (b) Restriction of a 1D local unitary to the region between
the two dashed lines. The two-spin unitary operators lying
outside this region are simply omitted. The restriction procedure
is not uniquely defined near the boundaries of the region, but this
freedom does not play a role in our discussion.
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where the system is in the product state jTr1i in region r1,
and the remainder of the system (the complement r1) is in
the state jψ r1i. The intuition behind this expectation is that
jψi has only short-range entanglement, so a region can be
disentangled from the rest of the system and the entangle-
ment within this region removed by a finite-depth quantum
circuit.
To extensively trivialize the ground state while preserv-

ing symmetry, we note that Uloc
σr1 ¼ UσUloc

r1 U
−1
σ trivializes

σr1, and we act on jψi with

Uloc
R1

¼ Uloc
r1 U

loc
σr1 : ð3Þ

This trivializes R1 ¼ r1∪σr1, leaving only the two-
dimensional regions ro and r∞ nontrivial. Moreover, this
transformation preserves symmetry; that is, UσUloc

R1
¼

Uloc
R1
Uσ. Acting on jψi, we obtain

jψ 0i≡Uloc
R1
jψi ¼ jTr1i ⊗ jTσr1i ⊗ jψoi ⊗ jψ∞i; ð4Þ

where r1 and σr1 are in product states jTr1i and jTσr1i,
while ro and r∞ are in the states jψoi and jψ∞i.
All properties of the pgSPT phase are now encoded in

the two-dimensional states jψoi and jψ∞i, and we can
ignore the now-trivial regions r1 and σr1. We focus on ro,
which we view as an effective two-dimensional system,
and study its properties in Sec. II B to classify 3D pgSPT
phases. On the other hand, we ignore r∞. This is justified
by the point of view that the ∞ plane becomes spatial
infinity upon taking the thermodynamic limit, so properties
localized there are not observable. Another point of view is
that, if we include translation symmetry, the relationship
between the properties of ro and r∞ will be determined by
translation symmetry and the detailed choice of periodic
boundary conditions. Therefore, we lose nothing by ignor-
ing r∞ at this stage, as long as we consider translation
symmetry later, which we do in Sec. II C.
While we have chosen to describe the reduction pro-

cedure in terms of wave functions, there is a complemen-
tary viewpoint based on Hamiltonians. We consider the
Hamiltonian density in region r1. Because there is no
symmetry taking this region into itself, we expect that the
Hamiltonian density can be deformed to that of a trivial
state without passing through any phase transitions. This
can be done by preserving reflection as long as the
Hamiltonian density is changed correspondingly in σr1.
Therefore, we can make the Hamiltonian density trivial
away from the mirror plane, leaving an effectively two-
dimensional system.

B. Classification

We now use reduction to the 2D mirror plane to show
that 3D pgSPT phases protected by ZP

2 symmetry obey a
Z2 × Z2 classification. This and other classifications that

we find obey an Abelian group structure, where two SPT
states “stacked” on top of one another result in a third SPT
phase. We refer to this operation as addition of SPT phases.
To obtain a classification, we have to answer two

questions. First, how do states on the 2D mirror plane
correspond to distinct pgSPT phases? Second, what states
can the 2D mirror plane be in, and what is the resulting
classification of pgSPT phases? Attending to the first
question, there are two kinds of operations that group
states on the mirror plane into equivalence classes of pgSPT
phases:
(1) Two 2D states are equivalent if they are in the same

Z2-symmetric 2D phase, that is, if they are related by
a local unitary preserving the Z2 symmetry, and/or
by adding trivial degrees of freedom.

(2) Two 2D states are equivalent if they are related by
adjoining new degrees of freedom near the bounda-
ries of ro. Precisely, we modify the ground state
in ro by

jψ roi → jLi ⊗ jψ roi ⊗ jRi; ð5Þ

where jLi and jRi each describe a 2D “layer”
adjoined to ro, and where reflection acts by

UσjLi ¼ jRi; UσjRi ¼ jLi: ð6Þ
The second operation may be unfamiliar, but we must allow
for it; physically, it corresponds to changing the extensive
trivialization by expanding the size of ro. This can also be
pictured as “bringing in” degrees of freedom from the
trivial regions r1 and σr1. This operation will play an
important role in our analysis: There are states on the mirror
plane that are distinct as 2D phases but are related by
adjoining layers and thus correspond to the same pgSPT
phase.
Moving on to the second question, it is convenient to

first obtain a classification of 2D phases that can occur on
the mirror plane. Then, we see how this collapses to a
classification of pgSPT phases, when we allow adjoining
layers. It is clear that the 2D system must be gapped and
must preserve Z2 symmetry. Moreover, there can be no
excitations with nontrivial braiding (i.e., anyons) in the 2D
bulk because these excitations would then also be present in
the 3D bulk of the original pgSPT state before reduction
to 2D. A nontrivial possibility meeting these criteria is for
the 2D system to be in the single nontrivial SPT phase
protected by Z2 symmetry [12,13]. We refer to this state
as the Z2 SPT state, a slight but convenient abuse of
terminology (the trivial state is also a SPT state protected by
Z2 symmetry).
Naïvely, it might appear that the Z2 SPT state is the only

nontrivial possibility for the 2D system on the mirror plane,
but this is not correct. We will see below that this system
can also be in an “integer” topological state with intrinsic
topological order but no anyon excitations, that is, a state
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that remains nontrivial even upon breaking the Z2 sym-
metry. In a bosonic system, the only known examples of
this kind are the so-called E8 state [44,50], or they are
obtained by taking integer nE8

copies of the E8 state. The
edge of the E8 state supports eight co-propagating chiral
boson modes (chiral central charge c ¼ 8) and thus has a
quantized thermal Hall effect that is robust independent of
symmetry.
We have thus identified two “root” states on the 2D

mirror plane, and we now argue that all possible states are
obtained as an integer number of copies of the root states.
One root state is the Z2 SPT phase, and the other is a single
copy of the E8 state (nE8

¼ 1). We take the Z2 symmetry to
act trivially on the E8 root state [51]. From these root states,
we obtain a Z2 × Z classification of 2D phases on the
mirror plane, where the Z2 factor reflects the fact that two
Z2 SPT phases add together to a trivial phase, and the Z
factor is simply nE8

. It should be noted that we have two
different E8 states in the presence of Z2 symmetry; that is,
there are two states that reduce to the usual E8 state if we
break the Z2 symmetry. One of these is the root state,
on which Z2 acts trivially. The other is obtained by adding
the E8 and Z2 root states together. These states can be
distinguished by gauging the Z2 symmetry and studying
the braiding statistics of the resulting theory, following
the analysis of Levin and Gu [13]. This analysis applies
without modification because the Z2 symmetry acts trivi-
ally on the E8 root state.
Is the Z2 × Z classification complete? It would be

incomplete if there exist integer topological phases that
are robust in the absence of symmetry, beyond those
obtained from the E8 root state. Putting this possibility
aside, can there still be other states beyond the Z2 × Z
classification? In particular, could there be a third distinct
state that also reduces to the E8 state upon breaking Z2

symmetry? We argue that this is unlikely. We expect that
the addition of integer topological phases occurring on the
mirror plane obeys an Abelian group structure. Making this
assumption, suppose the additional state we are seeking
exists. Then, we can add to it an opposite-chirality E8 state
and obtain a new distinct SPT phase protected by Z2

symmetry. There is compelling evidence that only one
nontrivial such state exists [13], so we believe the Z2 × Z
classification is most likely complete, unless there are
additional states with intrinsic topological order not
obtained from the E8 root state.
From a certain perspective, it is surprising that the E8

state can occur on the mirror plane of a 3D pgSPT phase.
By definition, such a phase must become trivial upon
breaking ZP

2 . However, if the mirror plane hosts an E8 state
after reduction to 2D, it seems this state remains upon
breaking ZP

2 , an apparent contradiction.
A simple way to see that there is no real contradiction

is to momentarily consider adding discrete translation
symmetry Tx normal to the mirror plane. This leads to

two inequivalent types of mirror planes separated by half a
lattice constant; as shown in Fig. 3(a), one type of plane is
obtained by translating the σ plane, while the other type is
obtained by translating the Txσ plane. We put E8 states of
the same chirality (nE8

¼ 1) on all the σ-type planes, and E8

states of the opposite chirality (nE8
¼ −1) on the Txσ-type

planes. This state becomes trivial upon breaking reflection
symmetry (even if translation is maintained) because
adjacent pairs of opposite-chirality E8 states can then be
paired together and annihilated, and it is thus a pgSPT
phase. Moreover, if we ignore all symmetry except for σ,
our reduction procedure can lead to a single E8 state
(nE8

¼ 1) on the σ mirror plane, by pairing up and
annihilating states away from this plane as shown in
Fig. 3(a).
To understand how the Z2 × Z gives a classification of

pgSPT phases, we have to understand how the states on the
mirror plane behave under adjoining layers, as in Eq. (5).
First of all, the same translation-symmetric example dis-
cussed above indicates that the E8 index nE8

should only
be well defined modulo 2. This is because we can pair up
and annihilate states in a slightly different way, shown in
Fig. 3(b), to obtain an opposite chirality (nE8

¼ −1) state
on the mirror plane. The same conclusion is readily
obtained from Eq. (5) because jLi and jRi can be E8

states of the same chirality, so adjoining layers can change
the E8 index of jψ roi by �2. Moreover, this is the only
effect of adding degrees of freedom: If the state jLi is not
an E8 state, then it should be trivial because there is no
symmetry that takes jLi into itself.
This discussion is not yet sufficient to completely fix the

classification of pgSPT phases, but it actually leaves us
with two possibilities that we have to decide between. To

(a)

(b)

FIG. 3. Panel (a) depicts a system with mirror reflection σ
and discrete translation symmetry generated by Tx normal to the
mirror plane. Each point on the line represents a 2D plane, and
there are two inequivalent types of mirror planes. One type (thick
dashed lines) is obtained by translating the σ plane, and the other
type (thin dotted lines) is obtained by translating the Txσ plane,
which is separated from the σ plane by half a lattice. In this
setting, we can have a stack of alternating-chirality E8 states,
whereþ=− represent E8 states with nE8

¼ �1 on the two types of
mirror planes. Reduction to 2D can be visualized by pairing E8

states away from the mirror plane as shown, leaving an nE8
¼ þ1

state on the mirror plane. A different reduction procedure is
illustrated in (b), where states are grouped to give an nE8

¼ −1
state on the mirror plane.
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see why this is so, suppose we add two E8 root states
together, so we have nE8

¼ 2 on the mirror plane. We can
then apply Eq. (5) to adjoin two nE8

¼ −1 E8 states. The
resulting state is nonchiral and has Z2 symmetry, so it must
either be the trivial state or the Z2 SPT state. We show that
this state is trivial in Sec. III by analyzing its surface theory.
Therefore, we obtain a Z2 × Z2 classification of 3D pgSPT
phases protected by reflection symmetry.

C. Role of translation symmetry

In crystalline solids, the reflection symmetry ZP
2 will

always occur together with translation symmetry, which we
mostly ignored in the above discussion, except in the
context of the E8 root state. Here, we consider SPT phases
protected by bothZP

2 and discrete translations normal to the
mirror plane, and we obtain a ðZ2Þ3 classification. All the
phases within this ðZ2Þ3 can be obtained as stacks of 2D
topological phases. This gives a convenient construction of
3D pgSPT phases that may be useful to further understand
the properties of these phases in future work.
Just as for the translation-invariant stack of E8 states

discussed in Sec. II B, we include discrete translation Tx
normal to the mirror plane and ignore any translation
symmetry within the mirror plane. In the presence of both
translation and reflection, there are two types of planes of
reflection symmetry, separated from one another by half a
lattice constant. The two types of planes are inequivalent in
the sense that they cannot be obtained from one another by
translation, or, equivalently, they are not related by con-
jugation in the symmetry group. More formally, the
symmetry group is generated by the reflection σ and the
elementary translation Tx. These generators obey relations
σ2 ¼ 1 and σTxσ ¼ T−1

x . The two inequivalent reflections
are σ and Txσ, with all other reflections related to one of
these by conjugation, so we refer to σ-type and Txσ-type
reflections.
We can focus on any reflection operation and reduce the

system to a 2D topological phase on the corresponding
plane. Translation symmetry requires all σ-type planes to
be in the same 2D state, and similarly for all Txσ-type
planes. Then, from the Z2 root state, we can obtain two
distinct root states protected by both ZP

2 and translation
symmetry. In one of these, the σ-type planes are in the Z2

SPT state, while the Txσ-type planes are trivial. In the
other state, this is reversed, with the Txσ-type planes in
the nontrivial Z2 SPT state. These root states generate a
Z2 × Z2 classification.
The situation is different for the E8 root state. If we put

the σ-type planes in E8 states with nE8
¼ 1, while keeping

the Txσ-type planes trivial, we do not have a pgSPT phase.
One way to see this is to note that any 2D surface cutting
through the mirror planes is a chiral thermal metal that
cannot be gapped out. Therefore, if the σ-type planes have
nE8

¼ 1, we must put the Txσ-type planes into E8 states of

opposite chirality, i.e., nE8
¼ −1. We are thus led to the

same translation-symmetric example discussed in Sec. II B,
and we obtain a single translation-invariant root state
from the E8 root state, which generates a Z2 factor in
the classification including translation symmetry. Here,
focusing on any particular reflection operation and ignoring
other symmetries, we have the E8 root state on the
corresponding mirror plane. It should be noted that we
do not obtain a different phase upon reversing the overall
chirality because chirality can be reversed by adjoining
layers of the E8 state as mentioned earlier.
Combining the three root states together, we obtain a

ðZ2Þ3 classification upon including translation symmetry.
We make two comments on this result before proceeding.
First, it is not the case that all 3D pgSPT phases with ZP

2

and translation symmetry are simply a stack of 2D states at
the microscopic level. However, it is true that all such
phases are adiabatically connected to a 2D state if we focus
on one specific reflection operation. Second, there is no
guarantee that we have found all SPT phases protected by
both reflection and translation. In principle, we can imagine
phases with a nontrivial interplay between reflection
and translation symmetries that are not captured in our
approach.

III. SURFACES OF BOSONIC POINT GROUP
SPT PHASES

We now discuss symmetry-preserving surfaces of 3D
pgSPT phases protected by ZP

2 reflection symmetry. For
now, we ignore any translation symmetry. We focus on two
types of surface states. In the first type, the surface is
gapped and trivial away from the mirror plane, and the 1D
edge of the mirror plane is gapless. Second, we consider
gapped surfaces with topological order, in the sense that
anyon quasiparticle excitations are present. Both types of
surfaces are interesting in their own right, and they also
allow us to establish the Z2 × Z2 classification by showing
that adding two E8 root states results in a trivial phase. We
believe it will be interesting to study other possible surface
states, a problem that we leave for future work.
The gapped surface states have the crucial property that

the action of symmetry is anomalous, by which we mean it
cannot be realized strictly in two dimensions. The surface
can thus be viewed as an anomalous 2D SET phase. When
symmetry does not permute the distinct types of anyon
excitations, the symmetry action fractionalizes into an
action on individual anyon quasiparticles, and such anoma-
lous SET phases are said to exhibit anomalous symmetry
fractionalization. Some SPT phases protected by internal
symmetry [52–54], or a combination of U(1) and crystal-
line symmetry [29], can have anomalous SET surfaces.
Apart from one recent study on electronic topological
crystalline insulators [55], less is known about anomalous
symmetry fractionalization at surfaces of SPT phases
protected only by crystalline symmetry.
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A. Z2 root state

We first discuss the Z2 root state. Upon reduction to 2D,
there is a Z2 SPT state on the mirror plane. This plane and a
symmetry-preserving 2D surface form a “T” geometry, as
shown in Fig. 4. The intersection of the mirror plane and the
surface is both the edge of the SPT state on the mirror plane
and the reflection axis of the 2D surface. Reflection acts on
this edge as an on-site, unitary Z2 symmetry. Away from
the reflection axis, the surface degrees of freedom behave
as in an ordinary 2D system. If the surface degrees of
freedom away from the reflection axis are in a trivial
gapped state, the surface properties are simply those of the
Z2 SPT edge [13,56]: There are either gapless reflection-
protected edge modes or the reflection symmetry is
spontaneously broken.
Now we show that there is another possibility, namely,

that the surface is gapped with Z2 topological order. This
is the topological order of the toric code model [57] or,
equivalently, the deconfined phase of 2D Ising gauge
theory. This type of topological order has anyons e and
m, which can be thought of as bosonic Z2 gauge charges
and bosonic Z2 gauge fluxes, respectively. While these
excitations have bosonic self-statistics, they should still be
viewed as anyons because of their Θ ¼ π mutual statistics,
which is simply the Ising version of the Aharonov-Bohm
effect. This implies that the composite of e and m, ϵ ¼ em,
is a fermion. The fusion and braiding properties are
invariant under the relabeling e ↔ m, so there is an
arbitrary choice of which particle we call e and which
we call m. Building on the theory of the projective
symmetry group for parton mean-field theories [37], dis-
tinct crystal symmetry fractionalization patterns have been
classified [38], without regard to possible anomalies.
When the surface has Z2 topological order, the edge

of the mirror plane can be gapped out without breaking
symmetry, leading to anomalous reflection symmetry
fractionalization at the surface. We establish this by
constructing and solving an effective model for the surface.
Our construction is based on an effective model for the

edge of the Z2 SPT phase, introduced in Ref. [56] and

dubbed the CZX model; a closely related model was
also introduced in Ref. [13]. In the model of Ref. [56],
the edge is a 1D chain of Ising spins located at sites labeled
by the integer j, with Pauli spin operators τzj, τ

x
j . The Ising

symmetry is realized by

UI ¼
Y
j

τxj
Y
j

CZj;jþ1; ð7Þ

where

CZi;j ¼ j↑↑ih↑↑j þ j↑↓ih↑↓j þ j↓↑ih↓↑j − j↓↓ih↓↓j
ð8Þ

is the controlled-Z operation acting on the pair of spins
labeled by i and j. This acts on spin operators by

UIτ
z
jU

−1
I ¼ −τzj;

UIτ
x
jU

−1
I ¼ τzj−1τ

x
jτ

z
jþ1;

UIτ
y
jU

−1
I ¼ −τzj−1τ

y
jτ

z
jþ1: ð9Þ

This “non-on-site” action of symmetry encodes the anoma-
lous properties of the edge of the 2D Z2 SPT phase.
Our effective 2D surface model has Ising spins residing

on the edges of a 2D square lattice. We choose the origin
so that the centers of horizontal edges have coordinates
r ¼ ðx; yÞ with x, y integers, while the centers of vertical
edges have x and y half-odd integers. Under reflection
symmetry Uσ, the spins on the reflection axis at x ¼ 0
transform as the spins of the CZX model boundary under
Ising symmetry. Precisely, the spin at r ¼ ð0; jÞ transforms
under Uσ exactly as in Eq. (9). The remaining spins obey
the ordinary transformation law

Uστ
μ
ðx;yÞU

−1
σ ¼ τμð−x;yÞ; x ≠ 0; ð10Þ

where μ ¼ x, y, z.
The Hamiltonian is a variant of the toric code model and

can be written

H ¼ −
X
v

Av −
X
p

Bp: ð11Þ

The first term is a sum over vertices v ¼ ðvx; vyÞ of
the square lattice, and the second term is a sum over
plaquettes p, with operators Av and Bp associated with
each vertex and plaquette, respectively. The plaquette
operators are identical to those in the ordinary toric code,

Bp ¼
Y
r∼p

τzr ; ð12Þ

where the product is over the perimeter of the plaquette p
(Fig. 5). If the vertex operators were also chosen to be

FIG. 4. Geometry of a symmetry-preserving surface of a 3D
pgSPT phase protected by ZP

2 reflection symmetry, ignoring any
translation symmetry. In the bulk, the system has been reduced to
a 2D state lying on the mirror plane. The edge of the mirror plane
coincides with the reflection axis of the surface.
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identical to the ordinary toric code, this would not respect
the anomalous action of mirror symmetry at the reflection
axis. To handle this, we modify the form of Av for vertices
adjacent to the reflection axis, while, elsewhere, we choose
Av as in the ordinary toric code. For vertices away from the
axis, we define

Av ¼
Y
r∼v

τxr ; vx ≠ �1=2; ð13Þ

where the product is over the four edges touching the vertex
v. Then, for vertices adjacent to the axis, we choose

Av ¼
( ½Q0

r∼v τ
x
r �τyv−y=2τzvþx=2−y vx ¼ −1=2

−½Q0
r∼v τ

x
r �τyv−y=2τzv−x=2þy vx ¼ 1=2;

ð14Þ

where x ¼ ð1; 0Þ and y ¼ ð0; 1Þ, and Q0
r∼v is a product

over the edges touching v, excluding the edge below. A
graphical representation of these operators is shown in
Fig. 5.
It is straightforward to check that the Hamiltonian thus

defined is invariant under the reflection symmetry and is
exactly solvable as the vertex and plaquette operators form
a commuting set of observables. It is thus not surprising
that this model shares many properties with the ordinary
toric code. In particular, there is an energy gap, the mirror
symmetry is unbroken in the ground state, and there is Z2

topological order. Note that e particles reside at vertices
where Av ¼ −1, and m particles, except those at x ¼ 0,
reside at plaquettes with Bp ¼ −1. The string operators that
move e and m particles are products of τz and τx Pauli
operators, respectively, except that m strings are decorated
with a τz Pauli operator whenever they cross the reflection
axis, as shown in Fig. 6. Some of the details underlying
these statements are given in Appendix B.
For a single reflection σ that does not exchange e ↔ m,

as is the case here, the symmetry fractionalization pattern
can be described by introducing operators Ue;m

σ that give
the action of σ on a single e orm particle, respectively [38].
We have

ðUe
σÞ2 ¼ μeσ; ð15Þ

ðUm
σ Þ2 ¼ μmσ ; ð16Þ

where μeσ, μmσ ¼ �1. This apparently gives four possible
symmetry fractionalization patterns, but only three are
distinct under the relabeling e ↔ m. Paralleling notation
introduced in Ref. [53], we denote these by e0m0, ePm0,
and ePmP, where 0 (P) indicates μσ ¼ 1 (μσ ¼ −1) for
the corresponding particle. Both e0m0 and ePm0 can be
realized strictly in two dimensions [58].
Reflection symmetry fractionalization can also be char-

acterized without introducing the operators Ue;m. We
consider a string operator Se (Sm) creating two e (m)
particles at positions related by reflection symmetry. Then,
it can be shown [40,41] that the reflection eigenvalue of the
string operator is the same as the μσ parameter describing
the corresponding anyon’s symmetry fractionalization;
that is,

FIG. 5. Operators in the modified toric code model at the
surface of the Z2 root state. Three vertex operators Av are shown,
with two adjacent to the reflection axis (dashed line) and one
away from it. Each operator is a product of Pauli spin operators
on the edges marked by thick solid lines, with X, Y, Z
corresponding to τx, τy, τz. Plaquette operators Bp are products
of four τz operators around the perimeter of a plaquette p, as
indicated by thick dotted lines.

FIG. 6. String operators, in the modified toric code model,
creating a reflection-symmetric pair of e particles (top) and m
particles (bottom). Operators in the e string (m string) are
indicated by thick dotted (solid) lines. The m string, whose path
is shown by the light gray line, is decorated with a single τz

operator at the reflection axis (dashed line).
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UσSe;mU−1
σ ¼ μe;mσ Se;m: ð17Þ

This phenomenon, which can also be understood in terms
of dimensional reduction to a 1D SPT phase protected by
reflection symmetry [41], can in fact be viewed as an
alternate definition of reflection symmetry fractionalization
that does not require describing the action of symmetry on a
single anyon.
Using this characterization of reflection symmetry frac-

tionalization, it is straightforward to see that the ePmP
fractionalization pattern is realized in our model. String
operators creating a pair of e particles and a pair of m
particles at positions related by reflection symmetry are
shown in Fig. 6, and both of these string operators are odd
under reflection.
We have shown that ePmP occurs at the surface of a

nontrivial SPT phase, and it is thus natural to expect this
fractionalization pattern is anomalous. To see that this is
indeed the case, we assume that there is a 2D system
realizing ePmP, and we obtain a contradiction. We add a
layer of this 2D system to the ePmP surface of the 3D
pgSPT phase. The resulting surface has 16 types of anyons,
labeled by pairs ða1; a2Þ, where a1, a2 ¼ 1, e, m, ϵ are
particle types in the two ePmP layers. Because e and m
particles in the two layers transform identically under
reflection, the composites ðe; eÞ and ðm;mÞ transform
trivially (i.e., reflection squares to unity acting on these
particles), so they can be condensed without breaking
symmetry. The resulting condensate confines all the other
anyons, and we have thus obtained a gapped, symmetry-
preserving surface with no topological order. The surface
can then be trivialized away from the reflection axis
following the same procedure used to classify pgSPT
phases, and it effectively becomes a gapped, symmetric
system on the reflection axis. But this is a contradiction
because we have gapped out the edge of the nontrivial
2D Z2 SPT phase on the mirror plane, without breaking
symmetry.
We note that the ePmP fractionalization pattern has

previously been argued to be anomalous in Ref. [55]. This
was done by considering an electronic topological crystal-
line insulator with ZP

2 symmetry and n ¼ 4 Dirac cones
and by putting the surface into the ePmP state. Our result
confirms this conclusion from a different point of view. In
particular, the ePmP state is a bosonic anomalous SET
phase, so we should expect, as we have shown, that it can
be realized at the surface of a bosonic SPT phase.

B. E8 root state

Here, we turn to the E8 root state. Upon reduction to 2D,
nE8

copies of the E8 state lie on the mirror plane, with nE8

odd. Therefore, if the surface is gapped and trivial away
from the mirror plane, the surface supports a gapless chiral
1D system on the reflection axis, with chiral central
charge cmod16 ¼ 8.

Such an effective 1D system cannot occur on the reflection
axis of a strictly 2D systemwithZP

2 symmetry andwherewe
assumenoanyon excitations are present. In this case, the only
known nontrivial possibility is that one side of the reflection
axis is in an E8 state with index nE8

. The other side of the
reflection axis then necessarily has E8 index −nE8

. On the
reflection axis, we then have gapless modes with chiral
central charge c ¼ 16nE8

, and cmod16 ¼ 0.
We now use this 1D edge theory to construct a trivial,

gapped surface termination of the E8 ⊕ E8 state, obtained
by adding two E8 root states. This indicates that E8 ⊕ E8

is a trivial pgSPT phase. To proceed, we need a concrete
description of the E8 state on the 2D mirror plane [44].
This state can be described as a Z2 gauge theory; we start
with a ν ¼ 8 IQH state and couple the fermion parity to a
deconfined Z2 gauge field. The U(1) symmetry of the
ν ¼ 8 state does not play a role, so we can also view it as 16
copies of a pþ ip topological superconductor. The result-
ing state has toric code topological order, so the gauge flux
is a boson and can be condensed, which results in the E8

state. We take the ZP
2 symmetry, which acts on the mirror

plane as a Z2 on-site symmetry, to act trivially on the
fermion and gauge field degrees of freedom.
To construct a gapped surface, we first consider a state

with two different ν ¼ 8 IQH states on the mirror plane,
each coupled to its own deconfined Z2 gauge field. Then,
we describe how to gap the edge. Finally, we condense Z2

gauge fluxes in the bulk, thus producing a bulk E8 ⊕ E8

state with a trivial, gapped surface. The edge Hamiltonian
density is

H ¼ −iv
X8
I¼1

c†1I∂xc1I − iv
X8
I¼1

c†2I∂xc2I: ð18Þ

Here, c1I and c2I are the chiral edge fermions of two
different ν ¼ 8 IQH states. In the bulk, the c1I fermions are
coupled to one Z2 gauge field, while the c2I fermions are
coupled to another. Both gauge fields are in the deconfined
phase, so we can ignore coupling between the edge
fermions and the Z2 gauge fields. Reflection symmetry
acts trivially on the fermions; that is, σ: cjI → cjI.
As it stands, we have a chiral edge that cannot be gapped.

We now adjoin two counterpropagating E8 layers, resulting
in a nonchiral edge. These new layers are also described,
for the moment, as ν ¼ −8 IQH states coupled to Z2 gauge
fields, so in total, we have four different Z2 gauge fields,
whose gauge fluxes eventually need to be condensed. The
corresponding edge fermions of the new layers are dLI and
dRI, obeying the Hamiltonian density

Hadjoined ¼ iv
X8
I¼1

d†LI∂xdLI þ iv
X8
I¼1

d†RI∂xdRI: ð19Þ

For simplicity of notation, we have taken all velocities to
have the same magnitude; this assumption plays no role in
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our analysis. Reflection acts on these fields by σ: dRI ↔ dLI.
We introduce linear combinations d�I ¼ ðdRI � dLIÞ=

ffiffiffi
2

p
,

on which reflection acts by σ: d�I → �d�I .
We now add a mass term

δH ¼ m
X8
I¼1

ðc†2IdþI þ H:c:Þ; ð20Þ

which gaps out the c2I and dþI fermions [59]. This leaves
the counterpropagating c1I and d−I modes gapless; they
cannot be gapped out at the noninteracting level because
they have opposite reflection eigenvalues. However, it has
been shown that a theory of four pairs of counterpropagat-
ing fermions with opposite eigenvalues under a Z2 sym-
metry can be gapped, while preserving symmetry, by a
suitable interaction term [60–63]. The present theory, with
eight counterpropagating pairs of modes, is just two
decoupled copies of this theory, so the same conclusion
holds. Now that we have fully gapped out the edge, we can
condense all four Z2 gauge fluxes in the bulk, obtaining a
description of the E8 ⊕ E8 state with a gapped, trivial
surface.
Returning to the E8 root state itself, we construct a

different type of gapped surface, with three-fermion Z2

topological order, which is a variant of the toric code theory
discussed above. Here, there are three nontrivial particles
ef,mf, and ϵf, which all have fermionic self-statistics. Any
pair of distinct nontrivial particles has Θ ¼ π mutual
statistics. The fusion rules are e2f ¼ m2

f ¼ ϵ2f ¼ 1 and
ϵf ¼ efmf. Similarly to the Z2 gauge theory description
of the E8 state, the three-fermion state can be realized by
starting with a ν ¼ 4 IQH state and then coupling the
fermion parity to a Z2 gauge field in its deconfined phase
[45]. In the absence of the fermionic matter, this Z2 gauge
theory would realize the toric code statistics discussed in
Sec. III A. Here, the topologically nontrivial fermions
modify the statistics of the gauge theory, and we obtain
the three-fermion state. We label the fermionic Z2 gauge
charge by ef and the fermionic Z2 gauge flux by mf.
In a strictly 2D system, the three-fermion state is

incompatible with reflection symmetry because it has chiral
edge modes with chiral central charge cmod8 ¼ 4 [45].
Therefore, any reflection-symmetric realization of the
three-fermion state is anomalous. For such a state, we
can go further and study the action of reflection symmetry
on the anyons. Assuming reflection does not permute the
anyons, we find there are two such actions—one of which
is realized at the surface of the E8 root state, while the other
is realized when we add together the E8 and Z2 root states.
Now, we can construct the three-fermion surface of the

E8 root state. Our construction is similar to the argument
above that the E8 ⊕ E8 state is trivial, and it proceeds in a
few steps. First, we consider a theory of noninteracting
fermions, where we put a ν ¼ 8 IQH state on the mirror

plane and ν ¼ �4 IQH states on the surface regions R
and L, as shown in Fig. 7. These states have chiral edge
modes as shown in Fig. 7, all lying along the edge of the
mirror plane. The edge fermion fields for the ν ¼ 8 state
are denoted cI , with I ¼ 1;…; 8, and the edge fields for
the ν ¼ �4 states are dRi and dLi, respectively, with
i ¼ 1;…; 4. Eventually, all three regions will be coupled
to the same Z2 gauge field, and the Z2 flux will be
condensed only on the mirror plane; thus, the mirror plane
is an E8 state, and the surface is in the three-fermion state.
Before introducing the gauge field, we first show that all the
edge fermions can be gapped while preserving reflection
symmetry.
It is sufficient for our purposes to consider any conven-

ient edge Hamiltonian density. We start with the simple
choice

H ¼ −ivc
X8
I¼1

c†I∂xcI þ ivd
X4
i¼1

½d†Ri∂xdRi þ d†Li∂xdLi�;

ð21Þ
with velocities vc, vd > 0, and we add terms as needed to
open a gap. So far, the mirror plane and the regions R and L
are all decoupled, and there are three independent Z2

fermion parity symmetries.
Reflection symmetry acts on the fermion fields by σ:

cI → cI and σ: dRi ↔ dLi. We introduce linear combi-
nations d�i ¼ ð1= ffiffiffi

2
p ÞðdRi � dLiÞ, which satisfy σ:

d�i → �d�i. We can then gap out half of the edge modes
at the noninteracting level, by adding the mass term

δH ¼ m
X4
i¼1

ðd†þiciþ4 þ H:c:Þ: ð22Þ

FIG. 7. Construction of the gapped surface for the E8 root state.
A ν ¼ 8 IQH state lies on the mirror plane, while ν ¼ �4 IQH
states lie on the surface in regions R and L, respectively. Each of
these three regions is a half plane, with edges supporting chiral
modes indicated by the dark lines. The 1D fermion fields are cI ,
dRi, dLi, with chiralities as indicated. The same Z2 gauge field,
which resides on the “T-shaped” lattice formed by the union of
the three regions, and connects the regions as indicated by the
dashed lines, is coupled to the fermion parity.
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In addition to gapping out some of the modes, this term
breaks the three fermion parity symmetries down to a single
Z2 fermion parity, under which all the fermion fields
acquire a minus sign.
This leaves four pairs of counterpropagating gapless

modes. Each pair consists of ci and d−i fermions
(i ¼ 1;…; 4), which are even and odd under reflection,
respectively. Again, this theory can be gapped out, pre-
serving symmetry, by a suitable short-range interaction
[60–63].
Now that our theory of fermions has been gapped, we

introduce a Z2 gauge field on the “T-shaped” lattice on
which the fermions reside, as shown in Fig. 7. This lattice
joins the mirror plane together with regions L and R
(dashed lines in Fig. 7). The Z2 gauge field is minimally
coupled to the fermion parity, and for the moment, we
suppose the gauge field is put in its deconfined phase in all
three regions. Regions L and R are now in the three-
fermion state, while the mirror plane has toric code
topological order.
To show that we have realized the three-fermion state on

the surface, it is not enough to show that each of regions L
and R is in this state. We also have to show that anyons in
one region are free to move into the other region. This is
indeed true for the Z2 gauge charge ef. Before gauging,
ef is nothing but a fermion excitation on the surface, and
because only a single Z2 fermion parity is present, a
fermion in R can pass through the mirror plane to become a
fermion in L, and vice versa. What about the Z2 flux mf?
Moving such an excitation from R to L leaves behind a Z2

gauge flux in the mirror plane, as illustrated in Fig. 8.
Fortunately, this undesired excitation is eliminated pre-
cisely by the remaining step in our construction, which is to

condense the gauge flux in the mirror plane. Upon doing
this, we have an E8 state on the mirror plane, and mf can
move freely between L and R on the surface.
Now that we have obtained a reflection-symmetric

realization of the three-fermion state, we can go further
and characterize the action of reflection on the anyons ef,
mf, and ϵf. As discussed in Sec. III A, this can be done by
introducing string operators Sa that create two anyons of
type a in positions related by reflection symmetry. These
operators transform under reflection by

UσSaU−1
σ ¼ μaσSa; ð23Þ

where the μaσ ¼ �1 characterize the reflection symmetry
fractionalization. Because we can choose Sϵf ¼ SefSmf , we
have μ

ϵf
σ ¼ μ

ef
σ μ

mf
σ . While we prefer to work with symmetry

fractionalization defined in terms of string operators in this
case, we note that if we also introduce operators Ua

σ giving
the action of σ on a single fermionic anyon, it has been
shown that [40,41]

ðUa
σÞ2 ¼ −μaσ : ð24Þ

This important minus sign, which was missed in Ref. [38],
is not present for the bosonic e andm particles discussed in
Sec. III A.
There are two distinct patterns of reflection symmetry

fractionalization possible for the three-fermion state. One
of these has μ

ef
σ ¼ μ

mf
σ ¼ 1, and we refer to this as ef0mf0.

The other has μ
ef
σ ¼ μ

mf
σ ¼ −1 and is referred to as

efPmfP. While two other choices of μ
ef
σ , μ

mf
σ are possible,

these are equivalent to efPmfP under a relabeling of
anyons. It is important to note that any permutation of ef,
mf, ϵf is a legitimate relabeling in the three-fermion state.
Therefore, unlike for the toric code, efPmf0 is not distinct
from efPmfP.
Which symmetry fractionalization pattern is realized at

the surface of the E8 root state? We can answer this
question by explicitly constructing the Sef string operator. It
is enough to construct this operator for our 1D theory
describing the edge of the mirror plane, where, for instance,
we can choose Sef ¼ d†Lid

†
Ri. This operator creates one

fermion in L and one in R, thus creating a single ef
excitation in each region after gauging. To make Sef gauge
invariant, we should include a Wilson line built from theZ2

vector potential, joining the insertion points of the two
fermions. However, the Wilson line can be chosen as a
product of Z2 vector potential operators on two of the
dashed edges in Fig. 7 and thus does not contribute to the
transformation of Sef under reflection. Therefore, because
of the fermion anticommutation relations, we have
μef ¼ −1. This immediately implies that the surface of
the E8 root state realizes the efPmfP fractionalization
pattern; in the other pattern, all the string operators are even
under reflection.

FIG. 8. In our construction of the three-fermion surface of the
E8 root state, before condensing the Z2 gauge flux on the mirror
plane, regions R and L of the surface are in the three-fermion
state, while the mirror plane is also in a deconfined phase of Z2

gauge theory, with toric code statistics. Here, in the left panel, a
Z2 gauge flux (mf) in region R is moved to region L, leading to
the configuration shown in the right panel. This process leaves
behind a Z2 gauge flux excitation on the mirror plane, which can
be understood by viewing the Z2 flux excitations as intersection
points between the various regions and a flux line in three-
dimensional space, as shown. This residual excitation is elimi-
nated upon condensing Z2 fluxes on the mirror plane to produce
the E8 root state in the bulk.
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This surface theory provides an alternative demonstra-
tion that E8 ⊕ E8 is trivial. Upon adding two E8 root states
with three-fermion surfaces, we have a surface theory of
two decoupled “layers” of the three-fermion state. There
are 16 types of particles that are composites of anyons in
the two layers, which are labeled by ordered pairs such as
ðef; efÞ, ðef;mfÞ, ð1; efÞ, and so on. We can trivialize the
surface by condensing both ðef; efÞ and ðmf;mfÞ. Both of
these particles are bosonic, and they have trivial mutual
statistics so that they can be simultaneously condensed.
Moreover, since ef and mf transform identically under
reflection in both layers, these composites transform
trivially under reflection and can be condensed while
preserving symmetry. It is then straightforward to see that
all nontrivial particles are either confined by this conden-
sate or have condensed, and we have obtained a trivial
gapped surface; thus, the bulk pgSPT phase is also trivial.

C. Adding the root states

Now, we discuss the surface of the E8 ⊕ Z2 state,
obtained by adding the two root states. Again, we can
start from a surface theory comprised of two decoupled
layers. One is a three-fermion state with the fractionaliza-
tion pattern efPmfP, while the other has toric code
topological order and ePmP fractionalization. We can
obtain a simpler theory by condensing the bosonic particle
ðϵf; ϵÞ, which transforms trivially under reflection, because
both ϵf and ϵ transform in the same way. The remaining
deconfined particles form a three-fermion state and are
generated by fusing e0f ¼ ðef; eÞ and m0

f ¼ ðmf; eÞ. The
resulting symmetry fractionalization pattern is ef0mf0.
Therefore, we see that both the E8 root state and the
E8 ⊕ Z2 state have three-fermion surfaces, with these two
states realizing the two different possible patterns of
reflection symmetry fractionalization.

IV. ELECTRONIC TOPOLOGICALCRYSTALLINE
INSULATORS IN THREE DIMENSIONS

Here, we consider 3D electronic topological crystalline
insulators (TCIs) withZP

2 reflection symmetry. These states
are insulating SPT phases of electrons, with symmetry
group Uð1Þ × ZP

2 , where the U(1) is charge conservation.
Because there are no 3D topological insulators protected
by U(1) symmetry alone [36], without loss of generality we
consider SPT phases that become trivial if Uð1Þ × ZP

2 is
broken down to U(1). At the level of noninteracting
electrons, it is known that there is a Z classification of
such TCIs, which is reduced to Z8 by interactions [16].
Below in Sec. IVA, via reduction to the 2D mirror plane,

we obtain a larger Z8 × Z2 classification. The correspond-
ing phases are thus labeled by the ordered pair ðn;mÞ, with
n defined modulo 8 and m defined modulo 2. The addi-
tional Z2 factor arises from a TCI that requires finite-
strength bulk interactions and is thus inaccessible to

previous approaches. This state, labeled by (0,1), can be
understood as a topological paramagnet, where the spin
sector is a bosonic pgSPT state with ZP

2 symmetry and,
more specifically, is in the E8 root state described in Sec. II.
This TCI, dubbed the E8 paramagnet, is analogous to
fermionic SPT phases protected by internal symmetry that
have been studied previously, where a bosonic sector is put
into a bosonic SPT phase.
In Sec. IV B, we consider the surface properties of the E8

paramagnet TCI; the results bolster the conclusion that this
state remains nontrivial and distinct from the ðn; 0Þ TCIs in
the presence of electron excitations. Then, in Sec. IV C, we
show that the (4,0) TCI can also be viewed as a different
topological paramagnet, where the spin sector is in the
bosonic Z2 root state. This gives a physical picture of
the (4,0) TCI that is very different than that provided by the
limit of weakly interacting electrons.
Before proceeding, a word is in order about how to

describe the action of symmetry in fermionic systems [64].
We let G be the symmetry group acting on bosonic
operators and Gf the symmetry group acting on all
operators, including fermionic operators. We view fermion
parity Zf

2 as a symmetry, and it is a subgroup of Gf. Then,

these groups are related by G ¼ Gf=Z
f
2. This means that

we can view Gf as a group extension of G with coefficients

in Zf
2 . For given G acting on bosonic operators, distinct

actions of symmetry on fermions then correspond to
elements of H2ðG;Zf

2Þ, which classify the different pos-
sible group extensions.
More physically, this discussion implies that we can view

the symmetry acting on fermions in terms of symmetry
fractionalization of the bosonic symmetry G. For example,
in the present case, G ¼ Uð1Þ × ZP

2 , and we view bosonic
Cooper pairs as unit charges. Electrons then carry half-
charge, and it follows that a 2πUð1Þ rotation is equal to
ð−1ÞF, the fermion parity operator. In fact, this fully
characterizes the symmetry action on electrons in the
present case. Suppose that reflection squares to fermion
parity, U2

σ ¼ ð−1ÞF. Then, we can redefine the reflection
by U0

σ ¼ RðπÞUσ, where RðπÞ is a πUð1Þ rotation. Since
RðπÞ2 ¼ ð−1ÞF, we have ðU0

σÞ2 ¼ 1, so we can always
choose the reflection to square to the identity operator, a
choice we make below.

A. Classification

Because we consider states that are trivial under the
protection of U(1) symmetry alone, we can apply the same
reduction procedure to obtain a 2D system on the mirror
plane. Here, the ZP

2 acts as a Z2 on-site, unitary symmetry,
and the full internal symmetry group of the 2D system is
G ¼ Uð1Þ × Z2. We find a Z4 × Z × Z classification of
2D phases on the mirror plane.
The Z4 factor labels electronic SPT phases, which were

studied in Ref. [16], where it was shown that the
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noninteracting Z classification reduces to Z4 in the
presence of interactions. In principle, there could be other
such SPT phases not obtainable, starting from a non-
interacting limit, but we do not consider this possibility
here. We refer to the root state associated with the Z4 factor
as the SPT root state.
The two Z factors correspond to integer quantum Hall

(IQH) and E8 states. One of these factors is generated by
the IQH root state, which is simply a ν ¼ 1 IQH state. The
other factor is generated by the E8 root state. This state is a
topological paramagnet; we start with a charge-neutral
bosonic E8 state (which can be thought of as describing
the spin sector) and take a product of this state with a trivial
electronic insulator. This is distinct from a ν ¼ 8 IQH state
(eight copies of the IQH root state) because the Hall
conductance is different, so the IQH and E8 root states
indeed generate independent Z factors in the classification.
We might also consider an E8 state built from charge-2
Cooper pairs, but this state is identical to eight copies of
the IQH root state and does not need to be considered
separately [65,66]. For both the IQH and E8 root states, we
choose the Z2 symmetry to act trivially.
As in the bosonic case, we now ask how the Z4 × Z × Z

classification collapses under adjoining reflection-
symmetric layers to give a classification of pgSPT phases.
Here, we can choose the added layers jLi and jRi to be
some combination of IQH and (charge-neutral) E8 states.
The crucial issue is to understand the effect of adjoining
layers when we add two IQH root states or two E8 root
states. Because the E8 root state is a product of a bosonic
pgSPT phase with a trivial electronic insulator, it follows
immediately from the discussion of Sec. II that adding two
E8 root states produces a trivial state.
Upon adding two IQH root states, we have fermions c1

and c2 each forming a ν ¼ 1 IQH state on the mirror plane.
The ZP

2 symmetry acts trivially, that is, σ: c1;2 → c1;2. Now
we adjoin layers so that each of jLi, jRi is a ν ¼ −1 IQH
state with fermions dL;R, where ZP

2 acts by

σ∶dL ↔ dR: ð25Þ

We take linear combinations d� ¼ dR � dL with eigen-
value �1 under the action of σ. We can combine the dþ
and c2 IQH states and gap them out while preserving ZP

2

symmetry; this is easily seen via the edge theory, similar to
the discussion of Sec. III B. This leaves a nonchiral state,
where the c1 and d− fermions have opposite eigenvalues
under ZP

2 and form IQH states of opposite chirality. This is
precisely the SPT root state [16].
We have thus shown that adding two IQH root states

does not give a trivial pgSPT phase but instead is equivalent
to the SPT root state. Therefore, the IQH and SPT root
states combine together to give a Z8 factor in the classi-
fication of pgSPT phases, and the full Z8 is generated by
the IQH root state, even though half of the corresponding

pgSPT phases are related to 2D SPT phases. The E8 root
state generates a separate Z2 factor, and the full classi-
fication we find is Z8 × Z2.

B. Surfaces of the E8 paramagnet TCI

In some cases, it is known that taking a product of a
nontrivial bosonic SPT phase with a trivial fermionic
insulator does not produce a new distinct fermionic SPT
phase [36,67]. While our approach of reduction to 2D
already shows that the E8 paramagnet TCI is nontrivial and
distinct from the TCIs in theZ8 classification, it is desirable
to confirm this from other points of view. Here, we do this
by studying two different surface states.
First, we consider a surface that is gapped and trivial

away from the reflection axis. The mirror plane then
supports gapless chiral modes at its 1D edge, characterized
by a chiral central charge c ¼ 8 and vanishing Hall
conductivity. Similarly to the bosonic E8 root state dis-
cussed in Sec. III B, this situation cannot occur in a strictly
2D electron system with Uð1Þ × ZP

2 symmetry, with no
anyons away from the reflection axis. To see this, in such a
2D system, the most general possibility on one side of the
reflection axis is to have nE8

copies of a charge-neutral E8

state and nI copies of a ν ¼ 1 IQH state. On the other side
of the reflection axis, there are then −nE8

and −nI copies of
the corresponding states, respectively. This leads to gapless
modes on the reflection axis characterized by chiral
central charge c ¼ 16nE8

þ 2nI and Hall conductivity
2nIe2=h, which cannot reproduce the surface of the E8

paramagnet TCI.
It should be noted that if U(1) symmetry is broken, the

Hall conductivity is not meaningful, and we can achieve
c ¼ 8 by choosing nI ¼ 4 and nE8

¼ 0. The resulting 1D
theory is the same as the edge of a ν ¼ 8 IQH state. This
is equivalent to the edge of the E8 state, in the sense that
adding appropriate perturbations localized to the edge can
drive the theory across a quantum phase transition and into
an E8 edge [65]. Therefore, the E8 paramagnet TCI requires
both U(1) charge conservation and ZP

2 symmetry for its
protection.
Next, we consider a gapped, topologically ordered

surface, building on the three-fermion state surface of
the bosonic E8 root state. Because the E8 paramagnet
TCI is a product of the bosonic E8 root state and a trivial
fermionic insulator, the particle types at this surface are also
products,

f1; ef; mf; ϵfg × f1; cg; ð26Þ

where c represents the electron. It is important to note that
ef, mf, and ϵf are all charge neutral, where c carries unit
charge. In order for this surface to be nontrivial, it should be
impossible to rewrite it as a different product, where one
factor of the product can occur in a strictly 2D bosonic
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system, and the other factor is again a trivial fermionic
insulator.
Here, we can also view the particle types as a product,

f1; efc; mfc; ϵfg × f1; cg; ð27Þ

where the choice of attaching c to ef andmf is arbitrary; we
could choose any two anyons of the three-fermion state,
and the discussion below applies. The first factor has the
topological order of the toric code, with e ¼ efc,
m ¼ mfc, and ϵ ¼ ϵf. While this topological order cer-
tainly can occur in a strictly 2D bosonic system with
reflection symmetry, we also have to consider the role of
U(1) symmetry. For a bosonic sector of the underlying
electronic system, e andmmust be viewed as carrying half-
charge; they carry the charge of the electron, which is half
the elementary charge of bosonic particles (Cooper pairs).
Within the simplest possible description in terms of
Abelian Chern-Simons theory (using a 2 × 2 K matrix),
such a fractionalization pattern, where both e and m carry
half-charge, leads to a nonzero quantized Hall conductivity
[53]. This is incompatible with reflection symmetry and
suggests that any reflection-symmetric realization of this
fractionalization pattern is anomalous. Indeed, this can be
shown by generalizing the flux fusion approach of Ref. [29]
(see also Ref. [68]). This conclusion is consistent with the
nontriviality of the E8 paramagnet TCI.

C. Connection to bosonic pgSPT phases

Here, we consider the (4,0) TCI and show that it can be
viewed as a topological paramagnet, where the spin sector
is in the bosonic Z2 root state. This result is closely related
to, and indeed can be understood to follow from, prior work
showing that a certain two-dimensional SPT phase of
fermions with Z2 symmetry is related to the nontrivial
bosonic Z2 SPT phase [69,70].
We proceed by considering a surface that is trivial away

from the reflection axis. On the axis, there are two
counterpropagating pairs of chiral fermions. We denote
electron creation operators by ψ†

p;R and ψ†
p;L, with p ¼ 1, 2,

for right and left movers, respectively. Reflection symmetry
acts by

σ∶ψ†
p;R → ψ†

p;R; ð28Þ

σ∶ψ†
p;L → −ψ†

p;L: ð29Þ

The effect of interactions in this theory was analyzed
in Ref. [16] using a bosonized description, and we adopt
the same approach here. We introduce bosonic fields ϕi
(i ¼ 1;…; 4), related to electron operators by

ψ†
p;R ∼ eiϕp ; ð30Þ

ψ†
p;L ∼ e−iϕpþ2 : ð31Þ

The Lagrangian is

L ¼ 1

4π
ðKij∂xϕi∂tϕj − Vij∂xϕi∂xϕjÞ; ð32Þ

where

K ¼
�
12×2 0

0 −12×2

�
; ð33Þ

and V is a 4 × 4 velocity matrix. Since V is not universal,
the exact form is not important here. The U(1) symmetry,
acting on electron operators by ψ† → eiαψ†, acts on the
bosonic fields by

~ϕ → ~ϕþ αð1; 1;−1;−1ÞT; ð34Þ

while reflection acts by

σ∶~ϕ → ~ϕþ πð0; 0; 1; 1ÞT: ð35Þ

To proceed, we make a change of variables ~ϕ ¼ W~ϕ0,
where W is a GLð4;ZÞ matrix

W ¼

0
BBB@

1 0 0 −1
1 0 −1 0

−1 0 1 1

0 −1 0 0

1
CCCA: ð36Þ

The K matrix in the new basis is

K0 ¼ WTKW ¼

0
BBB@

1 0 0 0

0 −1 0 0

0 0 0 −1
0 0 −1 0

1
CCCA: ð37Þ

The block form ofK0 implies that we can decouple the edge
modes into a fermionic sector with

Kf ¼
�
1 0

0 −1

�
ð38Þ

and a bosonic sector with

Kb ¼ −
�
0 1

1 0

�
: ð39Þ

This is possible because the velocity matrix is nonuniversal
and can be tuned to achieve such a decoupling.
The fields in the fermionic sector transform under U(1)

by ϕ0
1;2 → ϕ0

1;2 þ α, and under reflection by
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σ∶ϕ0
1 → ϕ0

1 þ π; ð40Þ

σ∶ϕ0
2 → ϕ0

2 − π: ð41Þ

We can refermionize this sector by defining Ψ†
i ¼ eiϕ

0
i for

i ¼ 1, 2. The mass term

δH ¼ mðΨ†
1Ψ2 þ H:c:Þ ð42Þ

is clearly allowed by symmetry, and it trivially gaps out the
fermionic sector, which thus describes the edge of a trivial
electronic insulator.
The fields of the bosonic sector are neutral under U(1),

so we can interpret this as the spin sector of the (4,0) TCI.
The transformations under reflection are

σ∶ϕ0
3;4 → ϕ0

3;4 þ π: ð43Þ

This is precisely the edge of theZ2 bosonic SPT phase [13],
and we can identify the neutral bosonic sector with the
bosonic Z2 root state.

V. TOPOLOGICAL CRYSTALLINE
SUPERCONDUCTORS

Here, we consider electronic SPT phases in three
dimensions with only ZP

2 reflection symmetry. These states
are referred to as topological crystalline superconductors
(TCSCs) because they lack U(1) charge conservation
symmetry. In accordance with the discussion of Sec. IV,
we need to describe in more detail how symmetry acts on
electrons, and here there are two possibilities. One is that
reflection squares to the identity, σ2 ¼ 1, in which case we
find a Z16 classification. The other is reflection squaring to
fermion parity, σ2 ¼ ð−1ÞF, in which case we find a trivial
classification.
The same classifications can be obtained by following

the approach of Ref. [16], where one starts with non-
interacting TCSCs and then asks how the noninteracting
classification collapses in the presence of interactions. Our
treatment allows for the possibility of TCSCs that require
strong interactions in the bulk, and we find no such states
for the symmetries considered.
We note that these results agree with those obtained in

Ref. [28], where some fermionic SPT phases were classi-
fied based on a cobordism approach.

A. σ2 = 1: Z16 classification

As in the cases analyzed above, the first step is to analyze
the possible 2D states on the mirror plane. The ZP

2

reflection acts as an on-site Z2 symmetry, where σ2 ¼ 1.
One possibility is to have a SPT phase on the mirror plane,
and such phases were studied in Refs. [60–63], where a Z8

classification was found. All the SPT phases are obtained
by starting with a free-fermion state with nSPT pairs of

counterpropagating Majorana modes at its edge, where the
right-moving (left-moving) Majoranas are even (odd) under
σ. This state is trivial in the presence of interactions for
nSPT ¼ 8, but the states with 1 ≤ nSPT ≤ 7 are nontrivial,
leading to aZ8 classification. We refer to the corresponding
root state (with nSPT ¼ 1) as the SPT root state.
Another possible state for the mirror plane is to have np

copies of a topological pþ ip superconductor, with np
chiral Majorana fermions at the edge. We take the reflection
symmetry to act trivially on these states. We have a Z
classification generated by the state with np ¼ 1, dubbed
the pþ ip root state. We can also consider the possibility
of an E8 state on the mirror plane, but in a fermionic
system, this state is not distinct from np ¼ 16 copies of the
pþ ip root state [65].
We thus obtain a Z8 × Z classification of 2D states on

the mirror plane, and we need to ask how this collapses to
a classification of pgSPT phases. We can adjoin pairs of
pþ ip superconductors that go into one another under
reflection, which changes np → np � 2, so that, similar to
previous cases, np is only well defined modulo two. This
means that the ðpþ ipÞ ⊕ ðpþ ipÞ state, obtained by
adding two pþ ip root states, can either be equivalent to a
nontrivial SPT phase on the mirror plane or it can be trivial.
In fact, ðpþ ipÞ ⊕ ðpþ ipÞ is equivalent to the SPT root
state, so the pþ ip root state generates a Z16 classification,
which includes all the SPT states on the mirror plane.
To establish this result, let γ1, γ2 represent Majorana

fermions making up the two copies of the pþ ip root state
in ðpþ ipÞ ⊕ ðpþ ipÞ. Reflection acts trivially on γi.
Then, we adjoin two p − ip layers with Majorana fermions
δR, δL, which are exchanged by reflection. We take linear
combinations δ� ¼ δR � δL. At the noninteracting level,
the p − ip state with δþ fermions and the pþ ip state with
γ2 fermions can be combined and gapped out. This leaves
γ1 and δ− fermions gapless, which is precisely the SPT
root state.

B. σ2 = ð−1ÞF: Trivial classification
For the case where reflection squares to fermion parity,

we first consider possible noninteracting states on the
mirror plane. We refer to the on-site symmetry in this case
as Zf

4 because σ, which squares to fermion parity, generates
a Z4 group. We can always choose a basis of fermion
operators in which σ is diagonal so that

σ∶ψ → iψ : ð44Þ

This immediately implies that 2D quadratic fermion
Hamiltonians are identical to those with U(1) symmetry
and with no other symmetries. There is a Z classification
of such Hamiltonians, where the integer index nIQH gives
the integer quantized Hall conductivity associated with the
effective U(1) symmetry or, equivalently, the number of

SONG, HUANG, FU, and HERMELE PHYS. REV. X 7, 011020 (2017)

011020-16



chiral (Dirac) edge modes. This exhausts the possibilities
for free-fermion states on the mirror plane; in particular,
there are no free-fermion SPT phases in this case.
We also need to consider the possibility of interacting

states on the mirror plane. Recent works have found that
there are no nontrivial 2D SPT phases with Zf

4 symmetry
[71,72]. For instance, one possibility to consider is a
product of a bosonic Z2 SPT phase with a trivial fermionic
state, but Ref. [71] showed that the edge of this state can
be trivially gapped out. Reference [71] also found a Z
classification of integer topological phases, allowing for
strong interactions, indicating that the Z classification of
free-fermion states is complete for interacting systems. For
example, we can consider the possibility of a bosonic E8

state with nE8
¼ 1 on the mirror plane, with some action of

Z2 ¼ Zf
4=Z

f
2 symmetry. We can add to this a state with

nIQH ¼ −8, to produce a nonchiral state that should thus be
a Zf

4 symmetric SPT phase. But since such a state is trivial,
the nE8

¼ 1 state is equivalent to the free-fermion nIQH ¼ 8

state, and we do not obtain any new states in this manner.
Now, we show that the Z classification of 2D phases on

the mirror plane collapses to a trivial classification of 3D
pgSPT phases. We start with the nIQH ¼ 1 root state, which
is built from a single species of fermion ψ , with σ: ψ → iψ .
Then, we adjoin layers of ðp − ipÞ superconductors, whose
edge modes propagate in the opposite direction to that of
the root state. Denoting Majorana fermions making up
these two states by γL, γR, reflection acts by

σ∶γL → γR; ð45Þ

σ∶γR → −γL; ð46Þ

where the minus sign is present because σ2 ¼ ð−1ÞF. We
introduce a Dirac fermion c ¼ γR þ iγL on which reflection
acts by σ: c → ic. The adjoined layers are thus equivalent to
an nIQH ¼ −1 state, so combined with the nIQH ¼ 1 root
state, we are left with a trivial state. This Z classification in
2D thus becomes trivial upon passing to a classification of
3D pgSPT phases.

VI. BEYOND REFLECTION: BOSONIC SPT
PHASES WITH C2v SYMMETRY

So far, we have only considered ZP
2 reflection symmetry.

Our approach can be applied for any point group, and we
illustrate this here by considering 3D bosonic pgSPT
phases protected by C2v symmetry. Other cases are left
for future work. The C2v point group is generated by
two reflections, σa and σb, whose mirror planes are
perpendicular; as an abstract group, C2v ≃ Z2 × Z2. We
take all spins to transform as linear (i.e., not projective)
representations of C2v.
Figure 9 shows a cross section of a system with C2v

symmetry. As before, there is a local unitary Uloc that

trivializes the SPT ground state, and we can trivialize
region r1 by restricting Uloc. Then, we can copy the
restricted local unitary to the regions σar1, σbr1, and
σaσbr1, to extensively trivialize the ground state while
respecting symmetry. We are left with a system composed
of intersecting slabs centered on the two mirror planes.
The reduced system can be viewed as four half-planes,

each with on-site Z2 symmetry, joined together in a 1D
region with Z2 × Z2 on-site symmetry. Following the same
approach laid out above, we first obtain a ðZ2Þ3 × Z
classification of states in the reduced system and then
ask how it collapses to a classification of pgSPT phases.
The three Z2 factors in the dimensionally reduced

classification come from different SPT root states. In
two of these, the Z2a and Z2b root states, we put a Z2

SPT state on the σa or σb mirror plane. It should be noted
that, for instance, σb acts as a 2D reflection symmetry on
the σa mirror plane. The two-dimensional Z2 SPT state is
compatible with reflection symmetry; for example, the
model of Ref. [13] is manifestly reflection invariant. The
third SPT root state is the unique nontrivial 1D SPT phase
with Z2 × Z2 symmetry (the Haldane phase) [6–11,46,47],
placed on the axis where the planes intersect.
There is also an E8 root state, with edge chiralities

arranged as shown in Fig. 10(a) to respect the C2v
symmetry. To show that this arrangement of E8 states is
actually possible and compatible with an energy gap
everywhere in the bulk, we give a more microscopic
construction, which is illustrated in Fig. 10(b). The con-
struction starts with four sheets of ν ¼ 4 IQH states, with
edge chiralities as shown, so that each plane hosts two
sheets making up a ν ¼ 8 IQH state. The fermion parity is
coupled to a single Z2 gauge field residing on the cross-
shaped lattice of the reduced system, and the Z2 gauge flux
is condensed everywhere, resulting in E8 states on each
half-plane with chiralities as shown. This state generates the
Z factor in the reduced classification.

FIG. 9. Cross section of a 3D system with C2v symmetry, which
is generated by the two mirror reflections σa and σb. The dashed
lines are mirror planes. The shaded regions can be trivialized
by applying a symmetry-preserving local unitary, reducing the
system to the cross-shaped region near the mirror planes.
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Considering the E8 root state on one of the half-planes
(say, the lower σa half-plane), we see from our construction
that the on-site Z2 symmetry (coming from σa) acts
nontrivially on its degrees of freedom. However, we now
show that this E8 state on the half-plane is in the same
phase as an E8 state with trivial action of Z2 symmetry. To
see this, we go back to our construction before introducing
the Z2 gauge field and let c1i and c2i (i ¼ 1;…; 4) denote
the fermions making up the two ν ¼ 4 IQH sheets. The Z2

symmetry acts by σa: c1i ↔ c2i, and we introduce linear
combinations c�i ¼ c1i � c2i satisfying σa: c�i → �c�i.
Now, we are free to add a trivial fermionic state because

this will not affect the phase that results upon gauging
fermion parity and condensing Z2 gauge fluxes. Therefore,
we add ν ¼ 4 and ν ¼ −4 IQH layers, with fermions ai and
bi, respectively, where the symmetry acts by σa: ai → ai
and σa: bi → −bi. This is precisely the state shown to be
trivial in Refs. [60–63], so we are free to add it. Then, we
combine the counterpropagating c−i and bi fermions into a
trivial state, leaving a ν ¼ 8 IQH state (with cþi and ai
fermions) on which σa acts trivially. Upon gauging fermion
parity and condensing the Z2 gauge flux, we get an E8 state
with trivial action of σa.
To determine how the ðZ2Þ3 × Z classification for the

reduced system collapses to a classification of pgSPT
phases, we need to understand the analog of adjoining
layers for C2v symmetry. There are a few operations that
need to be considered. First, we can adjoin four 2D sheets
as shown in Fig. 11(a). Second, we can adjoin four 1D
systems away from the mirror planes, as in Fig. 11(b), or a
pair of 1D systems lying on one of the mirror planes
[Figs. 11(c) and 11(d)]. Each adjoined 1D system either has
no symmetry taking it into itself [in Fig. 11(b)], or it has a
Z2 on-site symmetry [in Figs. 11(c) and 11(d)]. In either
case, these 1D systems must be trivial, and adjoining them
has no effect. Each adjoined 2D sheet also has no symmetry
taking it into itself, but the sheets can be E8 states, with
chiralities arranged as shown in Fig. 11(a) or reversed from
the chiralities shown in the figure.

Just as for the E8 root state of the bosonic ZP
2 pgSPT

phase, the chirality of the E8 root state here can be
reversed by adjoining sheets of E8 states. Therefore, the
integer index of the reduced classification is only well
defined modulo 2 when passing to a classification of pgSPT
phases.
We now show that the E8 ⊕ E8 state is trivial, leading

to a ðZ2Þ4 classification of pgSPT phases. The argument
parallels that given in Sec. III B for the case of ZP

2

symmetry. We first consider two copies of the E8 root
state, constructed in terms of sheets of ν ¼ 4 IQH state
[Fig. 10(b)] coupled to two different Z2 gauge fields.
Ignoring coupling to the gauge fields for the moment, we
can combine the ν ¼ 4 IQH sheets together and think of
this state in terms of four sheets of a ν ¼ 8 IQH state. Then,
we can adjoin sheets of E8 states, with chiralities opposite
to the ν ¼ 8 sheets. Representing the adjoined E8 states as
ν ¼ 8 IQH sheets coupled toZ2 gauge fields, we now have,
in each quadrant, two ν ¼ 8 IQH sheets with opposite
chiralities, which can be trivially gapped at the surface
while preserving symmetry. We can then condense the Z2

gauge fields in the bulk to obtain the E8 ⊕ E8 state with
a trivial gapped surface, indicating that E8 ⊕ E8 is trivial.
We note there are six different Z2 gauge fields in this
construction—one for each of the two E8 states we started
with, and one for each of the four adjoined sheets of an
E8 state.
Finally, we note that all the states in the ðZ2Þ4 classi-

fication can be constructed as arrays of lower-dimensional
topological phases. This can be done by adding two-
dimensional translation symmetry, with elementary trans-
lations normal to the mirror planes, and periodically
repeating the extensively trivialized states.

(a) (b)

FIG. 10. (a) E8 root state for C2v symmetry. Solid lines
represent an E8 state on each half-plane, with edge chiralities
indicated by the arrows. (b) Microscopic construction of the E8

root state in terms of sheets of ν ¼ 4 IQH states (dashed lines),
with edge chiralities as indicated by the arrows.

(a) (b)

(d)(c)

FIG. 11. (a) Adjoining 2D sheets (solid lines) to a reduced
system with C2v symmetry defined on the mirror planes (dashed
lines). The arrows indicate one choice of edge chiralities when the
adjoined sheets are E8 states. (b)–(d) Adjoining 1D systems,
shown as filled circles.
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VII. DISCUSSION

Via consideration of a few examples in three dimen-
sions, we developed a general framework to classify,
characterize, and construct pgSPT phases in terms of
lower-dimensional topological phases with on-site sym-
metry. Our framework applies to bosonic and fermionic
pgSPT phases in any spatial dimension. The classifica-
tions we find are given in Table I. We also showed that
some of the pgSPT phases we identified admit gapped,
topologically ordered surface states, where symmetry is
realized in an anomalous fashion.
Wewould like to note a striking correspondence between

pgSPT phases protected by ZP
2 reflection symmetry and

SPT phases protected by ZT
2 time reversal. For bosonic

systems with ZP
2 only or ZT

2 only, the classification of SPT
phases is Z2 in d ¼ 1 [6,7,10,11] and Z2 × Z2 in d ¼ 3

[42,52,53,73]. For fermions in d ¼ 3 with ZP
2 and σ2 ¼ 1,

or with ZT
2 and T2 ¼ ð−1ÞF, the classification is Z16

[28,67,74,75]. Similarly, for fermions in d ¼ 3 with ZP
2

and σ2 ¼ ð−1ÞF, or with ZT
2 and T2 ¼ 1, there is a trivial

classification [28]. Finally, there is a Z8 × Z2 classification
for SPT phases of electrons in d ¼ 3 with either Uð1Þ × ZP

2

or Uð1Þ × ZT
2 symmetry [67].

This correspondence follows, in general, if we make the
assumption that all the relevant SPT phases admit a
description in terms of Lorentz-invariant field theory.
Then, reflection of one space-time coordinate in
Euclidean space-time, e.g., x0 → −x0, can be analytically
continued to Minkowski space-time either as a spatial
reflection or as a time-reversal transformation. In fermionic
theories, because of CPT symmetry, one of these oper-
ations squares to 1, while the other squares to ð−1ÞF. Of
course, the classifications we quote for reflection and time-
reversal SPT phases are obtained without assuming Lorentz
invariance. This suggests that there may be a way to argue
for the correspondence more directly, without invoking
Lorentz-invariant field theory. We believe this is an
interesting problem for future work, which could shed
new light on the physics of both reflection and time-
reversal SPT phases.
We now discuss the outlook for further developments

building on the results presented here. Clearly, the exam-
ples considered do not exhaust the possibilities for
physically interesting pgSPT phases. One-dimensional
bosonic pgSPT phases protected by ZP

2 are discussed in
Appendix A, where the Z2 classification obtained in
Refs. [6,7,10,11] is recovered. For crystallographic point
groups in two dimensions, straightforward application of
our approach shows that, while there are nontrivial bosonic
pgSPT phases, none of them has protected edge modes
[76]. However, there are interesting possibilities for fer-
mions in 2D; for example, one can obtain a nontrivial
fermionic topological crystalline superconductor with
reflection symmetry by making a stack of topological

p-wave superconducting chains [77]. A symmetry-
preserving edge is then a chain of end-state Majorana
fermions. If both reflection and translation symmetry are
present at the edge, the quadratic part of the edge
Hamiltonian vanishes, leading to an unusual interaction-
dominated system of Majorana fermions that merits further
study. Along similar lines, we have not exhausted the
possibilities for three-dimensional pgSPT phases with
symmetry that can be preserved at a clean surface.
Our approach can be directly applied to SPT phases

protected by a combination of point group and internal
symmetries, as for the electronic TCIs we studied, pro-
tected by Uð1Þ × ZP

2 . In that case, there were no nontrivial
SPT phases protected by internal symmetry alone, but the
situation is different for other symmetries, e.g., for time-
reversal symmetry. We can still apply our approach in such
a case, by first adding a layer to cancel any SPT phase that
is nontrivial under the internal symmetry, and by then
applying the extensive trivialization procedure.
A different direction for future work is to use construc-

tions of pgSPT phases as stacks and arrays as a starting
point to study physical properties, especially surface
properties. In particular, various physical properties could
be studied using coupled wire constructions, which might
also be useful to obtain continuum field theory descriptions
of pgSPT surfaces. It would also be desirable to obtain
bulk field theories and to find realizations of pgSPT phases
in models that are not simply stacks and arrays at the
microscopic level.
Finally, we believe the approach developed here can

form the basis for an approach to SET phases with point
group symmetry. To illustrate the basic idea, we consider
a specific example of a bosonic system in 2D with toric
code topological order and ZP

2 reflection symmetry. In the
absence of any symmetry, perhaps after adding some trivial
degrees of freedom, this system is adiabatically connected
to the exactly solvable toric code Hamiltonian. This
adiabatic continuity may fail in the presence of symmetry,
but we can still reduce the system to a solvable toric code
away from the reflection axis. This is just like extensive
trivialization for pgSPT phases, except now we are not
trivializing the system but rather reducing it to a nontrivial
but simple reference state away from the reflection axis.
SET phases will then be distinguished by properties of the
1D reflection axis, whereZP

2 acts as a Z2 on-site symmetry.
To proceed, it will be necessary to classify 1D systems with
Z2 on-site symmetry, embedded in a reflection-symmetric
toric code medium.
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APPENDIX A: ONE DIMENSION

We consider pgSPT phases in 1D, where the only
nontrivial point group is ZP

2 reflection generated by
σ: x → −x. Such phases are known to obey a Z2 classi-
fication [6,7,10,11], a conclusion reproduced by our
analysis here.
As for 3D pgSPT phases with reflection symmetry, we

can extensively trivialize the system away from the center
of reflection symmetry o, which is now a point. Therefore,
we can reduce a SPT ground state to a zero-dimensional
state jψoi. This effectively 0D system must be gapped, with
jψoi a unique symmetry-preserving ground state. Such a
state transforms as a one-dimensional representation of ZP

2 ,
which acts on the zero-dimensional region as a Z2 on-site
symmetry. We have

Uσjψoi ¼ λσjψoi; ðA1Þ

where λ ¼ �1 labels the two representations. The operation
of adjoining layers has no effect on λσ , so the two values
of λσ correspond to a Z2 classification of pgSPT phases.
In a system with open boundaries, there are no protected
boundary states, and λσ is simply the reflection eigenvalue
of the ground state; it was pointed out in Ref. [41] that this
labels distinct reflection-symmetric SPT phases.
There are some subtleties with the Z2 classification that

do not arise in the three-dimensional examples we focused
on. To expose one of these subtleties, consider a 1D system
with open boundary conditions, where λσ is the ground-
state reflection eigenvalue. If the reflection is site centered,
there are an odd number of lattice sites, and we are free to
redefine the unitary realizing reflection symmetry by
Uσ → −Uσ, by adding a minus sign to the action of
reflection on each lattice site. This reverses the sign of
λσ, which means there is not an invariant notion of which
pgSPT phase is trivial and which is nontrivial, although
there are still two distinct phases. Therefore, in this case, we
should say the classification is a Z2 torsor rather than a Z2

group. Such pgSPT phases with site-centered reflection
were referred to as “symmetry-protected trivial” states
in Ref. [78].
This subtlety does not arise for bond-centered reflections

because in that case the overall sign of Uσ cannot be
changed while maintaining the site structure of reflection
symmetry. This is consistent with earlier work showing
that, for bond-centered reflections, the nontrivial SPT phase

can be identified by symmetry-protected multiplets in the
entanglement spectrum, while the trivial phase lacks these
multiplets [7].
There is a further subtlety if we consider stable equiv-

alence, i.e., if we allow for adding trivial bulk degrees of
freedom. In that case, the Z2 classification is always a Z2

torsor, with no invariant notion of which phase is trivial and
which is nontrivial. To see this, begin with a system with
bond-centered reflection, in the nontrivial pgSPT phase.
We then add trivial degrees of freedom (e.g., polarized
spins) at bond centers, so we have a site-centered reflection
acting on these degrees of freedom. Now, with reflection-
symmetric open boundaries, we can reverse the sign of Uσ

as in the site-centered reflection case above. This con-
clusion is consistent with the fact that the nontrivial phase
for bond-centered reflection can be robustly identified via
the entanglement spectrum because it is no longer possible
to make a symmetric entanglement cut after adding the new
degrees of freedom. We emphasize that it is natural to add
degrees of freedom at different locations from those already
included in some model. For example, in a tight-binding
model where the electron orbitals included lie at ionic
positions, there can be tightly bound bonding or antibond-
ing orbitals lying in between ions, which can be added to
the model as trivial degrees of freedom.

APPENDIX B: PROPERTIES OF THE
MODIFIED TORIC CODE MODEL

Here, we study some basic properties of the toric code
model introduced in Sec. III A. We consider an L × L
square lattice, where for technical convenience we take L to
be a multiple of 4. As described in Sec. III A, the spins on
the reflection axis transform as the boundary spins of the
CZX model [Eq. (9)], while spins away from the reflection
axis transform in an ordinary manner [Eq. (10)]. In a finite
system with periodic boundary conditions, there is a second
reflection axis “at infinity,” just as there are two mirror
planes in Fig. 1. We take the spins on the axis at infinity to
transform in the ordinary manner.
The model has 2L2 Ising spins, and because there are

L2 each of vertices v and plaquettes p, there are a total of
2L2 commuting Av and Bp operators. Just as in the ordinary
toric code, these operators are not all independent, and they
obey the constraintsY

p

Bp ¼ 1; ðB1Þ

Y
v

Av ¼
Y

p∈axis
Bp; ðB2Þ

where the second constraint differs from that in the ordinary
toric code. The products on the left-hand sides are over all
plaquettes and vertices in the system, respectively. The
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product on the right-hand side of the second equation
is over those plaquettes p intersected by the reflection
axis.
Because of the constraints, specifying simultaneous

eigenvalues for the Av and Bp operators fixes 2L2 − 2
Ising degrees of freedom, leaving 2 degrees of freedom that
give rise to a fourfold topological degeneracy. We now
show that it is possible to construct a complete basis of
eigenstates of Av and Bp. We let av ¼ �1 and bp ¼ �1 be
sets of eigenvalues of Av and Bp, respectively, satisfying
the constraints above. It is possible to find a product state in
the τz basis, jψ refi, realizing any desired choice of bp. In
addition, the same state can be chosen to fix the eigenvalues
of products of τz along noncontractible loops, thus fixing
the degrees of freedom associated with the topological
degeneracy. Then, we consider the state

jψi ¼ C
Y
v

�
1

2
ð1þ avAvÞ

�
jψ refi; ðB3Þ

where C is a normalization constant. It is straightforward
to check that this state has the desired eigenvalues of Av
and Bp. Moreover, it can be checked this state is nonzero,
by computing its norm, as long as av and bp satisfy the
constraints.
It follows from the above discussion that the modified

toric code model has a fourfold topological degeneracy
and a gap to local excitations. Moreover, away from the
reflection axis, the model is identical to the ordinary toric
code, so it has the same topological order (same theory of
anyons) as the ordinary toric code. We note that anyons
can be transported across the reflection axis by the string
operators described in Sec. III A.
We now show that the model has a ground state

respecting the reflection symmetry. We start with the
ground state

jψa
0i ¼ C

Y
v

�
1

2
ð1þ AvÞ

�
jfτz ¼ 1gi; ðB4Þ

where we have chosen a reference state with all spins
polarized to τz ¼ 1, which has bp ¼ 1 for all p, as required
for a ground state. Similarly, we choose av ¼ 1 for all
vertices v. This state on its own is not invariant under
reflection but instead can be seen to transform as

Uσjψa
0i ¼

� Y
l∈axis

τyl

�
jψa

0i≡ jψb
0i: ðB5Þ

The operator ½Ql∈axis τ
y
l� is a string operator on the

reflection axis, which commutes with all the Av and Bp

operators and thus acts only within the space of topologi-
cally degenerate ground states. It follows that jψa

0i and jψb
0i

cannot be distinguished by local measurements and thus

cannot correspond to degenerate ground states associated
with spontaneous symmetry breaking. Therefore, we obtain
the reflection-invariant ground state

jψ0i ¼
1ffiffiffi
2

p ½jψa
0i þ jψb

0i�: ðB6Þ
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