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Using self-consistent mean-field and functional renormalization-group approaches, we show that

s-wave pairing symmetry is robust in the heavily electron-doped iron chalcogenides AFe2�xSe2, where

A ¼ K;Cs. Recent neutron scattering experiments suggest that the effective nearest-neighbor spin

exchange may be ferromagnetic in chalcogenides. This is different from the iron pnictides, where the

nearest-neighbor magnetic exchange coupling is believed to be antiferromagnetic and leads to strong

competition between s-wave and d-wave pairing in the electron-overdoped region. Our finding of a robust

s-wave pairing in ðK;CsÞFe2�xSe2 differs from the d-wave pairing result obtained by other theories where

nonlocal bare interaction terms and the next-to-nearest-neighbor J2 term are underestimated. Detecting

the pairing symmetry in ðK;CsÞFe2�xSe2 may hence provide important insights regarding the mechanism

of superconducting pairing in iron-based superconductors.

DOI: 10.1103/PhysRevX.1.011009 Subject Areas: Condensed Matter Physics, Strongly Correlated Materials,

Superconductivity

I. INTRODUCTION

The recent discovery of a new family of iron-based
superconductors AðK;Cs;RbÞyFe2�xSe2 [1–3] has initiated

a new round of research in this field. Remarkably, this new
family shows distinctly different properties from other
pnictide families: the compounds are heavily electron-
doped, but their superconducting transition temperatures
are high, at more than 40 K. For comparison, such large
transition temperatures (Tc’s) can be reached only in the
optimally doped 122 iron pnictides [4]. (‘‘122 iron pnic-
tides’’ are those with the generic stoichiometric formula
AFe2As2.) Importantly, both angle-resolved photoemission
spectroscopy (ARPES) [5–7] and local-density approxima-
tion calculations [8–10] show the presence of only electron
Fermi pockets located at the M point of the folded
Brillouin zone (BZ). (Some signature of the possible den-
sity of states at the � point is still under debate; in any case,
this pocket, if present, is assumed to be very flat and
shallow.) ARPES experiments have also reported large
isotropic superconducting gaps at these pockets [5–7].
The absence of hole pockets around the � point of the
BZ provides a new arena of Fermi-surface topology in
which to investigate the pairing symmetries and mecha-
nisms of superconductivity proposed for iron-based super-
conductors from a variety of approaches [11–35].

So far, the majority of theories for the pairing symmetry
of iron-based superconductors is based on weak-coupling

approaches [13–18,27–32,36,37]. Although there are
discrepancies among them, the theories based on these
approaches have reached a broad consensus regarding the
pairing symmetry in iron-based superconductors: For
optimally hole-doped iron pnictides, for example,
Ba0:6K0:4Fe2As2, an extended s-wave pairing symmetry,
called s�, is favored [14] (the sign of the order parameter
changes between hole and electron pockets and is poten-
tially detectable through neutron scattering [38]), as a
result of repulsive interband interactions and nesting be-
tween the hole and electron pockets. For extremely hole-
doped materials, such as KFe2As2, the absence of electron
pockets can lead to a d-wave pairing symmetry [18] with a
low transition temperature. For electron-doped materials
such as Ba2Fe2�xCoxAs2, the anisotropy of the supercon-
ducting gap around the electron pockets in the s� state
grows for larger electron doping, and eventually the super-
conducting gap develops nodes around the electron pockets
due to the weakening of the nesting condition and the
increase of the dxy orbital weight at the electron pocket

Fermi surfaces [39,40]. Finally, in the limit of the heavily
electron-doped case when the hole pockets vanish and only
the electron pockets are left, the d-wave pairing symmetry
may be favored again [18,41,42]. The iron chalcogenide
AFe2�xSe2 belongs to the last category, and many theories
based on weak-coupling approaches have suggested
d-wave pairing symmetry as possibly detectable through
characteristic impurity scattering [43–45].
A complementary approach based on strong coupling

likewise predicts an s-wave pairing symmetry in the iron
pnictides. Two of us showed that the pairing symmetry is
determinedmainly by the next-nearest-neighbor (NNN) anti-
ferromagnetic (AFM) exchange coupling J2 together with a

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW X 1, 011009 (2011)

2160-3308=11=1(1)=011009(13) 011009-1 Published by the American Physical Society

http://dx.doi.org/10.1103/PhysRevX.1.011009
http://creativecommons.org/licenses/by/3.0/


renormalized narrow band width [11,46]. The superconduct-
ing gap is close to a cosðkxÞ cosðkyÞ form in momentum

space. (Higher harmonic contributions are neglected in this
approach.) This result is model independent as long as the
dominating interaction is J2 and the Fermi surfaces are
located close to the � and M points in the folded BZ. The
cosðkxÞcosðkyÞ formfactor changes sign between the electron

and hole pockets in the BZ. It resembles the order parameters
of s� proposed from weak-coupling arguments [14].

The J2 coupling will be of particular importance in the
following discussion. We make two key points about
J2-related physics as it has appeared in the literature up
to now. First, the effect of J2 is underestimated in most
analytic models constructed based on the pure iron lattice
with only on-site interactions, since the J2 exchange cou-
pling originates mostly from superexchange processes
through As (P) or Se (Te). Second, one can see that, in
our effective model, similar to that used before [11], the
strength of the exchange can be as large as 1=4 of the
bandwidth, inducing superconducting gaps of the order of
0.1 eV, which is inconceivably large. In fact, such a
strength is inconsistent with numerical evaluations of ex-
change interactions. However, one should bear in mind
that, in the presence of interactions, kinetic energy is sup-
pressed through a Gutzwiller projection. Presumably, the
hopping parameter t’s are renormalized such that they
become comparable to spin exchange, and all explicit
values of energy should thus be scaled down by a certain
factor (not evaluated in this work). This rescaling factor
should be smaller than that for cuprate high-Tc supercon-
ductors (SC’s), as the interaction strength in iron-based
SC’s is supposed to be intermediate, i.e., not as large as in
cuprates and not as weak as in normal metals.

Comparing the predictions from the weak-coupling and
strong-coupling approaches, we find the 122 iron chalcoge-
nides provide an interesting opportunity to address the
difference between the two perspectives. In this paper, we
predict that the s-wave pairing symmetry is robust even in
highly electron-overdoped iron chalcogenides because the
AFM J2 is the main factor for pairing, and the J1 is assumed
to be ferromagnetic (FM), a hypothesis supported by both
neutron-scattering experiments [47–50] and the magnetic
structure associated with 245 vacancy ordering [51,52].
(‘‘245 vacancy pairing’’ is the ordering of vacancies of
iron atoms into a certain pattern observed in stoichiometric
A0:8Fe1:6As2, where A is an alkaline metal.) As we will
show, the FM J1 significantly reduces the competitiveness
of d-wave pairing symmetry. We substantiate this claim
using two different methods. First, we solve the three-orbital
f~tg-J1-J2 model on the mean-field level to show that, given
large J2, the s-wave pairing is the leading instability regard-
less of the change of doping. We calculate the full phase
diagram as J1 varies from FM to AFM. If J1 is AFM, we
obtain a SC state with mixed s- and d-wave pairing in a
large range of J1 values. Second, we use the functional

renormalization group (FRG) to analyze this trend obtained
by mean-field analysis for a five-band model of the chalco-
genides. We confirm that a dominant AFM J2 generally
leads to robust s-wave pairing, while an AFM J1 tends to
favor d-wave pairing in the electron-overdoped region. The
competition between s- and d-wave pairing weakens
the superconducting instability scale. In addition, it drives
the anisotropy features of the superconducting form factor,
as consistently obtained for various weak-coupling ap-
proaches. As an aside, it has been argued from the weak-
coupling picture that the s- and d-wave competition brings
about the gap anisotropy or even accidental nodes on the
electron pockets around theM point in the folded BZ, i.e., a
gap structure that is a compromise between two competing
pairing channels [41,53]. In sum, our analysis provides an
explanation for the different behavior of superconductivity
in the iron pnictides and iron chalcogenides in the electron-
overdoped region, as J1 has the opposite sign for these two
classes of materials. (J1 is AFM in the iron pnictides [54,55]
and FM in the iron chalcogenides.) Our study hence sug-
gests that determining the pairing symmetry of the 122 iron
chalcogenides can provide important insight regarding
whether the local AFM exchange couplings are responsible
for the high superconducting transition temperatures.
The paper is organized as follows. InSec. II,wepresent the

mean-field analysis of the ~t-J1-J2 model to show the differ-
ences between the iron pnictide setup J1 > 0 and the chalco-
genide setup J1 < 0 in the electron-overdoped regime. This
is followed by FRG studies in Sec. III, where we investigate
the competition between s- and d-wave pairing in the effec-
tive model and also analyze the possible effect of an addi-
tional pocket at the� point of the unfoldedBZ,whichwefind
to further increase the robustness of the s-wave pairing. The
qualitative trends confirm the results obtained in Sec. II. In
Sec. IV, we provide a combined view of the chalcogenides
and point out that the ferromagnetic sign of J1 is important
for explaining the robustness of s-wave pairing symmetry in
these compounds. Furthermore, we set our work in the con-
text of other approaches to the problem. We conclude in
Sec. V that electron-overdoped chalcogenides exhibit a ro-
bust s-wave pairing phase when the NNN interactions are
correctly taken into account.

II. MEAN-FIELD ANALYSIS

In this section, we use an effective three-orbital model to
perform our mean-field analysis for AFe2Se2. The model is
obtained by modifying a previous three-orbital model in
Ref. [56], as previously proposed for iron pnictides. The
reasons to use this model rather than a four- or five-orbital
model are as follows: (i) as with iron pnictides, the orbital
weight of the bands near Fermi surfaces of AFe2Se2 is
dominated by the dxz, dyz, and dxy orbitals; (ii) one can

take advantage of more analytic tractability in a three-
orbital model than in a four- or five-orbital model;
(iii) there is no qualitative difference between results
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derived from different models with respect to pairing
symmetries and phase diagrams. A more thorough discus-
sion of these aspects can be found in Sec. III.

We specify our model as

T̂ðkÞ ¼
T11ðkÞ �� T12ðkÞ T13ðkÞ

T21ðkÞ T22ðkÞ �� T23ðkÞ
T31ðkÞ T32ðkÞ T33ðkÞ ��

0
@

1
A; (1)

where

T11ðkÞ¼2t2 cosðkxÞþ2t1 cosðkyÞþ4t3 cosðkxÞcosðkyÞ;
T22ðkÞ¼2t1 cosðkxÞþ2t2 cosðkyÞþ4t3 cosðkxÞcosðkyÞ;
T33ðkÞ¼2t5½cosðkxÞþcosðkyÞ�þ4t6 cosðkxÞcosðkyÞþ�;

T12ðkÞ¼4t4 sinðkxÞsinðkyÞ;
T13ðkÞ¼2it7 sinðkxÞþ4it8 sinðkxÞcosðkyÞ;
T23ðkÞ¼2it7 sinðkyÞþ4it8 sinðkyÞcosðkxÞ: (2)

The other off-diagonal matrix elements are given by
hermiticity. The parameters in the model are taken to be
t ¼ ð0:01; 0:05; 0:02;�0:01; 0:2; 0:2;�0:2; 0:1Þ, � ¼ 0:4,
and� ¼ 0:312. (Throughout the article, energies are given
in units of eV unless stated otherwise.) The chosen pa-
rameter set gives the Fermi surface shown in Fig. 1 with a
filling factor of 4.23 electrons per site. The main features
are the large electron pockets at X and Y (see Fig. 1), which
match the Fermi surfaces observed in ARPES [5–7]. The
interaction part in our mean-field calculation is the pairing
energy obtained by decoupling the magnetic exchange
couplings [11], which can be written as

V̂¼�X
�;�;r

ðJ1by�;r;rþxb�;r;rþxþJ1b
y
�;r;rþyb�;r;rþy

þJ2b
y
�;r;rþxþyb�;r;rþxþyþJ2b

y
�;r;rþx�yb�;r;rþx�yÞ; (3)

where b�;r;r0 ¼ c�;r;"c�;r0;# � c�;r;#c�;r0;" represents singlet

pairing operators between the r and r0 sites.
There are 12 intraorbital and 12 interorbital pairing

parameters when the pairings between two NN and two
NNN sites are considered: six possible orbital combina-
tions (three intraorbital plus three interorbital pairings)
multiplied by four counted from the NN pairings along
(0,1) and (1,0) directions in the square lattice and the NNN
pairings along (1,1) and (1,� 1) directions. Because of the
multiorbital nature, the one-dimensional representations of
the D4h group do not provide a complete classification of
all pairing symmetries. As in Ref. [56], one notices that in
momentum space, the pairing function decomposes into a
k-dependent form factor fðkÞ and a 3� 3 matrix M. The
definition of the 24 pairing order parameters is given in
Table I, classified by their corresponding one-dimensional
irreducible representations of the D4h group. These pa-
rameters also have expressions in terms of real space
pairings, but for the purposes of this paper, we need only

FIG. 1. The Fermi-surface setup used to represent the chalco-
genides in the mean-field calculation. Colors indicate the orbital
components: red (dxz), green (dyz), and blue (dxy). The areas of

blended colors are a reflection of hybridization between orbitals.
The A and B points are auxiliary labels used in Figs. 2, 3, and 6.

TABLE I. Definitions of superconducting order parameters and their corresponding irreducible representations and functional forms
in momentum space.

Intraorbital pairings Interorbital pairings

Symbol Symmetry f̂�ðkÞ Symbol Symmetry f̂�ðkÞ
�NN;1

intra A1g ½cosðkxÞ þ cosðkyÞ��1=2 �NN;1
inter A2g ½cosðkxÞ � cosðkyÞ��4

�NN;2
intra A1g ½cosðkxÞ � cosðkyÞ��2=2 �NN;2

inter A2g sinðkxÞ�5 � sinðkyÞ�6

�NNN;1
intra A1g ½cosðkx þ kyÞ þ cosðkx � kyÞ��1=2 �NN;3

inter A1g sinðkxÞ�6 þ sinðkyÞ�5

�NNN;2
intra A2g ½cosðkx � kyÞ � cosðkx þ kyÞ��2=2 tan �NNN;1

inter A2g ½cosðkx þ kyÞ � cosðkx � kyÞ��4

�NN;3
intra A1g ½cosðkxÞ þ cosðkyÞ��3 �NNN;2

inter A2g sinðkx þ kyÞð�5 � �6Þ=2� sinðky � kxÞð�5 þ �6Þ=2
�NNN;3

intra A1g ½cosðkx þ kyÞ þ cosðkx � kyÞ��3 �NNN;3
inter A1g sinðkx þ kyÞð�5 þ �6Þ=2� sinðky � kxÞð�5 � �6Þ=2

�NN;4
intra B1g ½cosðkxÞ þ cosðkyÞ��2=2 �NN;4

inter B2g ½cosðkxÞ þ cosðkyÞ��4

�NN;5
intra B1g ½cosðkxÞ � cosðkyÞ��1=2 �NN;5

inter B2g sinðkxÞ�5 þ sinðkyÞ�6

�NNN;4
intra B1g ½cosðkx þ kyÞ þ cosðkx � kyÞ��2=2 �NN;6

inter B1g sinðkxÞ�6 � sinðkyÞ�5

�NNN;5
intra B2g ½cosðkx � kyÞ � cosðkx þ kyÞ��1=2 cosh �NNN;4

inter B2g ½cosðkx þ kyÞ þ cosðkx � kyÞ��4

�NN;6
intra B1g ½cosðkxÞ � cosðkyÞ��3 log �NNN;5

inter B2g sinðkx þ kyÞð�5 þ �6Þ=2þ sinðky � kxÞð�5 � �6Þ=2
�NNN;6

intra B2g ½cosðkx � kyÞ � cosðkx þ kyÞ��3 cosh �NNN;6
inter B1g sinðkx þ kyÞð�5 � �6Þ=2þ sinðky � kxÞð�5 þ �6Þ=2
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the functional forms in momentum space. In Table I, the
�i’s (i ¼ 1; . . . ; 6) are likewise 3� 3 matrices, whose
definitions are given in the Appendix.

In reciprocal-lattice space, the mean-field Hamiltonian
is given by

Ĥ ¼ X
k

T̂ðkÞ �̂ðkÞ
�̂yðkÞ �T̂?ð�kÞ

 !
; (4)

where

�̂ðkÞ ¼ X
i¼1;...;6

�NN;i
intra f̂�NN;i

intra
ðkÞ þ �NNN;i

intra f̂�NNN;i
intra

ðkÞ

þ �NN;i
inter f̂�NN;i

inter
ðkÞ þ �NNN;i

inter f̂�NNN;i
inter

ðkÞ: (5)

The zero-temperature free energy in terms of the order parameters is given by

Fðf�gÞ ¼ �2
X
k

X
i¼1;2;3

EiðkÞ þ 4

P
i¼1;2;4;5 j�NN;i

intra j2 þ
P

i¼3;6 j�NN;i
intra j2=2þ

P
i¼1;...;6 j�NN;i

inter j2=2
J1

þ 4

P
i¼1;2;4;5 j�NNN;i

intra j2 þP
i¼2;3;5;6 j�NNN;i

inter j2 þP
i¼3;6 j�NN;i

intra j2=2þ
P

i¼1;4 j�NN;i
inter j2=2

J2
: (6)

By minimizing this free energy with respect to f�g, we can
derive the self-consistent equations to obtain the pairing
symmetries and the associated phase diagram. In general,
there is more than one self-consistent solution for f�g. The
solutions represent local minima of the free energy. The
free energies of these solutions hence must be compared to
find the global minimum, i.e., the ground state.

First, we fix J1 ¼ 0 and consider pure NNN pairings
stemming from J2. We take J2 from 0 to 1.5 for a band-
width W � 4. All nonzero SC order parameters (intra- and

interorbital) are plotted against parameter J2 in Fig. 2(a).
The robust SC solution with a purely A-type s-wave pair-
ing is obtained when J2 is larger than 0.4. In this case, the
pairing remains the same as that in iron pnictides, with the
geometric factor cosðkxÞ cosðkyÞ [11]. The Bogoliubov par-
ticle spectrum is completely gapped in this state. The
quasiparticle spectrum is anisotropic along the Fermi sur-

face (FS), because the pairing of the dxy orbital (�
NNN;3
intra ) is

about one-half of the pairings of dxz; dyz orbitals (�
NNN;1
intra ).

When J2 becomes larger than 1, the ground state is a
mixture of A-type and B-type pairings. The leading

B-type pairing corresponds to �NNN;5
intra with a form factor

of sinðkxÞ sinðkyÞ. In the coexisting phase, the quasiparticle
spectra become more anisotropic and their dispersions
explicitly break C4 rotation symmetry, as shown in
Fig. 2(c). The intraorbital pairings are found to be signifi-
cantly larger than the interorbital ones throughout the
parameter region, similar to the case of pnictides [11].
The gaps associated with the dxy orbital are found to be

smaller than those with dxz; dyz orbitals.

Second, we study the phase diagram when only (anti-
ferromagnetic) J1 is present. All nonzero SC order parame-
ters are plotted against J1 in Fig. 3(a). We increase J1 from
0 to 1:5 and take the bandwidth W � 4. The SC order
parameter becomes nonzero from J1 � 0:35. Between
J1 ¼ 0:35 and J1 ¼ 0:5, the nonzero order components

are �NN;5
intra , �

NN;6
intra , and �NN;5

inter ¼ �NN;6
inter , all having B-type

symmetry. In this parameter range, the quasiparticle spec-
trum is completely gapped with almost isotropic gaps. As
soon as J1 > 0:5, A-type symmetry order parameters be-
come nonzero and coexist with B-type order parameters.

The leading order parameters in the mixed phase are�NN;1
intra ,

�NN;3
intra , �

NN;5
intra , and �NN;6

intra . Because of strong mixing of

A- and B-type pairings, the quasiparticle spectrum is an-
isotropic [Fig. 3(c)]. It is, however, still nodeless, in con-
trast to a pure s-wave pairing cosðkxÞ þ cosðkyÞ where

there are nodes [39] on the electron pockets. Moreover,

0 0.375 0.75 1.125 1.5

0

0.1

0.2

0.3

0.4

J
2

∆

∆
intra
NNN,1

∆
intra
NNN,3

∆
intra
NNN,5

∆
intra
NNN,6

∆
inter
NNN,1

∆
inter
NNN,2

∆
inter
NNN,6

(a)

(b) (c)

FIG. 2. (a) Mean-field phase diagram along J1 ¼ 0 in parameter
space. Size of the gap around Fermi surfaces at (b) J2 ¼ 0:4 and
(c) J2 ¼ 1:5. In the left half of (b) and (c), the k point traces the
electron pocket around the X point counterclockwise from point A
in Fig. 1, while in the right half it traces the electron pocket around
the Y point counterclockwise from point B in Fig. 1.

FANG et al. PHYS. REV. X 1, 011009 (2011)

011009-4



the C4 symmetry is again explicitly broken in the spectrum
of the coexisting phase. The dominant pairings are
still intraorbital pairings. When J1 is large, however, the

interorbital components �NN;5
inter ¼ �NN;6

inter also become

significant.
Finally, when both J1 and J2 are antiferromagnetic, we

fix J1 þ J2 ¼ 1 and change J1 � J2 as a parameter. We
observe that NNN pairings dominate for J1 � J2 <�0:1
and NN pairings dominate for J1 � J2 > 0:2 (Fig. 4). In the
intermediate range, there are only weak B-type pairings. A
schematic phase diagram within the range 0< J1;J2 < 1 is
shown in Fig. 5.

In the entire parameter region of (J1;J2), the SC order
parameters always have the same sign for all three orbitals.
This can be seen in Fig. 6, where the orbital-resolved
pairing amplitude is shown along electron pockets around
X. This result is consistent with the FRG result shown in
Sec. III (Fig. 12). It is, however, different from the result in
the very-strong-coupling limit in Ref. [57], where the
strong interorbital repulsion favors different signs between
the dxy intraorbital and the dxz;dyz intraorbital pairings.

Some quantitative differences between Figs. 6 and 12
may be explained due to the incompleteness of a three-
orbital model. Figure 6 also shows that the orbital-resolved
pairing amplitude is highly anisotropic: this is a natural
reflection of orbital character differences on different parts
of the Fermi surface.

The above results are obtained only for a band structure
that has electron pockets. For completeness of the analy-
sis, we have also adapted the parameters such that an

additional electron pocket around the M point appears;
it would map to the � point in a folded BZ. Such a
band structure is of realistic interest, as ARPES experi-
ments have observed a small pocket at � in the folded BZ.
In this case, our calculation shows that s-wave pairings are
more favored than in the previous case because the geo-
metric factors of choice, i.e., cosðkxÞ cosðkyÞ or cosðkxÞ þ
cosðkyÞ, are both maximized around M. With the three-

pocket FS, taking J1 ¼ 0 and increasing J2 > 0, B-type
pairings blend in at larger J2, as shown in Fig. 2(a). Taking
J2 ¼ 0 and increasing J1 > 0, A-type pairings appear at
slightly smaller J1 than are shown in Fig. 3(a). Still, the
main features remain unchanged. These trends are in
accordance with the FRG studies as discussed in the
following section.

−1 −0.5 0 0.5 1

−0.2

−0.1

0

0.1

0.2

J
1
−J

2

∆

∆
intra
NNN,1

∆
intra
NNN,3

∆
intra
NN,1

∆
intra
NN,3

∆
intra
NN,5

∆
intra
NN,6

∆
intra
NNN,4

FIG. 4. Mean-field phase diagram as a function of J1 � J2
along J1 þ J2 ¼ 1 in parameter space.

FIG. 5. Schematic phase diagram for the model (4) within
0< J2; J2 < 1.

0 0.25 0.5 0.75 1
−0.05

0

0.05

0.1

0.15

0.2
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0.3

J
1

∆
∆

intra
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∆
intra
NN,2

∆
intra
NN,3
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intra
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∆
intra
NN,6

∆
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NN,2+∆

inter
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∆
inter
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inter
NN,6

(a)

(b) (c)

FIG. 3. (a) Mean-field phase diagram along J2 ¼ 0 in the
parameter space. Size of the gap around the Fermi surfaces at
(b) J1¼0:5 and (c) J1¼1. The k-point traces are defined as in Fig. 2.
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III. FUNCTIONAL RENORMALIZATION-GROUP
ANALYSIS

To substantiate the mean-field results described above,
we employ functional renormalization-group analysis
[58–60] to further investigate the pairing symmetry of
the ~t-J1-J2 model. As an unbiased resummation scheme
of all channels, the FRG has been extended and fully
employed to the multiband case of iron pnictides. More
details can be found in Refs. [13,17,39,61]. The conven-
tional starting point for the FRG is the bare Hubbard-type
interaction, which develops different Fermi-surface insta-
bilities as higher momenta are integrated out when the
cutoff of the theory flows to the Fermi surface. To address
the special situation found in the chalcogenides where the
Fe-Se coupling is strong, not only local but also further-
neighbor interaction terms would have to be taken into
account: in our FRG setup, the onsite Hubbard-type

interactions of the same type as used in the study of
pnictides trigger no instability at reasonable critical scales.
This result already at this stage suggests that the chalco-
genides may necessitate a perspective beyond pure weak
coupling. In addition, the total parameter space of bare
interactions is large, and constrained random-phase ap-
proximation parameters are not yet available for this class
of materials. For the purpose of our study, we hence con-
strain ourselves to the ~t-J1-J2 model from the outset. This
implies that the pairing interaction is already attractive on
the bare-interaction level, and a development of a SC
instability is expected as the physics is dominated by the
pairing channel. Still, we can employ the FRG method to
investigate the properties and competition of different SC
pairing symmetries for the chalcogenides for different
(J1;J2) regimes.
Within the FRG approach, we consider general J1-J2

interactions that are not limited to the spins in the same
orbital:

H ¼ J1
X
hi;ji

X
a;b

�
Sia � Sjb � 1

4
nianjb

�

þ J2
X
hhi;jii

X
a;b

�
Sia � Sjb � 1

4
nianjb

�
:

The kinetic theory will differ in the various cases studied
below. For all cases, we will study the full five-band model
incorporating all Fe d orbitals. Concerning the discretiza-
tion of the BZ, the renormalization-group (RG) calcula-
tions were performed with 8 patches per pocket, and
a 10radius � 3angle mesh on each patch. (This moderate

resolution is convenient for scanning wide ranges of the
interaction parameter space; we checked that increasing
the BZ resolution did not qualitatively change our find-
ings.) The output of the RG calculation is the four-point
vertex on the Fermi surfaces,

V�ðk1; n1;k2; n2;k3; n3;k4; n4Þcyk4n4s
cyk3n3 �s

ck2n2sck1n1 �s;

where the flow parameter is the IR cutoff � approaching
the Fermi surface, and k1 to k4 are the incoming and
outgoing momenta. We find only singlet pairing to be
relevant for the scenarios that we studied:X

k;p

V�ðk;pÞ½Ôy
kÔp�;

where ÔSC
k ¼ ck;"c�k;#. We decompose the pairing channel

into eigenmodes,

VSC
� ðk;�k;pÞ ¼ X

i

cSCi ð�ÞfSC;iðkÞ�fSC;iðpÞ; (7)

and obtain the band-resolved form factors of the leading
and subleading SC eigenmode (i.e., the largest two nega-
tive eigenvalues). Having done so, we are able to discuss
the interplay of d- and s-wave pairings as well as the
degree of form-factor anisotropy for a given setting of

FIG. 6. The orbital-resolved pairing amplitude on the FS for a
typical s-wave/d-wave pairing state in the upper and lower
panels, calculated within mean-field approximation. The inter-
action parameters are J1 ¼ 0, J2 ¼ 0:8 for the upper panel and
J1 ¼ 0:5, J2 ¼ 0 for the lower panel. The k point traces are
defined as in Fig. 2.
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(J1-J2). Comparing divergence scales �c gives us the pos-
sibility to investigate the relative change of Tc as a function
of (J1-J2). Furthermore, we also investigate the orbital-
resolved pairing modes [39] by decomposing the orbital
four-point vertex

Vorb
c;d!a;b ¼

X5
n1;...;n4¼1

fV�ðk1; n1;k2; n2;k3; n3;k4; n4Þu�an1

� ðk1Þu�bn2ðk2Þucn3ðk3Þudn4ðk4Þg; (8)

where the u’s denote the different orbital components of
the band vectors. By investigating the intraorbital SC pair-
ing modes in (8), we make contact with the findings from
the previous mean-field analysis.

A. Two-pocket scenario

We start by studying the five-band model suggested by
Maier et al. [44]. There are only two electron pockets at the
X point of the unfolded Brillouin zone closely resembling
the Fermi-surface topology and orbital content employed
for our mean-field analysis (Fig. 7).

The RG flow and the form factors of the leading diverg-
ing channels are shown in Fig. 8 for dominant J2 and in
Fig. 9 for dominant J1. As stated before, the pairing
interaction is already present at the bare level in the model
so that we achieve comparably fast instabilities as the
cutoff is flowing toward the Fermi surface. As found in
Ref. [11], the dominant J2 scenario exhibits a leading
s-wave cosðkxÞ cosðkyÞ form factor, which causes the

same sign on both electron pockets (blue dots in Fig. 8).
The subleading form factor is found to be of d-wave
cosðkxÞ � cosðkyÞ type, changing sign from one electron

pocket to the other. The inverse situation is found for
dominant J1. As shown in Fig. 9, the d-wave cosðkxÞ �
cosðkyÞ form factor establishes the leading instability. As

before, the form factor does not cross zero as related to the
nodeless SC for this parameter setting.

With pairing information available only on the limited
number of sampling points along FS, it is impossible to
extract all 24 order parameters (or, more strictly, 24 differ-
ent instabilities) defined in Sec. II. For illustration, a
mixture of a small A-type NNN d-wave pairing and a large
A-type NNN s-wave pairing is indistinguishable from a
pure A-type NNN s-wave pairing. A mixed state of a small
B-type NN s-wave pairing plus a large B-type NN d-wave
pairing, and a state with pure B-type NN d-wave pairing
show little difference if one compares the gap on a few
points along the Fermi surfaces. For this reason, the sym-
bol sx2y2 used in this section refers to a pairing consisting of

a large A-type NNN s-wave pairing and possible small
components of A-type NNN d-wave pairing or A-type NN
s=d-wave pairing. In turn, the symbol dx2�y2 refers to a

pairing made up of a large B-type NN d-wave pairing and
possible small components of B-type NN s-wave pairing or
B-type NNN s- or d-wave pairing.

(a) (b)

FIG. 7. The spectrum (a) and the Fermi surfaces (b) of the
band structure proposed by Maier et al. [44], colored according
to the dominant orbital content. The color code is red, (dxz);
green, (dyz); blue, (dxy); orange, (dx2�y2 ); and magenta, (d3z2�r2 ).

The numbered crosses in (b) show the center of Fermi surface
patches used in the FRG calculations.

FIG. 8. Typical RG flows and the superconducting gaps asso-
ciated with the Fermi surfaces for the two-pocket scenario with
ðJ1;J2Þ ¼ ð0:1; 0:5Þ eV. Leading form factor is denoted in blue,
subleading form factor in green.

FIG. 9. Typical RG flows and the superconducting gaps asso-
ciated with the Fermi surfaces for the two-pocket scenario with
ðJ1;J2Þ ¼ ð0:5; 0:1Þ eV. Leading form factor is denoted in blue,
subleading form factor in green.
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We have scanned a large range of (J1;J2). For each setup,
we obtain �c as well as the ratio of the instability eigen-
values between s and d waves in the pairing channel
(encoded by the two-color circles shown in Fig. 10). The
FRG result is qualitatively consistent with the mean-field
analysis. In the antiferromagnetic sector, the s-wave pair-
ing wins for dominant J2, while the d-wave pairing wins
for dominant J1. For ferromagnetic J1, corresponding to
the situation in chalcogenides, we find a robust preference
of s-wave pairing. The anisotropy of the s-wave gap
around the pockets in the FRG calculation is also qualita-
tively consistent with the mean-field result. The gap on the
Fermi surfaces with dxy orbital character is smaller than the

gap on those with dxz; dyz orbital character.

The predictions from the mean-field analysis are further
confirmed for the mixed-phase regime where s and d
waves coexist in the mean-field solution. In FRG, one of
these instabilities will always be slightly preferred; still,
when both instabilities diverge in very close proximity to
each other, this regime behaves similarly to the coexistence
phase. For illustration, in Fig. 11 we have plotted the
dependence of �c on J1 � J2, with J1 þ J2 fixed to
0.7 eV; there is a clear reduction of the critical scale (and
thus the transition temperature) when there is strong com-
petition between s- and d-wave channels.
Following (8), we also analyze the orbital decomposi-

tion of the SC pairing from FRG (Fig. 12). We constrain
ourselves to the most relevant three orbitals dxy, dxz, and

dyz. In particular, we observe that the SC orbital pairing

induces the same sign for all three dominant orbital modes,
in correspondence with the mean-field analysis presented
before.

B. Three-pocket scenario

Recent ARPES data [62] on the chalcogenides may
suggest the existence of a shallow flat pocket around
the � point. (The location and especially the kz position
of such a pocket are still under debate.) In the previous
section, by using tuning parameters, we obtained a

FIG. 10. The phase diagram of the two-pocket model. The
variation with ðJ1;J2Þ of the critical scale �c and the competition
between the s and d waves are depicted by the array of pie
charts. In each pie, the two sectors denote the two leading pairing
channels (the sx2y2 -wave pairing in green and the dx2�y2 -wave

pairing in red), with the angle of each sector proportional to
pairing strength. The size of each pie reflects the critical scale
�c, with its radius proportional to ½log10ð�c=10

�8 eVÞ�2.

FIG. 11. Variation of the critical scale �c and competition
between pairing channels along a line through parameter space
which interpolates between the sx2y2 and dx2�y2 waves. As

described in the caption to Fig. 10, the pairing propensity in
each channel is denoted by the angular size of the corresponding
sector in the pie chart. A correlation between �c and the
competition between channels is observed: �c reaches its mini-
mum when the two channels in competition have comparable
ordering tendency.

(a)

(b)

FIG. 12. Orbital-resolved pairing form factors of two typical
RG flows. (a) resides in the dominant s-wave regime, (b) in the
d-wave regime. The color code is the same as in Fig. 7.
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three-orbital model that has an additional electron pocket
around the M point in the unfolded BZ.

In our FRG approach, we can take a more profound
microscopic perspective on this issue. From the true
band-structure calculations at hand for the chalcogenides,
we consider it unlikely that it will be a hole band regular-
ized up toward the Fermi surface.

Instead, we investigate the effect of a possible electron
band at the � point in the unfolded Brillouin zone. This
approach is suggested from the folded 10-band calcula-
tions, where one electron-type band closely approaches the
Fermi level around the � point [44]. This band should be
very flat and shallow. From the weak-coupling perspective
of particle-hole pairs created around the Fermi
surfaces, this will probably have a small effect: particle-
hole pairs will be created only up to energy scales of the
depth of the electron band at the X point below the Fermi
surface, providing some hole-type phase space for the
electron band at �. In a (J1;J2) picture, however, this effect
may still significantly promote scattering along � $ X,

which may further stabilize the s-wave phase regime. We
have hence developed a modified band structure
designed for this scenario. There, we have bent down the
band dominated by dxy in the two-pocket model band

structure [44] without changing its band vector and
have created an electron pocket around � which is of dxy
orbital content (Fig. 13). The band bending was achieved
by

H ! H þ X
k;a;b;s

�ðkÞcykasuaðkÞu�bðkÞckbs;

where uðkÞ is the eigenvector of the band dominated by
dxy. The shift of energy �ðkÞwas intentionally chosen such
that the � pocket exhibits some nesting with the X electron
pockets (Fig. 13).
The phase diagram is shown in Fig. 14. FRG results

for typical scenarios for the s- and d-wave regimes are
shown in Figs. 15 and 16, respectively. As suspected,
the additional pocket strengthens the tendency to form

(a) (b)

FIG. 13. (a) The band structure and (b) the Fermi surfaces of
the modified band structure with an electron pocket added at �,
colored according to the dominant orbital content. The color
code is red, dxz; green, dyz; blue, dxy; orange, dx2�y2 ; and

magenta, d3z2�r2 . The numbered crosses show the center of

Fermi-surface patches used in the FRG calculations.

FIG. 14. The phase diagram of the three-pocket model. Here
we are able to resolve the s-wave channel into constant s wave
(gray), extended sx2y2 wave (green), and the nodal sx2þy2 wave

(purple). See the caption to Fig. 10 for more details on the pie
charts. Parameter sets with J1 ��1 and J2 � 0 have highly
oscillating form factors due to artifacts in the calculation; the
triplet channel would have to be considered in these cases.

FIG. 15. Typical RG flows and the superconducting gaps as-
sociated with FS setup for the three-pocket scenario with
ðJ1;J2Þ ¼ ð0:2; 0:8Þ eV. Leading form factor is denoted in blue,
subleading form factor in green.

FIG. 16. Typical RG flows and the superconducting gaps as-
sociated with FS setup for the three-pocket scenario with
ðJ1;J2Þ ¼ ð0:9; 0:3Þ eV. Leading form factor is denoted in blue,
subleading form factor in green.
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an s wave in the system, aside from exhibiting an addi-
tional constant s-wave instability in a small regime for
dominant J1.

IV. DISCUSSION

The calculations presented above demonstrate that the
s-wave pairing symmetry is always robust if the AFM
NNN J2 is strong, while a d-wave pairing can be strong if
J1 is AFM and dominant in size for the electron-
overdoped region. Moreover, if both of them are AFM,
there is strong competition between the s- and d-wave
pairing. When there are hole pockets, as has been shown
before [11], even in a range of J1 � J2, the contribution to
pairing from J1 is much weaker than that from J2. In that
case, an AFM J1 will not generate strong d-wave pairing,
and the s-wave pairing wins easily. From neutron-
scattering experiments, it has been shown that a major
difference between iron pnictides and iron chalcogenides
is that the NN coupling J1 changes from AFM in the
former [54,55] to FM in the latter [47]. In fact, J1 is rather
strongly FM in the latter, which explains the high mag-
netic transition temperature (500 K) in the 245 vacancy
ordering state as shown in Ref. [52]. Combining these
results, we can partially answer the question regarding the
different behaviors between iron pnictides and iron chal-
cogenides in the electron-overdoped region: why can the
high SC transition temperature be achieved in the latter,
but not in the former? Since J1 in iron pnictides is AFM
while it is FM in iron chalcogenides, J1 will weaken the
SC pairing in the former but not in the latter.

A few remarks regarding this work follow: (i) Our mean-
field result is qualitatively consistent with the results from
a similar model with five orbitals [63,64]. The critical
difference appears to be regarding J1 as being FM, which
has not been addressed previously. (ii) s-wave pairing
symmetry has also been obtained in Refs. [43,65,66].
However, the s-wave pairing only appears either in a
narrow region or with drastically different parameter set-
tings. Therefore, the s-wave pairing is not robust from a
microscopic point of view. Instead, the d-wave pairing is a
robust result in these studies. Still, even the d-wave pairing
strength based on the scattering between two electron
pockets is generally weak, as specifically discussed in
Ref. [63], which is another difficulty for this type of
mechanism. (iii) Our results suggest that there is no differ-
ence between iron pnictides and iron chalcogenides in
terms of pairing symmetry. Both of them are dominated
by s-wave pairing. If both hole and electron pockets are
present, the signs of the SC order in hole and electron
pockets are opposite, namely, s�. However, the mechanism
causing s� is different in the weak- and strong-coupling
approaches. In the weak-coupling approach, the sign
change is due to the scattering between the hole and the
electron pockets, while in the strong-coupling approach,
the sign change is due to the form factor of the SC order

parameters, which is specified to be cosðkxÞ cosðkyÞ, since
the pairing mainly originates from the AFM J2 coupling.
Therefore, to obtain s� pairing symmetry, the existence of
both hole and electron pockets is necessary in the weak-
coupling approach but not in the strong-coupling one.
(iv) The reason that the superconductivity vanishes in the
iron pnictides in the electron-overdoped region is not
solely due to the competition between s- and d-wave
pairing symmetry. It is also due to the weakening of local
magnetic exchange couplings themselves and the reduc-
tion of band width renormalization. (v) The prospective
experimental confirmation of s-wave pairing symmetry in
KFe2Se2 will support the hypothesis that superconductivity
in iron-based superconductors might be explained by local
AFM exchange couplings. (vi) Neutron scattering also
suggests that there is significant AFM exchange coupling
between two third-nearest-neighbor sites, i.e., J3 [47,49].
The existence of J3 will further enhance the s-wave pair-
ing, since it generates pairing form factors such as
cosð2kxÞ þ cosð2kyÞ in reciprocal space, which in turn

can enhance the pairing at the electron pockets.

V. CONCLUSION

In summary, we have shown that the pairing symmetry
in electron-overdoped iron chalcogenides is a robust
s-wave pairing. A ferromagnetic NN exchange coupling
diminishes the possibility of d-wave pairing symmetry in
these materials. From a unified perspective of high-Tc

cuprates and high-Tc chalcogenides, the NN antiferromag-
netic exchange coupling gives rise to the robust d-wave
pairing in the cuprates, while the NNN AFM exchange
coupling gives rise to the robust s-wave pairing in iron-
based chalcogenide superconductors.
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APPENDIX: 3� 3 MATRICES FOR DEFINING
SUPERCONDUCTOR ORDER PARAMETERS

For concision in Table I where mean-field gaps are
defined, we have used six predefined 3� 3 matrices. The
definitions are
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�1 ¼
1 0 0
0 1 0
0 0 0

0
@

1
A; �2 ¼

1 0 0
0 �1 0
0 0 0

0
@

1
A;

�3 ¼
0 0 0
0 0 0
0 0 1

0
@

1
A; �4 ¼

0 1 0
1 0 0
0 0 0

0
@

1
A;

�5 ¼
0 0 i
0 0 0
�i 0 0

0
@

1
A; �6 ¼

0 0 0
0 0 i
0 �i 0

0
@
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