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Complex systems are characterized by multiple spatial and temporal scales. A natural framework to
capture their multiscale nature is that of multilayer networks, where different layers represent distinct
physical processes that often regulate each other indirectly. We model these regulatory mechanisms through
triadic higher-order interactions between nodes and edges. In this work, we focus on how the different
timescales associated with each layer impact their reciprocal effective couplings. First, we rigorously derive
a decomposition of the joint probability distribution of any dynamical process acting on such multilayer
networks. By inspecting this probabilistic structure, we unravel the general principles governing how
information propagates across timescales, elucidating the interplay between mutual information and
causality in multiscale systems. In particular, we show that feedback interactions, i.e., those representing
regulatory mechanisms from slow to fast variables, generate mutual information between layers. On the
contrary, direct interactions, i.e., from fast to slow layers, can propagate this information only under certain
conditions that depend solely on the structure of the underlying higher-order couplings. We introduce the
mutual information matrix for multiscale observables to capture these emergent functional couplings. We
apply our results to study archetypal examples of biological signaling networks and effective environmental
dependencies in stochastic processes. Our framework generalizes to any dynamics on multilayer networks,
paving the way for a deeper understanding of how the multiscale nature of real-world systems shapes their

information content and complexity.
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I. INTRODUCTION

Real-world systems are often characterized by intercon-
nected dynamical processes occurring at multiple scales,
both spatial and temporal ones. This multiscale structure
is a fundamental ingredient in shaping the properties of
complex systems [l]. Further, such intrinsic temporal
separation and the interplay between slow and fast proc-
esses have been known to be a crucial feature of biological,
chemical, and ecological systems [2—10].

*Corresponding author: busiello@pks.mpg.de
"giorgio.nicoletti @epfl.ch

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Open access publication funded by the Max Planck
Society.

2160-3308/24/14(2)/021007(14)

021007-1

Subject Areas: Complex Systems,
Interdisciplinary Physics,
Statistical Physics

A natural framework to describe these interconnected
multiscale systems is that of multilayer networks [11-15].
Nodes in a layer may represent either physical or biological
units, habitats on complex landscapes, or states in a
chemical system, with each layer embedding different
processes—from random walk, agent-based, and master
equation dynamics to spreading and stochastic processes
[16-21]. Here, we consider the different layers as physi-
cally separated processes that take place at distinct time-
scales and regulate each other indirectly. In this scenario,
as we will detail later on, interactions across timescales
are not pairwise, but rather higher order in nature. Higher-
order interactions [22,23] and their effects on a variety of
phenomena have been extensively studied in recent years,
from synchronization to epidemic spreading and the
stability of ecological systems [24-31]. In particular, the
higher-order interactions considered herein represent
how a node evolving with a given timescale regulates
the pairwise link between two nodes evolving with another
timescale. These kinds of interactions are known as triadic
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interactions [32]. This setting is especially relevant in
neuroscience, ecology, and climate science [24-26,33-35],
but it has also been used to characterize the control of
stochastic reaction networks [36,37], a general framework
with applications in signaling and regulatory biochemical
processes [38,39]. Furthermore, the presence of multiple
timescales associated with distinct dynamical processes has
been shown to be paramount in various contexts. Their
interplay may fundamentally alter, for example, the onset of
large-scale propagation of epidemics in temporal networks
[40,41], the selection of chemical states in reaction-diffusion
systems [42,43], and the quantification of dissipative proper-
ties at the nanoscale [44,45]. Moreover, recent studies
investigated the interplay between timescales and network
structure in general diffusive processes [46,47].

Here, we unravel the intimate relationship between these
multiscale structures and the ability to propagate informa-
tion in a wide class of complex systems. In Sec. II,
we present such a link in a simple network as a proof of
concept, while a general framework is introduced in
Sec. III. By inspecting the dynamical properties of multi-
layer networks with triadic interactions between layers
defined by their timescales, we first derive a general
decomposition for the joint probability distribution of
any process taking place in these systems. To this aim,
we generalize the timescale separation approach to deal
with multiple interconnected timescales and higher-order
interactions of any functional form. Such a decomposition
allows us to compute the mutual information between
layers exactly, hence providing the setting to unravel the
interplay between the causal higher-order structure and the
emergence of functional couplings between timescales.
In Sec. IV, we uncover the principles governing how
this information propagates across timescales. Section V
presents an intriguing consequence of these principles,
showing that disconnected components become effectively
coupled due to shared slow modulations, an archetypal
model for the interplay between environmental and internal
dependencies in complex systems. To prove the versatility
of our framework, we employ it to study biological
signaling networks in Sec. VI. Section VII summarizes
the main messages of our work, also offering hints on
potential applications and useful implications.

II. INFORMATION ACROSS TIMESCALES

As a proof of concept, we first consider the simple case
of a two-layer system. Each layer has two nodes, A, and B,,,
with u = 1, 2, and two directed links connecting them with
weights wi~% /7, and w8~ /z, [see Fig. 1(a)]. Here, 7, is
the characteristic timescale of the layer dynamics. We name
x, the state of the layer u, which can thus take two possible
values, A, or B,. We can think of x, as describing a random
walk in each layer, or equivalently a molecule switching
between two possible configurations, a two-state chemical
network, or any other master equation dynamics [48,49].

(a) T2 r0.17
et vy ————— §—O—O0—0——
Timescale separation /

#0 o Gillespie /

Slow to Fast
®—-®

® 5
10.19
@3
@
3 ow l 5] °
o w
@¢ /
= (©)
! 0 i ——— 0.00
10-1 104 103 104

T/ Tl/T2

FIG. 1. Information between two layers with states x; and x, is
influenced by the their timescale ratio 7;/7,. (a) Sketch of the
system with the node B, influencing the link A, — B,. (b) Mutual
information 7, between x; and x, as a function of 7, /7, and the
triadic interaction strength c. (c) At fixed ¢ = 10, I, vanishes
when x; is faster than x,. When 7, /7, — oo, the regulating layer
is slower, and I, converges to a nonzero value. The master
equation of the system can be solved exactly (solid black line),
simulated via a Gillespie algorithm [50] (blue dots), and solved in
a timescale separation regime (dashed blue line).

The two layers represent two stochastic systems physi-
cally separated from each other. In other words, a random
walker moving in the first layer cannot jump on the second
one, or a molecule cannot switch between states belonging
to different layers. Since interactions across layers do not
act through direct edges between nodes, the weighted
adjacency matrix of the network W is a block diagonal
matrix. Rather, we causally connect layers via higher-order
triadic interactions, so that a node in the first layer
influences an edge in the second one [dashed line in
Fig. 1(a)] [32]. To fix the ideas, let us consider that the
node B in the first layer interacts with the A, — B, edge in
the second layer. We write the modified edge weight as

(WA= wi=B 4 ¢b(x), By)

T2 (%]

; (1)

where §(-) is the Kronecker delta, and ¢ represents the
regulatory interaction that stimulates the transitions to B,
when the first random walker is in the state B.

To describe these kinds of systems, we introduce the
joint probability of the two layers p;,, which quantifies
the probability of finding the two random walkers in their
respective node, i.e., of finding the system in one of
the 22 possible configurations {(A, A,), (B, A,), (A}, B,),
(B1, B,)}. In components, the master equation for pi, reads

22 A A
opi)y =3 [ Bebunl ), o
m=1 1

where Ql and flz are the transition matrices containing all
the transitions involving the first and the second layer,
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respectively. A detailed description of this system is given in
Appendix A.

We can solve the master equation for the joint probability
of the two layers exactly, and study the mutual information
I, between them (see Appendix B). In Figs. 1(b) and 1(c),
we show the behavior of I}, as a function of the triadic
interaction strength ¢ and the relative timescale separation
between the two layers, 7;/7,. As expected, I, increases
with ¢, since the two layers are decoupled when ¢ = 0.
Additionally, we find that no information is shared between
the two layers when 7; < 7,, i.e., when the regulating
layer—the first one—evolves faster than the regulated
layer—the second one. However, information is maximal
and saturates when x; undergoes a much slower dynamics
than x,, i.e., when 7, > 7,, with a steep transition between
these two regimes.

This simple example suggests that the relative character-
istic timescales among physically separated systems shape
the information content shared by different layers. Our goal
is to unveil this connection on more general grounds and,
therefore, the main principles governing information propa-
gation in multilayer systems.

III. GENERAL MULTILAYER DYNAMICS

Consider a system of N layers. The uth layer is a network
with M, nodes, defined by a M, x M, adjacency matrix

VAVﬂ that encodes the pairwise relations between nodes, e.g.,
transition rates or interactions. For easiness of notation and
interpretation, here we focus on the case in which each
layer supports a distinct random walk or master equation
dynamics, so that we can identify the state of a layer x,, with
the occupied node, as in the previous example. However,
our framework is valid for any stochastic dynamics on
networks, from Ornstein-Uhlenbeck processes to models of
neural dynamics, where the state of a layer is a vector of
node states (see Appendix B) [51,52].

Causal interactions across layers are triadic, going from
nodes of one layer to edges of another. As outlined above,
this setting naturally stems from the requirement that layers
represent physically separated systems. Such higher-order
interactions are defined by a tensor Ck =/ which denotes
how the node k in layer u inﬂuences the i — j edge in
layer v. For the sake of brevity, we denote with C ,w the tensor
that contains the set of all possible triadic interactions from y
to v. We also introduce the modified adjacency matrix W{f of
a layer, which contains both the intralayer pairwise edges, as
well as the contribution of higher-order interactions coming
from the nodes of other layers. To fix the ideas, when triadic
interactions are additive with respect to pairwise couplings,
we write its elements as

WH({x}o,) ™ = (W)~ + ) Z Cui e (3)

v#EU k=

In Eq. (3), ¢%(x,) is a generic nonlinear function of the
state of a layer, and {x},, is a shorthand notation to denote
the state of all layers connected to x4 by higher-order
interactions, i.e., all v for which C‘W is nonzero. Let us
stress that the additive structure in Eq. (3) is only exemplary
and, in particular, allows for the presence of a baseline
transition matrix Wﬂ even in the absence of higher-order
couplings. However, our results are independent of the
specific form of W, where triadic interactions may enter
in any functional shape.

We now order the layers by their timescales—that is, we
take 7; < 7, < --- < Ty, so that the first layer is the fastest
and the last the slowest. We name triadic interactions going
from a fast to a slow layer as “direct” interactions. Vice
versa, when a slow node influences a fast link, we call the
corresponding interaction a “feedback” one. Hence, the
tensor containing all causal interactions C‘W can be written
as the sum of two contributions,

Cﬂb = D;w + F;w ’ (4)
—~—
u<v u>v

where D, is a lower-triangular tensor in the indices u

and v and contains direct interactions, whereas F 4w 18 upper
triangular and describes feedback interactions. Intuitively,
these two kinds of interactions capture different physical
mechanisms: direct couplings act as controls modulated by
underlying fast processes, while feedback interactions
might encapsulate regulatory schemes. As we will see,
they play a very different role in determining how

SR T

l

[o¥eoXe]

T

)

FIG. 2. Sketch of a multilayer system with intralayer pairwise
interactions and triadic higher-order interactions across layers.
We name interlayer interactions going from a faster layer to a
slower one as “direct” interactions, as they follow the ordering
induced by the timescales. On the contrary, we refer to those that
go toward faster layers as “feedback” interactions, as they provide
a slow modulation to fast processes.
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information is created and propagated across layers. This
general model is depicted in Fig. 2.

We denote the joint probability distribution of all layers
at time 7 with p;  y(). This is a probability distribution
over all the S =[], M, possible states of the distinct
random walks (see Appendix B). The corresponding master
equation reads

where Qﬂ is the S x § transition matrix containing all the
transitions involving the uth layer. Clearly, Qﬂ can be fully
specified in terms of W, and vice versa. Inspired by the
results of the previous section, we are particularly inter-
ested in the timescale separation regime 7, /7, — 0 [53].
The presence of direct and feedback interactions at once
allows us to explore both the extreme behaviors—
maximum and zero information—highlighted in the pre-
vious section. In this regime, we can solve Eq. (5)

analytically (see Appendix C) and show that p; _ y takes
the following factorized form:
N-1
e st,eff
Pi1,..N (1) = P}\if( 1) lj[lp,jp(,,)- (6)

This result extends and generalizes the standard timescale
separation approach to deal with systems with multiple
interconnected timescales and higher-order interactions.
Here, in the conditional probabilities in Eq. (6), we

denote by p(u) the set of all layers interacting with p
via either a single feedback link or a minimal propagation
path (mPP). Any propagation path (PP) to u is a direc-
tional path coming from layers slower than u and
containing at least one direct link. An mPP from v to
u is then a PP on the induced subgraph obtained
by removing all layers slower than u except v (see

Appendix C). Finally, “‘ e(ff is the stationary probability

of the effective operator,

&l Z ZQ (£x}n) Hpiﬁi“ (7)

that averages the effect of all the layers faster than x4 and
explicitly depends on those slower than g belonging to
p(u). Clearly, p**f = pstif there is no direct link toward
the layer u. Hence, the timescale separation defines a
hierarchy of effective operators and their stationary
probabilities, starting from the fastest layer. In terms of
these operators, the multilayer joint probability can be
written exactly as a product of suitable conditional
probabilities, and the effective operator of the slowest
layer determines its time evolution. From the stationary
joint probability pi' ., we are able to compute all
marginal probabilities and thus the mutual information
between the layers:
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FIG. 3. Accuracy of the timescale separation solution and mutual information in a five-layer system with triadic interactions.

(a) Scheme of the interactions, defined in Eq. (3). For simplicity, we set feedback interactions as F}; k=i — ,635 ik + F ;f,(l
Fj,, and Dy, =5 (see Appendix D). (b) Simulated trajectories in

similarly for direct interactions D,]j,f J. with Fi

=10, D =0.1=

—6y), and

uv>

each layer with 7, /7, = 0.1, so that each layer is an order of magnitude faster than the previous one, using a Gillespie algorithm.
(c) Comparison of the joint probability estimated from simulated trajectories at different separations between the timescales of each
layer. Gray bars represent the analytical solution in Eq. (6), which is well approximated already for 7, /7, = 0.1. (d) MIMMO
associated with this system when 7, /7, — 0. (¢) Mutual information between each pair of layers is shaped by the pathways among

them defined by direct and feedback interactions.

021007-4



INFORMATION PROPAGATION IN MULTILAYER SYSTEMS ...

PHYS. REV. X 14, 021007 (2024)

defining a symmetric matrix that we name mutual informa-
tion matrix for multiscale observables (MIMMO).

Despite its intricate structure, the proposed framework
provides us with an instructive and intuitive way to study
information-theoretic properties of multilayer systems
operating at different timescales. To show this beyond
the general theory, we study the example of the five-layer
system in Fig. 3(a). Each layer has two nodes N' = {A, B}.
Triadic interactions between layers are additive, as in
Eq. (3), with ¢ (x,) = 6(x,, k) for all layers y, with k € N/,
In this way, they are switched on and off depending on
the state of the regulating layer (see Appendix D for
details about the choice of triadic interactions). Figure 3(b)
shows the typical trajectories obtained through an
exact Gillespie algorithm implemented by simulating
the dynamics of the full transition matrix Zu Qﬂ /7, [50].
From Eq. (6), the joint probability distribution reads:

st steff _steff steff eff
P1,2.3,4,5(f) _p1|2’3p2 p3‘4 p4‘5 P5 (t) We can com-

pare this analytical solution with simulations at different
values of 7,,,/7,. As we see in Fig. 3(c), the timescale
separation assumption provides an excellent approximation
for the system even when the timescales differ by just one
order of magnitude, i.e., 7,,/7, = 0.1. Finally, we show
the upper triangular section of the mutual information
matrix in Fig. 3(d). We remark that, even for 7, /7, = 0.1,

the MIMMO obtained directly from trajectories is quali-
tatively identical to the analytical one. Importantly, the
MIMMO helps to quantify the dependence between the
layers induced by the interlayer interactions. We can assign
an undirected link between any two layers y and v with a
weight equal to 7, resulting in a fully connected network
that represents how much information each pair of layers
share [Fig. 3(e)].

Already at the level of this paradigmatic example, it is
evident that direct and feedback interactions both play a
role in determining how information spreads among layers
due to their causal relationships, i.e., how much layers are
coupled to one another. To unravel the differences between
these two classes of interactions, we now exploit the
conditional structure of the complete solution.

IV. INFORMATION PROPAGATION AND
EMERGENT DIRECTIONALITY

Let us start again from basic examples and consider the
scheme in Fig. 4(a). This represents a three-layer system in
which the structure of each layer is the same as in Fig. 3(a),
for simplicity. Without loss of generality, triadic inter-
actions have been set following Appendix D. The joint
probability distribution is pf,; = p§t|3 pSpSel and thus
the only nonzero element of the MIMMO is I3
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FIG. 4. The principles of information propagation in multilayer networks. (a) A three-layer system with a higher-order feedback
interaction from layer 3 to 1 and a direct link from 2 to 3. Each layer has two nodes, as in the previous examples. (b) The slow layer acts
as an information source for the fast one so that /{3 # 0 in the MIMMO, while the direct link does not generate information.
(c) A stronger feedback interaction f increases the mutual information between the two layers. (d) The same system as in panel (a), with
the direct link from 1 to 2. (e) All the elements of the MIMMO are nonzero, since it exists a minimal propagation path 3 — 1 — 2. The
direct link propagates the information created in 1. (f) All the entries of the MIMMO depend on f, and they vanish as f goes to zero, i.e.,
no information is created. (g) A four-layer system with feedback interactions from 4 to 2 and 2 to 1, and a direct link from 1 to 3. While
for f # 0 all the entries of the MIMMO are nonzero, when f = 0, the information created in 1 by 2 cannot be propagated to 3, since the

dynamics of x; is faster than x,. As a consequence, only 7, # 0.
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[see Figs. 4(b) and 4(c)]. This information is due to the
explicit dependence on x3 in pslt‘3 induced and modulated by

the feedback interaction of strength f. This asymmetric effect
provides us with an emergent directionality of information
propagation, ascribing to the feedback link the role of
generating information from slow to fast layers. Instead,
the isolated direct link does not contribute to the information
content.

We now slightly modify the system, considering the one
in Fig. 4(d). Again, the feedback interaction generates
information from x; and x;. At variance with the previous
case, the direct link can now propagate the information
generated in the first layer on x,, leading to mutual
information among all layers [see Figs. 4(e) and 4(f)].

This effect manifests into the joint probability distribution

Pias = pslt‘ ; pZ“’;ff p4. The dependence on x; appears in all

st.eff
2|3

independent. Indeed, the mutual information among them
is not directly created by a feedback, but it stems solely
from the third layer and is then propagated; i.e., the layers
belong to an mPP.

Finally, we move to the four-layer system in Fig. 4(g).
When f#0, its joint probability distribution is

Ploaa = pit\z p%‘l . pzt‘fff py. Here, information is generated

layers, as expected, but p“fB and p are conditionally

from x, into x; and from x, into x,, and this is reflected in
the explicit dependencies in the joint probability distribu-
tion. Again, the fact that 2 and 3 are conditionally
independent signals that information is propagated only
through direct links. The same happens between x; and x5.
Nevertheless, when f = 0, the only nonzero element of the
MIMMO is I,. Indeed, although x, creates information in
X, it cannot propagate to xs, since its dynamics is slower
than the regulating layer.

Hence, the topological structure of higher-order inter-
actions fully determines the propagation of information.
It is clear that our results depend only on the general
structure of the probability in Eq. (6), not on the dynamics
of the layer nor the form of the higher-order interactions.
As a consequence, the main result of the proposed
framework resides in the identification of three basic
physical principles of information propagation across
timescales: (i) feedback interactions generate information
from slow to fast layers; (ii) direct interactions alone do
not generate information; (iii) information generated
through feedback by a slow layer may be propagated
through direct interactions to any faster layer. The first
two principles highlight the different roles of feedback
and direct interactions in affecting the information content
of the system. The third one leads to a natural definition of
directionality in the information propagation, despite the
symmetry of the MIMMO. At the same time, it constrains
the accessibility of any control mechanism in stochastic
networks in terms of timescales, unveiling that they create

mutual information only when acting as regulatory proc-
esses, i.e., to faster layers.

V. EFFECTIVE INFORMATION BETWEEN
DISCONNECTED LAYERS

We now employ the principles outlined in the previous
sections to study what happens when information is
generated from a slow layer into either disconnected layers
or a single layer with disjoint network components. This
scenario is particularly relevant when interpreting this
scheme as a model for two distinct degrees of freedom,
evolving with two timescales z; and 7,, under the influence
of a shared environment that exhibits an independent
dynamics on a different timescale, rz. Without loss of
generality, we resort to the archetypal system in Fig. 5(a).
Each disjoint component has two nodes and a random walk
dynamics evolving on a timescale 7; = 7, = 7. Triadic
interactions stem from another layer with two nodes, E
and E,, and a random walk dynamics with timescale 7. In
particular, ¢ enhances both the transitions A; — B; and
A, — B, (see Appendix G). Processes with this kind of
structure have been extensively studied in different con-
texts, from neuroscience to ecology and chemical reaction
networks [42,52,54-59].

In the limit 7y <7, the shared triadic interaction
becomes a direct link and, as such, does not generate
mutual information in the system. Conversely, when
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FIG. 5. Shared higher-order interactions generate information
among random walks in disjoint network components. (a) An
archetypal system where one layer has two disjoint components
(A}, B,) and (A,, B,), with two random walks evolving with
timescales 7; = 7, = 7. The links of both these components are
influenced by another layer E through a triadic interaction c that
models an environmental-like dynamics with timescale 7p
influencing two separate degrees of freedom x; and x,. (b) In
the limit 7z > 7, the shared environment induces a nonzero
mutual information between the two disjoint random walks [,.
The black curve shows I}, in the limit ¢ — oo, while blue dots
show the corresponding Gillespie simulation. The two random
walks are conditionally independent in this limit, so their mutual
information can be decomposed exactly (gray dashed line) and
converges to the Shannon entropy of the environment E (blue
dashed line).
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7p <K 7, there is a feedback link from E to the two disjoint
components at once, so that I,z and I, are both positive.
As a nontrivial consequence, this feedback interaction
induces a nonzero mutual information between the two
disjoint components, x; and x,, as well [see Fig. 5(b)].
This phenomenon of dependencies induced by a
switching environment was first highlighted in Ref. [56],
but our framework allows us to immediately pinpoint it.
Indeed, in the limit of a slow environment, p;,(7) =
3£ PPy epe(1). Thus, the two random walks are condi-

tionally independent and their effective coupling stems
solely from the shared environmental dynamics. In par-
ticular, 7,, converges, in this limit, to the Shannon entropy
of E, i.e., the maximal information content in the environ-
ment, and we can find an exact decomposition as in
Fig. 5(b). Let us stress that, even if the two disjoint
components evolved on two different timescales 7, and 7,,
both faster than 7, they would share mutual information as
a consequence of the principle (i) highlighted in Sec. IV.
This observation emphasizes that, when faster but discon-
nected layers are modulated by a shared (slow) degree of
freedom, their relative timescales are formally irrelevant to
quantifying their information content. However, the crucial
distinction arises in the presence of interactions between
layer 1 and 2, where the ratio between their timescales
determines whether their interaction is of direct or feedback
type, and thus shapes the features of their joint probability
distribution. In this scenario, when 7; = 7, = 7, insightful

(@ (¢)  Receptor Storage

decompositions of the mutual information emerge, as in
Refs. [56,57].

VI. MULTISCALE SIGNALING NETWORKS

As a biophysically relevant application, we focus on
biochemical signaling networks, that have been extensively
studied in different biological and living systems [60—63]
and constitute an example of controlled stochastic reaction
networks [36,37]. The formalism of the previous sections
can be immediately translated to study these cases. Each
layer now is associated with a biochemical species evolving
on its intrinsic timescale. Nodes in a layer represent the
number of molecules of the corresponding species; i.e.,
the state is given by X, = 1,..., M, for layer u. Thus, the
number of nodes M, quantifies the maximum number of
molecules of the uth species. The random walk in
each layer now describes a birth-and-death process with
reactions:

(Mu_xu)bH({X}w;«)/Tu
X, A x, +1,

xudi ({2}, /7,
X, —> x, — 1,

©)

where bj! and d}] are, respectively, the birth and death rates
of species y modified by higher-order interactions, and so
they may depend on the state of other layers. We model
inhibitory (excitatory) triadic interactions as increasing
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Information in birth-and-death processes modeling multiscale signaling networks. (a),(b) Two biochemical architectures

known to implement biological adaptation and habituation, encompassing a receptor R, a storage S, and a readout population U.
Inhibitory links, which increase the death rate of a population, are indicated with a bar at the end. (c),(d) Both architectures display
similar dynamical behavior in the presence of a repeated input to the receptor, with the readout average (U) decreasing and (S)
increasing at each signal (gray shaded area). (e) The two architectures display important differences at the information level across
layers. In the first, the receptor and the storage share no mutual information, and the regulation of § acts independently of the signal.
(f) In the second, the storage is also informationally coupled to the receptor; hence the regulatory mechanism is tangled with the external
signal and all entries of the MIMMO are nonzero. In this figure, we set the maximum population of all species, i.e., the nodes of each

layer, to Mp = 15, Mg = 10, and My = 20.
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the baseline death (birth) rate. The details and the full time-
dependent solution of these systems are given in
Appendix E. Note that, in principle, we may have layers
with an infinite number of nodes, if there is no upper bound
to the number of molecules of a species. The probabilistic
structure and, in turn, the information propagation rules are
determined solely by higher-order couplings across time-
scales, as shown in previous sections.

In Figs. 6(a) and 6(b), we show two representative three-
layer signaling architectures that are well known to provide
minimal models for biological adaptation, habituation, and
adaptive responses [38,64]. A receptor R receives a time-
varying input A(z) (here a periodically switching signal)
and stimulates in turn a fast response described by a readout
population U. Such response is regulated by a slow storage
population S, inhibiting either U [Fig. 6(a)] or R [Fig. 6(b)]
and acting as an effective memory [65-67]. The specific
forms of bl and dff for these two architectures are in
Appendix F. The maximum numbers of molecules for each
species, i.e., the nodes of each layer, are M, Mg, and M.

From the time-dependent solution of the master equation
of this system, we find that, as expected, both architectures
display qualitatively similar dynamical behaviors, with the
only difference being whether the receptor population
decreases its activity [Fig. 6(d)] or not [Fig. 6(c)]. In
particular, the average system response (U) decreases in
time upon repeated stimulation, as the storage increases
[Figs. 6(c) and 6(d)].

However, the information propagation framework allows
us to discriminate between the two architectures through
their different physical mechanisms that underlie adaptive
and habituated behaviors. In the first case [Fig. 6(e)],
there is no mutual information between receptor and
storage; Irs = O since information is generated solely in
the readout U. Thus, the regulatory mechanism imple-
mented by S is independent of the receptor activity at the
information level. On the contrary, in the second architec-
ture [Fig. 6(f)], all the entries in the MIMMO are nonzero,
since all layers are sequentially connected via feedback
interactions. The information generated in R by the storage
is then propagated to the readout U. Thus, the regulatory
function of S is dependent on the receptor activity at the
information level, a completely different biochemical
mechanism with respect to the previous case.

VII. DISCUSSIONS

In this work, we characterized how information prop-
agates and couples the layers of multilayer networks. We
introduced a general framework that extends the timescale
separation approach to multiscale systems and higher-order
interactions. In particular, the addition of multiple cou-
plings from slow to fast timescales induces nontrivial
properties in the joint probability distribution. By employ-
ing this framework, we find that the probabilistic structure
of any multilayer network depends solely on the topology

of higher-order couplings between layers, being indepen-
dent of their specific functional form. Ultimately, we
identify three physical principles governing the propaga-
tion of information across timescales. They ascribe the
functional role of creating information to feedback inter-
actions representing regulatory and controlling mecha-
nisms, while elucidating that direct interactions (from
fast to slow processes) may propagate such information
across layers. Importantly, triadic and higher-order inter-
actions play a prime role in several biological and non-
biological systems. A pivotal example is that of complex
chemical networks under stochastic control [36,37] or
exhibiting catalytic reaction schemes [68]. Their structure
is formally identical to the one implemented to describe
signaling networks in Sec. VI. This similarity allows for a
direct evaluation of the MIMMO in these contexts and a
clear identification of the role of the intrinsic reaction
timescales to drive pattern-formation mechanisms [69] and
selection phenomena [42,70].

Although we represented each layer as a physically
separated process acting on different timescales and affect-
ing each other through triadic higher-order interactions, our
results can be applied to many other dynamical processes as
well. For example, a relevant application would be that of
multivariate (discrete or continuous) dynamical processes
on multilayer networks with pairwise edges only, where
once more nodes in a layer evolve with the same timescale.
In fact, multiple subparts of a large number of biological
and artificial systems are characterized by different time-
scales and thus can be seen as layers of a multilayer
network [11-13,15]. By clustering the degrees of freedom
on a given layer together, one could define the joint
probability distribution and the mutual information
between layers as in Appendix B. The factorization of
the joint probability in Eq. (6) would still hold, as long as
pairwise interactions between layers act on one of the
layers’ timescales.

Because of such generality, our work provides a quanti-
tative framework with applications in a large number of
fields. Examples can be found in epidemic spreading, by
elucidating the functional interplay between the timescales
of the disease and the evolution of the topology supporting
its spreading [40,41]; in ecological population dynamics,
by revealing how the timescales of environmental changes
affect species strategies and survival [21,25,54]; in brain
activity, where intrinsic neuronal timescales are known to
be one of the prime mediators of behavior, processing, and
cognition [71-75]. Moreover, experimental developments
have enabled substantial progress in understanding com-
plex systems operating at different timescales through the
simultaneous recording of their internal variables. In
principle, the MIMMO can be estimated directly from
recorded time series, and it may provide a valuable tool to
shed light on the information structure of the system and
how regulatory mechanisms are implemented [36-39].
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As a caveat, the precision of this procedure depends on the
accuracy of temporal data and relies on the possibility of
correctly identifying the timescales associated with the
degrees of freedom at play.

Ultimately, our framework suggests an additional out-
look. Ranking the degrees of freedom of a system by the
similarity of their timescales allows for the construction of a
coarse-grained multilayer model [76]. With this perspec-
tive, our framework might unveil the intrinsic information
structure of the underlying dynamics and highlight how
information is shared among coarse-grained degrees of
freedom. The resulting metric will capture how dynamical
processes propagate information across timescales and
provide fundamental insights into the physics of regulatory
and controlling mechanisms, both internal and environ-
mentally driven.
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APPENDIX A: DETAILED DESCRIPTION
OF THE SYSTEM IN SEC. I

In this appendix, we present a detailed solution for the
system presented in Sec. II. We consider a simple two-layer
network, where each layer has two nodes {A,.B,} with

u =1, 2. The adjacency matrix W of the network is a
block-diagonal matrix, so that the first and the second layer
are not connected by any edge:

0 wi~E 0 0

. wh=4 0 0 0
W pu—
0 0 0 wi-B
0 0 wh4 0

When we take into account triadic interactions, as in
Eq. (1), the adjacency matrix becomes

0 wi~B 0 0
- wB=4 0 0 0
I ) 0 0 wA B 4+ ¢5(x.By)

0 0 wha 0

where x; € {A|, B, } is the state of the first layer, i.e., the
node occupied by the first random walker.

The dynamics of the two random walks is associated
with a transition matrix Q,/7; + Q,/7,, where

—wi=B A 0 0
S O 0 (A1)
0 0 —wi~B A
0 0 wiuB _yba

contains the transitions taking place in the first layer, and

w0 Wk 0
2 Wé-»B 0 _Wg—m 0

0 wiBt+e 0 —wi

the transitions in the second layer. Note that the joint
states of the system are assumed to be ordered as
{(Al,A2), (BI,AQ), (Al, Bz), (BI’ Bz)}, and the two tran-
sition matrices can be fully specified from the diagonal
blocks of WH. Since both Egs. (A1) and (A2) contain the
exit rates along the diagonals, the master equation reads as
in Eq. (2) in the main text.

APPENDIX B: JOINT PROBABILITIES AND
MUTUAL INFORMATION BETWEEN LAYERS

In the case studied in the main text, where each layer
represents a distinct random walk, the joint probability
distribution p,  y between N layers is a probability
distribution on the tensor product of the state spaces of
the layers, i.e., on the space of the joint state of all random
walkers. As such, it can be in general represented by a
M, x ---x My tensor, where M, is the number of nodes
probabilities between any two layers p and v, which we
denote by p,,, and the marginal probability of every single
layer p,. While the former is a M, X M, matrix, the latter is
a M ,-dimensional vector. To fix the ideas, in the example
system presented in Appendix A, we have that the marginal
distribution p; = (p;(x; = Ay), p1(x; = By)) is defined as

Y. Py =ALxn=1x)
€ (Ar.B,)

Y. Prlx =B x =Xx))
¥, € {A,.B,}

’

and similarly for p».
With these definitions in mind, the mutual information
between any two layers is defined as

Py (X %)
I;w: Z Z pyu(xﬂ’xv)logzuv

(B1)
x, €N, x,eN, pﬂ(xﬂ)pv(xu)
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where we explicitly denoted the dependence of the prob-
abilities on the state for clarity. In general, /,, will depend
on time, but we focus on its stationary limit.

Note that Eq. (B1) can be readily applied to any
stochastic process on networks. For instance, in the case
of a multivariate continuous stochastic process, we need to
replace sums with integrals and the layer state with a state

- M o
vector X, = (x,(,l), ...,x,(, ")). Importantly, in this case, the

joint probability distribution p,, is defined on an
(M, + M, )-dimensional space, since each node now rep-
resents a degree of freedom with a continuous state—e.g.,
in a multivariate Ornstein-Uhlenbeck process on a given
multilayer network. In this case,

Pu(X. X,)

Pu(X)pu(3)’ (B2)

Im/ = / d}yd}vpﬂu (}_é ) 10g2

where the probabilities are now probability density func-
tions. The corresponding extension to the case in which
each node can assume a finite number of states, such as the
case of spreading or epidemic processes, is also immediate.

APPENDIX C: EXACT SOLUTION FOR THE
MULTILAYER PROBABILITY AND MINIMAL
PROPAGATION PATHS

We start from Eq. (5) and seek a solution of the form

N-2 1
prw =+ X (TTe ot

(C1)

where ¢, = 7,/7y, and O(e?) denotes second order con-

"
tributions forany y = 1, ..., N. In Eq. (C1), pl
(N.1)

the zeroth-order contribution in €, and py " is 1nstead the
first-order contribution in the slowest timescale, ey = 1.
This expansion can be readily obtained by subsequent

expansions in €y, ..., ey of the joint probability. In the limit

€, — 0, the solution at the leading order pg )

n denotes

.....

where we rescaled the time by the slowest timescale.
Note that the solution does not depend on how interlayer
interactions enter in WE and thus in Qﬂ, so our results
generalize immediately to the case of pairwise interactions
across layers.

For what follows, it is useful to introduce the notion
of minimal propagation paths (mPPs) for a multilayer

network. Consider the directed graph G with N nodes
associated with a multilayer network, where each node
represents a layer, and edges are given by interactions
between layers. We define a propagation path (PP) on G as a
path from y to v with u > v and such that it contains at least
one direct interaction, i.e., one edge a — f with a < . In
Figs. 4(a) and 4(d), both 2 >3 —> 1 and 3 > 1 > 2 are
PPs, repsectively.

We then define the graph G*)(v*) as the induced sub-
graph obtained by removing all nodes a > v—i.e., all
layers slower than v—except v*. A propagation path from u
to v is a minimal propagation path if it is a PP both in G and
in the induced subgraph G*)(x). In Figs. 4(a) and 4(d),
2—>3—1isnotan mPP, but 3 > 1 — 2 is.

With these ideas in mind, we solve Eq. (C2) order by
order, with each order corresponding to a given layer. The
first order is immediately solved by

0= Ql({x}wl)pup (1)’ (C3)
where p(1) is the set of all slower layers that connect to

the first through a feedback link, {x}_,; is the set of layers

directly connected to the first, and we have that pglo) N =

pl‘pm pg 0 Note that for the first layer, by definition,

{x}r —p(l)-

The second order, after a summation over x;, reads

0= |:ZQZ {X}MZ pllp :|p;t|ﬂe(ff) (C4)

where the operator in the bracket is the effective operator
fz;*"f,(z). Its stationary probability p;tllfg) inherits the depend-
ence on slow layers through both the set {w x,} and the
dependencies of faster layers—in this case, p(1) appearing
in pﬁ‘w I Therefore, the conditional dependencies con-

tained in p(2) now include all slower layers that are
connected to 2 through higher-order interactions, as well
as all slower layers directly connected to 1 if there is a direct
interaction from 1 to 2. Otherwise, in the absence of such
directed connection, {x},,, does not include x;, and thus
the effective operator coincides with Q.

By recursively solving each order and marginalizing
over the slower layers, we obtain Eq. (6) and the effective
operators in Eq. (7). In particular, the set

pu)={v>pu:3ImPPv - por C, #0} (C5)
is the set of all layers connected to 4 whether via an mPP or
a single feedback link, and it determines the conditional
structure of each term of the joint probability p; (7). Let
us stress that, by construction, the only time dependence
arises at order O(1), and thus it is ascribed to the effective

operator of the slowest layer Q3. Note that, although p(N)
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is an empty set by definition, such an effective operator
depends on all the previous layers by which it is influenced
through the marginalization in Eq. (7).

APPENDIX D: BINARY TRIADIC
INTERACTIONS

In Figs. 3 and 4 we considered, without loss of general-
ity, systems where each layer is a simple two-node network.
Denoting such nodes with A/, = {A,,, B, } for all layers, we
take triadic interactions to be

Wil = (W)= + 3 Y Clis(x,. k).

vEuL keN,

(D1)

so that the transition rates of a layer—i.e., its adjacency
matrix—change in a binary fashion depending on the

state of another layer, and acting additively with respect

to pairwise interactions. For simplicity, we set C,, =

Citbj + Coh(1 = 8;), where Cp} represents the triadic
interactions of nodes influencing transitions to the same
nodes—e.g., A, favoring the transition to A, in another
layer—and Cy,, interactions with the opposite effect—e.g.,
A, favoring the transition to B,. We stress that this specific
choice does not affect the structure of information, which is
fully determined by the conditional structure of Eq. (6) and
thus is independent of the details of the dynamics.

APPENDIX E: MULTILAYER SOLUTION FOR
BIRTH-AND-DEATH PROCESSES

A birth-and-death process of a species X may be
interpreted as a random walk on a network, with each
node representing a given number of particles x. In
particular, the case of a finite reservoir with a maximum
number of particles My, birth rate b, and death rate d is
represented by a network with a fixed number of My nodes
and adjacency matrix with elements:

My —x)b if j=x+1
W= xd if j=x—1 (El)
0 otherwise,

so that each node is associated with the corresponding
number of particles x =1, ..., M. In this representation,
the node x is connected only to the neighbors x + 1, with
the weight of the edge x — x + 1 being (My — x)b, and the
weight of x - x — 1 being xd. This formally corresponds
to the microscopic reactions,
d b
X — Oy, Ox — X,

where @y represents the finite reservoir.
Then, the formalism presented in the main text can be
straightforwardly applied by assuming that a given layer u

is a network characterized by a M, x M, adjacency matrix
Wﬂ as in Eq. (E1). In this way, it represents a birth-and-
death process for a given species y with birth rate b, death
rate dﬂ, and a maximum number of particles M e In
particular, a physically and biologically meaningful imple-
mentation of triadic interactions in this scenario is to
modify b, and d, of a given layer so that they depend
on the concentration of the number of particles in another
layer. That is,

P=b,+> gt M
%4l v

=d, +>» Ci 2 (E2)

WM

where C; and C,i;}, are the strength of triadic interactions.
Note that, in general, higher-order birth and death rates
can be time dependent through the states of the layers.
From these rates, it is possible to define a matrix W* that
takes the same form as in Eq. (El), ie., (VAVS),»_)]- =
Sive, [(My, = x,)b}6; . 41 + X,d}8; . _1]. Thus, in this case,

b0,
triadic interactions affect all edges of another layer at once,
solely distinguishing between birth and death transition
rates. In particular, we consider inhibitory interactions C}f;
those that increase the death rate, and excitatory inter-
actions C},‘}, those that increase the birth rate. Since the
resulting interactions are linear, the effective operators in
Eq. (7) depend only on the average of the probability

distributions p“ﬁf)

Although the solution to a standard birth-and-death
process with a finite reservoir and linear rates can be found
analytically and is a binomial distribution (or a Poisson
distribution if there is no maximum number of particles, so
that we formally have an infinite number of nodes) [49],
the effective operators in Eq. (7) may not admit a general
closed-form solution. Thus, we introduce an efficient
numerical scheme to obtain the solution to the master
equation at all times. We write the solution in the
recursive form,

= mp ZPN xyot+ AR )P (y.1). (E3)

,_.

where At is the time step and Py (xy,t + At; Xy, 1) is the

propagator associated to the effective operator QS which
we can write as

N

Py(ay. t+ Aniy. 1) = p + 3 @alles, (E4)
i=2

where p;t,(MN) is the stationary probability of the N layer,

and @; and A; are, respectively, the eigenvectors and
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eigenvalues of QS ordered in such a way that 4o = 0. This
recursive form is by definition exact when At < 1, and it is
particularly useful when the input to the system A(¢) varies
with time, since all effective operators would depend
explicitly on time as well.

APPENDIX F: SIGNALING ARCHITECTURES

The architecture depicted in Fig. 6(a) corresponds to the
following birth and death rates. The receptor receives a
time-varying input 4(t), so that

PAO) =be+h(r).,  di=dp (1)
with bp and dy the baseline birth and death rates. We
typically set by = 0, so the receptor is entirely input driven

and time dependent. The readout population is stimulated
by the receptor and inhibited by the storage, so that

a0 = dy + e 0 (r)

1)
D) = by + €5, ,
u(t) =by + Ny

RU NR ’
with r(¢) and s(z) the number of receptor and storage

particles at time ¢, i.e., the node in the corresponding layer.
Finally, the storage follows

ox (1)

b (1) = bs + CUSN—U’ df = d, (F3)

so that, at a given time, it is excited by the number of
readout units u(7).
The architecture in Fig. 6(b) is instead specified by

in S(Z)

by(1) = bg + h(1), RS NS

di(t)=dr+C (F4)
for the receptor, which is inhibited by the storage pop-
ulation. The readout layer is simply given by

t
) =by o D =g, ()
Ng
and, finally,
(1)

) =bs+ Ry i =ds (F)

so that the storage is excited directly by the receptor.

APPENDIX G: PROCESSES ON DISJOINTED
COMPONENTS

We consider a two-layer network, where one layer
has two disjointed components with independent states
x; and x,, each with two nodes (A,B). The other
layer, with state E and nodes (Euy, E,,), influences
both components at the same time. The rates are

0 = oA~ = [y + cO(E. E)] /7. 0~ = A =
wy, @M =y /1p, @W=" =w, /7. For Fig. 5, we
set wg =0, wy =1, wy =5, wy=1. In the numerical
simulation, to recover the ¢ — oo limit obtained analyti-
cally, we set ¢ = 10°.

When 7z > 7, the interlayer interaction is of the feed-
back type, so that p, (1) = pi“ Ep%“ gPE(t). In this case,

we can write the sum of the mutual information:

P12 P1EP2EPE
Iy +1yne= E Di2E [logz + log, CAEPRECE
i2E PipP2 P12PE
=lLig+DLE, (G1)

which shows that in this limit the mutual information 7, ,
induced by the shared influence of E is equal to the sum of
the information generated by E in 1 and 2 minus the
information with E that both components have. Note that
this result, as well as the factorization of the probability,
does not change if we introduce two different timescales
for the two independent processes, 7; and 7,, as long as
Tp > 71, 7,. In this case, rather than having a single layer
with timescale 7 and two disjointed components, we would
have two disconnected layers.
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