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We investigate the connection between the time evolution of averages of stochastic quantities and the
Fisher information and its induced statistical length. As a consequence of the Cramér-Rao bound, we find
that the rate of change of the average of any observable is bounded from above by its variance times the
temporal Fisher information. As a consequence of this bound, we obtain a speed limit on the evolution of
stochastic observables: Changing the average of an observable requires a minimum amount of time given
by the change in the average squared, divided by the fluctuations of the observable times the
thermodynamic cost of the transformation. In particular, for relaxation dynamics, which do not depend
on time explicitly, we show that the Fisher information is a monotonically decreasing function of time and
that the minimal required time is determined by the initial preparation of the system. We further show that
the monotonicity of the Fisher information can be used to detect hidden variables in the system and
demonstrate our findings for simple examples of continuous and discrete random processes.
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I. INTRODUCTION

Information geometry [1] is a branch of information
theory that describes information in terms of differential
geometry. Applying information geometry to physics can
be motivated by a question central to any physical experi-
ment: Given a system described by a set of parameters, how
much information about the system can we gain by
observing its change under a variation of the parameters?
As it turns out, the effect of smooth parameter variations
defines a metric called the Fisher information metric [2-5].
This metric encodes the maximum amount of information
that can be gained by measuring the change of any
observable due to the parameter change.

The relation between the measurement of observables
and information gained about the physical system is also
central to thermodynamics. Deciding which observables to
measure and which parameters to vary in doing so is
essential for reconstructing the thermodynamic potentials
and thus obtaining complete information about the macro-
scopic state of the system. Thus, it is not surprising that
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there exists a strong connection between thermodynamics
and information theory, which, despite dating back all the
way to Gibbs and Boltzmann [6], has recently received
much attention [7-16]. This renewed interest is in part
motivated by improved experimental techniques, allowing
us to probe the relation between information and thermo-
dynamic quantities on a more detailed and microscopic
level [17,18], but also by new theoretical proposals based
on understanding information as a quantity that is just as
physical as matter or energy.

Interpreting thermodynamics in terms of information
relies on relating mathematical measures of information to
measurable physical quantities. A fruitful approach is that
of stochastic thermodynamics, which describes the behav-
ior of thermodynamic quantities like heat, work, and
entropy in small systems, where these quantities fluctuate
due to the presence of noise [19,20]. The probabilistic
nature of the description allows us to explicitly compute
different measures of information, whose mathematical
properties can then be used to make predictions about
physical quantities. For example, a central result of
stochastic thermodynamics is the identification of the
Kullback-Leibler divergence between the path measures
of a stochastic evolution and its time reverse with thermo-
dynamic entropy production [20]. This identification
allows for an immediate proof of the fluctuation theorem
and also guarantees that the entropy production is always
positive. More recently, Ref. [21] found an intimate
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connection between stochastic entropy and statistical
length, relating stochastic thermodynamics and information
geometry. As a consequence of this relation, a universal
speed limit for stochastic dynamics was obtained.

In this work, we focus on the physical interpretation of
Fisher information and its consequences on the time evolu-
tion of stochastic systems and observables. The Fisher
information measures how much information the state of
the system contains about a set of parameters. If the state of
the system does not depend on one of the parameters, then
the associated Fisher information is zero and no informa-
tion about this parameter can be gained from a measure-
ment. On the other hand, if a small variation of a parameter
causes a large change in the system’s state, then the Fisher
information is large and we can obtain a precise estimate
of the parameter using a suitable measurement. In the
typical setting, the state of the system is described by a
set of probabilities or a probability density, which depends
on external parameters like temperature, pressure, or
external fields.

Here, we take an entirely different viewpoint: Instead of
external parameters, we consider time itself as a parameter.
As our first main result, we argue that the Fisher information
can be interpreted as the intrinsic evolution speed of the
system. This intrinsic speed has two important properties:
First, it can be obtained by only measuring the evolution of
the state of the system and does not require any information
about the microscopic details of the dynamics. Second, and
more importantly, the intrinsic speed defined by the Fisher
information limits the evolution speed of arbitrary observ-
ables. More specifically, the rate of change of any observable
is smaller than the product of its fluctuations and the Fisher
information. This speed limit is a consequence of the
Cramér-Rao bound [22,23], a central result of estimation
theory. Further interpreting the Fisher information as a
thermodynamic cost [21], this result complements a class
of recently derived steady-state thermodynamic uncertainty
relations [24-29]. In the particular case of an equilibrium
system with quasistatic driving [4], we show that the Fisher
information and thus the intrinsic speed are determined by
the fluctuations of the driving power.

As our second main result, we show that for Markovian
relaxation processes, the Fisher information is a monoton-
ically decreasing function of time. This finding quantifies
the intuitive expectation that the dynamics during a
relaxation process should gradually slow down. Together
with the speed limit, this result implies that any observable
either relaxes monotonically towards its steady-state value,
or, if it exhibits oscillations during the relaxation, the
amplitude of the oscillations has to decay. The monoto-
nicity of the Fisher information for relaxation processes has
two further profound consequences: First, it results in a
lower bound on the time required to relax a stochastic
system from an initial to a final configuration, extending
previously obtained speed limits for stochastic dynamics
[21,30]. Second, it can serve as an indicator for the

presence of hidden variables in the system: If we observe
an increase of the Fisher information during a relaxation
process, this increase necessarily implies that we are
missing some information about the system. We show that
this discrepancy between observed and total information
can be used to detect hidden degrees of freedom.

II. INTRINSIC SPEED OF
STOCHASTIC DYNAMICS

Throughout the paper, we consider a system that can be
described by a set of stochastic, time-dependent quantities
x(1) = (x1(2), ...xp (7). We assume that these take con-
tinuous values in R; the case of discrete-valued processes is
explicitly discussed in the Appendix. Then, the dynamics
of the system can be described in terms of a time-dependent
probability density P(x,7) = P(x(¢) = x). Examples for
x(¢) are the positions and/or velocities of diffusing particles
or the angles of a set of coupled rotors in the presence of
noise. Generally, the probability density P(x, #) will change
as a function of time, either due to the presence of time-
dependent forces in the system or due to relaxation from a
given initial state P(x,0). We are further interested in an
observable R(x(r)), which is a function of x(¢) and could
be the center of mass of a particle system or its total energy.
By definition, the average of this observable is expressed in
terms of the probability density as (r), = [ dx r(x)P(x. 1),
which is the expected value of r for all possible realizations
of x(r). However, since the x() are stochastic quantities,
the observable r(x(¢)) is generally a fluctuating quantity.
The fluctuations of r can be quantified in terms of its
variance (Ar?), = (r?), — (r)?, which tells us how much
we expect r to deviate from its average for any single
realization of x(7). As the system evolves in time, so will
the average and variance of the observable r. Our first main
result is based on the Cramér-Rao bound [22,23]: The
variance of an estimator of a parameter 6 is always larger
than the inverse of the Fisher information. Choosing the
parameter 6 as time, the Cramér-Rao bound can be
interpreted as a speed limit on the evolution of an arbitrary
observable,

|, (r),| <7/ (Ar?)y(1), (1)

where v;(t) =
information

I(1) is the square root of the Fisher

I(t):/dx

In the sense of the Cramér-Rao bound, we use a time-
dependent observable (r), as an estimator of #, and thus its
fluctuations are bounded from below by 1/I(¢). Crucially,
the speed v;(¢) is independent of the choice of r and thus
can be interpreted as the intrinsic speed of the evolution.

O.P(x.1)

P(x,1) @)
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Therefore, the speed limit in Eq. (1) can be understood in
the following way: The Fisher information determines the
intrinsic speed v;(7) with which the system evolves. This
intrinsic speed also limits the rate at which any observable,
measured in units of its typical fluctuations, can change. We
stress that v;(r) depends only on the measurable time
evolution of the probability density; it does not require any
knowledge about the microscopic dynamics. In principle,
once we know the probability density P(x, ) and its time
derivative, we may compute the time evolution (r), of any
observable explicitly. However, the temporal Fisher infor-
mation /(7) has the advantage that it offers a simple way of
quantifying the overall speed of the time evolution in terms
of a single number. Once the Fisher information is known,
it provides an upper bound on the evolution speed of any
observable via Eq. (1). We stress that the Fisher information
with respect to a system’s parameters can generally be
measured explicitly [31] and constitutes an important
quantifier of the information content of measurements
[32]. Here, we extend this concept by considering time
as a parameter of the system.

Another way to understand Eq. (1) is in terms of the
typical scales involved in the time evolution of an observ-
able: We require at least two scales to characterize this
evolution. One is the scale on which we measure the
observable itself, e.g., length, energy or momentum,
depending on the observable. The other is the timescale
on which the expectation of the observable changes.
Equation (1) suggests that a natural scale for the observable
is set by its root-mean-square fluctuations 7 = /(Ar?).
When measuring the rate of change of the observable
relative to this scale, we naturally obtain the timescale
7, = 7/|d,(r),|. Importantly, these scales can be obtained
solely from a measurement of r(7) and do not require any
modeling of the dynamics. Equation (1) then ensures that
the timescale governing the evolution of any observable can
only be larger than the intrinsic timescale set by the Fisher
information.

An obvious question is if, and under what conditions, we
can have equality in Eq. (1), i.e., whether some observable
can change as fast as is allowed by the change of the
probability density. As we show in Appendix A, this
change can only be realized if the probability distribution
can be written as

P(x,t) = ¢

where the function A() can be expressed in terms of the
average and variance of r as

_ [ g sl
A(t)_/o d A (4)

This form of the probability distribution means that,
starting from an arbitrary initial distribution, the time

evolution can be described as exponentially tilting the
distribution by the observable r(x). An explicit example for
a probability distribution realizing Eq. (3) is a normal
distribution with a time-independent covariance matrix (see
the discussion in Sec. VI C). For any probability distribu-
tion that cannot be written in the above form, the speed
limit in Eq. (1) is an inequality.

As an example of stochastic dynamics, we consider a
particle system in contact with a heat bath described by the
Langevin equation

#(1) = pf (e(0).1) + \/24kn TE(1). (5)

Here, p is the positive definite and symmetric mobility
matrix, f contains the systematic forces (interactions and
external forces) acting on the particles, kg is the Boltzmann
constant, and 7 is the temperature. The vector € is com-
posed of independent Gaussian white noises (&;(¢)&;(s)) =
8;;6(t — s). The square root \/u of the mobility matrix is
defined as the unique symmetric and positive-definite
matrix satisfying /u,/u = p. Equivalently, we can des-
cribe the system in terms of its probability distribution
P(x,t), which evolves according to the Fokker-Planck
equation

O,P(x,t) ==V -j(x,1), (6a)

Je.1) = p(f(x, 1) = kgTV)P(x, 1), (6b)

where j is the probability current. Depending on f, the
dynamics can have several timescales: the relaxation
of the particles in an external potential, interactions
between the particles, and explicitly time-dependent forces.
Furthermore, different observables may depend on these
timescales in different ways. For example, the center of
mass position may be insensitive to interactions between
the particles and thus not vary on the corresponding
timescale. On the other hand, the relative distance between
particles is generally sensitive to interactions and may vary
considerably. Nevertheless, both observables obey the
speed limit in Eq. (1), and thus the timescale 1/v;(z) set
by the Fisher information dominates all other timescales in
the system.

A bound resembling Eq. (1) may also be obtained in
terms of the entropy production rate [33,34],

oty _ L JOe. ) j(x, 1)
o (t)_kB—T/dx—P(x,t) , (7)

where the superscript 7 denotes transposition. As shown in
Ref. [35], we then have the inequality

|di(r).| < Vxr(1)y/ 6" (1)

with (1) = kg T / de V() uVr(x)P(x.1). (8)
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While this inequality shows that any time evolution
necessarily involves a finite entropy production rate and
can be considered as a kind of entropic speed limit, it
does not lend itself to a straightforward interpretation in
terms of an intrinsic speed of the dynamics. First of all, the
quantity y, has dimensions of r?/time, resembling a
diffusion coefficient for r, and thus contains a timescale
by itself. As a consequence, the corresponding speed limit
is a combination of the stochastic change of r over small
length scales (as signified by the appearance of the gradient
in y,) and the rate of entropy production. Second, the
entropy production rate itself depends on the microscopic
dynamics; i.e., we generally need to know the forces and
fluxes in the system to calculate it. By contrast, the speed
v;(t) in Eq. (1), which is defined in terms of the Fisher
information, only depends on the time evolution of the
probability density. Both the Fisher information in Eq. (2)
and the entropy production rate in Eq. (7) have quadratic
forms. Specifically, defining ®(x, ) = —9,In (P(x, 1)) and
v(x,t) =j(x,1)/P(x,t), we can write

1(1) = (&%), (%a)

o (1) :kBiT@Tu-lv». (9b)

The local mean velocity v(x,?) describes the average
flow at coordinate x and time . It vanishes in equilibrium
and takes a finite, time-independent value in a nonequili-
brium steady state. By contrast, d)(x, t), the stochastic rate
of Shannon entropy production, describes the rate of
change of the probability distribution and vanishes in
any steady state. Correspondingly, while the entropy
production measures the magnitude of the local flows,
the Fisher information measures the magnitude of the
change in the ensemble [see also Eq. (1)]. As we discuss
in detail in the next section, the Fisher information can only
decrease during a Markovian relaxation process. This case
is in contrast to the entropy production rate, which may
exhibit a transient increase even during relaxation towards
equilibrium. As remarked above, the entropy production
contains more information about the microscopic dynam-
ics. As a consequence, entropy production generally
dominates the Fisher information, in the sense that we have

1(1)? < kg T(VOT pVd)o''(1), (10)

which follows from Eq. (8) with r = —0,In P. Thus, a
vanishing entropy production also implies a vanishing
Fisher information, while the converse is true only for
systems that relax to an equilibrium state. Nevertheless,
either one of the bounds, Eq. (1) or (8), may be tighter.
Finally, let us remark on the connection between Eq. (1)
and the thermodynamic uncertainty relation [24,25],
another inequality that has recently received much attention

[26-28]. While the above discussion focuses on observ-
ables in the usual sense, i.e., those whose average can be
expressed in terms of the probability density, another class
of observables, the so-called time-integrated currents, can
be defined in terms of the local mean velocity as

(q),EAtdt’/dxp(x)V(x, {)P(x,1). (11)

In contrast to usual observables, such currents can change
as a function of time even if the probability density does not
change in time, provided that the local mean velocity is
nonzero. In terms of the Fokker-Planck equation (6), this
case occurs if the probability current is nonzero but its
divergence vanishes, and it is referred to as a nonequili-
brium steady state (in contrast to a true equilibrium state,
where the current is zero). For such a nonequilibrium
steady state, the thermodynamic uncertainty relation
[24,25] states that the rate of change of the currents is
bounded from above by the rate of entropy production,

|d(@)i'| < /Dy V™, (12)

where D, = lim,_ ., (Ag?),/(21) is the diffusion coefficient
associated with the current and the superscript “st” denotes
the steady state. Equations (1) and (12) are similar in that
they provide a bound on the rate of change of an observable
in terms of its fluctuations and a positive, information-
theoretic quantity. However, they apply to complementary
physical situations. In the thermodynamic uncertainty
relation (12), the system is in a steady state and the
observable is a current, i.e., depends on transitions in the
system. This nonequilibrium steady state is characterized
by an increase in entropy, which, by Eq. (7), can be
interpreted as the magnitude of the intrinsic currents. On
the other hand, the speed limit in Eq. (1) describes a system
with an explicit time evolution, and the observable depends
only on the current state of the system rather than
transitions. The rate of change of such observables vanishes
in the steady state and is governed by Fisher information
rather than entropy production.

III. MONOTONICITY OF
RELAXATION PROCESSES

From Egq. (1), it is clear that the intrinsic velocity v;(¢) is
generally a dynamical quantity rather than just a parameter;
in particular, it depends explicitly on time. Thus, it is
natural to ask how this velocity and thus the speed of the
time evolution change over its course. To answer this
question, we note that since d,v;(r) = dI(1)/(2/1(1))
and I(t) is positive, the velocity inherits the qualitative
dynamics of the Fisher information. For a Fokker-Planck
dynamics like Eq. (6), we show in Appendix D that the time
derivative of the Fisher information can be decomposed
into two parts,
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dtl(t> = dtldrv(t> + dtlrel(t)7 (13)

which are explicitly given by

d g (1) = 2 / def(x, ) uVb (e, )P(x,1),  (14a)

d (1) = —2kgT / dx VO(x, 1) uVd(x, 1) P(x, 1).
(14b)

Here, we used the notation f(x,7) = d,f(x.7) and
®(x,7) = —In (P(x, 1)) as above. The first term d /4, (¢)
explicitly contains the time derivative of the force. We refer
to this term as the driving term, which only appears when
we apply a time-dependent driving to the system. We note
that this term can be positive or negative. By contrast, the
second term is always negative since the mobility matrix is
positive definite. Thus, this term always decreases the
Fisher information, and we interpret it is as the relaxation of
the system towards the instantaneous steady state. In
particular, if there is no time-dependent driving, then the
Fisher information is a monotonically decreasing function
of time,

dl(1) = dl (1) < 0. (15)

As we show in Appendix D, this property is not specific to
dynamics of the form in Eq. (6) but holds for general
Markovian dynamics without explicit time dependence. We
thus have the following general statement: For a Markovian
relaxation process, the Fisher information is a monotoni-
cally decreasing function of time.

Since the same statement holds for the velocity v;(¢),
the intrinsic speed of a relaxation process monotonically
decreases with time. Furthermore, as a consequence of the
speed limit in Eq. (1), the rate of change of any observable
is bounded by a monotonically decreasing function of time,
which also implies that the evolution of observables
gradually slows down during a relaxation process. Note
that this result does not imply that the relaxation of arbitrary
observables is monotonic; in the general case, there may be
oscillations even during a purely relaxational dynamics;
however, as a consequence of the speed limit, the amplitude
of these oscillations has to decrease with time.

A general property of the Fisher information (see Sec. V
below) is its additivity under a separation of variables.
Suppose that, as in Eq. (43), the system of interest is
composed of two sets of degrees of freedom, y and .
Physically, we assume that y contains the observable
degrees of freedom, which are accessible to direct obser-
vation, and y is composed of hidden degrees of freedom,
which are not directly observable. The Fisher information is
additive under this separation of variables [see Eq. (43)],

1(t) = 1,0, (t) + 1,(2), (16)

where 7,(¢) is the Fisher information corresponding to the
probability density of the observable variables P, (y, 7). If
the system is time independent, we then have, for the total
Fisher information from Eq. (15),

d (1) = dtll/lly(t) + dtly(t) <0. (17)

While each individual term may be positive or negative, the
sum of the terms has to be negative. This requirement
means that if we measure /,(7) from the probability
distribution of the observable degrees of freedom and find
d,(t) > 0 at any time, then we have a clear indicator that
hidden degrees of freedom are present in the system. We
can make this precise in the form of the following state-
ment: If, for some stochastic process y(t), we observe
d,,(t) > 0 at any time ¢, the process cannot be described
in terms of a diffusion process with a time-independent drift
and diffusion coefficient. Thus, either the drift and/or
diffusion coefficient depends explicitly on time, or there
are hidden degrees of freedom in the system that effectively
render the process y(#) non-Markovian. We stress that this
criterion relies only on a measurement of the probability
density P,(y.t) of the observable degrees of freedom. It
thus provides a way to detect hidden degrees of freedom
directly from a measurement, without assuming any kind of
model for the dynamics. Furthermore, while a mismatch
between the measured probability density and a given
model generally only implies that the specific model cannot
explain the experiment, a violation of Eq. (15) rules out any
model with the same number (or less) of degrees of
freedom.

For dynamics that are driven by time-dependent forces,
the Fisher information can decrease or increase as a
function of time. Still, the decomposition of its derivative,
Eq. (14), into the negative relaxation and the (positive or
negative) driving part remains valid. Furthermore, the two
contributions are not independent. Rather, applying the
Cauchy-Schwarz inequality to the driving part, we obtain

(dilan (1)) < Hf " uf) (VO uVD),. (18)

Identifying the second term on the right-hand side as the
relaxation part, this formula can be written as

(dulan (1) < —kBiT Fuf) (). (19)

The first term on the right-hand side only depends on the
time derivative of the applied forces. Thus, the maximal
magnitude of the driving part is bounded by the relaxation
part. Plugging in Eq. (14), we obtain
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(Ao (1)) kiT Fuf ) (1)
+kBiT<fTﬂf>,dzl(t) <0, (20)

The left-hand side is a parabola in d,/ 4 () with a positive
coefficient in front of the quadratic term. Thus, it can only
be negative if the discriminant is positive, which leads to
the condition

s
dil(1) < 50w ). (21)

This result provides an upper bound on the change in Fisher
information in terms of the time derivative of the applied
forces. While this inequality is typically not very sharp,
it allows us to estimate how much the speed of the
dynamics can increase by applying a time-dependent
driving to the system. In particular, if the forces have no
explicit time dependence, the right-hand side is zero, and
we recover Eq. (15).

IV. THERMODYNAMIC INTERPRETATION
OF FISHER INFORMATION

The Fisher information can be explicitly expressed in
terms of the energetics of the system if the probability
density belongs to the exponential family [4],

e—/iH(x.t)
PO = g e 22)

where H (x, 1) is the Hamiltonian of the generating dynam-
ics and f# = 1/(kgT). This form is realized, for example,
for f(x,1) = —VU(x,1) in Eq. (6), where U(x,t) is a
potential that varies slowly in time. In the quasistatic limit,
we then have Eq. (22) with H(x,t) = U(x,t) to leading
order. In this case, a straightforward calculation shows that

(1) = p*({(9,U)?) = (9,U)?). (23)

In the spirit of stochastic thermodynamics [19,20], we write
the change in the total energy of the system as

dE(t) = d,(U), = / dxU(x, 1)9,P(x, 1)

(Q)

+ / dxd,U(x. )P (x.1). (24)

W),

We interpret the first term (i.e., the change in energy due
to the change in the system’s state) as the rate of heat
dissipated into the environment and the second term

(i.e., the change in energy due to the driving) as the rate
of work performed on the system,

W(t) = d,U(x(¢), 1). (25)

We then have

vi(1) = B\ (AW?),. (26)

In other words, the intrinsic speed of the time evolution is
set by the typical fluctuations of the input power. At first
glance, it might seem surprising that the fluctuations of the
power rather than the average power determine the speed of
the time evolution. However, for near-equilibrium systems
described by the exponential family, there is a close relation
between averages and fluctuations and the latter determine
the dynamics via the fluctuation-dissipation theorem (see
below). We remark that, in general, the Fisher information
can be related to the stochastic heat exchange between the
system and the heat bath (see Appendix B). We further note
that, plugging the definition of the heat in Eq. (24) into
Eq. (1), we obtain, in the general case,

Q)] </ (aU),wi(1) (27)

or, specializing to the quasistatic case in Eq. (26),

Q)] < B/ (AT?), (AW?),; (28)

i.e., the rate of heat exchange is bounded by the product of
the fluctuations of the total energy and input power. As a
concrete application of the relation (26) between the
intrinsic velocity and the power fluctuations, we consider
the case where the potential only depends on time via a
slowly varying, spatially homogeneous force f;(z) on a
“probe particle” i, i.e., H(x, 1) = Hy(x) + f;(¢)x;. In this
case, we have

vi(t) = pIf (D1 (AxD),. (29)
Thus, the intrinsic speed of the time evolution is set by the
fluctuations of the position of the probe particle. Using the
speed limit in Eq. (1), we then have, for any other particle j,

VoIl < pronfiad),. G0
(Ax),
This surprising result states that, when slowly driving the
probe particle, the maximal effect of this perturbation on
any other particle is determined by the fluctuations of the
probe particle’s position, independent of the type of
interactions between the particles. In particular, by only
measuring the fluctuations of the probe particle, we can
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estimate how strongly other particles will be affected. We
remark that we have equality in Eq. (30) for i = j, in which
case the relation reduces to the fluctuation-dissipation
theorem [36]. This result is in fact a special case of
Eq. (3) since the time-dependent part of the energy is
linear in the observable. In general, the Fisher informa-
tion can be expressed directly in terms of physical
observables when the functional form of the probability
density is known, e.g., for normal distributions as discussed
in Sec. VIC. In this case, the Fisher information can be
expressed in terms of the parameters of the probability
density, such as its mean and covariance matrix.

For general dynamics in which the functional form of the
probability density is not known, the relation between the
Fisher information and other thermodynamic observables is
not so obvious. However, even in the general case, the time
derivative of the Fisher information bears some striking
resemblance to the entropy production rate. Introducing the
local mean velocity v(x,t) = u(f(x,t) — kgTVIn(P(x, 1))
as above, we can write VO(x, 1) = (u™'0(x, 1) —f(x.1))/
(kgT). Plugging this formula into Eq. (14), we have

I() = (T '5), =

T 1
kT (19), =5 did (). (31)

ke T

The expression (31) resembles the total entropy production
(7), which can be written as

1
7 T <VTﬂ_1V>t = T TV>t +d, SV (1), (32)

where §%%(7) = — [dx In (P(x,1))P(x, ) is the Shannon
entropy with d,5%*(¢) = ¢™5(z). In both cases, we have an
explicitly positive quantity, which is decomposed into a
total time derivative plus an additional term. In the case of
Eq. (32), the positive quantity is the rate of total entropy
production, proportional to the square of the local mean
velocity. The total time derivative is the change in Shannon
entropy, and the additional term can be identified with the
rate of heat exchanged with the environment Q(r) =
—{fTv),. For Eq. (31), the positive quantity Z(t) is propor-
tional to the square of the change in local mean velocity,
and the total time derivative is the change in Fisher
information. We conclude that, in contrast to the entropy
production, which describes the local flows in the system,
the Fisher information describes how these flows change in
time. Thus, while the total entropy production is deter-
mined by the magnitude of the local mean velocity v, the
positive relaxational contribution to the Fisher information
Z(t) is given by the magnitude of the change in the local
mean velocity 2.

Integrating Eq. (32) from ¢t = 0 to t = 7, we obtain the
second law of thermodynamics from the positivity of the
total entropy production,

_AO— / At (fT), > —kgTASYS.  (33)
0

In particular, if the state of the system is the same at t = 0
and t = 7z (for example, for periodically driven systems),
then the Shannon entropy does not change and heat is
dissipated into the environment, AQ < 0. Likewise, since
the left-hand side of Eq. (31) is positive, we find

[fadmn =@ =10y, 4

If the Fisher information is the same in the initial and final
states, Al = 0, then the product of the time derivatives of
the force and the local mean velocity has to be positive on
average,

/ ar (f1i), > 0. (35)
0

This result is true, in particular, for any process that
connects two arbitrary steady states since then we have
1(0) = I(z) = 0. In terms of the local mean velocity, we
can interpret Eq. (33) as stating that, on average, the scalar
product between the local mean velocity and the external
force should be positive; i.e., a sustained microscopic flow
opposite to the external force is not possible. Equation (35)
demands that the same is true for the time derivatives of the
respective quantities.

Finally, we note that the expression for d,[(t) in
Eq. (14) is precisely the same as the factor relating the
entropy production rate to the Fisher information in
Eq. (10). Thus, we have the relation between entropy
production and Fisher information for Fokker-Planck
dynamics,

21(1)?

dtlrel(t) < _Gtm(t).

(36)

For relaxation processes, in particular, we have d,I(1) =
d,1 () and thus

(37)

This relation is rather surprising since the Fisher informa-
tion is defined only in terms of the probability density while
the entropy production rate depends on the explicit dynam-
ics, i.e., the forces acting on the system. Nevertheless, the
two quantities are related for relaxation processes: The
Fisher information has to decay at a minimum rate, which is
given by the ratio of the Fisher information and the total
entropy production rate.

Generally, measuring the Fisher information requires
determining the probability density P(x, ) and its time
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derivative, which may be challenging in experimental
situations. However, we can invert the speed limit in
Eq. (1) to give a lower estimate on the Fisher information.
In particular, from the generalized Cramér-Rao bound for
several observables [37], we obtain the inequality

(di{r)) "B (1)(dir),) < (1) (38)

Here, r(x) = (r|(x), ..., rx(x)) is a vector composed of K
observables, and E,(¢) is their covariance matrix with
entries (£,(t));; = (Ar;Ar;),. By measuring more observ-
ables, we can thus obtain a tighter lower bound on the
Fisher information. Consequently, even if the Fisher
information is not directly accessible via measurements,
it nevertheless limits how much information can be
obtained by measuring the time evolution of arbitrary
observables.

V. GEOMETRIC INTERPRETATION

Since the Fisher information is a central quantity in
information geometry [1], it is natural to consider the
geometric interpretation of the previous results. We start by
reviewing some general properties and the geometric
interpretation of Fisher information. Consider a system
described by a probability density P(x,6), where 0 is a
parameter. If 6 is equal to the observation time ¢ € [0, 7],
then P(x, t) describes the time evolution of the probability
density. However, # may also be some other, more general
parameter; e.g., P(x,0) could be the steady-state proba-
bility density of the system and € some externally tunable
field. In the following, we assume that P(x,6) depends
smoothly on @, such that, in particular, the derivative
O0pP(x,0) exists and is a continuous function and the
second derivative 93P (x, 0) exists. The Fisher information
1(0) is defined by [37]

10) /dx(angQ

((8gIn P)*)y = —(031n P),, (39)
where (...), denotes an average with respect to P(x, 0). The
last equality follows from the normalization of the prob-
ability density dy [ dx P(x,0) = 9,1 = 0. We note that, by
definition, the Fisher information is positive and vanishes
only if the probability density is independent of 6. The
Fisher information is related to the Kullback-Leibler
divergence or relative entropy between two distributions

P(x) and Q(x),
Q(x)
In (P(x)) (40)

Choosing Q(x) = P(x,0 + d0), i.e., the probability dis-
tribution at an infinitesimally different value of 6, the

D (Q]1P) = / dx Q(x)

corresponding Kullback-Leibler divergence is, to leading
order in dO, given by

Dy (P(6+d6)||P(0)) = %I(@)d&2 +0(d&?), (41)
and the Fisher information is thus the curvature of the
Kullback-Leibler divergence. Similar to the Kullback-
Leibler divergence, the Fisher information is additive in
the following sense: Suppose that we subdivide the random
variables into two sets x = (y,y). Introducing the condi-
tional probability density P,,(w,6|y), we can then write

P(x,0) =

y)Py(y.0), (42)

Py, (w0

where Py(y.¢) is the marginal density of the random
variables y. Then, a straightforward calculation shows that

1(0) = Il//ly(‘g) + ])’(9)

— ((9pInP,,)? >
1,(0) E/dy%oj’;;))z: (DpIn P,)2),.
(43)

The Fisher information can thus be decomposed into two
positive terms, depending on the conditioned statistics
of the random variables yw and the statistics of the
random variables y, respectively. In particular, we have
1(0) > 1,(0); ie., eliminating variables decreases the
Fisher information. If the random variables y and y are
further independent, then we have 1(0) = 1,,(0) 4 1,(0).
The geometric interpretation of the Fisher information
follows from defining a statistical line element ds by

ds®> = 1(0)d6”. (44)

The quantity ds may be thought of as a dimensionless
distance between the probability densities at two infini-
tesimally different values of 0, i.e., between P(x,#) and
P(x,0 + df). In a natural way, the infinitesimal statistical
line element defines a statistical length,

£(6,.6, / ds = / d01\/T00).  (45)

This length measures the length of the path traced by the
probability density under a change of the parameter from
0 = 0, to 0 = 0,. We remark that the statistical length has
all the properties expected of a path length, in that it
satisfies the triangle inequality and is invariant under
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FIG. 1. Tllustration of different parametrizations of the path
between two probability densities P(0;) and P(6,) (red dots).
While any parametrization P is constrained to lie on the unit
sphere due to normalization, the length of the path can be
arbitrarily long (blue). By contrast, the shortest possible path is
given by the geodesic P* (green dashed line). Note that this three-
dimensional illustration corresponds to the case of three discrete
states, whereas in the case of continuous random variables, the
underlying space is infinite dimensional.

monotonic reparametrizations of the path. We further
remark that the above notions can be extended to a
higher-dimensional parameter space; however, in what
follows, we take @ to be the evolution time of a stochastic
system and thus will only require the one-dimensional case.
In principle, there are infinitely many possible parametri-
zations of the path from 6, to 0,, e.g., 13(x,6?) with
P(x.6,) = P(x,6,) and P(x,0,) = P(x,0,) but P(x, ) #
P(x, 0) otherwise. However, since any parametrization has
to give a normalized probability density, [ dx P(x,0) = 1,
there exists a unique parametrization that minimizes the
path length £(6,,6,) (see Appendix E). Geometrically, the
normalization condition means that y/P(x,6) has to be a
vector of length 1, i.e., tracing a path on the infinite-
dimensional unit sphere (see the illustration in Fig. 1).
Thus, the minimal length is the arc length between points
P(x,0,) and P(x,6,),

A = 2 arccos (/ de) (46)

which is also referred to as the Bhattacharyya angle [38].
The parametrization that realizes this minimal length is the
geodesic curve,

1 /. [ANO—0
P (x.0) = 4 Px.0
(x.9) sin(3)? (Sm(zez—m) (x.61)

. (NO-0 2
+Sln(292 —611> P(x792)> ) (47)

which simultaneously minimizes the action integral

C(6,.0,) = % A " d01(0). (48)

For the geodesic curve, we thus have

AZ

* = A _
£ (62791) ) 2(92—91)’

C*(6,.6) = (49)

while for any other parametrization P(x, ), we have the
inequalities

L? A?

C0,,6,) > > s
000 255552 26, = or)

(50)

where the first inequality follows from applying the
Cauchy-Schwartz inequality to £> and the second one is
a consequence of £ > A.

Applying the above formula to the case where 6 = ¢, we
immediately have the statistical length of the time evolution
of the probability density,

L(t):Atdsv,(s)©v,(t):dt£(t). (51)

Thus, the intrinsic velocity »;(¢) is the velocity of the
probability density vector, and it measures how fast the
system traverses the path. Using the speed limit in Eq. (1),
we find that

L(t)>L.(1)= td |d(r),]

- SV Br,

We can interpret L, as the “length” of the time evolution of
the observable r. In Ref. [4], a protocol to measure the
statistical length for probability distributions belonging to
the exponential family in Eq. (22) was suggested. While the
above formula only provides a lower estimate, we can
obtain it for arbitrary dynamics and any observable. On the
other hand, this formula also provides a geometric inter-
pretation of the speed limit in Eq. (1). The statistical length
L is the length of the path traced by the probability in a
high-dimensional space. Since computing the average
corresponds to a projection into a lower-dimensional space
(in this case, one-dimensional space), Eq. (1) states that the
projected path Ly is always shorter. In a similar way, the
nonmonotonic behavior in the presence of hidden degrees
of freedom discussed in Sec. III can be understood from a

(52)
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ds?
dt?

Fisher information (speed): I(t) =

I(t) =1

e

Steady state
I(t)=0
e

i

Hidden degrees
of freedom

Monotonicity

dI(t) <0 4I(t) >0

FIG. 2. lustration of the nonmonotonic behavior of the Fisher
information in the presence of hidden degrees of freedom. The
relaxation of the system towards the steady state traces a path in
the (in this case, three-dimensional) state space. In the full state
space (left diagram), this relaxation is accompanied by a
monotonic decrease of the temporal Fisher information (i.e.,
the speed of the relaxation process), as indicated by the arrows
along the path. Tracing out the hidden degrees of freedom
corresponds to a projection of the path into a lower-dimensional
subspace (shaded, right diagram). In this example, the initial
relaxation process is mostly in the direction of the hidden degrees
of freedom, resulting in an apparently slower speed in the
projected dynamics and thus in a nonmonotonic behavior of
the Fisher information.

geometric point of view, as illustrated in Fig. 2. Moreover,
if the observable r only depends on a subset y of the
stochastic variables, then we have the sequence of bounds

|di(r)|
———=0,(t) Lv; (1) vy (t) <wvp(t). (53
o), (1) < v, (1) < vp (1) < wy(1). (53)
Here, v, is the evolution speed of P,(r,t)=
[ dxs(r(x) — r)P(x,t), and v, is the evolution speed

of Py(y.t). This sequence of inequalities implies that as
less information is included in the probability density, its
evolution speed gets slower. This result is intuitive as
averaging out degrees of freedom may eliminate fast
timescales from the dynamics.

For 6 = ¢, the action functional in Eq. (48) plays the role
of a kinetic energy,

qn:%Ahmmw, (54)

and from Eq. (50), we immediately get the integral speed
limit derived in Ref. [21],

L2 A
1255255, (55)

which provides a lower bound on the time it takes for the
probability vector to trace a path of length L. Using

Eq. (50), we can further derive an integral speed limit in
terms of the observable r,

£ 1 ()= (o) 56)

t> > ,
20720 (Ar?

) max
where (Ar?),..« denotes the maximal variance of r in the
interval [0, 7]. This case provides a lower bound on the time
necessary to change the average of the observable from (r),
to (r),. In the case of a relaxation process, we can combine
Egs. (15) and (55) in order to obtain

A2 A2
t>—>—-
=2C = 1(0)

=1>

(0) (57)

Since the Bhattacharyya angle in Eq. (46) only depends on
the initial and final states, Eq. (57) constitutes a speed limit
on relaxation processes, which only depends on the initial
speed of the evolution. We remark that such speed limits
have been extensively discussed in quantum-mechanical
systems (see, e.g., Ref. [39]); however, it has recently been
found that similar bounds also apply to classical and
stochastic dynamics [30,40]. In contrast to the Margolus-
Levitin-type bound derived in Ref. [30] [Eq. (23) therein],
this result does not require any particular spectral properties
of the generator or existence of a steady state; the only
requirement is that the generator does not depend explicitly
on time. Note that, in contrast to a jump process on a finite
state space, in the continuous case, the existence of a steady
state is not guaranteed even if the generator is time
independent and ergodic; the simplest example is
Brownian motion in an infinite domain, which does not
possess a steady-state probability density. Furthermore, the
bound (57) is tighter than the Mandelstam-Tamm-type
bound derived in Ref. [30] [Eq. (26) therein] for a particle
relaxing in a binding potential since we have 2 arccos(x) >
z(1 —x) for x > 0. Using Eq. (37), we further have that

(Acﬁz ) (/LHVL—WI M(O
<_§/dmdu)/dﬂw%)

(1(0) — 1(1)) AS©

1(0)AS®, (58)

l\)l'—‘[\)|>—a

where we used the Cauchy-Schwarz inequality from the
first to the second line. From Eq. (55), this formula gives us

2
r> \/57/\ (59)
1(0)AS™

or combining with Eq. (57),
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r> A
~ v,(0)

2A?
X max (1 N AS[Ot> . (60)

Thus, we can possibly obtain a tighter speed limit by using
additional information on the thermodynamic properties of
the relaxation process in the form of the total entropy
production.

VI. EXAMPLES

A. General normal distributions

A particularly succinct and widely applicable example
for the relation between statistical length, Fisher informa-
tion, and observables is for a normal distribution in M
variables,

1
P ) = e @)
xexp| —5 (x—m(1)"E() (c-m(1)|.  (61)

with the average (x), =m(t) and the (symmetric and
positive-definite) covariance matrix E(¢) defined by

Eij(1) = ((xi = mi()) (x; = m;(2))),. (62)

Here, the subscript 7' denotes transposition and det the
determinant. In this case, we can compute the rate of
Shannon entropy change ¢*V%(¢) = d,2%5(t) and the Fisher
information explicitly [41],

oV (f) = %dz In (det(8)) = %tr(E(z)-IE(t)), (63a)

1(1) = m()TE(t)"r(r) + %tr(E_l(t)E(t)E_l(t)E(t)),

(63b)

where #i2(¢) and E(¢) are the component-wise time deriv-
atives of the respective quantities and tr is the trace. A
normal distribution can arise from the solution of a Fokker-
Planck equation with linear drift coefficients,

O,P(x, 1) = =0y,(a;(x. 1) = By;(1)0,, ) P(x. 1),

i

with @ (x, ) = K;;(t)x; + k;(2), (64)

with a symmetric, positive-semidefinite matrix B, provided
that the initial distribution is normal,

1

o) = ey

1 _
x exp|—3 (x —mg) 25" (x —my)|. (65)

The mean and covariance matrix are then determined by the
differential equations

d,m;(t) = K;;(t)m;(1) + k;(t), (66a)
dZ;;(t) = Ky(1)8;(1) + K (1)Z(1)
+ (By;(1) + Bji(1)). (66b)
or, in matrix notation (using that B is symmetric),
A1) = K(t)m(1) + k(1) (67a)
E(r) = K(1)&(t) + E(t)K" () + 2B(r),  (67b)

with initial conditions m(0) = m, and E(0) = &,. These
equations allow us to write the Fisher information without
relying on time derivatives,

(1) = (Km + k)& (Km + k)
1
+ 5tr[(E.—lKE. + KT)?

+4B(E'K + K"E") + 4BE"'BE"'].  (68)

Obviously, any normal distribution is uniquely determined
by its mean and covariance matrix, and thus the latter two
quantities also specify the average of any observable R(x)
and its time evolution. However, how precisely the time
evolution of the mean and covariance matrix impact the
time evolution of (R),, i.e., the explicit expression of (R),
in terms of m and Z, is not obvious except in simple cases.
Nevertheless, from Eq. (1), we always have the bound

This bound is particularly instructive for a time-indepen-
dent covariance matrix E = 0, where the change in the
average of any observable, relative to its covariance matrix,
is always less than the respective quantity for the mean of
the distribution. In this sense, no observable can change
faster than the mean of the distribution. We further note a
result valid for any probability distribution, which depends
on time only via its mean m, and can thus be written as
P(x,t) = P(x —m(t)). For such a probability distribution,
the Fisher information is always larger than for a normal
distribution with the same mean and variance,

1(1) 2 Lo (1) = rin(1)E(1) v (1). (70)

Thus, a normal distribution minimizes the Fisher informa-
tion for pure translations. We give the proof of this result in
Appendix F. Note that the inequality (70) breaks down if
the variance or some higher cumulants depend on time.
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The speed limit in Eq. (1) also applies to the rate of
change of the Shannon entropy since o¥(t) =d, —
JdxIn(P(x,1))P(x,1) = — [dxIn (P(x,1))0,P(x.1),

(02(1))> < ((InP)?), = (In P))I(r).  (71)

For a normal distribution, this relation takes a particularly
simple form since, as we show in Appendix F, we have

(0 P2), ~ (nP)? = (72)

independent of the covariance matrix. For a normal dis-
tribution, we thus have the relation between Shannon
entropy and Fisher information,

(%(1))? <

M
—I(1). 73
0 (73)
Using I9%(T) — =%(0) = [ dto**() and applying the
Cauchy-Schwarz inequality, we obtain

| (E9(T) = (0))

T MC

(74)

Since we generally expect both C and X%* to scale linearly
with the number M of degrees of freedom, we can write it in
terms of the following speed limit for normal distributions:

75 &0

(75)

where I%* = X% /M and C=C/M are the Shannon
entropy and thermodynamic cost per degree of freedom.
This result has two interesting consequences: First, it
provides a speed limit in terms of the Shannon entropy
difference between initial and final states. Second, it
explicitly demonstrates that, at least in the case of a normal
distribution, this speed limit remains useful in the limit of a
macroscopic number of degrees of freedom, M > 1. We
stress that the latter statement is not self-evident: For the
case of the speed limit in Eq. (57), the numerator is
obviously bounded from above by z, the largest possible
arc length on the unit sphere. On the other hand, the
denominator scales as /M for independent degrees of
freedom since the Fisher information is additive in this
case. Thus, the right-hand side of Eq. (57) is typically of
order 1/ \/M and the bound becomes meaningless in the
macroscopic limit.

B. Brownian motion

The most basic example of a continuous-valued random
process is Brownian motion. Let us first consider the
classical case of an overdamped particle in a environment
at temperature 7', described by the diffusion equation

0,P(x.1) = —ud(Fo — kg TO)P(x.1),  (76)

or, equivalently, the overdamped Langevin equation

X(t) = uFo + \/2ukpTE(2), (77)

where F) is a constant bias force, 7 is the temperature, and
&(r) is Gaussian white noise. The solution of the diffusion
equation is straightforward,

1
V212D, + (M%) )

(x = (uFot + (x)0))*
202Dt + (Ax%)y) |

P(x,1)

X exp | — (78)

where (x), and (Ax?), are the initial average and variance
of the particle’s position at time t = 0. Here, we intro-
duced the diffusion coefficient D, given by the Einstein
relation D, = pukgT. As we only have 1 degree of free-
dom, the expression for the Fisher information, Eq. (63),
simplifies to

/,tzFé 1

"D (r+ B (8,

I(1) .
Ax 2
) 20+ 550

(79)

Both with and without bias, the Fisher information for
Brownian motion is a monotonously decaying function;
however, while for free Brownian motion the Fisher
information decays as 1/#, this process slows to a 1/t
decay in the presence of bias. In the latter case, even
though the Fisher information decreases, the time deriva-
tive of the average position d,(x), = uF, does not decay
to zero but remains constant. This case is not in contra-
diction with the speed limit in Eq. (1), which only
demands that the time derivative of (x), relative to the
fluctuations of x—which, in this case, increase with
time—should decrease along with the Fisher information.
For unbiased Brownian motion Fy = 0, the local mean
velocity and its time derivative are given by

V1) = g5y (= (o)
P 1) = =2 <ﬁ’m)z(x ~ ). (80)

The positive local mean velocity for x > (x), captures the
apparent flow away from the initial position due to the
diffusive motion. At the same time, the change in the local
mean velocity is negative, indicating that the flow slows
down over time as the distribution approaches the uniform
equilibrium state.
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C. Particle in a parabolic trap

As a second paradigmatic example, we consider a single
overdamped particle with position x(¢) in a parabolic trap

Ux. 1) = () (x = r(1)*/2,
P(x, 1) = p0(k(1)(x = (1)) + kT (1)0,) P(x, 1), (81)

or, equivalently, the Langevin equation

—r(t)) + \/2ukgT(1)&(r),  (82)

where k the spring constant and 7' the temperature. We
allow the spring constant, temperature, and equilibrium
position r(z) of the trap to change as a function of time.
Provided that the initial state is given by a normal
distribution with average (x), and variance (Ax?),, the
solution to this problem is the normal distribution

(1) = (1) (x(2)

1 (x—(x),)?
\/27r<Ax2>,exp{_ 2(Ax?), ] (83)

where the average and variance of the position obey the
following differential equations,

P(x,t) =

di{x), = —ur() ((x), = (1)), (84a)

d(Ax?), = =2 px(t)(Ax?), + 2ukpT(1).  (84b)
Again, for a single degree of freedom, the expression for
the Fisher information is immediate, from Eq. (63),

)

Here, the Fisher information (and thus the thermodynamic
cost C) consists of two positive terms: The first one is
nonzero if the variance changes as a function of time;
the second one is nonzero if the average position changes.
The average rates of change of Shannon ¢°¥%(¢) = d,2%5(¢)
and total entropy ¢''(7) = d,Z"°'(¢) (see Appendix C) are
given by

| (i),

(A x2>t .

(85)

. 1d,(Ax>

“suerii (s ()

In this case, the bound in Eq. (73) on the rate of change of
the Shannon entropy is obvious since we have (M = 1)

o (1) e 7 <;“2;) > (86)

t

) = %<CI<<M>Z> )

d,(Ax?), JIANY
(<Ax> ) _oen()2. (87)

1
2

A particularly instructive case with explicit time dependence
is when only the equilibrium position of the trap depends on
time. Assuming that the variance of the particle’s position
initially has its thermal equilibrium value, (Ax?)® = kg T/,
it remains at this value for all times, d,{Ax?), = 0. Then, the
probability distribution depends on time only via the average
position (x),, and we have

1(r) = 220 (88)

Comparing this to Eq. (1), we see that this satisfies the
equality condition for the speed limit,

[di(x),] = \/ (Ax?)0 (1). (89)

More generally, any normal distribution with a constant
covariance matrix is an explicit example of Eq. (3) and
satisfies the speed limit with equality.

On the other hand, the local change in Shannon and total
entropy, defined in Appendix C, is given by

S I e
1 d,(Ax?),
Al ) = T (2<<Ax2>>t o) d’<x>‘> '

(90)

The local change in Shannon entropy vanishes only if the
particle is located at the instantaneous average position
since this corresponds to the maximum of the probability
distribution, and thus a slight change of the particle’s
position will not change its Shannon entropy. On the other
hand, the local change in total entropy always vanishes
independent of the particle’s position if the system is
in an equilibrium state d,{x), = d,(Ax?), = 0. This result
reflects the fact that in an equilibrium system, the total
entropy production is zero not only on average but also for
every single trajectory. Using the equations of motion (84),
we can also write the Fisher information as

2K_ 2
1) =22 () - x(0) )+ (= 0y,

o1

Then, the time derivative of the Fisher information can be
calculated as
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2ud,(Ax*) 2 p(1)d,(x), .

w0+ =g )
+(z<d<>> 2ud<Ax>>k(,)

k(D) (Ax%),  (Ax?)
2

(di{Ax?),)?
(ax?)? (Ax?)?

d,1(1) =

20k ()

The first three terms depend explicitly on the time deriva-
tive of T, r, and «, respectively, while the last term is
negative and corresponds to the relaxational contribution in
Eq. (13). In particular, if the parameters 7, r, and « are
independent of time, then we have

x2 2 x 2
d(t) = —2ﬂkBT<(d’<<AAxQ>>3’) + (fszgz > <0, (93)

and the Fisher information decreases monotonically, as
predicted by Eq. (15). Finally, we note that for the particle
in a parabolic trap, the local mean velocity is

v(x,t) =d,(x), + (?Zig)

—x(r)) (= (). (94)

The first term is just the global average velocity, and the
second term encodes the local deviations around it. Note
that the local deviations only contribute if the variance of
the position is not equal to its (instantaneous) equilibrium
value (Ax?), = kgT(t)/x(t). Taking a time derivative, we
obtain the change in the local mean velocity [see Eq. (31)],

Het) = B0, + d, (%(? = () ) (6= ()
_ (ksT(1) < .
(a0t (95)

If only the equilibrium position of the trap depends on time,
(Ax?), = (Ax?)d = kgT/x, these expressions simplify to

vx,1) = vx.t)=di(x); (%)

i.e., the local mean velocity and its time derivative are
equal to the global average values of the velocity and the
acceleration. In this case, the decomposition of the time
derivative of the Fisher information in Eq. (13) also takes a
particularly simple form,

d(x),,

= (di{x),)?). (97)

The second term is the negative relaxational contribution,
whereas the first term depends on the change of the
equilibrium position of the trap. This form allows us to
state a condition for the Fisher information to increase with

time: The trap velocity i should be in the same direction as
the average particle velocity but of larger magnitude.
Physically, this case corresponds to accelerating the trap.
If we move the trap in a periodic manner such that
I(z) = 1(0), where 7 is the period of the driving, then
we can use Eq. (35) together with Egs. (84) and (96) to
obtain the constraint

/0 "dr (1) = #1)d,(x),) > 0. (98)

On the other hand, we have, from integrating Eq. (97) over
one period,

/ “dr(d (), = () dx)) = 0. (99)

0

Combining these two results, we obtain

[Farier > [Faran,,

which implies that the amplitude of the motion of the trap
always exceeds the amplitude of the particle’s motion,
independent of the driving protocol.

The above calculation can also be done for an under-
damped particle with position x(7) and velocity v(7),

(100)

0,P(x,v,t) = (—v0, + % (x=r(2))0,

+1, <v + M@) VP(x, v, 1),
m m
(101)

with the associated equations of motion for the moments

di{o), = =L (), == (), = (1),
d,(Ax?), = 2{AxAv),,
d,(AxAv), = —— (AxAv), — % (AX?), + (Av?),,
d,(Av?), = — L (A%, - 2’:”1) (AxAv), + 2yk:12T(t)
(102)

Here, the friction coefficient y is related to the mobility by
y =u~'. Note that the overdamped case is obtained
by taking the limit of vanishing particle mass m — 0. In
this case, the solution of the equations is already quite
involved, and we refrain from writing down the cumber-
some expression for the Fisher information, which can be

obtained from Eq. (63). However, in this case, since we
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FIG. 3. Time dependence of the evolution speed v;(t) = /1(¢)

of the joint distribution (black line) and the marginal x distribu-
tion (orange line) for an underdamped particle in a parabolic trap
for m =1 (top panel) and m = 1/10 (bottom panel). The
remaining parameters are given by kg7 =2, y =1, k=1,
r=20, and the system is initially in the equilibrium state
corresponding to k =4 and r = 2.

have 2 degrees of freedom, the case where T, r, and k do not
depend on time already offers some interesting insights.
In this case, we observe a relaxation from the initial state to
the equilibrium state with (x)oq = 7, (v)eq = 0, (Ax?)q =
T/x, (AxAv)., = 0, and (Av?)., = T/m. For a nonequili-
brium initial condition corresponding to a potential with
k > k and 7 # r, the speed v; of the relaxation process is
shown in Fig. 3. While the overall speed v; decays
monotonically, as predicted by Eq. (15), the speed v;,
of the evolution of the marginal position distribution P(x, ¢)
exhibits a nonmonotonic behavior. Note that we also have
v, < vp; i.e., eliminating the velocity reduces the evolu-
tion speed of the probability density. As the system
approaches the overdamped limit of vanishing mass (bot-
tom panel), the maximum in the speed of the marginal
distribution moves to shorter times, and we recover the
monotonic behavior of the overdamped system for times
longer than the typical relaxation time of the velocity, m/y.
As an example of the speed limit in Eq. (1), we show the

time derivatives of the average position and velocity
relative to their variances (green lines in Fig. 3). We
observe that while both x and v obey the bound set by
vy, only the position x obeys the tighter bound set by vy ,.

VII. DETECTION OF HIDDEN STATES

To demonstrate how the Fisher information can be used
as a tool to reveal hidden states, we study two simple
Markov jump models. The first model can be considered as
a minimal model for sensory adaptation [11,42-45]. The
purpose of such models is to understand how biological
sensor systems can adapt to their environmental conditions,
i.e., react to changes in an external stimulus while returning
to an inactive state at a constant stimulus. The model
discussed in Ref. [43] consists of four states, which are
decomposed into an activity (a) and a memory (m) degree
of freedom, both of which can take a value of O or 1 and
which correspond to the output of the sensor system and an
internal state, respectively. The system reacts to its envi-
ronment by changing the values of the transition rates
between these four states depending on an external stimulus
(e). The rates are parametrized as

tl

W (e) = a, e~/ (Flame~F(dme)
=w

we . (e) e~ P/ (Flame)=Flan'e)) (103)
where W, denotes the transition rate between states with
different activity at fixed memory and vice versa. All other
rates (i.e., those where both a and m change simultane-
ously) are assumed to be zero. Here, @, and w,, are the bare
transition rates, f# = 1/(kgT) is the inverse temperature,
and the free energy function F is defined as
F(a,m,e) = |e —m|(A, +|e—ald,), (104)
with the energy penalties A, and A, for mistracking the
input signal. In this case, we treat the memory as a hidden
degree of freedom; i.e., we assume that we can only observe
the output of the sensor system in an experiment. We then
want to use the monotonicity of the Fisher information to
predict the existence of the memory from only a measure-
ment of the activity. We denote the probability of finding
the system in state (a, m) by P, ,,. Then, the probability of
finding a certain value for the activity is P, = > ,,_ | Pam»
and the corresponding Fisher information is defined as

(105)
a=0,1

Following Ref. [43], we choose w, = 5, ®,, = 1 (such that
w, > w,,) and A, = A, = In 100. We further initialize
the system in the steady state corresponding to e = 0, i.e.,
without an external stimulus. Then, we switch on the
stimulus (e = 1) and observe the change in the occupation
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t

FIG. 4. The Fisher information of all states (black lines) and of
only the activity (orange lines) for the sensory adaptation model;
the solid lines are the result of Monte Carlo simulations (5 x 10*
samples), and the dashed lines are obtained by solving the master
equation corresponding to Eq. (103) directly. While the total
Fisher information decays monotonically, the partial Fisher
information of only the activity states exhibits a nonmonotonic
behavior.

probabilities P, ,. As shown in Fig. 4, the Fisher infor-
mation corresponding to the entire state space decays
monotonically as predicted by Eq. (15). However, when
we observe only the occupation probabilities of the activity
states, the corresponding Fisher information (105) shows a
nonmonotonic behavior, clearly indicating the presence of
the hidden memory states.

As our second example, we imagine a small machine
(e.g., a molecular motor) that can move between N sites
on a one-dimensional chain, which are indexed by i.

Ta Ta
2 2
LN ] r*(l—s) r*s LN )
rp(1—q) T84
Position !

FIG. 5.

For simplicity, we only allow moves to neighboring sites,
ie., from i to i + 1 or i — 1. We further assume that the
machine has two internal states. One is an inactive state «,
in which the transition rates to the left and right are small
and symmetric (e.g., driven by thermal noise), W¢, , ; =

¢ ,; = r%/2. The other state § is an active state, where the

rates of right and left moves are different, W{.j i ="4q.

Wf_l’i = rP(1 — q), where the parameter 0 < g < 1 deter-
mines the asymmetry between the rates. Finally, the rate of
change of the internal state is 7*s from « to § and r*(1 — s)
from f to a, with 0 < s < 1. This system is sketched in
Fig. 5. We note that similar, albeit more detailed, models
have been used to study the energetics of actual molecular
motors [46]; in this case, i corresponds to the position of the
motor, whereas the internal state represents different
chemical states. Denoting the probability to be at site i
in state @ at time ¢ as P¢(), the evolution of these

probabilities is given by the master equations

1 1
api = (3P + 5P - 71

2 2
+r((1 = s)P! — sP%), (106a)
diP} = (P, + (1 - q)Pl,, - P))
+ 7 (sP% — (1 = 5)P). (106b)

We consider the situation where the position of the
machine is the observable, while its internal state cannot be
directly observed and thus constitutes a hidden degree of

-4
1.x1075 2 6 8 10 12 14

A sketch of the Markov-jump model in Eq. (106) (left diagram) and the corresponding behavior of the Fisher information

(right diagram) for r* = 0.1. The solid lines are the results of Monte Carlo simulations (2 x 10° samples), and the dashed lines are the
solution of the master equation (106). In both cases, we consider a model with N = 3 states, extended to N* = 6 states by observing the

number of rotations modulo 2. As discussed in Sec. IIl and Appendix D, the Fisher information of the detailed probabilities P§ and Pf ,
taking into account both the sites and the internal state, is a monotonically decreasing function of time (black lines). By contrast,
projecting the dynamics onto only the sites yields a nonmonotonic behavior of the corresponding Fisher information (orange lines).
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freedom. The total (observable) probability to be at site i is

P; = P? + Pf . The question we wish to answer is whether,
by observing only the position and thus P;, we can draw
any conclusions about the presence of the hidden internal
states of the machine. Under periodic boundary conditions,
i.e., identifying the sites N + 1 and 1, respectively, N and 0,
with each other, a straightforward calculation shows that in
the steady state, the probabilities are given by z; = 1/N,
and we have a current J = (2¢ — 1)sr/N flowing between
any two sites 7 and i + 1. However, neither of these steady-
state quantities necessarily indicates the presence of the
internal states since the effective master equation

dP;=srP(qPi_y + (1 - q)Pisy — P)) (107)

with no internal states leads to the same probabilities and
current in the steady state. However, the time evolution
resulting from Eqs. (106) and (107), starting from an
arbitrary initial state, is generally different. In particular,
the Fisher information Iy, = > ¥ ,(d,In P;)?P; obtained
from observing only the occupation probabilities of the
sites is a monotonically decreasing function for the effec-
tive equation (107) (see Appendix D). By contrast, for
Eq. (106), the evolution of P; generally depends on the
internal state, and the Fisher information may exhibit a
nonmonotonic behavior. The time derivative of I, is
explicitly given by

dlgee = Z [((r“ = )& &) =P (2q = 1) (k] — &)
=2(r(2s = 1)+ r* = )y

= a4 6)?)

= P(1=2)(q(&)? + (1 = q)(k7)*) | P, (108)
where we defined ®; = —In(P;), k& = In(P;1;/P;) and
xi=P¢/P; and ® denotes a time derivative. Since
0 < y; < 1, the two terms in the second line are negative;
they describe the relaxation of the site occupation proba-
bility towards a uniform probability. By contrast, the terms
in the first line can be positive or negative. Importantly, they
are nonzero only if the ratio y; = P¢/P; changes in time,
i.e., if the relative probability to be in state a at site i
changes. This case is equivalent to the condition formulated
in Sec. III that the conditional probability of the hidden
degrees of freedom should change with time. As a concrete
example, we take a periodic chain consisting of N = 3 sites
and set s =1/2, r*=0.1, ¥ =1, and g = 0.99. This
example corresponds to a situation where the transitions
between the internal states are symmetric, and the dynamics
are slow in the inactive state and, by contrast, fast and
highly directed in the active state. Since we consider the
internal states to be hidden, we assume that we do not have

any control over their initial preparation. Thus, we take the
machine to be initially in the steady state of the dynamics,
Eq. (106). However, in this case, we obviously have
d,P¥=0 and thus I(7) = I.(¢) = 0. In order to have a
nontrivial time evolution, we artificially extend the state
space to N* = 6 sites; i.e., we consider Eq. (108) with
N* = 6 and an initial state corresponding to the steady-state
occupation of the N = 3 case. In practice, this process can
be done by not only observing the occupation probability of
each site but also the number of “rotations” of the motor:
This number increases by 1 when a jump from site 3 to the
right is observed and decreases by 1 upon a jump from site
1 to the left. Then P;, P,, and P; are the probabilities of
being at sites 1, 2, and 3 and having performed an even
number of (or zero) rotations, while P,, Ps, and P4 are the
probabilities of being at sites 1, 2, and 3 and having
performed an odd number of rotations. As shown in Fig. 5,
we indeed find that /. is a nonmonotonic function of time.
Thus, by observing only the occupation probabilities of the
sites and computing the corresponding Fisher information,
we can infer the presence of hidden states in the system.
While we need good statistics in order to observe the
nonmonotonic behavior (in the present case, at least 10°
samples), this should not present a problem in practice
since we do not require a specific initial preparation but can
start from the steady state of the dynamics, allowing for
easy repetition of the experiment. We remark that whether
the Fisher information actually exhibits a nonmonotonic
behavior is sensitive to the parameters of the system and its
initial preparation. For example, for the parameters and
initial state given above, we only observe an increase of the
Fisher information for r* < 0.31, i.e., if the transitions
between the internal states are sufficiently slow.

While the above model is a simplified idealization of a
molecular motor, related models have been successfully
employed to model actual biological examples [47-50]. In
particular, the probability density of such systems can be
measured with good accuracy [49], and the existence of
hidden states is known in some cases [51]. Since our
method does not require any model for the dynamics, it
may be useful as a straightforward way to test for the
presence of hidden states using only the experimental data.

VIII. DISCUSSION

The speed limit in Eq. (1) on the time evolution of the
average of a fluctuating observable shows that the behavior
of measurable observables (averages and fluctuations) is
governed by the information-theoretic concept of Fisher
information. A similar connection between the Fisher
information and the family of thermodynamic uncertainty
relations was recently obtained in Refs. [52,53]. Such a
connection can potentially be exploited in several ways. If
the underlying probability distribution and the correspond-
ing Fisher information are not known, then we can obtain a
lower bound in terms of measurable quantities. Since the
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lower bound is guaranteed to hold for all observables, we
may also compare the bounds obtained by measuring
different observables in order to find the observable that
contains the most information about the time evolution of
the probability density.

On the other hand, if we have a theoretical model for a
particular physical system, then the speed limit can serve as
a test for the validity of the model: If we find that the
observed time evolution of any observable exceeds the
Fisher information bound predicted by the theoretical
model, then this observation is a sure indication that crucial
information about the system is missing in the model. For
systems without explicit time dependence, the monotonic
decay of the Fisher information provides even stricter
restrictions on the type of models that can describe a given
system. Finally, if the Fisher information itself is known,
then the speed limit imposes a regularity condition on the
system in the sense that it limits the rate of change of any
conceivable observable.

We remark that trade-off relations between speed,
accuracy, and the cost of driving the system have been
observed in many contexts, both theoretically and exper-
imentally [15,42,54,55]. The speed limit in Eq. (1) shows
that such trade-off-relations exist independently of the
precise nature of the stochastic dynamics and are a
consequence of information-theoretic bounds. This case
reinforces the insight that the information content of a
physical system has measurable consequences and that
information theory can be a useful tool to characterize the
properties of the system.
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APPENDIX A: EFFICIENT STATISTICS FOR
TIME EVOLUTION

In Sec. II, we posed the question of what probability
density gives rise to equality in Eq. (1). To answer this
question, we briefly review the derivation of the Cramér-
Rao bound for the pertinent case. For some observable
r(x), we can write the time derivative of its average as

d,(r), = / dx r(x),P(x. 1
— [@x () = D)o (PP (D)

where we used that the average of 0, In (P(x, t)) is zero due
to conservation of probability. Taking the square and
applying the Cauchy-Schwarz inequality, we obtain

(d(r),)* < ((r=(r))*).1 (). (A2)
This formula is the Cramér-Rao bound, which is the square

of Eq. (1). Now, in order to have equality in the Cauchy-
Schwarz inequality,

(fo)f < (£)i{9)r. (A3)
either one of the functions is constant (we ignore this trivial
case) or the two functions are linearly dependent,

f(x) = ag(x). (A4)

Thus, in order to obtain equality in Eq. (A2), we must have

9, In (P(x, 1)) = a(t)(r(x) = (r),). (AS)
This result constitutes a differential equation for P(x, r)
with respect to time, whose solution is

P(x.1) = eJo#eO0@=00p ) (A6)

Defining A(#) = [¢ ds a(s) and using the fact that P(x, 1)
has to be normalized, we can also write this formula as

with the boundary condition A(0) =0, where (...),
denotes an average with respect to the initial probability
density Py(x). All the information about the time evolution
of the probability density is encoded in the constant A(7).
Since we have

(A8)

we can infer the time evolution of the probability density by
measuring the average and variance of the observable r. In
that sense, while r is not a sufficient statistic of P(x,1)
[since we cannot generally infer Py(x) from the knowledge
of only r], the time evolution of r contains all the
information about the time evolution of P(x,1); i.e., r is
an efficient statistic saturating the Cramér-Rao bound [56].
Explicitly, we can write
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P(x,1)
_emwwmpw]P@
(explfyds B (o)),
expl(y — e+ o ds gk doIn ((Ar%),)r(x)]
{expl( =+ fids (s dyn ((AP))r(x)]),
x Py(x), A9)

which makes the dependence of the probability density on
the average and variance of r explicit. If the variance of r is
independent of time, then this formula simplifies to

[M]
(ar?)
[(<r>1zA(rrzo>)f(x)]>

exp

P(x,1) = Py(x). (A10)

(exp o

As an example of a Fokker-Planck dynamics that explicitly
realizes the above probability distribution, we consider an
overdamped particle in a parabolic trap with spring con-
stant k, centered at the time-dependent position a(z),

0.P(x,1) = p0,(k(x —a(r)) + kgTO,)P(x,t). (All)

If the variance of the particle’s position initially has the
equilibrium value (Ax?)., = T/k, then it will remain
constant in time. Since the force is linear in x, the
distribution is further Gaussian and can be written as

P(‘x’ l) R e_[(X—<X>,)2/2<Ax2>eq]

1
\/27m(AX?) o
)

= el(()=(x)0)x/ (Ax?)eq] o={[((x))*=((x)0)*]/ (Ax?) e}

1
X —_—
\/2m(AX?)
((X<>,—<J>€>o)x}
Ax?),
= . Py(x),

(ol ),

which is precisely of the form Eq. (A10) with r(x) = x. We
thus have equality in Eq. (1),

\d,(x),|
(AX%)eq

o002 /2(A02), ]

(A12)

= v, (1). (A13)

APPENDIX B: FISHER INFORMATION AND
STOCHASTIC HEAT

One of the ambiguities of stochastic thermodynamics is
that the stochastic definition of heat and work is not unique
in the sense that only their averages are constrained by

thermodynamics. This feature allows for different defini-
tions of, e.g., heat, which all have the same average yet
differ in terms of their fluctuations. The classical definition
of stochastic heat flow in overdamped systems is [19,20]

Q1) = ~f(x(1). 1) 0 (1),

where o denotes the Stratonovich product, which satisfies
the first law of thermodynamics, d,U (x(1)) = Q(1) + W(1),
for single trajectories. Because of the discontinuous nature
of Brownian trajectories, while this definition yields the

correct average heat flow (Q), between the system and the
heat bath on average, its variance is formally infinite,

(B1)

(AQ?), = co. However, instead of measuring the instanta-
neous velocity x () of a particle, we may also measure the
average velocity at its instantaneous position x(¢), which is
given by the local mean velocity v(x(¢), ¢), and define the
heat flow in terms of the latter,

Qmean(t) — _f(x([), [) . l/(x([)7 t>’

[3R1)

(B2)

where the is an ordinary scalar product. This quantity
may be regarded as a “local mean heat” in the sense that it is

the average of Q with respect to the conditional probability
density P(x, t + dt|x(z), 7). It has the same average as O(1);
however, its variance is finite. Another possible definition
of heat in terms of the local mean velocity is

'Qentr(t) _ —l/(x(l‘), [)Tﬂ_ll/(x([)7 t) =+ kBTV . V(x(t), t).
(B3)

Taking the average, we obtain, after some calculus,

(Q7), = ke T(A"\(1) = o™(1)).  (B4)
where ¢%¥5(1) = =0, [ dx In (P(x,1))P(x,1) is the rate of
Shannon entropy production. This definition corresponds
to interpreting heat as the entropy increase of the environ-
ment, and, like Eq. (B2), its variance is finite. While
Egs. (B1)—(B3) all have the same ensemble average and
thus yield the correct average heat flow, their stochastic
definitions probe different aspects of the dynamics.
Equation (B1) can be evaluated for a single trajectory
knowing only the force, but it depends on both x(¢) and
x(1), leading to divergent fluctuations. On the other hand,
Eq. (B2) depends only on the position of the particle, but it
includes information about both the individual trajectory
and the local mean velocity of the ensemble. Finally,
Eq. (B3), including the gradient of the local mean velocity,
requires even more detailed statistics, but it can, in
principle, be evaluated without explicit knowledge of the
force. Importantly, while Eqgs. (B2) and (B3) have the same
ensemble average and finite fluctuations, their fluctuations
differ. Indeed, a straightforward calculation yields
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I(t) = Q™" = Q™)) (B5)
Similar to Eq. (23), the Fisher information can be expressed
as power fluctuations; however, in general, this power is not
simply the input power but rather the difference between

different definitions of the stochastic heat flow.

APPENDIX C: THERMODYNAMIC COST FOR
FOKKER-PLANCK DYNAMICS

In Ref. [21], the justification for referring to the quantity
C as a thermodynamic cost was provided by relating it to
the entropy change upon the system transitioning between
two discrete states x and x’. To provide the analogue for the
case when the system is described by a set of continuous
variables, we first note that the Fokker-Planck equation (6)
for the probability density is equivalent to the stochastic
evolution of the state x(¢) of the system described by the
Langevin equation [57]
dx(t) = a(x(t), t)dt + \/2B(x(¢),1) - dW(t), (C1)
where /B refers to the unique positive-semidefinite
principal square root of the symmetric and positive-
semidefinite matrix B. Note that W is a vector of mutually
uncorrelated Wiener processes and the dot denotes the Itd
product. We remark that the form of Eq. (C1) is more
general than Eq. (5), which is obtained by setting a = uf
and B = uT. We describe the stochastic Shannon entropy
(or generalized potential) as

—InP(x(1), 1),

with (®%%), = S%5(¢). We rewrite the Fokker-Planck equa-
tion (6) as a continuity equation in terms of the probability
current j(x, t),

P¥(1) = (C2)

0,P(x,t) = =Vj(x,1)
Jjx,t) = (a(x,t) = VB(x,1))P(x, 1),

where we define the operator VB = 0, B;;. Using Ito’s

with
(C3)

Lemma, we have, for the differential of ®%%,

dD™S(1) = 8, In P(x(t). £)dt — VIn P(x(1). 1) - dx(r)

—B(x,1)VVInP(x, 1), (C4)

where by BVV we mean the operator B;;0, 0,;. We can
equivalently write this equation using the Stratonovich
product o,

d®s(t) = =0, In P(x(1),t)dt — VIn P(x(1), t) o dx(1).
(C5)

The first term describes the change in Shannon entropy in a
fixed state x due to the change in the ensemble probability

P(x, t) to be in state x. We interpret this term as a global (in
the sense of ensemble) contribution; note that because of
conservation of probability, this term always vanishes, on
average. On the other hand, the second, local, contribution
describes the change in Shannon entropy due to a change in
state from x to x’ = x + dx; this corresponds to the change
in Shannon entropy due to a transition Ac’", of a Markov
jump process, as defined in Ref. [21]. In analogy to
Ref. [21], we thus interpret
AT (x, 1) =

loc

—ViInP(x,1) (Co)

as the local change in Shannon entropy, which is related to
the change in average Shannon entropy via

AL = (AT o dx) = / dx AT (x, 1)j(x, )dt.

loc

(C7)

Using this definition and integrating by parts, it is then easy
to show that

—(0,AZY 0%

loc

/dxj (x,1)0,A%: (x, 1)

loc

:/dxj(x, 1)VO,In P(x, 1)
—/dxa,lnP(x, 1)Vj(x,1)

/dx(') InP(x,1)0,P(x,t) = <Zj> ,
(C8)

in analogy to Eq. (37) of Ref. [21]. For a diagonal diffusion

matrix B;; = B;6;;, with B; > 0, we can further write the

change in total entropy as follows [33,34],

AP (1)
domed (1) =

= dOYS(1) + dO™ (1), with
(Bi(x(1), 1))~ (a;(x (1), 1)
— 0, B;(x(1),1)) o dx;(t).

Defining the local change in medium entropy and total
entropy,

(€9)

AT (x, 1) = (a(x, 1) = b'(x,1))B~ (x,1),

AZO (x, 1) = AZI(x, 1) + AT (x. 1),

loc loc

(C10)

with the vector bj(x,t) = 0, B;(x, ), we thus have, for the
average change in total entropy [34],

dztot — <(A2med + AESyS) ° dx)

loc loc

Yx, t)j(x, 1)

/dx“ x1)

di.  (CI1)

021056-20



STOCHASTIC TIME EVOLUTION, INFORMATION GEOMETRY...

PHYS. REV. X 10, 021056 (2020)

This result further allows us to write

ds)) 2 .
(—S> — ((0,AZPd — 9,AZY!) o),

dt loc loc (C 1 2)

again in analogy to the identification made in Ref. [21].

APPENDIX D: MONOTONICITY OF
FISHER INFORMATION

Here, we prove the decomposition of the Fisher infor-
mation given in Eq. (13), for the specific cases of Fokker-
Planck and Markov jump dynamics. We now assume that
P(x, 1) describes the time evolution of a diffusive dynam-
ics, i.e., is the solution of the Fokker-Planck equation
corresponding to Eq. (C1) [57],

0,P(x,t) = G(x,1)P(x,t) with

G(x,1) = =0, (a;(x,1) — 0, B;(x.1)),  (D1)
where a sum over repeated indices is implied. Here, a(x, 1)
is a drift vector, and B(x, t) is a symmetric and positive-
semidefinite diffusion matrix, i.e.,

U,-Bl»j(x, t)’U] > 0, (DZ)
for an arbitrary vector v and for all x and ¢. Note that this
form includes Eq. (6) as a special case for a; = p;;f; and
B;; = kgTu;;. The Fokker-Planck operator G is the gen-
erator of the dynamics. We further introduce the adjoint of
the generator,

G'(x, 1) = (a;(x.1) + Bj;(x, 1)0y,)0s,, (D3)

which satisfies
/dxfgg = /dx gG' f (D4a)
G'f* =2fG' f +2[0,,f]Bi;[0,,f] (D4b)

for suitable (smooth and integrable) functions f(x,7) and
g(x,t). For such a dynamics, we consider the time
derivative of the Fisher information

ai) = [ a2POPIORZ IO )

with the convention that derivatives inside square brackets
do not act on terms outside the brackets. Here and in the
following, we omit the arguments of the respective func-
tions for brevity. We write the second time derivative of the
probability density as 9?P = 9,GP = GP + GO,P, where
we introduce the time derivative of the Fokker-Planck
operator,

Gx, 1) = =0, ([0,a;(x, )] - 0, [0,B;(x,0)]).  (D6)

Defining the generalized potential ®(x, t) = —In (P(x, 1)),
which can be identified as a stochastic Shannon entropy in
the sense that the Shannon entropy is the average of @,

IV = — [dx In(P)P = (®),, we can write, for the time
derivative of the Fisher information,

d1()+2 / dx [0,D)GP
_ / dx (2[0,41G*P + [0,02GP)
__ / dx (2[GP)[G'0,9] + P[G! (9,0)%])
_— / dx ([GP)[G'9,®] + P[0,®][G"0,®)]
+ P[0, 0,0]B,,(0,,0,))
— 2 / dx [0,,0,®]B;[0,,0,®|P
- / dx([GP] + P[0,®])[G'0,®].

From the definition of ®, we have PO,® = —0,P = —GP,
such that the last term vanishes. We thus arrive at

d 1(1) = =2([G'0,®]), -2((0,,0,®]B;;[0,,0,®]),, (D7)
—_————
dr[drv([) dtlrel<t)
with the operator
G'(x,1) = ([0,a;(x, 1)] + [0,B;(x, 1)), )0y, (D8)

This result is precisely the decomposition in Eq. (13).

Next, consider a Markov jump process on a set of M
discrete states defined by the (generally time-dependent)
transition rates W;;(¢) >0 from state j to state i and
occupation probabilities p;(¢) of state i. The time evolution
of the occupation probabilities is governed by the Master
equation [58]

d,pi(t) = Z(Wij(t)pj(t) - W;i(t)pi(1))

= Zgij(t)pj(t)’ (D9)
J
where we define the matrix-valued generator G(¢),
Gij(1) = Wy;(1) — 5ijzwki(f)~ (D10)
k

In analogy to the continuous case, the (temporal) Fisher
information is given in terms of the time derivative of the
occupation probability [21],
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_ (dzpi(t))z
0= Z,: pi(t)

The time derivative of the Fisher information is then

d1(t) = Zzl’i(f) [d,pi()][d? pi(1)] = [d,p:(1)]?

i pi(t)z

or in terms of the generator,

a10) = 37 (204,10 (014 320500 - [ P3G 01,0

J

= 23" [d, I py(1))G

)+ 3 (ldn

(D11)
= 2(2[% Inpi(1)][d? pi(1)] = [d, In p;(1)]*[d,pi(1)]),  (D12)
01G;(0)ld, In p;(1)] = [d, In p;(1)]*Gi;(1)) p;(r),  (D13)

where we introduced the time derivative of the generator G (t). We define a; = d, In p,(t), in terms of which we can rewrite

the above as

dil ()

ij

(D14)

We now plug the explicit definition (D10) of the generator into the second term,

Z(zaigijajpj - azzgijpj) =

ij

Z( (2gl] j aigij)pj)

_ ;(ai (2 (Wij(t) - 5ijzk:Wki(t))aJ

(vn-sw))

= Z(zaiwijajpj —a;Wip;) = Z(za%piwki —a;piWy)

Z 2a;Wija;p; — aZW,-jp,

:_Z( a; - a;)?

Wiip;i)

where we renamed the summation indices in the last term from (i, k) to (J,
transition rates and occupation probabilities are positive, W;;

arrive at

d,1(r) = —2[d,®(t

dldrv( )

l]—

Z(d @, (

ik

W,]a] Pj)

(D15)

i) in the second-to-last step. Since both the
> 0 and p; > 0, this term is evidently negative. We thus

—d,®;(1))*W;(1)p;(1), (D16)

where, in analogy to the continuous case, we introduced the
vector of state-dependent Shannon entropy @® defined by
®; = —Inp,. As in Eq. (D7), the time derivative of the
Fisher information decomposes into a driving term involv-
ing the explicit time dependence of the generator and a
negative-semidefinite term, which describes relaxation
towards the instantaneous steady state. If the transition
rates do not depend explicitly on time, d,W;; = 0, then, just

dt[rc]<t)

as in the case of Fokker-Planck dynamics, the Fisher
information decreases monotonically in time,

dtl(t) = dtIrd(t) <0, (D17)

in complete analogy to Eq. (15). We remark that the same
result holds for a mixed process,

021056-22



STOCHASTIC TIME EVOLUTION, INFORMATION GEOMETRY...

PHYS. REV. X 10, 021056 (2020)

9,P(x,1) = =0, (af (x) = Oy, B;(x))P*(x, 1)
+ ) (WH )P (x, 1) = W (x) PE(x. 1)),

(D18)

i.e., a Fokker-Planck dynamics with additional discrete
states labeled by k and a state-dependent drift vector and
diffusion matrix, since the generator is the sum of a
diffusion and jump part, to which the arguments leading
to Egs. (15) and (D17) can be applied separately.

APPENDIX E: MINIMAL-COST
PROBABILITY DENSITY

Let us consider two particular values 6y, 6, of a
parameter and the corresponding probability densities
P(x) = P(x,0,) and P’(x) = P(x,6,). Note that there
is an infinite number of possible parametrized probability
densities satisfying these conditions; e.g., we may have two
probability densities P(x, @) and P(x, ) that coincide at 6,
and 6, but are different otherwise. Each of these possible
choices has an associated statistical length and action
defined by Egs. (45) and (48),

£(6,.6,) /de\// (agpxe |
0,

A de/dx(a”Px 4 )2 (E1)

927 01

where we assumed 0, > 6, without loss of generality. Note
that for different P and P, the length and cost are also
generally different. However, there exists a unique choice
P*(x, ) that simultaneously minimizes the length and cost.
To see this case, we first minimize the cost C with respect to
P(x,0). In order to simplify the notation, we reparametrize
0(q) = 0,q + 6,(1 — q) with g € [0, 1]. Using this nota-
tion, we can write the length and cost as

£<92,91>=/1dq\//de,

—91)/ /dx(apxq - (E2)

with P(x,q) = P(x,0(g)). We now want to minimize C
with respect to P(x, ¢), under the condition that P(x, g) is a
well-defined probability density, i.e., P(x,g) >0 and
J dxP(x,q) = 1. Introducing the Lagrange multiplier a,
we thus have to minimize the auxiliary functional

C(6,.0,)

F¢[P,0,P]

— A ldqu[P, 9,P(q)
Equ< “(/dxp_l>>’
(E3)

where the factor 4 in front of « is included for later
notational convenience. The corresponding Euler-Lagrange
equation reads

(0,P)* 0P

anC - dqaaqpfc - P - 2— - 4 0 (E4)

Since P(x, g) > 0, we can write this equation as
(8,P)> = 2P&2P — 4aP? = 0, (ES)

which has the general solution

P(x.q) = f(x) cos (Va(gq — g(x))*. (E6)

The functions f(x) and g(x), as well as the value of a, are
fixed by the boundary conditions P(x,0) = P%(x) and

P(x,1) = P’(x) and the normalization. The final result for
P*(x, g), minimizing the cost, reads

_1_017%)2(&11(2(1— )) Pax)
+ sin<%q> P”(x)>2,
with A = 2arccos ( / dx,/Pa(x)Pb(x)). (E7)

Jdx (0,P*(x.q))*/

P*(x,q)

For this choice, we have I*(q) =

P*(x,q) = A? and thus the minimal cost and statistical
length
A2
Cf=ri—-, L= A. ES8
2(0, - 01) (E8)

In hindsight, it is obvious that C is minimized by a
probability density that yields constant Fisher information
since the former is defined as C = fe,z do 1(0). The same is
true for the length £, which is thus also minimized by P*.
We note that, in analogy to the discussion in Ref. [21], the
choice P*(x, g) is the geodesic curve connecting P*(x) and
P?(x); however, the geometric analogy is now less intuitive
since the underlying space is infinite dimensional. Since
P*(x,q) yields the minimal length between P¢ and P’
for a normalized probability density, we can interpret £L* =
A as the arc length between P and P’ on the infinite-
dimensional unit sphere.
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Since C* is the minimal cost, any other normalized

probability density P(x, ¢) results in a larger cost C > C*. In
particular, for a simple linear interpolation

P(x.q) = P’(x)q + P*(x)(1 - q). (E9)

which is positive and normalized, we obtain the cost

Pb
dx (P" — P%)1
s/ <= (5)

N m (DL (P[|P*) + Dy (P[|P))

1
0, — 6,

C(0,.0,)

= D (PP, P, (E10)
where we defined the symmetrized Kullback-Leibler diver-
gence or relative entropy. Thus, we obtain the lower bound
on the latter,

Dip (P". PY) >2arccos</dx\/ﬁ> (E11)

Applying the above discussion to the time evolution of a
stochastic dynamics 6 = t, we fix the initial and final states
of the system, P(x,0) = Pi(x) and P(x,7 ) = P'(x). The
optimal time evolution between these two states is given by
Eq. (E7), with s = t/7T . Since this evolution results in £L* =
A and C* = A%/(27), we obtain a lower bound on the
thermodynamic cost of the evolution from the initial to the
final state [21],

A2 i
C> 57 with A = 2 arccos </alx Pl(x)Pf(x)>-

(E12)

Thus, the minimal thermodynamic cost is given by the
square of the shortest distance between the initial and final
states, divided by the evolution time. This case shows that,
in particular, a faster evolution is generally associated with
a larger thermodynamic cost; furthermore, zero cost is only
realizable in the quasistatic limit where the time evolution is
infinitely slow.

APPENDIX F: SHANNON ENTROPY AND
FISHER INFORMATION FOR NORMAL
DISTRIBUTIONS

We consider a multivariate normal distribution

1
Q2n)" det(8)

1 .
—5 & -wE x—p))|.

P() = exp| 5

(F1)

where M denotes the dimension of x, Z is the (positive-
definite and symmetric) covariance matrix defined by

By = (i = wa) (xj = j)), (F2)

and pu is the average of x. We want to compute the variance
of the logarithm of P,

A ={(InP)?) — (In P)%. (F3)

By definition, we have

In(P(x)) = —% (M1n(27) + In(det ")

+ (x —p)"E7 N (x — ). (F4)

Since the first two terms are independent of x, they do not
contribute to the variance, and we thus have

Ay = ([l =)= (=) (=) =

The average in the second term is readily computed,

(=B (x =) = ((xi = ) (BT (x) = 1))
= (B (O = i) (x; — 1)
= (E™),.E; (F6)

ij=j»

where summation over repeated indices is implied. Since
the covariance matrix is symmetric, this formula is equal to

(e —p)E (x -

For the first term, on the other hand, we have

(e =w)TE (x—p))?)
= ((; = p) (B (o = ) (xi
= (E_l)ij(E_l)kl<(xi —ui)(x; =

— ) (B (xp = )
ﬂj) (k= pie) (% = 1))
(F8)

We now apply Isserli’s theorem for higher-order moments
of normal random variables,

<(x'—ﬂi)(x' )(xk—ﬂk)(xk—ﬂk)>
= BijBu + EuBj + iy, (F9)

and again use the symmetry of the covariance matrix to
write
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(E_l)ij(E_l)u((xi

—ﬂi)(xj —Mj)(xk — ) (X1 = 1))

=(EN,E;E N LER +Ex(E ) LE; + Ex(E)En).
(F10)
We now recast the sum over [/ in matrix notation,
Eij(E™ ) uBu + BBy + Ei(E) B
= E”(E_ E‘)kk + Ezk(E‘_IE‘)kJ + Ejk(E‘_IE‘)kl
= E;jOwk + Eixpj + E kO
=E;M+E;+Ej, (F11)

where we performed the sum over £ in the last step. We thus
have

(x=p)"E (x = p))?) = (E71),;(EyM + E;; + Ejy)

= M?+2M. (F12)

Plugging the results for the first and second terms into
Eq. (F5), we obtain the result

Ay =—,

. (F13)

independent of the form of the covariance matrix.
Next, for any distribution that depends on time only via
its mean,

P(x.t) = P(x — (1)), (F14)

with a function P(z) that does not explicitly depend on
time, the Fisher information can be written as

I(t):/dxﬁP(xt / (a(1)"V.P(z)) TVP @) (F15)

We now use the operator inequality,
D-E">0, (F16)

in the sense that the expression on the left-hand side is a
positive-semidefinite matrix. Here, we define

8Zi13(z)62j13(z)
(D);; = / dz T

This inequality holds for arbitrary differentiable probability
distributions and leads to

(F17)

TE=a(r).

Since the rightmost expression is just the Fisher informa-
tion for a normal distribution with a time-independent
covariance matrix, Eq. (63b), this formula proves the bound

I(1) = a(1)" Da(t) 2 p(t) (F18)

(70). What remains is to prove the operator inequality,
Eq. (F16). To do so, we consider the covariance
cov(f,g) = (fg) — (f)(g) with respect to some differen-
tiable probability distribution P(x), x € RY,

cov(a’x,b"VIn(P)) = /dxa,-xibjaij(x)

—/dxa,»le( )/dyba Px)

= — / dxaibjP(x)axjxi = —a; b 05

lj’

(F19)

where a, b € RM are arbitrary vectors and we sum over
repeated indices. Here, we integrate by parts in the second-
to-last step. On the other hand, we have, from the
covariance inequality,

cov(alx,b"VIn(P))? < var(a’x)var(b"VIn(P)), (F20)

where var denotes the variance with respect to P(x),
ar(f) = (f?) — (f)%. First, we note that (b"VIn(P)) =
0 and, consequently, the variance of b7 VIn(P) is given by

9., P(x)0,, P(x)

.= b7Db.
ey = bDb

var(b"VIn(P)) = /dxb,-
(F21)

Next, we evaluate the variance

ar(a’x) /dxaaxxP x)

/ /dya a;x;y;P(x)P(y) = a’ Ea.

(F22)
Then, the covariance inequality (F20) can be written as

(bT )?

b"Db > )
~a

(F23)

Since this result holds for arbitrary a and E
definite and thus invertible, we may choose

is positive

a=E"p. (F24)
For this choice, we obtain
bTE_lb 2
b"Db > ( ) =bTEp, (F25)

“bTEIEETD

where we used the symmetry of E and that EE-! = 1.
Since b is arbitrary, this result is equivalent to the
inequality (F16).
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