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This paper describes research on a classification of physics problems in the context of introductory

physics courses. This classification, called the Taxonomy of Introductory Physics Problems (TIPP), relates

physics problems to the cognitive processes required to solve them. TIPP was created in order to design

educational objectives, to develop assessments that can evaluate individual component processes of the

physics problem-solving process, and to guide curriculum design in introductory physics courses,

specifically within the context of a ‘‘thinking-skills’’ curriculum. Moreover, TIPP enables future physics

education researchers to investigate to what extent the cognitive processes presented in various taxon-

omies of educational objectives are exercised during physics problem solving and what relationship might

exist between such processes. We describe the taxonomy, give examples of classifications of physics

problems, and discuss the validity and reliability of this tool.
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I. INTRODUCTION

Physics education research (PER) has made great
progress in recent years in adopting important findings
from expert-novice [1–3] and cognitive science [4]
research. These findings imply that asking students to solve
high-level thinking problems can help them become more
expertlike problem solvers. To achieve this goal, physics
problem developers have made efforts to create physics
problems that move the novices towards a more expertlike
status [5–9]. However, to successfully use such problems in
the curriculum, one needs to understand the relationship
between the problems themselves and the thinking pro-
cesses and the knowledge that they involve, because the
instruction is ultimately determined by the targeted type
of knowledge and thinking processes. Such a relationship
is not easy to establish due to the complexity and the
dynamic character of the problem-solving process
[10–13]. Therefore, it is imperative that its limitations
and its range of applicability are carefully explained. By
problem solvingwemean ‘‘cognitive processing directed at
achieving a goal when no solution method is obvious to the
problem solver’’ [14]. By taxonomy we mean ‘‘an orderly
classification of items according to their presumed natural
relationship’’ [15].

We have examined relevant taxonomies of educational
objectives and adopted one for the purpose of classifying
physics problems. Research shows that a given problem’s

classification is not solely an inherent characteristic of the
problem. Problems that appear to be simple to physicists
are often not seen that way by students [16]. Our taxonomy
of physics problems is developed under the assumption
that students have not been exposed to the particular prob-
lem (or similar ones) and they have internalized only very
basic relevant knowledge. This is because a student who
solves the same problem many times engages in different
cognitive processes than a student who sees the problem
for the first time. The physics problems that we consider
in this project are any pen-and-paper tasks that can range
from standard textbook problems to research-based
sequences of activities.
Our taxonomy is an adaptation of a taxonomy of educa-

tional objectives to one for physics problem solving.
Taxonomies of educational objectives are informed by
national reports, cognitive science, and educational psy-
chology research. They have high degrees of generality and
are not subject specific. As more discoveries are made in
those domains, they are updated and revised. We present
evidence that the thinking processes and the knowledge
included in such taxonomies can be applicable to physics
problem solving, but we believe that additional research is
needed for a more complete understanding of the processes
that take place during physics problem solving.

II. DESIGN OF THE TAXONOMY OF
INTRODUCTORY PHYSICS PROBLEMS

As collections of research-based physics problems have
become more numerous and diverse, PER groups have
undertaken attempts to classify these problems. This has
been done explicitly [17,18] by establishing categories of
existing physics problems or implicitly [7] by labeling the
problems created by different groups. The uniqueness of
our Taxonomy of Introductory Physics Problems (TIPP)
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derives from the fact that it is based on a taxonomy of
educational objectives and on research on physics problem
solving. Our taxonomy was developed to address the fol-
lowing questions:

� Can physics problems be categorized according to
cognitive processes and knowledge domains?

� Is there any relationship between physics problems,
knowledge domains, and cognitive processes?

� Are there relevant cognitive processes that are not
activated by existing physics problems?

In developing TIPP, we applied the following procedure:
(1) We considered cognitive processes and knowledge

domains that PER researchers [5,19,20] identified as
relevant for physics problem solving.

(2) We searched among taxonomies of educational
objectives [21–26] and found one that presents
the problem-solving process consistent with PER
findings.

(3) We developed an algorithm that uses this taxonomy
to classify the physics problems according to the
cognitive processes and knowledge they involve.

(4) We constructed TIPP which is a database containing
text-based and research-based physics problems that
explains their relationships to cognitive processes
and knowledge.

(5) We assessed the validity and reliability of TIPP.

A. Choosing an appropriate taxonomy of
educational objectives

Taxonomies of educational objectives are tools, mainly
used in K-12 education, to guide instructors in planning
and assessing their curricular activities. Among existing
taxonomies [21–26], we searched to find one suitable for
our purpose.

The criteria we used to select the taxonomy were
(1) addresses problem solving,
(2) involves both knowledge domains and cognitive

processes that have been identified by PER as rele-
vant for physics problem solving,

(3) makes a clear distinction between the cognitive
processes and the knowledge involved in problem
solving.

With the above criteria in mind, we have analyzed
several popular taxonomies of educational objectives
[21–26] searching for one suitable for physics problem
classifications. Bloom [21] combines knowledge domains
with cognitive processes and so does not satisfy crite-
rion (3). Anderson et al. [22] did not include problem
solving in their taxonomy; thus, that taxonomy does not
satisfy criterion (1). Haladyna [23] and Hannah and
Michaelis [24] do not address the knowledge domains,
and therefore fail to satisfy criterion (3). Biggs and Collis
[25] treat the problem-solving process from the perspective
of Piagetian phases: preoperational, early concrete, middle
concrete, concrete generalization, and formal operation.

They describe only some aspects of mathematical problem
solving and do not discuss knowledge domains. Therefore,
their taxonomy fails to satisfy criteria (2) and (3). The new
Taxonomy of Educational Objectives (NTEO) [26] devel-
oped by Marzano and Kendall contains problem solving in
the list of cognitive processes; thus, it satisfies criterion (1).
Also, it involves cognitive processes identified by PER as
relevant for physics problem solving; thus, it satisfies
criterion (2). Later in the paper we will describe how the
problem-solving knowledge and cognitive processes
emphasized by PER can be mapped into this taxonomy.
NTEO makes a clear distinction between the knowledge
and the cognitive processes and therefore it satisfies crite-
rion (3). As NTEO satisfies all of the above criteria, we
have therefore chosen NTEO as the basis for TIPP.

B. The New Taxonomy of Educational Objectives

Briefly, NTEO is a two-dimensional framework having
three systems of thinking as one dimension and three
domains of knowledge as the other dimension. The actions
of the three systems (self, metacognitive, and cognitive)
upon the three knowledge domains (information, mental
procedures, and psychomotor procedures) are driven by the
levels of the student’s consciousness of processing. They
are hierarchically ordered in the following six levels:
� Level 6: Self-system
� Level 5: Metacognitive system
� Level 4: Knowledge utilization (cognitive system)
� Level 3: Analysis (cognitive system)
� Level 2: Comprehension (cognitive system)
� Level 1: Retrieval (cognitive system)

The highest level (6) denotes the so-called self-system that
contains a network of interrelated beliefs, attitudes, and
expectations that are involved in making judgments as to
whether to engage in a new task. It is at this level that the
motivation for accomplishing the goal is determined. If the
decision is made to engage in a new task, the metacognitive
system (level 5) is activated. At this level, goals relevant to
the new task would be defined and strategies would be
developed for reaching those goals. Finally, the cognitive
system (levels 1–4) is responsible for the effective process-
ing of the knowledge.
For the purpose of this project, we will restrict ourselves

to the four cognitive system levels, and we will not include
the metacognitive aspects in our taxonomy, although it
may be extended to include levels 5 and 6 at a later stage.
We do, however, want to acknowledge that we believe that
levels 5 and 6 are important for physics problem solving. It
is known that what students believe about physics as a
science and what they expect from their physics courses
can determine their attitude and motivation towards the
process of learning physics [27–30]. However, we think
that it is more appropriate to focus initially on the cognitive
aspects of problem solving and then to extend the
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taxonomy to metacognitive aspects after establishing a
solid framework.

In NTEO, the self, metacognitive, and cognitive systems
operate upon the other dimension of the taxonomy, namely,
the type of knowledge. Clearly, the success of accomplish-
ing a certain task is highly dependent on the amount and
the quality of the necessary knowledge. According to
NTEO, the knowledge that is specific to any subject
area can be organized into three general categories or

knowledge domains: information, mental procedures, and
psychomotor procedures. Each domain is further subdi-
vided as shown in Table I.
Mental procedures are different in both form and func-

tion from information; while the latter specifies the ‘‘what’’
of a particular task, the former refers to the ‘‘how’’ of
accomplishing that task.
The final knowledge domain of psychomotor proce-

dures, obviously essential in areas such as neurosurgery

TABLE I. Summary of the knowledge domains according to NTEO [26].

Knowledge domains

Information Vocabulary terms (basic informational knowledge)

Facts (informational content that contains many vocabulary terms)

Time sequences (description of events that has a temporal component)

Generalizations (statements for which examples can be provided)

Principles (specific types of generalizations that deal with relationships)

Mental procedures Single rules (mental procedures involving one step or a few simple steps)

Algorithms (a set of specific steps performed in a certain order)

Tactics (a set of steps not necessarily performed in a certain order)

Macroprocedures (complex procedures that involve many subprocedures)

Psychomotor procedures Not applicable to pen-and-paper problem solving

TABLE II. A summary of Marzano’s new Taxonomy of Educational Objectives [26]. All of the categories listed below apply to the
two knowledge domains of information and mental procedures. (The only exception is sublevel (1b)—executing—which applies only
to mental procedures and not to information as the information cannot be executed.)

Level 1: Retrieval a) Recalling and recognizing—producing or recognizing basic physics knowledge related to

the problem (but not necessarily understanding the structure of the knowledge).

b) Executing—performing a procedure or task needed to solve the problem without significant

error (but not necessarily understanding how and why the procedure works).

Level 2: Comprehension a) Integrating—identifying the basic structure of the physics knowledge and separating the

critical from the noncritical characteristics of the problem.

b) Symbolizing—constructing an accurate symbolic image of the information or mental

procedure needed to solve the physics problem.

Level 3: Analysis a) Matching—identifying similarities or differences and relationships between the physics

problem components.

b) Classifying—identifying superordinate and subordinate categories into which physics

knowledge related to a problem can be organized.

c) Analyzing errors—making reasonable assumptions and estimates related to the physics

knowledge involved in the problem.

d) Generalizing—constructing new generalizations or principles from available

physics knowledge.

e) Specifying—generating new applications or logical consequences from available

physics knowledge.

Level 4: Knowledge utilization a) Decision making—selecting between two or more alternatives.

b) Overcoming obstacles (problem solving)—accomplishing a goal or task for which obstacles

or limiting conditions exist.

c) Experimenting—generating and testing hypotheses for the purpose of understanding

phenomena, using rules of evidence that adhere to statistical hypothesis testing.

d) Investigating—generating and testing hypotheses about past, present and future events,

using well-constructed and logical arguments as evidence.
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or piloting an airplane, is not relevant to solving pen-and-
paper introductory physics problems and is therefore not
considered in this project.

Table II summarizes NTEO—our outline for creating
the taxonomy of introductory physics problems. Level 4d
in NTEO is called problem solving, and we renamed it
overcoming obstacles for reasons presented in the next
section.

In summary, Fig. 1 shows an adaptation of the model
of behavior implied by NTEO. In this model, when a
student is presented with a new problem, he or she uses
previous beliefs and expectations (contained in the self-
system) to decide to engage or not in solving it. If a
positive decision has been reached, the metacognitive
system sets learning goals and strategies to achieve
them. Once goals are set, the cognitive system processes
the relevant knowledge (information and mental proce-
dures). The interaction between the three systems, and
between each one of them and the knowledge, is dynamic
and continual. In the current form, TIPP focuses only on
the interaction between the cognitive system and the
knowledge.

We consider the grounding of TIPP on a taxonomy that
is in agreement with PER findings as an essential part of
the TIPP design. Previous work on physics problem solv-
ing pointed out various aspects related to the cognitive
processes and the knowledge involved in it. Ross [19]
explained that the knowledge targeted in physics problem
solving can be of two types: declarative and procedural.
The relevant knowledge domains in NTEO also involve
declarative knowledge (or information) and procedural
knowledge (or mental procedures).
Beatty et al. [5] discussed several cognitive processes

‘‘that expert physicists possess and students should
develop.’’ Those processes are listed in Table III. In the
same table we show how they can be mapped into NTEO. It
should be noted that this mapping is based on our inter-
pretation of the meaning given by authors to the action
verbs. For instance, we mapped ‘‘discuss’’ into analyzing
errors because the authors explain that students discuss in
small groups and ‘‘they argue their opinions and intu-
itions,’’ which suggests that they check the reasonableness
of their opinions and intuitions. This is consistent with the
definition of analyzing errors in NTEO. If the authors did

Knowledge: information and mental procedures 

Decision to engage in 
problem solving 

(Self-system)

New problem 

No
No Engagement 

Yes

Setting goals and 
strategies

(Metacognitive system)

Processing the knowledge 
Knowledge utilization 

Analysis 
Comprehension 

Retrieval 
(Cognitive system) 

FIG. 1. Schematic diagram of the model of behavior implied in NTEO [26]. Note that TIPP currently only focuses on the interaction
between the cognitive system and the knowledge. Reproduced from Ref. [26] with permission.
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not provide many details about a certain verb, we based our
mapping on the frequent use of that verb in the physics
classes.

Tuminaro and Redish [20] observed students solving
physics problems and identified the following approaches
(called epistemic games) that students choose to follow

when solving a physics problem: (1) mapping meaning to
mathematics, (2) mapping mathematics to meaning,
(3) physical mechanism game, (4) pictorial analysis,
(5) recursive plug and chug, and (6) transliteration to
mathematics. Each of those approaches involves a certain
set of cognitive processes that are presented in Table IV.

TABLE IV. Mapping the cognitive processes used during problem solving [20] with the ones from NTEO (used in TIPP).

Epistemic games

Cognitive processes that take place

during problem solving [20]

Corresponding cognitive

processes used in TIPP [26]

Mapping meaning to mathematics Develop story about physical situations Symbolizing (2b)

Translate quantities into mathematical entities Symbolizing (2b)

Relate mathematical entities in accordance

with physical story

Symbolizing (2b)

Manipulate symbols Execution (1b)

Evaluate story Analyzing errors (3c)

Mapping mathematics to meaning Identify target concepts Integrating (2a)

Find an equation relating target to concepts Integrating (2a)

Tell story using this relationship between concepts Symbolizing (2b)

Evaluate story Analyzing errors (3c)

Physical mechanism Develop story about physical situation Symbolizing (2b)

Evaluate story Analyzing errors (3c)

Pictorial analysis Identify target concept Symbolizing (2b)

Choose external representation Symbolizing (2b)

Tell a conceptual story based on spatial relations

among objects

Symbolizing (2b)

Fill in the ‘‘slots’’ in the representation Integrating (2a)

Recursive plug and chug Identify target quantity Symbolizing (2b)

Find an equation relating the target quantity with

other quantities

Symbolizing (2b)

Determine which of the other quantities are known Integrating (2a)

Identify new target quantity (if necessary) Integrating (2a)

Calculate target quantity Execution (1b)

Transliteration to mathematics Identify target quantity Integrating (2a)

Find a solution pattern that relates to the current problem Matching (3a)

Map quantities in the problem situation into the

solution pattern

Matching (3a)

Evaluate mapping Analyzing errors (3c)

TABLE III. How we map the cognitive processes suggested for classroom practice [5] with the ones from NTEO (used in TIPP).

Cognitive processes recommended for physics instruction [5] Corresponding cognitive processes in TIPP [26]

Summarize, plan, strategize Integrating (2a)

Explain, describe, depict, seek alternative representations Symbolizing (2b)

Compare, contrast, categorize Matching (3a)

Classify Classifying (3b)

Discuss, justify, evaluate Analyzing errors (3c)

Observe, extend the context, generate multiple solutions Generalizing (3d)

Predict Specifying (3e)

Monitor and refine communication Metacognition (5)

Reflect, think about thinking, and learning Metacognition (5)

Model Combines many processes from NTEO
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In the same table we show how the component cognitive
processes can be mapped into NTEO. As in the previous
case, we based the mapping on the authors’ explanations
of the context in which the action verbs were used.
For instance, ‘‘identify target concept’’ is mapped into
‘‘integrating’’ for ‘‘mapping mathematics to meaning’’
game because in this case students identify the relevant
versus nonrelevant concepts for the problem. However, the
same action is mapped into ‘‘symbolizing’’ for ‘‘pictorial
analysis game’’ because in this game students use their
knowledge of representations to identify the target con-
cepts and this suggests that they should already know
representations in order to decide the essential versus
nonessential concepts.

TIPP essentially is an application of NTEO to the con-
text of physics problem solving. It is a classification of
physics problems based on the cognitive processes and the
knowledge they involve. Both taxonomies imply the same
knowledge domains and the same cognitive processes
(with one exception—problem solving in NTEO is associ-
ated with overcoming obstacles in TIPP). The differences
between these taxonomies are presented in Table V.

III. METHOD OF CLASSIFICATION
OF PHYSICS PROBLEMS IN TIPP

As we have previously explained, the classification of
physics problems in TIPP is done under the assumption
that students have minimal exposure to the specific
information, mental procedures, and cognitive processes
involved in a certain problem. This is because students
exposed to the same problem (or similar ones) many
times engage in different processes than students who
never saw the problem. We do not assert that the cog-
nitive processes presented for a certain problem are the

only ones in which students engage while solving that
problem. Our focus is on a set of basic processes explic-
itly called by the problem (e.g., a ranking task definitely
involves ranking). Additionally, while we adopt the hier-
archical organization of processes from the NTEO, we
strongly believe that more research on student behavior
has to be done to validate the relationship between the
cognitive processes that are activated during physics
problem solving.
In TIPP a certain problem is classified according to two

criteria:
� the type of knowledge involved in the problem;

knowledge here comprises information and mental
procedures,

� the highest complex cognitive process that is neces-
sary to solve it (for both information and mental
procedures).

Example problem: A cart of mass m moves with a
speed v on a frictionless air track and collides with an
identical car that is stationary. If the two carts stick
together after the collision, what is the final kinetic
energy of the system?

A student required to solve this problem would process
the knowledge (information and mental procedures) in
different ways.
Concerning information, the student has to
� recall the concepts of mass, velocity, momentum, and

kinetic energy;
� decide what are the key elements that need to be taken

into account are (integrate the facts);
� represent the information (symbolize the facts).
Regarding mental procedures, the student needs to exe-

cute the algorithms of drawing the appropriate picture,

TABLE V. The differences between the New Taxonomy of Educational Objectives (NTEO) and the Taxonomy of Introductory
Physics Problems (TIPP).

NTEO TIPP

Purpose It is a framework that can be used for

establishing educational objectives and

assessments and for guiding curriculum

design for any subject matter.

It is a physics problem database that gives

explanations and examples of problems

that involve certain cognitive processes.

This database can be used for establishing

educational objectives, assessments, and

for guiding curriculum design for

physics instruction. Also, it identifies

gaps in the available curricular material.

Structure Features general definitions of the

thinking processes involved in learning.

Features extensions of the definitions of

cognitive processes applied to physics.

Features examples of tasks from a

variety of subjects.

Features only examples of physics problems

(mostly selected from existing traditional or

research-based collections).

It organizes thinking processes. It organizes physics problems.

Range of applicability Instruction in any subject Physics instruction
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writing the conservation of momentum law, solving for
velocity and calculating the kinetic energy.

In conclusion, in TIPP this problem would have the
designation (I:2, MP:1), indicating that the highest cogni-
tive process required with regard to information (I) is
symbolizing (level 2) and with regard to mental procedures
(MP) is executing (level 1) (see Table II). For instructional
needs, we find that a classification taking into account
the type of knowledge and the highest complex cognitive
process required to solve the problem is often enough.
However, for research and assessment purposes, a finer-
grained characterization of physics problems would be
needed, which also includes the number of cognitive
processes and the knowledge subcategories featured in
Table I.

IV. CHARACTERISTICS OF PHYSICS PROBLEMS
GIVEN BY THE HIGHEST LEVEL OF

COGNITIVE PROCESSING

In this section, we first define the cognitive processes
and then specify how they act on physics information and
mental procedures. For each case, we also give examples
of physics problems that trigger such processes. The defi-
nitions of the different cognitive processes are taken
directly from NTEO [26]. The explanations of how these
cognitive processes act on physics information and mental
procedures constitute our adaptation of NTEO to physics.
The examples provided reflect the way we think about how
physics problems activate these processes. They also
reflect the way we use them in TIPP. We do not imply
that all types of problems presented in this section have to
be offered to students. We rely on the instructors’ teaching
experience to choose the problems most suitable for their
students.

Before we present the examples in this section, we want
to remind the reader that each cognitive process operates
on both the information and the mental procedures
involved in a physics problem. As a general rule, ‘‘infor-
mation problems’’ focus on the content knowledge, while
‘‘mental procedures’’ problems focus on how would one
solve the problem.

A. Level 1: Retrieval

(1a) Recalling and recognizing.—Producing or
recognizing basic physics knowledge related to the prob-
lem (but not necessarily understanding the structure of the
knowledge).

Recalling and recognizing of physics information.—The
student can define, identify, list, name, recognize, and write
physical quantities, their units, basic equations, formulas,
physics vocabulary terms, concepts, symbols, and phe-
nomena. The student can state general physics laws and
principles, write their corresponding equations, and iden-
tify and recognize their real-world applicability.

Physics problems involving recalling or recognizing of
information.—The problems belonging to this category are
designed to verify students’ physics background knowl-
edge. They do not involve mathematical manipulations.
They are mostly conceptual, simple, and have a straight-
forward answer. Their only purpose is to verify that the
student knows the minimum necessary physics informa-
tion. The student should be able to answer these questions
by simply recalling the content of physics laws and the
definitions of different physical quantities, without doing
calculations. This type of problem is very well represented
in the textbooks.
Example
� Identify which of the following quantities are scalars

and which are vectors: velocity, force, temperature,
and mass.

Recalling and recognizing of physics mental proce-
dures.—The student can define, identify, list, name, and
recognize the situation when a physics-related mental pro-
cedure should be applied.
Physics problems involving recalling or recognizing of

mental procedures.—The problems from this category are
designed to develop students’ ability to describe the pur-
pose and the range of applicability of each of the mental
procedures used in physics. They do not ask students to
perform any of them; therefore, the students may not know
how to perform them. Their only purpose is to verify that
the student possesses the minimum knowledge related to
mental procedures, namely when do they apply and what is
the purpose for which we use each of them. The student
should be able to answer those questions just by simply
recalling the surface features of the mental procedures
without knowing details of their execution. This kind of
problem is mostly missing from the textbooks but is
acknowledged in PER papers [5].
Example
� A mass slides down a frictionless circular track of

radius R. Which of the following would let you
most effectively find its angular velocity relative
to the center of curvature when it reaches the
bottom? [5]
(a) Kinematics only
(b) F ¼ ma or Newton’s laws
(c) Work-energy theorem
(d) Impulse-momentum theorem
(e) Angular impulse-angular momentum theorem
(f) More than one of the above
(g) None of the above.

(1b) Executing.—Performing a procedure or task needed
to solve the problem without significant error (but not
necessarily understanding how and why the procedure
works). This is not applicable to information; it applies
only to mental procedures.
Executing physics mental procedures.—The student can

calculate and compute different physical quantities, derive
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physics results, draw free-body diagrams, graph, plot
physical quantities, and solve physics-related equations.

Physics problems involving executing of mental
procedures.—To solve this class of problem, the students
need to know how to perform the mental procedures
particular to physics problem solving (e.g., solve mathe-
matical equations, calculate different physical quantities
using their definition, and so on). Problems involving
execution are the standard problems offered in all the
textbooks and extensively used in both traditional and
research-based instruction. In PER they are sometimes
referred to as regular problems [7].

Example
� An engine pulls a train of 20 freight cars, each having

a mass of 5:14� 104 kg, with a constant force. The
cars move from rest to a speed of 3:73 m=s in 18.0 s
on a straight track. Neglecting friction, what is the
force with which the tenth car pulls the eleventh one
(at the middle of the train)? [31]

B. Level 2: Comprehension

(2a) Integrating.—Identifying the basic structure of the
physics knowledge and separating the critical from the
noncritical characteristics of the problem.

Integrating physics information.—The student can iso-
late, separate, extract, identify, and select the relevant phys-
ics information. The student can identify, point out, and
indicate defining attributes and characteristics of a physics
principle or a generalization (e.g., the domain of availability,
the consequences, and the degree of generality).

Physics problems involving integrating information.—
Problems in this category require students to be able to
identify the physics information relevant for solving the
problem. The PER community has created and extensively
documented this kind of problem and they have been
adopted in recent editions of most textbooks. Context-
rich problems [9], UW tutorials [6], UM tutorials [32],
the section For discussion from Hobson [33], comprehen-
sive problems from Giambattista et al. [31], and integrated
concept problems from Urone [34] belong to this category.

Example
� While on a vacation in Kenya, you visit the port city

of Mombasa on the Indian Ocean. On the coast you
find an old Portuguese fort probably built in the 16th
century. Large stone walls rise vertically from the
shore to protect the fort from cannon fire from pirate
ships. Walking around on the ramparts, you find the
fort’s cannons mounted such that they fire horizon-
tally out of holes near the top of the walls facing the
ocean. Leaning out of one of these gun holes, you drop
a rock which hits the ocean 3 s later. You wonder how
close a pirate ship would have to sail to the fort to be in
range of the fort’s cannon. Of course you realize that the
range depends on the velocity with which the cannon-
ball leaves the cannon. That impact velocity depends, in
turn, on how much gunpowder was loaded into the

cannon. Calculate the muzzle velocity necessary to hit
a pirate ship 300 m from the base of the fort [32].

Integrating physics mental procedures.—The student
can point out, indicate, design, determine, discuss, explain,
illustrate, list, name, organize, outline, sketch, summarize,
and write the steps involved in a mental procedure select-
ing (separating) the essential from nonessential ones. The
students can formulate and plan a strategy for solving the
problem.
Physics problems involving integrating mental

procedures.—The problems in this category ask students
to outline a strategy, or to simplify a given strategy that
contains too many unnecessary steps, or to complete a
given strategy that is not complete. This category of prob-
lem is poorly represented in the traditional introductory
physics textbooks and research. Although the example
problems in most textbooks contain explicit problem-
solving strategies, the textbooks rarely offer exercises
that ask students to write a strategy by themselves. There
are some context-rich problems [9] that involve integration
of mental procedures.
Example
� At time t ¼ 0, block A of mass 0.225 kg and block B

of mass 0.600 kg rest on a frictionless surface a
distance 3.4 m apart, with block A located to the
left of block B. A horizontal force of 2.00 N directed
to the right is applied to block A for a time interval
�t ¼ 0:1 s. During the same time interval, a 5.0 N
horizontal force directed to the left is applied to block
B. How far from B’s initial position do the two blocks
meet? How much time has elapsed from t ¼ 0 until
the blocks meet? A) Write a strategy to solve this
problem. B) Use your strategy to solve the problem.
(Adapted from Giambattista et al. [31].)

(2b) Symbolizing.—Constructing an accurate symbolic
image of the information or mental procedure needed to
solve the physics problem.
Symbolizing physics information.—The student can rep-

resent pictorially, verbally, mathematically, or graphically
physical quantities, basic equations, formulas, physics
vocabulary terms, concepts, symbols, and phenomena.
Physics problems that involve symbolizing

information.—Any problem that involves equations,
diagrams, plots, or drawings belongs to this category.
This class of problem is very well represented in textbooks
and it has been comprehensively studied by physics
education researchers. The following are a few research-
based collections of symbolizing of information physics
problems: pose a problem [7,35], diagram jeopardy [7],
equation jeopardy [7], represent and reason [7], changing
representation tasks [8], jeopardy problems [36,37],
UW tutorials [6], UM tutorials [32], context-rich problems
[9], multiple representation tasks [8,38], working back-
wards tasks [8], and problems that develop symbolic
reasoning [37].
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Example
� A stoplight turns yellow when you are 20 m from the

edge of the intersection. Your car is traveling at
12 m=s. After you hit the brakes, your car’s speed
decreases at a rate of 6 m=s each second. Sketch the
situation. Draw a motion diagram. Draw an xðtÞ graph.
Draw a vðtÞ graph. Write xðtÞ and vðtÞ expressions [7].

Symbolizing physics mental procedures.—The student
can represent, illustrate, and map the component parts of
the mental procedures involved in a problem.

Physics problems that involve symbolizing mental pro-
cedures.—This group of problems asks students to create
diagrams, concept maps, or flow charts that indicate each
component of the mental procedure involved in a certain
problem in the order in which they have to be performed.
Representation of mental procedures problems are almost
nonexistent in textbooks and poorly represented in PER
literature.

Example
� You are given the following problem. You don’t need

to solve it. You only need to create a flow chart to
illustrate the steps you are going to follow to find the
answers.

Problem: The coefficient of static friction between a
block and a horizontal floor is 0.35, while the coeffi-
cient of kinetic friction is 0.22. The mass of the block
is 4.6 kg and it is initially at rest. (a) What is the
minimum horizontal applied force required to make
the block start to slide? (b) Once the block is sliding,
if you keep pushing on it with the same minimum
starting force as in part (a), does the block move with
constant velocity or does it accelerate? (c) If it moves
with constant velocity, what is its velocity and if it
accelerates, what is its acceleration?

C. Level 3: Analysis

(3a) Matching.—Identifying similarities and differ-
ences and relationships between the physics problem
components.

Critical characteristics of effective matching are
� specifying the attributes or characteristics according

to which items being ranked are to be analyzed,
� determining how they are alike and different,
� stating similarities and differences as precisely as

possible.
Matching physics information.—The student can com-

pare, arrange, differentiate, distinguish, match, rank, order,
and reorder magnitudes of physical quantities. The student
can compare physics phenomena, equations, and physics-
related statements and is able to find similarities and
differences between them. He of she can arrange, catego-
rize, and group specific details into meaningful categories.
The student can identify in what aspect a principle or
generalization is similar to and/or different from other
generalizations or principles.

Physics problems involving matching of information.—
The problems from this category ask the students to
compare magnitudes of physical quantities, physics phe-
nomena, and physics-related statements. Ranking of
information problems are scarcely offered in physics
textbooks, but there exist research-based collections of
them. Ranking problems [39,40], UW tutorials [6], UM
tutorials [32], and comparison tasks [8] contain such
problems.
Example
� Rank these cases from the highest to the lowest

acceleration based on the drawings shown in Fig. 2.
Assume all accelerations are constant and use the
coordinate system specified in the drawing. Note:
zero is greater than negative acceleration, and ties
are possible [39].

Matching physics mental procedures.—The student
can compare, arrange, differentiate, distinguish, match,
rank, order, and reorder mental procedures. The student
can identify in what aspect a mental procedure is similar to
and/or different from another mental procedure.
Physics problems involving matching of mental

procedures.—The problems from this category ask the
students to compare and organize mental procedures in
categories based on similarities and differences between
them. This category of problem is rarely present in text-
books and PER material makes only a few references to
such problems [5,41,42].
Example
� You are given the following problem. You don’t need

to solve it. You only need to describe the similarities
and the differences between a problem-solving
approach that involves energy concepts and one that
involves kinematics concepts.

Problem: A 1.19 kg hollow ball with a radius of
0.132 m, filled with air, is released from rest at the
bottom of a 1.80 m deep pool of water. How high
above the water does the ball shoot upward? Neglect
all frictional effects, and neglect the ball’s motion
when it is only partially submerged.

FIG. 2. Motion diagrams.
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(3b) Classifying.—Identifying superordinate and subor-
dinate categories into which physics knowledge related to a
problem can be organized.

An effective classification is based on
� identification of the defining characteristics of the

items to be classified,
� identification of a superordinate category to which the

item belongs and explaining why it belongs to that
category,

� identification of one or more (if any) subordinate
categories for the item and explaining how they are
related.

The particular feature of classification is that it contains

both superordinate and subordinate categories, as opposed

to the categorization done in matching which was pure
organization of knowledge in groups and categories with-

out relating to sub- or superordinate categories.
Note: In physics, the cognitive process of classification

is not widely used in the instruction. However, in life

sciences like biology and anatomy, the instruction is

largely based on it. The well-known tree of life is just

one example of information structured using classification.
Classifying physics information.—The student can iden-

tify, determine, indicate, and label the general subordinate
and superordinate categories to which specific information
belongs. For a certain physics principle, the student can
identify a superordinate category to which it belongs and
deduce its consequences and applications.

Physics problems involving classification of physics

information.—Those problems ask students to classify
physics information (e.g., definitions, equations, physical
quantities, concepts, laws, principles, physical configura-
tions, physics systems) according to different criteria.
Classification of information physics problems are almost
totally absent from current textbooks. Some of the ALPS
kits [43] make use of classification.

Example
� We have been studying Bernoulli’s law. Identify a

class of general laws to which it belongs. Explain the
features of Bernoulli’s law that make it a member of
the category you have identified. This law has mul-
tiple applications. Describe two or more categories of
these applications [26].

Classifying physics mental procedures.—The student
can identify superordinate and subordinate categories of
mental procedures. The student can determine, discuss,
evaluate, explain, identify, and indicate the degree of gen-
erality of the mental procedures used in physics problems.

Physics problems involving classification of physics
information.—The problems from this category ask the
students to classify mental procedures or classify problems
according to similarities in their solutions indicating super-
ordinate and subordinate categories. The purpose of these
problems is to train the students in building hierarchical
classifications of the problem-solving procedures used in

physics. Such problems are rarely available in current
textbooks or research-developed collections of problems.
Example
� Classify the solving strategy involved in the problem

given below within the kinematics problem-solving
strategies. Make sure to include superordinate and
subordinate categories in your classification.

Problem: A model rocket is launched straight upward
with an initial speed of 49:5 m=s. It accelerates with a
constant upward acceleration of 2:03 m=s [2] until its
engines stop at an altitude of 149 m. What is the
maximum height reached by the rocket? How long
after lift-off does the rocket reach its maximum
height? How long is the rocket in the air?
A possible answer: The mental procedures used to
solve this problem are the ones that apply to motion
with constant acceleration. This problem is a combi-
nation of two types of motion with constant accelera-
tion: free fall and motion with constant acceleration
different than g. The diagram presented in Fig. 3
shows where the solving strategies for this problem
are situated within the kinematics problem-solving
strategies.

(3c) Analyzing errors.—Analyzing the logic, the reason-
ableness, and the accuracy of physics knowledge.
Analyzing errors is based on
� consciously judging the validity of the knowledge

based on explicit criteria,
� identifying any errors in reasoning that have been

presented.
Analyzing errors related to physics information.—The

student can determine, demonstrate, argue, assess, check,
discuss, explain, illustrate, and judge the reasonableness of
the information regarding specific details, generalizations
and principles.
Physics problems involving analyzing errors related to

information.—This type of problem is designed to empha-
size that ‘‘properly applied physics must describe nature
accurately and is not simply the process of solving equa-
tions’’ [34]. Those problems can contain data, assump-
tions, or arguments that can produce an unreasonable
result. Or they can refer to a situation with which the
students are usually not familiar and the result is reason-
able but hard to believe. They can also involve estimations.
Or the students are given a research question and some
information and they need to decide how much more
information they need, where and how they can find it,
and how to operate on it to find the answer. Estimation
problems are offered in any textbook. In addition, some of
the textbooks included other types of analyzing errors
problems like unreasonable results problems [34]. The
PER community has been very productive in developing
this class of problems. Here are some PER collections:UW
tutorials [6], UM tutorials [32], context-rich problems [9],
picture and translate [7], what, if anything, is wrong
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tasks [8], troubleshooting tasks [8], case study problems
[44], insufficient or excess information problems [45], con-
flicting contention tasks [8], and guesstimation [46].

Example
� Body fat is metabolized, supplying 9:3 kcal=g,

when dietary intake is less than needed. The manu-
facturers of an exercise bicycle claim that you lose
1 lb of fat per day by vigorously exercising for
2 h per day on their machine. (a) How many kcal
are supplied by the metabolization of 1 lb of fat?
(b) Calculate the kcal=min that you would have
to utilize to metabolize fat at a rate of 1 lb in 2 h.
(c) What is unreasonable about the results? (d) Which
premise is unreasonable, or which premises are
inconsistent? [34]

Analyzing errors related to physics mental proce-
dures.—The student can identify errors made during the
execution of a mental procedure.

Physics problems involving analyzing errors related to
mental procedures.—These problems ask students to iden-
tify errors or missing elements in the execution or presen-
tation of the mental procedures. Evaluate the solution [7]
and WRONG (What’s remiss or not good) problems [8],
evaluation problems [47,48], and evaluation tasks [49] are
some research-based collections of problems that involve
analyzing errors related to mental procedures.

Example
� A 1000-kg elevator is moving down at 6 m=s. It slows

to a stop in 3 m as it approaches the ground floor.
Determine the force that the cable supporting the
elevator exerts on the elevator as the elevator stops
(Fig. 4). You are given a proposed solution. Verify if
the solution is correct. If yes, acknowledge this. If
not, correct it [7].

Proposed solution: The elevator is the object of
interest. It is considered a particle and the forces
that other objects exert on the elevator are shown in
the free-body diagram.

The acceleration of the elevator is a ¼ v2
0=2d ¼

ð6 m=sÞ2=2ð3 mÞ ¼ 6 m=s2.
The force of the cable on the elevator while stopping
is T ¼ ma ¼ ð1000 kgÞð6 m=s2Þ ¼ 6000 N.

(3d) Generalizing.—Constructing new generalizations
or principles from available physics knowledge.
Generalization involves
� focusing on specific pieces of information or obser-

vations without making assumptions,
� looking for patterns or connections in the

information,
� making a general statement that explains the patterns

or connections.
Generalizing physics information.—The student can

construct and defend generalizations and principles
based on given details. When exposed to principles and
generalizations, the student can construct principles and
generalizations with a higher degree of generality than the
given ones.
Physics problems involving generalization of physics

information.—This kind of problem asks the student to

FIG. 3. Possible classification scheme for kinematics problems.

T

FIG. 4. Object suspended in an elevator.
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generalize results, statements, and equations. While solv-
ing them, the students discover that most of the physics
equations, statements, and conclusions are consequences
of relatively few principles and generalizations. Those
problems can be used to emphasize the coherence of
physics knowledge by training students to transfer the
knowledge from the details to more general principles.
Neither textbooks nor PER literature contain a significant
number of such problems.

Example
� In Fig. 5 objects in different physical configurations

are given. For each system, draw a free-body dia-
gram. By inspecting the normal force in each case,
construct a description of it as completely (general) as
you can. Note that there are two scenarios described
below.
(1) All the following objects are in equilibrium on

surfaces with friction (Fig. 5).
(2) Consider a man sitting on a scale in an elevator

moving up with an acceleration a.

A possible answer: The normal force is always per-
pendicular to the contact surface. Its magnitude can be
greater than, less than, or equal to the weight of the
object. Its direction can be vertical, horizontal, or
oblique. It acts both on objects in equilibrium and
on objects not in equilibrium. It acts both in inertial
systems and in noninertial systems.

Generalizing physics mental procedures.—The student
can construct and defend general conclusions about mental
procedures.

Physics problems involving generalization of mental
procedures.—The problems from this category ask the
students to create generalizations related to mental
procedures. Neither textbooks nor PER literature contain
a significant number of such problems. Catrambone [50]
discovered that offering students worked examples labeled
according to generalized solution procedures had benefi-
cial learning impact on student learning.

Example
� Create a general procedure to solve kinematics prob-

lems that also involve dynamics. (Adapted from
Knight [51].)

A possible solution: Here is a possible six-point plan
designed specifically for problems that involve trans-
lational kinematics and dynamics.
First impression: Summarize the physics information
given in the problem. (Specify if the problem refers to an
a ¼ const or to ana � const case. Specify if the force is
given, is required, or it is not important in the problem.)
Assignments: Decide what is known and what is
unknown.
Drawing: Make simplifying assumptions (e.g., the
body is a box). Sketch important points in the motion,
establish a coordinate system, and include the relevant
physics information (distances, velocities, acceleration).
Strategy: Specify the plan that you are going to follow
to solve the problem. Use Newton’s 2nd law to find the
net force. Depending on the problem, either (a) solve
for the acceleration, then use kinematics to find veloc-
ities and positions, or (b) use kinematics to determine
acceleration, then solve for the unknown forces.
Solution: Solve the equations algebraically and find
the required quantities.
Answer: Plug in numbers and calculate the numerical
value. Make sure you include units and check if your
answer is reasonable.

(3e) Specifying.—Generating new applications or logical
consequences from available physics knowledge.
Critical attributes of specifying are
� identifying the generalizations or principles that

apply to a specific situation,
� making sure that the specific situation meets the

conditions for principles to apply,
� if the generalizations or principles do apply, identify-

ing what conclusions can be drawn or what predic-
tions can be made.

Specifying physics information.—The student can iden-
tify characteristics that might be true or must be true under
certain conditions relative to a given generalization. The
student can make (infer) predictions about what might
happen or must happen under certain conditions relative
to a given principle.
Physics problem involving specifying physics informa-

tion.—The problems from this category ask the student to
apply known principles and generalizations to new specific
situations. Problems requiring predictions belong to this
category as well. Textbooks do not contain a significant
number of such problems.Predict and explain tasks [8],UW
tutorials [6], and UM tutorials [32] belong to this category.
Example
� A golfer is trying to hit a golf ball onto the green. The

green is a horizontal distance s from the tee and it is
up on the side of a hill a height h above his tee. When
he strikes the ball it leaves the tee at an angle � to the
horizontal. Hewants to knowwith what speed, v0, the
ball must leave the tee in order to reach the height h at
the distance s.

F

Fm

θ

m

θ F

m

FIG. 5. Objects in equilibrium on surfaces with friction.
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(a) Once he has struck the ball, what controls its
motion? Write the equations that determine the
vector acceleration of the golf ball after it leaves
the tee. Be sure to specify your coordinate sys-
tem. For this part of the problem you may ignore
air resistance.

(b) Solve the equations you have written in (a) to
obtain expressions which can be evaluated to give
the position of the ball at any time, t.

(c) If the golfer wants his ball to land in the right
place, he must hit it so that it leaves the tee with
the right speed. Explain how he can calculate it.
(Again, you may ignore air resistance.) Find an
equation for the initial speed in terms of the
problem’s givens.

(d) If the ball leaves the tee at an angle of 30�, and
s ¼ 100 m, h ¼ 10 m, find the speed with which
the ball should leave the tee.

(e) Now consider the effect of air resistance. Suppose
that a good model for the force of air resistance is
the Newton drag law, F ¼ �bjvjv, where jvj
stands for the absolute value of the velocity—
the speed. Consider three points of the ball’s
trajectory: halfway up, at its highest point, and
halfway down. Discuss the direction of the resist-
ance force at each place. Qualitatively (do not
attempt a calculation), what will the effect of air
resistance be on the ball’s motion? [32]

Specifying physics mental procedures.—The student
can defend and make inferences about what might happen
or must happen under certain conditions relative to a
mental procedure. The student is able to explain how the
usage of a certain mental procedure helped him or her
make a prediction.

Physics problems involving specifying mental
procedures.—The problems belonging to this category
ask the students to predict what would happen during the
execution of a mental procedure if some conditions are
changed (e.g., if the initial conditions are changed, if it is
not allowed to use a certain law or principle, or certain
diagrams). Neither textbooks nor PER literature contain a
significant number of such problems.

Example
� Specify how the procedure of calculating the momen-

tum and the kinetic energy of a classical particle
change when the particle becomes relativistic.
Clearly indicate the differences between the treat-
ment of a classical and a relativistic particle.

D. Level 4: Knowledge utilization

(4a) Decision making.—Selecting between two or more
alternatives.

Decision making regarding physics information.—The
student can make decisions regarding details, principles,
and generalizations.

Physics problems involving decision making of physics
information.—This kind of problem requires the student
to make a decision. The problems here do not refer to a
basic, simple decision that, to some extent, is present in
any physics problem. They refer to complicated and not
always obvious decisions for which the student has to go
through other lower-level cognitive processes and operate
upon a large amount of knowledge. Such problems are
presented in some textbooks [34] and in some PER col-
lections [9].
Example
� A car advertisement claims that its 900-kg car can

accelerate from rest to 30 m=s driving 100 km gain-
ing 3 km in altitude while burning 1 gal of gasoline.
The average force of friction including air resistance
is 700 N.Will you buy this car? Or do you think this is
not possible and the company fools the people who
don’t know physics? [34]

Decision making regarding physics mental proce-
dures.—The student uses his or her skills or knowledge
of a mental procedure to make decisions regarding mental
procedures.
Physics problems involving decision making of mental

procedures.—Those problems ask the student to make
decisions about mental procedures and explain how they
made their decisions. Some context-rich problems [9]
belong to this category. Textbooks do not contain a signifi-
cant number of such problems.
Example
� Sam, whose mass is 75 kg, straps on his skis and starts

down a 50-m-high, 20� bumpy frictionless slope. A
strong headwind exerts a horizontal force of 200 N on
him as he skis. Find Sam’s speed at the bottom
(a) using work and energy, (b) using Newton’s laws.
Decide which method is the most straightforward and
the easiest to work with. Explain your decision.
(Modified from Knight [51].)

(4b) Overcoming obstacles (problem solving).—
Accomplishing a goal or a task for which obstacles or
limiting conditions exist.
Overcoming obstacles involves
� identifying obstacles to the goal,
� identifying alternative ways to accomplish the goal,
� evaluating the alternatives,
� selecting and executing the alternatives.
Note: The name of this level used by Marzano and

Kendall [26] is ‘‘problem solving.’’ We renamed it ‘‘over-
coming obstacles’’ because we think that pen-and-paper
problem solving can also include the following levels—
(4c) experimenting and (4d) investigating. We have identi-
fied problems that involve such processes and, consequently,
we think that, from the perspective of the existing problems,
the problem-solving process cannot be a level lower than
(4c) experimenting and (4d) investigating. Instead, it should
be above them.
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Overcoming obstacles related to physics information.—
The student can solve any of the problems that deal with
lower-level cognitive processes that now have constraints.
The student uses his or her knowledge of information to
overcome an obstacle presented in the problem.

Physics problems that involve overcoming obstacles
related to information.—Those problems are any of the
previously described problems in which certain obstacles
have been introduced. Also they can involve combinations
of obstacles presented in the previous levels (e.g., estima-
tions, underinformed problems, etc.). The students need to
use their knowledge to overcome the obstacles. Neither
textbooks nor PER literature contain a significant number
of such problems.

Example
� We used kinematics and Newton’s 2nd law to solve

in-class problems involving elevators in uniform and
accelerated motion. Now, solve the following elevator
problem that embeds three obstacles: (a) this time the
motion of the elevator is a combination of uniform
and accelerated motion, (b) you have to estimate the
quantities you’ll need because they are not given in
the problem, and (c) you have to solve the problem in
two ways.

Problem: Officials at Otis Elevator Company are con-
cerned that their elevators in an expensive hotel are
running too slowly. They ask you to estimate the
starting and stopping acceleration and the speed
when moving at constant speed between stops. They
want you to provide at least two methods of finding all
of the above, detailed calculations for each of them
and comparative analysis of your results. (Adapted
from Van Heuvelen and Etkina [7].)

Overcoming obstacles related to physics mental
procedures.—The student uses his or her knowledge
of a mental procedure to overcome an obstacle.

Physics problems that involve overcoming obstacles
related to mental procedures.—The problems from this
category are regular problems in which constraints regard-
ing mental procedures have been introduced. Neither text-
books nor PER literature contain a significant number of
such problems.

Example
� You are asked to hang a uniform beam and sign using

a cable that breaks when the tension exceeds T. The
store owner asks that it hang out over the sidewalk as
shown in Fig. 6. The sign has a weight ofWsign and the

beam’s weight is Wbeam. The beam’s length is l and
the sign’s dimensions are x (horizontally) and y
(vertically). What is the minimum angle � that you
can have between the beam and the cable, so that the
cable does not break?

We solved this problem in class by choosing the axis
of rotation at C and by calculating the torque using
� ¼ r?F.

Now, you have to solve the problemwith the following
constraints: (a) by choosing a rotation axis situated at
A and calculating the torque using � ¼ r?F and (b) by
choosing the axis of rotation at B and calculating the
torque using � ¼ rF?. Indicate one more method to
calculate �.

(4c) Experimenting.—Generating and testing
hypotheses for the purpose of understanding phenomena,
using rules of evidence that adhere to statistical hypothesis
testing.
Experimenting requires
� making predictions based on known or hypothesized

principles,
� designing a way to test the predictions,
� evaluating the validity of the principles based on the

outcome of the test.
Experimenting related to physics information.—The stu-

dent uses his or her knowledge of information to generate
and test hypotheses regarding physics information. More
concretely, the student makes predictions based on known
or hypothesized physics principles, designs ways to test the
predictions, and evaluates the validity of the principles
based on the outcome of the test.
Physics problems involving experimenting related to

physics information.—In those problems, the student
observes a phenomenon, collects the data (or is given a
collection of data), and creates and tests hypotheses about
certain scientific truths. Predict and test [7], design prob-
lems [37], and experiment problems [52,53] are some
examples of such problems.
Example
� A bead attached to a vertical string swings periodi-

cally with small amplitude. Four students argue about
what might influence the period of this motion.

Carl believes that the period increases only if the mass
of the bead increases. Dan believes that the period
decreases only if the mass of the bead increases.
Esther says that the period increases only if the length

B

C
A

FIG. 6. Store sign supported by a cable.
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of the string decreases. Frank believes that the period
increases only if the length of the string increases.
(a) Describe an experiment that the students can

perform to test their hypotheses.
(b) Describe what each student would predict based

on their hypotheses.

Maria attached different beads of volume V ¼ 10 cm
[3] to inextensible strings of identical material but
different lengths and let them swing. Table VI shows
the data collected by Maria during this experiment.
Examine the data table. Use your knowledge of sta-
tistics to determine what judgment will the students be
able to make about their hypotheses based on this
data. Explain.

Experimenting related to physics mental procedures.—
The student uses his or her knowledge of a mental proce-
dure to generate and test hypotheses or generates and tests
hypotheses regarding physics-related mental procedures.

Physics problems involving experimenting related to
mental procedures.—Those problems ask the students to
use mental procedures along with information to generate
and test hypotheses about mental procedures. Neither text-
books nor PER literature contain a significant number of
such problems.

Example
� Carl and Tara argue about the best method to deter-

mine the density of an object.

Carl believes that the best method is (1) to weigh the
object and find its mass, (2) then measure its dimen-
sions and calculate the volume, and (3) find density
using density definition � ¼ m=V.
Tara argues that the best method is (1) to weigh the
object in air and then in water, (2) then use Newton’s
2nd law and density definition � ¼ m=V to determine
that � ¼ �water½1=ð1�Wwater=WairÞ�, and (3) calcu-
late � knowing �water, Wwater, Wair.
Hypothesize which method is the most precise one.

Suppose you find in a lab manual the data shown in
Tables VII and VIII about a cubic object made of
aluminum. Show how you will test your hypothesis
based on the given data. Use your knowledge of statis-
tics to determinewhat would be themost precisemethod
to measure the density of an object. Explain why.

(4d) Investigating.—Generating and testing hypotheses
about past, present, and future events, using well-
constructed and logical arguments as evidence.
Critical attributes of investigating are
� identifying what is known or agreed upon regarding

the phenomenon under investigation,
� identifying areas of confusion or controversy regard-

ing the phenomenon,
� providing an answer for the confusion or controversy,
� presenting a logical argument for the proposed

answer.
Note: Both experimenting and investigating involve

creating and testing hypotheses. The difference between
them is that the rules of evidence are different. The former
has conclusions based on statistical testing while the latter
has conclusions based on well-constructed arguments.
Investigating physics information.—The student uses his

or her knowledge of information as a tool to investigate a

TABLE VII. Results of several measurements of cube’s mass
and side.

Mass (kg) Cube side (cm)

0:151� 0:001 3:73� 0:1
0:155� 0:001 3:85� 0:1
0:145� 0:001 3:77� 0:1
0:148� 0:001 3:79� 0:1
0:152� 0:001 3:87� 0:1
0:147� 0:001 3:81� 0:1
0:151� 0:001 3:85� 0:1
0:145� 0:001 3:77� 0:1
0:155� 0:001 3:85� 0:1
0:149� 0:001 3:80� 0:1

TABLE VIII. Results of several measurements of cube’s
weight in air and in water.

Weight in air (N) Weight in water (N)

1:480� 0:01 0:931� 0:01
1:519� 0:01 0:919� 0:01
1:484� 0:01 0:895� 0:01
1:489� 0:01 0:914� 0:01
1:501� 0:01 0:898� 0:01
1:492� 0:01 0:903� 0:01
1:510� 0:01 0:919� 0:01
1:516� 0:01 0:931� 0:01
1:498� 0:01 0:916� 0:01
1:496� 0:01 0:914� 0:01

TABLE VI. Oscillation period for different beads and various
string lengths.

Bead material Bead mass (g) String length (m) Period (s)

Wood 8� 0:1 1� 0:001 1:99� 0:05
Iron 78� 0:1 1� 0:001 2:00� 0:05
Copper 89� 0:1 1� 0:001 1:98� 0:05
Chromium 72� 0:1 1� 0:001 2:01� 0:05
Alloy no. 1 120� 0:1 1� 0:001 2:03� 0:05
Alloy no. 2 64� 0:1 1� 0:001 1:96� 0:05
Aluminum 27� 0:1 1� 0:001 2:01� 0:05
Aluminum 27� 0:1 1:5� 0:001 2:45� 0:05
Aluminum 27� 0:1 0:5� 0:001 1:42� 0:05
Aluminum 27� 0:1 2� 0:001 2:82� 0:05
Aluminum 27� 0:1 0:75� 0:001 1:73� 0:05
Aluminum 27� 0:1 1:25� 0:001 2:23� 0:05
Aluminum 27� 0:1 1:75� 0:001 2:65� 0:05
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past, present, or future event or conducts an investigation
regarding information.

Physics problems involving investigating information.—
Those problems can directly ask the student to investigate a
phenomenon and/or they can teach the student to do so by
guiding student’s investigation through specific questions.
Investigation problems are not present in the introductory
physics textbooks, but the PER community has developed
them. Examples are open-ended problems [54], goal-less
problem statements [55], and multiple-possibilities prob-
lems [56].

Example
� We have studied the relationship between ocean

depth and polar ice caps. Using your knowledge of
physics, investigate what might happen if Earth’s
temperature would rise by 5 �C [26].

Investigating related to physics mental procedures.—
The student uses his or her skill in or knowledge of a
mental procedure as a tool to investigate a past, present,
or future event or conducts an investigation regarding a
mental procedure.

Physics problems involving investigating mental proce-
dures.—In those problems the students create and test
hypotheses using mental procedures or create and test
hypotheses about mental procedures. Investigation prob-
lems are not present in the introductory physics textbooks,
but the PER community has developed them. Examples are
open-ended problems [54], goal-less problem statements
[55], and multiple-possibilities problems [56].

Example
� Investigate whether you can apply the equations of

linear motion in the case of circular motion. If yes,
show how you characterize the circular motion with
them. If not, build new equations that can describe the
circular motion.

V. ASSESSMENT OF TIPP
VALIDITYAND RELIABILITY

TIPP validity [57,58] has been tested in three phases and
involved soliciting feedback from instructors, problem
developers, and physics education researchers. The
requested feedback targeted the algorithm used to classify
the problems, the definitions presented, and the examples
provided.

Phase 1 (May 2008)—We initiated discussions about
the algorithm that we use to label physics problems in
TIPP and the classification of physics problems based on
the highest cognitive process required to solve them—
between one graduate student and six professors (five teach-
ing in university and one in community college). The
graduate student and two professors were directly involved
in the design of the taxonomy. Another professor is a
respected senior professor with over 35 years of teaching
experience and a renowned physics education researcher
whowrote several books containing research-based physics

problems. The next professor has taught physics for the past
20 years and is an active member of the PER community
doing research related to classification of physics problems.
The fifth professor has taught physics over the past 25 years,
but was not involved in PER. The sixth professor has taught
physics in the past 2 years and is becoming part of the PER
community. The graduate student and the professors have
been asked to answer the following questions:
(1) Is the algorithm we use for labeling the problems

clear?
(2) Are the levels we describe in the previous section

relevant for a taxonomy of physics problems?
(3) Are the definitions clear?
(4) Are all the levels essential? If not, what are the

levels least essential and why? Are other levels
missing?

(5) Are the examples provided relevant for each level?
(6) Can all introductory physics problems be classified

according to the algorithm presented?

All the participants received the taxonomy and were
allowed to reflect on the questions for up to three months.
After this period, some of them sent their feedback by mail
while others discussed with the first author in person.
Unanimously, they answered ‘‘yes’’ to all questions and
for question (4) they found the levels essential without any
omissions.
Phase 2 (December 2009)—We initiated discussions

with a senior physics education researcher who conducted
more than 500 hours of problem-solving interviews with
students. The researcher was asked to confirm if the cog-
nitive processes used in TIPP are in fact observed and
practiced by students while solving physics problems. He
confirmed that students perform such processes during
physics problem solving.
Phase 3 (February 2010)—We interviewed eight phys-

ics problems developers and asked them if they agree with
the assigned levels for their problems. Unanimously, they
agreed with our designation.
To test TIPP reliability, we focused on the classification

described in Sec. III. The reliability involves calculating
Cohen’s kappa coefficient of inter-rater reliability agree-
ment coefficient [59]. TIPP reliability testing had three
phases.
Phase 1 (June 2007)—One graduate student and two

physics professors, who participated in the development of
the taxonomy, classified 80 problems from various text-
books [31,33,51,60,61]. The inter-rater reliability Cohen’s
kappa coefficient ranged between 0.82 and 0.91.
Phase 2 (June 2008)—One graduate student and two

professors classified 80 problems selected from the exist-
ing array of end-of-chapter problems from textbooks, as
well as PER-inspired problems from various collections
[6,7,9,31–34,39,51,54,60,61]. The graduate student and
one professor were involved in the development of the
taxonomy. The second professor had no previous contact
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with the taxonomy. The inter-rater reliability Cohen’s
kappa coefficient ranged between 0.75 and 0.84.

Phase 3 (April 2009)—The same group as in phase 2
classified the same problems. The inter-rater reliability
Cohen’s kappa coefficient ranged between 0.70 and 0.82.

The test-retest reliability was measured by calculating
the Cohen’s kappa coefficient for each of the raters at two
different moments in time (June 2008 and April 2009). The
Cohen’s kappa coefficient ranged between 0.70 and 0.85.
The values of this coefficient suggest that there is a good
level of agreement between the raters and therefore the
taxonomy appears to be reliable.

In our experience in working with the taxonomy, we
learned that training is necessary for achieving these values
of agreement. In addition, clear assumptions about the
material taught in class as well as about the problem
solution have to be made before the classification. Unless
specified, different instructors usually assume different
levels of coverage of the same topic and different solving
approaches. Without training and a clear statement of
assumptions, the Cohen’s kappa coefficient can drop below
0.50. We noticed that instructors have different perceptions
of problems’ complexity. For some instructors, certain
problems seem trivial and somehow they perceive them
as ‘‘low level’’ for their students, while for others the same
problems seem more complex. While we had to make clear
assumptions before the reliability testing, we believe that
TIPP will be equally useful for instructors regardless their
perceptions. TIPP provides a rich database of problems and
instructors are free to choose the problems they want to use
depending on the shift in thinking they want their students
to achieve. The fact that one instructor perceives a retrieval
problem as an analysis problem only means that they will
start from different reference levels (in most of the cases
justified by the interactions with their own students), but
they are free to follow the direction in TIPP that is most
suitable for their students.

VI. CONCLUSIONS

Our framework seeks to group physics problems accord-
ing to the cognitive processes that are needed to solve
them. The Taxonomy of Introductory Physics Problems
that we created has the following characteristics:

� It has a sufficient number of levels, sublevels,
categories, and subcategories to include all existing
physics problems within its range of applicability
(introductory physics courses).

� It is based on a taxonomy of educational objectives.
� It targets the knowledge identified by PER as relevant

for physics problem solving.
� It involves cognitive processes identified by PER as

relevant to physics problem solving.
� It allows for both a quick, superficial usage (more

suitable for instructors defining their learning objec-
tives and their curriculum) and an in-depth analysis

(more suitable for PER experimental and theoretical
purposes).

� It allows future extension to metacognitive aspects,
responsible for monitoring, examining, and evaluat-
ing the thought processes during problem-solving
activities.

� It is suitable for any kind of instructional
methodology.

We assert that our taxonomy is a theoretical construct
with various practical applications. It is generally accepted
that educators should, for a particular course, articulate not
just general topics, but also objectives that specify the
content as well as the procedures associated with that
content. Using a taxonomy such as TIPP as a guideline
leads to straightforward selection of problems and design
of educational objectives that articulate both the specific
area of information and the associated mental procedures.
Given a certain background for students and the overall
goals of the course, an instructor can decide to what level
of thinking complexity the course should be taken. At
George Washington University, we used this approach to
reform our algebra-based physics course [62]. The reform
improved students’ problem-solving abilities and their
attitudes about science.
The standard curricula found in most universities

and colleges involve three types of courses: conceptual
physics courses for nonscience majors with minimal or
no algebra (regarded as the ‘‘easiest’’ course), algebra-
based introductory courses for life science and premed
majors (with ‘‘medium’’ difficulty), and calculus-based
courses for engineering and physical science majors (the
‘‘hardest’’ course). We propose that such imprecise terms
should be replaced with clear references to the levels of
information, mental procedures, and cognitive processing
that will be developed in the course.
After several decades of work leading to a vast amount

of new curricular material based on PER studies, textbook
publishers are seeking to add value to their present books
by providing additional resources without overwhelming
the instructor. Much of the new research-based instruc-
tional material is classified according to physics topics
but not according to the thinking it entails. TIPP could
allow textbook authors and developers to replace the vague
‘‘easy-medium-hard’’ distinction for end-of-chapter prob-
lems with a more rigorous notation that can be related
to the degree of complexity of the information, mental
procedures, and cognition required to solve a particular
problem. Also, the importance of problem formulation has
been pointed out in the literature [63] and TIPP can be used
to explain how the cognitive complexity of a problem
changes by altering its formulation.
So far, there are a few instruments under development

to assess student physics problem-solving abilities or
cognitive growth in some areas targeted by TIPP
[64–66]. It is now generally accepted that new assessment
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tools should be based on a model of cognition and learn-
ing or on a description of how people represent knowl-
edge and develop competence in a subject domain. TIPP
is ideally suited to aid the development of such assess-
ments since it is based on a model of behavior (the one
inherited from NTEO) and it is designed to address both
the existing physics problem-solving models and the
already elucidated cognitive processes involved in physics
problem solving.

Future work will seek to further validate our taxonomy
based on students’ performance on different kinds of prob-
lems, on the discussions that the problems trigger, and on
correlations between students’ scores on the problems and
their scores on conceptual understanding assessments,
attitudes assessments, and exams. Moreover, we want to
expand the taxonomy to include metacognitive aspects of
student thinking, the role of intuition, attitudes, and dis-
positions, and student epistemological beliefs. These
aspects have been recognized as important in physics
problem solving [28–30], and TIPP could be an ideal basis
for research in that area.

Another important aspect that is not thoroughly detailed
in this paper relates to the personal and dynamic character
of student thinking. As we continue to develop TIPP, we
will focus on understanding how TIPP can address the
dynamic blending of the cognitive processes that take place
in students’ minds as they solve physics problems.

VII. SUMMARY

While much of the new PER material is well organized
according to physics topics, the attempt to classify physics
problems and questions according to the cognitive pro-
cesses that they involve is still in its infancy. Our research
aims to find answers to the following questions:

� Can physics problems be categorized according to
cognitive processes and knowledge domains?

� Is there any relationship between physics problems,
knowledge domains, and cognitive processes?

� Are there relevant cognitive processes that are not
activated by the existing physics problems?

We showed in this paper that physics problems can be
categorized according to a set of basic cognitive processes
and knowledge. We presented in Sec. IVa physics problem
database that gives explanations and examples of problems
that involve certain cognitive processes and knowledge.
This database provides an answer to the last question, ‘‘Are
there relevant cognitive processes that are not activated by
the existing physics problems?’’ We identified certain
missing types of problems (e.g., classification problems
or generalizing problems).
In this paper, we also explained the algorithm that we

have developed to relate physics problems to the cognitive
processes and knowledge that they involve. This algorithm
and our classes of problems have been discussed with other
physics instructors and a validation of the taxonomy has
been achieved. We asked some of these instructors to
classify physics problems based on our algorithm, and
acceptable agreement between their classifications has
been reached. This suggests that TIPP is reliable.
This taxonomy not only establishes a relationship

between physics problems, cognitive processes, and
knowledge, but even more importantly, establishes a con-
nection to relevant findings from expert-novice research
and PER. As we showed in Tables IV and V, one can
establish a direct correspondence between the cognitive
processes used in TIPP and the ones that have to be
practiced during physics instruction according to Beatty
et al. [5] and the ones that take place during physics
problem solving according to Tuminaro and Redish [20].
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