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The interaction between high-brilliance electron beams and counterpropagating laser pulses produces x
rays via Thomson backscattering. If the laser source is long and intense enough, the electrons of the beam
can bunch on the scale of the emitted x-ray wavelength and a regime of collective effects can establish. In
this case of dominating collective effects, the FEL instability can develop and the system behaves like a
free-electron laser based on an optical undulator. Coherent x rays can be irradiated, with a bandwidth very
much thinner than that of the corresponding incoherent emission. The emittance of the electron beam and
the distribution nonuniformity of the laser energy are the principal quantities that limit the growth of the
x-ray signal. In this work we analyze with a 3D code the transverse effects in the emission produced by a
relativistic electron beam when it is under the action of an optical laser pulse and the x-ray spectra
obtained. The scalings typical of the optical wiggler, characterized by very short gain lengths and overall
time durations of the process, make possible considerable emission also in violation of the Pellegrini
criterion for static wigglers. A generalized form of this criterion is validated on the basis of the numerical
evidence.
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I. INTRODUCTION

A Thomson backscattering setup can be considered in
principle as a source of intense x-ray pulses which is at
the same time easily tunable and highly monochromatic.
Because of recent technological developments in the pro-
duction of high-brilliance electron beams and high power
CPA laser pulses, it is now even conceivable to make steps
toward their practical realization [1–6].

The radiation generated in the Thomson backscattering
is usually considered incoherent and calculated by sum-
ming at the collector the intensities of the fields produced
in single processes by each electron [7–13]. If the laser
pulse is long enough, however, collective effects can es-
tablish and become dominant. The system in this range of
parameters behaves therefore like a free-electron laser,
where the static wiggler is substituted by the optical laser
pulse [14–17].

From the point of view of the theoretical description of
the process, the possibility of generate coherent x radiation
can be demonstrated with the same set of one-dimensional
equations that are used in the theory of high-gain free-
electron laser amplifier [18,19]. This set of 1D equations
gives a simple but clear description of the growth of the
radiation on the electron bunch during its interaction with
the laser pulse. However, many aspects of the process are
connected with the finite transverse geometry of the elec-
tron beam and of the laser and, in order to give a quanti-
tative evaluation of the radiation pulses, it is obviously
necessary to consider 3D equations.

In this paper, we write and solve a system of 3D equa-
tions that describes the coherent growth of the radiation in

the laser-beam interaction. In particular, in Sec. II we recall
the derivation of such a system. A set of numerical results
relevant to a case of practical interest, with a discussion of
their importance, will be given in Sec. III. The conclusions
are presented in Sec. IV.

II. 3D EQUATIONS

We start from the Maxwell-Lorentz equations that de-
scribe both laser and collective electromagnetic fields and
from the relativistic equations of motion for the electrons
of the beam. The laser and collective fields are given in
terms of the corresponding scalar and vector potentials in
the Coulomb gauge.

We assume that the laser is circularly polarized with the
following form of the vector potential AL (the laser pulse
propagates along the z-axis in the negative direction):

 

AL�xyzt��
aL0���

2
p �g�xyzt�e�i�kLz�!Lt�ê�cc��O

�
�L
�L

�
; (1)

where �L � 2�=kL is the laser wavelength, �L the rms
laser spot radius averaged on the laser intensity, !L � ckL
the angular frequency, and ê � 1��

2
p �ex � iey�. The enve-

lope g�xyzt� is considered to be a slowly varying function
of all variables xyz and t and is defined as a complex
number with jg�xyzt�j � 1. In the case, for instance, of a
laser pulse with a Gaussian transverse shape, the envelope
has the form [20]
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where Z0 � 2��L
2=�L is the Rayleigh length and the

form of the (real) function � [with 0 � ��z� � 1] depends
on the shape of the pulse along the z-axis. Notice that AL is
perpendicular to the z-axis up to terms of the order of
�L=�L, which is consistent with the gauge requirement
r 	AL � 0. Another interesting case is when the laser
pulse is guided with a profile g�x; y; z; t� described by a
step function of radius w0.

We make at this point the basic assumption that the
collective scalar and vector potentials ’�xyzt� and
A�xyzt� have a slow dependence on the transverse space
variables x and y, i.e., that they vary on a transverse scale
LT much greater than the radiation wavelength � � 2�=k
and write, accordingly to the single-mode hypothesis fre-
quently used in 1D treatments,

 A �xyzt� � M�xyzt�ê� cc�O��=LT�

� A�xyzt�ei�kz�!t�ê� cc�O��=LT�; (3)

where M�xyzt� � A�xyzt�ei�kz�!t� and ! � ck is the ra-
diation angular frequency. As in Eq. (1), the amplitude
A�xyzt� will therefore be considered as a slowly varying
function of all variables xyz and t and the collective
potential A is perpendicular to the z-axis up to terms of
the order of �=LT .

We write the relativistic equation of motion of each
electron in the form

 

d�j�t�

dt
� efr�’� �j�t� 	 �AL �A��gx�rj�t�; (4)

with rj�t� the instantaneous position of the electron,
�j�t� � �j�t� � �e=c��AL �A�x�rj�t� the generalized mo-
mentum, and �j�t� � mcpj�t� the mechanical momentum
in which we use the definition

 p j�t� � �j�t��j�t�: (5)

By projecting Eq. (4) on the plane transverse to the z-axis,
we see that �j? is a constant of the motion to dominant
order in the small parameters and as is usually done in 1D
treatments we shall even assume that �j? � 0 always to
dominant order, which leads to the equation

 �j?�t� �
e

mc2�j�t�
�AL �A�x�rj�t� � 	 	 	 : (6)

Here and in all following equations, the dots in the right-
hand side (rhs) stand for terms that are smaller than those
explicitly written at the left and that can be disregarded in
the limit in which the parameters of smallness go to zero.

By inserting (6) into (4) and neglecting all terms containing
the collective scalar potential ’ (‘‘space charge’’ effects),
one has

 

d�j�t�

dt
� �

e2

2mc2�j�t�
�r�AL �A�2�x�rj�t� � 	 	 	 : (7)

where

 �AL �A�2 � a2
L0jgj

2 � 2jAj2 � 2
���
2
p
aL0 Re�g
Aei��

� 	 	 	 : (8)

� � �k� kL�z� c�kL � k�t and the term 2jAj2 on the rhs
of (8) is usually omitted.

The axial motion of the single particle is obtained by
projecting Eq. (7) on the z-axis and using (5) and (8),
which gives
 

dpjz�t�

dt
� �

e2

2m2c3�j�t�

�
a2
L0

�
@
@z
jgj2

�
x�rj�t�

� 2
���
2
p
�k� kL�aL0 Im��g
A�x�rj�t�e

i�j�t��

�
� 	 	 	 ; (9)

where the phase angles �j�t� of the particles in the com-
bined laser plus collective field are given by

 �j�t� � �kL � k�zj�t� � c�kL � k�t: (10)

The first term on the rhs of Eq. (9) gives the ponderomotive
force exerted on the electron as it enters or leaves the laser
pulse, while the second term is due to the action of all other
electrons of the beam and is therefore responsible for
collective effects and, in particular, the free-electron laser
(FEL) instability.

The transverse motion is likewise obtained by projecting
Eq. (7) on the x; y plane which gives
 

mc
dpj?�t�
dt

�
e
c
d
dt
��AL �A�x�rj�t��

�
e2

2mc2�j�t�
fr?�a2

L0jgj
2 � 2

���
2
p
aL0

� Re�g
 ~Aei��gx�rj�t� � 	 	 	 :

Omitting rapidly varying terms by simply taking the mean
value of both sides of this equation over the laser period,
one obtains finally

 

dpj?�t�
dt

� �
e2

2m2c3�j�t�
fa2
L0�r?jgj

2�x�rj�t�

� 2
���
2
p
aL0 Re��r?�g


A��x�rj�t�e
i�j�t��g � 	 	 	 :

(11)

As in Eq. (9), the first term to the right of (11) gives the
ponderomotive focusing or defocusing actions due to the
laser transverse gradients while the second term takes into
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account collective contributions to the transverse motion.
Notice also that, due to the assumed slow dependence on
both x and y, this last term is smaller than the correspond-
ing term on the rhs of Eq. (9).

The last point consists in the derivation of an approxi-
mate equation for the collective vector potential A�xyzt�
directly from the Maxwell equation

 

�
@2

@t2
� c2r2

�
A�xyzt� � 4�cJb � c

@
@t
r’;

where the beam current density is taken in its microscopic
form, i.e., Jb � �ec

P
j�j�t���x� rj�t��, the integer j

running from 1 to N, the total number of electrons of the

beam. By dropping, as we have already said, the contribu-
tion from the scalar potential ’, remembering that A is to
dominant order perpendicular to the z-axis and using again
Eq. (6), we write

 �
@2

@t2
� c2r2

�
A�xyzt� � �

4�e2

m

X
j

1

�j�t�

� �AL �A���x� rj�t�� � 	 	 	 :

We neglect A with respect to AL in the driving term of this
equation and take definitions (1) and (3) into account to
obtain the form

 

�
@2

@t2
� c2 @

2

@z2

�
M�xyzt� � c2r2

?M�
!2
baL0���

2
p

Vb
N

X
j

g�xyzt�
�j�t�

e�i�kLz�ckLt���x� rj�t�� � 	 	 	 ; (12)

where !b
2 � 4�e2nb=m, nb � N=Vb being the average value of the beam volume density (Vb is the initial volume of the

beam).
By using a time scaling procedure, secular terms in the perturbation treatment can be avoided by imposing that the

amplitude A is a solution of the following equation:

 

�
@
@t
� c

@
@z

�
A�xyzt� � i

c
2k
r2
?A � �i

!2
baL0

2
���
2
p
ck

Vb
N

X
j

g�rj�t�; t�
�j�t�

e�i�j�t���x� rj�t�� � 	 	 	 :

As a final step, taking a continuous average of both sides of this equation over a specified volume Vm, to eliminate the delta
functions and change from a microscopic to a macroscopic collective field concept, we may give the equation in its final
form:

 

�
@
@t
� c

@
@z

�
A�xyzt� � i

c
2k
r2
?A � �i

!2
baL0

2
���
2
p
ck

Vb
Vb�t�

1

Ns

X
s

g�rs�t�; t�
�s�t�

e�i�s�t� � 	 	 	 ; (13)

where Vb�t� is the volume of the beam at time t.
This equation, obtained for the static wiggler by

Scharlemann [21], shows the typical driving (‘‘bunching’’)
factor

 b�xyzt� �
1

Ns

X
s

g�rs�t�; t�
�s�t�

e�i�s�t�; (14)

which is similar to that appearing in the 1D version of the
theory. The phase angles �s�t� have already been defined in
(10), while the integer s in both Eqs. (13) and (14) runs
over all values of j for which at the particular time t and
point x�xyz�

 rj �
�����������������������������������������������������������������������������������
�x� xj�t��

2 � �y� yj�t��
2 � �z� zj�t��

2
q

<Rm

if we choose, for instance, Vm as a sphere with radius Rm.
Ns�xyzt� is the number of electrons that satisfy the preced-
ing inequality.

Equations (9), (11), and (13) are our basic equations.
Once restated using the traditional nondimensional varia-
bles �t � 2	!Lt and �x � 2	kLx, they may be summarized
as follows:

 

d
d�t

�rj��t� � 	
Pj��t�
��j��t�

; (15)

 

d
d�t
Pjz��t� � �

�a2
L0

2	�2
0

1

��j

�
@
@ �z
jgj2

�
�x��rj

�
2

��j
Re��g
 �A� �x��rj

ei�j��t�� � 	 	 	 (16)

 

d
d�t

Pj?��t� � �
�a2
L0

2	�2
0

1

��j
� �r?jgj

2� �x��rj �
4


1� kL
k

�
1

��j
Imf�r?�g
 �A�� �x��rj

ei�j��t�g � . . . :; (17)
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@�t
�
@
@�z

�
�A� �x; �t� � i
 �r2

?
�A � b �

1

NS

Vb
Vb�t�

X
S

g��rS��t�; �t�
��S��t�

e�i�S��t� � 	 	 	 ; (18)

with the phase angles written in nondimensional form as

 �j��t� �
k

2	kL

��
1�

kL
k

�
�zj��t� �

�
kL
k
� 1

�
�t
�

(19)

and

 �2
j � 1� �2

0	
2P2

jz � �a2
L0�jgj

2� �x��rj��t� � 	 	 	 : (20)

In the preceding equations �0 is the average value of � over
all electrons of the beam at t � 0, ��j � �j=�0, Pj �
pj=�0	, where �aL0 �

e
mc2 aL0 is the laser parameter,

 
 �
kL
k
	; (21)

 

eA

mc2
� �i

�
!2
L0 �aL0

4
���
2
p
!!L�0	

�
�A (22)

and the FEL parameter

 	 �
1

�0

�
!2
b �a2

L0

16!2
L

�
1�

!L

!

��
1=3
: (23)

The resonant frequency turns out to have the usual expres-
sion k � �4�2

0kL�=�1� �a2
L0�, adopted in most 1D treat-

ments. Furthermore we can note that, in the same way as
in the theory of the static wiggler, there exists another
resonance at a lower frequency, that, in this case, coincides
with the frequency of the laser. This fact can contribute to
eliminate the spiking character of the signal.

III. NUMERICAL RESULTS AND DISCUSSION

We have developed a three-dimensional code that solves
the set of Eqs. (15)–(18), based on a fourth-order Runge-
Kutta for the particles and on a finite-difference scheme for
the radiation field. As a first example of solution, we have
chosen the following case: the laser is counterpropagating
with respect to the electron bunch and has a wavelength
�L � 10 �m, as in the case of a CO2 device. Typical
maximum powers of these lasers are of the order 40–
100 GW, corresponding to a total energy ranging in the
interval 4–10 J for a time duration of the pulse of 100 ps.
The rms radius of the laser focal spot �L can range from
forty to a few hundreds �m with a laser parameter �aL0

varying consequently. A narrow band of frequencies
around the nominal resonance has been analyzed.

The bunch of electrons we have considered first is
similar to the typical Sparc-PlasmonX case [22], with an
average value of �, h�i � 60, corresponding to an energy
of 30 MeV. This value of h�i leads to a resonant wave-

length � � 7:56 �A, in the range of the soft x rays. The
dimensions of the electron packet are: 1 mm of length,
an average initial radius �0 of 25 �m and the total charge
is 1–5 nC, giving a current in the range 0.3–1.5 kA. A
momentum spread �pz=pz of about 10�4 has been as-
sumed. The initial radial normalized emittance "n has
been varied from 0 up to about 2 �m, because the lowest
values of emittance obtained experimentally for a beam of
1 nC are around or at least slightly under the value of
1.5 mm mrad [23,24].

In the case shown in Fig. 1, the electron beam, of charge
3 nC and 1 mm long, has a current of 0.9 kA, so that the
Pierce parameter 	 is 	 � 2:81� 10�4, corresponding to a
gain length of about Lg � 2:83 mm. The quantum parame-
ter q [25] is 0.19.

0 50 100
-8

-4

0

(2)

(1)
<|A|2>

t(psec)

(b)
0 50 100

0.5

0

<|b|>

(a)

FIG. 1. (Color) (a) average bunching hjbji in the middle of the
bunch vs time, (b) logarithmic plot of hjAj2i vs time in
picoseconds in the (1) coherent and (2) incoherent case. In
the calculation w0 � 50 �m with a flat laser profile, �aL0 �
0:3, Q � 3 nC, I � 0:9 kA,h�i � 60, �pz=pz � 10�4, "n �
0:6 �m, �!=! � �10�4.
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The laser pulse has been considered flat both transver-
sally and along z, with a power of 100 GW, and a laser
focal spot with radius w0 � 50 �m ( �aL0 � 0:3). This dis-
tribution of energy can be obtained by guiding the laser
beam, and it is necessary in the case of these parameters
because, assuming a Gaussian distribution, the Rayleigh
length of the laser beam would be Z0 � 785 �m, shorter
than the gain length, thereby impeding the development of
the instability. Figure 1 shows the typical growth of the
collective potential amplitude in time [window (b), curve
(l)], as well as the bunching factor [window (a)]. The
amplitude of the vector potential hjAj2i in the figure has
been calculated in the middle of the electron bunch at a
position z � hzi and averaged on the transverse plane.
Other values chosen in this case are: a value of the trans-
verse normalized emittance "n � 0:6 mm mrad, ��=� �
10�4, and �!=! � �10�4. Moreover, the laser beam has
been maintained up to the saturation of the radiation. The
graphs show that the collective effects appear after 40 ps,
and the signal saturates in a total of 8 gain lengths, corre-
sponding to about 80 ps. In this curve is also reported the
incoherent signal [window (b), curve (2)], obtained ne-
glecting the collective field in the motion equations.

The radiated photons collected on a transverse section
can be evaluated in terms of the electromagnetic energy
flux:

 

dN
d�
�

1

@!R

dW
d�
�

!R

2�c@

Z �1
�1

dtjAfisj
2 (24)

that, using the nondimensional units, becomes

 

dN
d�
�
n0mc

3�
2@!L

Z 1
�1

dtj �A�zcoll; t�j2: (25)

In the case of Fig. 1, the saturation level of the radiation is
hjAj2ipeak � 0:11, which corresponds to a total photon
number of 2:36� 1010, while the incoherent process pro-
duces 2 orders of magnitude less photons.

Figure 2 gives the level curves of the potential amplitude
jAj2 in a transverse plane x; y in the electron frame in the
middle of the electron beam hzi at various times for the
same case as Fig. 1.

After the initial phase where the signal appears chaotic
[windows (a) and (b) at 15 and 45 ps], the signal cleans up
during the exponentiation [(c) at 75 ps] and reaches finally
a smooth shape during or after the saturation phase [(d) at
105 ps].

The transverse increase of the radiation spot is initially
due to the divergence of the electron beam, regulated by

the law � � �0

������������������������
1� z2=�
2

p
, with �
 � ��2

0="n�� �
61 mm. The Rayleigh length of the radiation ZR �
2��2

R=� � 2:59 m is in fact very much larger than the
gain length Lg so that the radiation diffraction can be
neglected. This can also be seen from the scaled

Eqs. (17) and (18), where the very small parameter 

defined in Eq. (21) multiplies respectively the collective
term in the transverse momentum equation and the diffrac-
tion term in the wave equation. In a second stage, if the
beam radius becomes larger than the laser spot radius the
radiation tends to remain concentrated inside the interac-
tion region.

In Fig. 3 the spectrum of the signal is represented in the
case of "n � 0:6 �m versus the quantity �!=�!	�, so that
this graph gives immediately the bandwidth in terms of 	.

-100 0 100

-100

0

100

y 
from 1 10 -5 to 5.510 -4

(a)

 

-100 0 100

-100

0

100

 

(b)

from 10 -4 to 310 -2

-100 0 100

-100

0

100 (c)

 

 

from 5 10 -4 to 0.26

-100 0 100

-100

0

100

x

(d)

 

from 510 -4 to 0.26

FIG. 2. (Color) Level curves of jAj2 in the �x; y� plane for the
same parameters of Fig. 1 and (a) t � 15 ps, (b) t � 45 ps, (c)
t � 75 ps, and (d) t � 105 ps.

-2 -1 0 1 2

0.1

0.05

0

<|A|2>
peak

∆ω/(ωρ)

FIG. 3. (Color) First peak value of hjAj2i versus �!=�!	� for
parameters similar to those of Fig. 1.
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The spectrum presents a sequence of spikes and its width is
few times 	.

For large negative detunings, the signal grows in a
longer time.

In Fig. 4 the dependence of the peak value of the
intensity on the transverse emittance is reported in corre-
spondence of the peak in the radiation spectrum occurring
at �!=! � �10�4.

The variation of the radiation intensity with the emit-
tance depends on three factors: first, the current density
carried by the beam decreases with emittance, causing a
lowering in the source factor. Second, when the beam
radius exceeds the laser spot size, the decrease of the
radiation intensity is due simply to the exit of the more
external electrons from the interaction region. Finally, if
the laser pulse has transverse and longitudinal profiles, the
outer electrons go out from resonance and the instability
develops at lower levels or it does not develop at all.

The peak brilliance of the radiated x-ray beam can be
calculated as

 Bpk �
N � 10�3

�� �!
!

photons=�sec mm2 mr2 0:1%�

where � � "2
n=�

2 is the dominant part of the 4D-phase
space area of the photon and electron beams, � is the whole
duration of the bunch and �!=! is the bandwidth.
Assuming N � 2:36� 1010, �!=! � 2	 � 5:6� 10�4,
� � 3 ps, "n � 0:6 mm mrad, � � 60, we obtain Bpk �
1:5� 1026, while the coherent power of the source is
2 MW.

As the scientific community is giving strong effort to
developing and commissioning facilities aimed to the pro-
duction of coherent and intense x-ray pulses based on static
undulator free-electron lasers, it is interesting to compare
the characteristics of the radiation beam obtained in the
present calculation with those foreseen, for instance, in the

LCLS and in the TESLA projects [26,27]. In the case of
SLAC, the total number of photons per pulse is 2� 1012,
the calculated peak brilliance is 1:2� 1033, while the
coherent power is 9 GW for a radiation wavelength of � �
1:5 �A. In the case of XFEL the coherent brilliance is
estimated 1033, with a photon flux of 1012 photons=bunch
at 0.1 nm of wavelength.

In conclusion of this first example we note that, as it
appears from the data used, the electron bunch adopted is
above the present state of the art of the experimental
production of high brightness beams for what concerns
the values of the transverse emittance.

Another example is provided by a beam with an energy
of about 15 MeV (a factor of 2 lower than the typical
Sparc-PlasmonX case), corresponding to h�i � 30, with
a mean radius�0 � 10 �m, a total charge of 1 nC, a length
Lb � 200 �m, corresponding to a beam current of I �
1:5 kA. The laser pulse considered in this case has wave-
length �L � 0:8 �m. Furthermore, we have assumed a
focal spot of radius w0 of about 50 �m with a laser
parameter of �aL0 � 0:8 so that the radiation turns out to
have � � 3:64 �A and the Pierce parameter 	 is 4:38�
10�4. With these values the gain length corresponds to
about 145 �m, the appearance and the saturation of the
collective effects (taking place in 7–12 gain lengths) being
contained in 5 picoseconds, a time of the same order of the
duration of the laser pulse. The quantum parameter q is 0.5,
a rather high value, that can however be justified by recent
numerical calculations [28] showing that quantum effects
appear appreciably if 	 � 1=q 
 0:4.

The energy spread ��=� of the electron beam has been
chosen 1� 10�4 and the initial normalized transverse
emittance has been varied from 0 up to 2.

In Fig. 5 the growth of the collective potential amplitude
evaluated in the middle of the bunch and averaged on the
transverse section is shown in time [window (b), curve (1)],
as well as the bunching factor [window (a)]. The parame-
ters of this calculation are: a flat laser profile inside a region
with w0 � 50 �m, the laser parameter �aL0 � 0:8, a value
of the initial emittance of "n � 0:88 �m, a detuning of
�!=! � �2� 10�4.

The saturation level of the radiation is reached at t �
4 ps at hjAj2ipeak � 0:275, with a total number of photons
of 1:86� 1010, against the 2� 108 provided by the inco-
herent process. The peak brilliance, for this example, is
3:7� 1025 photons=�s mm2 mr2 0.1%), while the coherent
power is 15.5 MW.

In Fig. 6 the spectrum of the radiation is reported versus
�!=�!	� for (a) "n � 0:44 �m and (b) "n � 0:88 �m.

We can note an enlargement of a factor of 2 of the
bandwidth with increasing emittance.

In Fig. 7 the dependence of the saturation radiation on
the emittance is presented. Curve (a) is relevant to the
situation of flat laser pulse with w0 � 50 �m, while curve
(b) shows the more critical situation where a Gaussian

0.5

0
10.5

<|A|2>
peak

ε
n

FIG. 4. (Color) hjAj2ipeak versus "nevaluated in micron for the
same case of Fig. 1 and with �!=! � �10�4, w0 � 50 micron,
aL0 � 0:3, ��=� � 10�4.
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profile for the laser has been assumed. In this case the
quantity �L has been taken equal to 106 �m with �aL0 �
0:8, increasing consequently the laser power.

We must note that in all situations we have considerable
emission in violation of the Pellegrini criterion [29] for a

static wiggler. In fact, in case (a) of Fig. 7, for instance, the
emittances considered largely exceed the value ��=4�,
that in this case is about 9� 10�4 �m. We can justify
this result by considering that the line width in a situation
dominated by emittance effects can be written as [30]

 

��
�
�

�2�2

1� a2
L0

�
"2
n

�2
0

: (26)

In order to have considerable emission, we must assume
that the linewidth ��=� < 
	, with 
 a numerical factor
not very much larger than 1. Hence, we can write for the
emittance

 "n �
�������

	
p

�0: (27)

Considering the definitions of the gain length Lg �
�L=�4�	� and that of the radiation Rayleigh length ZR �
2��2

R=�, we can express the factor 	 in terms of the ratio
ZR=Lg, obtaining 	 � �ZR=Lg�����L�=�8�

2�2
R��. Sup-

posing furthermore that the electron beam and the radiation
overlap, so that �0 � �R, and remembering the resonance
relation in its simpler expression �L � 4�2�, we obtain for
an optical undulator

 "n �
����


p

������
ZR
Lg

s
�����
2
p
�
; (28)

where 
 � �!
!	 . This expression can be obtained in a more

formal way following Ref. [31], considering however that
with a laser wiggler the trajectories are straight lines and
the betatron oscillations are not present. The condition
under which the transverse emittance does not affect the
gain can be therefore written as

 Im �� p2=4: (29)

Considering that the gain Im� is 1=�LgkL� and the trans-
verse momentum p is related to the transverse emittance by

-3 -2 -1 0 1 2 3

0.5

0

(b)

(a)

<|A|2>
peak

∆ω/(ρω)

FIG. 6. (Color) hjAj2ipeak versus �!=�!	� for the case of Fig. 5
and (a) "n � 0:44 �m and (b) "n � 0:88 �m.
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FIG. 7. (Color) hjAj2ipeak versus "n for the case of Fig. 5, with
�!=! � 0 and for: (a) flat laser profile with w0 � 50 �m and
�aL0 � 0:8 and (b) Gaussian laser profile with �aL0 � 0:8 and
�L � 106 �m.
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FIG. 5. (Color) Averaged bunching [window (a)] and logarithm
of the radiation intensity [window (b)] versus time in the
coherent (1) and incoherent (2) case for: �L � 0:8 �m, �aL0 �
0:8, ��=� � 10�4, �!=! � �2� 10�4, "n � 0:88 �m.
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the usual definition leading to "n � p�0, we can arrange
the condition (29) in the same form of (27) a part from a
factor of order 1.

The usual Pellegrini criterion can be obtained for a static
wiggler assuming ZR � Lg and considering the resonance
condition for the static undulator.

Taking into account the fact that in our situation
ZR=Lg � 1:18� 104, and estimating 
 � 2, we can pre-
dict considerable emission up to an emittance value of
"n � 0:3 �m (corresponding to a value of "nx �
0:15 mm), not far from the results of Fig. 7.

Figure 8 shows the most critical effect, i.e. the depen-
dence of the growth of the signal on the transverse energy
distribution of the laser in the case of a Gaussian pulse for
"n � 0:44 �m, �!=! � �1� 10�4, �aL0 � 0:8. In fact,
in this case, a spot size with a radius smaller than 75 �m
does not permit the onset of the instability. The collective
signal in this condition, therefore, does not grow.

A possible remedy could be the development and use of
a flat energy distribution of the laser beam obtained with a
guided propagation.

This second example is characterized by a choice of the
electron beam with larger emittance than in the first case,
not far from the best actual experimental values, but with a
larger current. However, the requirements on the total
energy of the laser and on the stability of the energy
transverse profile are in this case particularly demanding.

IV. CONCLUSIONS

We have shown that considerable coherent x-ray radia-
tion is possible as a result of the collective interaction
between an electron beam and a counterpropagating laser
pulse. The incoherent Thomson backscattering is the first
stage of a more complex phenomenon of emission that
takes place if the laser pulse is long enough. In this
condition in fact the FEL instability can develop and a

regime of collective effects can establish. The result is an
emission at least 2 order of magnitudes larger than the
incoherent one and with a thinner and more peaked spec-
trum. The characteristics of this x-ray source are, therefore,
a substantial improvement with respect to analogous inco-
herent sources based on the Thomson backscattering.
However, the brilliance and the power delivered in these
examples are a few orders of magnitude smaller than these
same quantities for a static wiggler FEL in the x-ray range.

Other critical issues for the appearance of collective
effects are connected with: (i) the current density carried
by the electron beam which has to be large enough, (ii) the
emittance of the packet which has to be not too much larger
than that provided by the generalized Pellegrini criterion,
and (iii) the transverse distribution of the laser pulse which
cannot have a sensible variation on the region occupied by
the electrons. All the data we have shown lead one to
conclude that the concrete possibility of developing and
constructing a coherent compact x-ray source based on the
collective Thomson scattering between a laser and an
electron beam is out of the present-day technological state
of the art regarding the production of high brightness
electron beams and high energy lasers, particularly con-
cerning the values of the electron beam emittance needed
and the profile control of the laser energy.
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