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Gain of a Smith-Purcell free-electron laser
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A formula is derived for the small-signal gain of a Smith-Purcell free-electron laser. The theory
describes the electron beam as a moving plasma dielectric, and assumes that the electron beam interacts
with an evanescent mode traveling along the surface of a periodic waveguide with a rectangular profile.
The phase velocity of the evanescent wave is synchronous with the electron velocity, but the group
velocity is actually negative. The electron beam amplifies the evanescent wave, which does not itself
radiate. According to this picture, the radiation observed emanating from the grating is Smith-Purcell
radiation enhanced by the bunching of the electrons due to the interaction with the evanescent mode.
There will also be radiation from the part of the evanescent mode that is outcoupled from the ends of
the grating. This radiation appears at a lower frequency than the Smith-Purcell radiation. The new
results explain both the gain and the radiation observed in the experiments of Urata and Walsh, and the
cube-root current dependence of the gain inferred by Bakhtyari, Walsh, and Brownell.
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Modern synchrotrons with short electron bunches, such
as BESSY II in Berlin [8], and recirculating linacs like

When the current in the electron beam is sufficiently
high, the electrons interact with the fields above the
I. INTRODUCTION

There is currently substantial interest in the develop-
ment of THz sources for applications to biophysics, medi-
cal imaging, nanostructures, and materials science [1]. At
the present time, available THz sources fall into three
categories: optically or electrically pumped gas lasers,
solid state devices, and electron-beam driven devices. Gas
lasers are commercially available and can provide hun-
dreds of lines between 40 and 1000 �m, at powers rang-
ing from 10 �W to 1 W cw, and up to megawatts pulsed,
but they are inherently not tunable. Solid state THz
sources include p-type germanium lasers, quantum-cas-
cade lasers, and excitation of numerous materials with
subpicosecond optical laser pulses. Normally, p-type Ge
lasers can be continuously tunable from 1 to 4 THz, but
require a large (1 T) external magnetic field, must be
operated at 20 K, and have a limited repetition rate
(1 kHz) because of crystal heating [2]. Recently, a semi-
conductor heterostructure laser has produced up to 2 mW
at 4.4 THz, at temperatures up to 50 K [3]. While not
tunable, such lasers can be fabricated to produce the
frequency desired. Subpicosecond electromagnetic pulses
can be used as broad band sources of THz radiation. Short
pulses can be created by optical rectification of subpico-
second infrared laser pulses [4] or by optically switch-
ing the photoconductor in a small diode antenna [5].
These broad band pulses are good for pump-probe or
time-resolved experiments [6], but are less well suited
to spectroscopy.

Electron-beam driven sources include backward-wave
oscillators (BWOs), synchrotrons, and free-electron la-
sers (FELs). The shortest wavelength produced to date by
a BWO was 0.25 mm, in 1979 [7]. Current commercially
available BWOs produce milliwatts from 30–1000 GHz.
1098-4402=04=7(7)=070701(7)$22.50 
the FEL at Jefferson Laboratory [9], produce many watts
of broad band radiation out to about 1 THz. Conventional
FELs have also been operated in the THz region. The
millimeter-wave and far-infrared FELs at University of
California Santa Barbara together operate between
2.5 mm and 338 �m and produce 1–15 kW of power in
microsecond pulses [10]. Coherently enhanced THz spon-
taneous emission from relativistic electrons in undulators
has been recently observed at ENEA-Frascati with kW
power levels in microsecond pulses [11]. However, all
these sources (synchrotrons, undulators, and FELs) re-
quire large facilities.

An interesting opportunity for a convenient, tunable,
narrow band source is presented by the recent develop-
ment of a tabletop Smith-Purcell free-electron laser at
Dartmouth [12]. This device has demonstrated superra-
diant emission in the spectral region from 300–900 �m,
but barely exceeded threshold. To improve on this perfor-
mance, it will be necessary to develop electron beams
with improved brightness [13] and a better understanding
of how these devices operate.

Smith-Purcell radiation is emitted when an electron
passes close to the surface of a grating, as indicated in
Fig. 1. The virtual photons of the electron field are scat-
tered by the grating, and the wavelength � of the radiation
observed at the angle � from the normal is

�
L

�
1

�
� sin�; (1)

where �c is the electron velocity, L the grating period,
and c the speed of light. This prediction has been amply
confirmed by experiments [12]. The angular and spectral
intensity of Smith-Purcell radiation is described by the
theory of van den Berg and Tan [14–16].
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FIG. 1. Formation of Smith-Purcell radiation by an electron
moving parallel to the surface of a grating with rectangular
grooves.
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grating. This causes nonlinear bunching of the electrons
in the beam, which enhances the Smith-Purcell radiation.
This was first observed experimentally by Urata et al.
[12], although related radiation from traveling-wave
tubes and similar microwave devices based on slow-
wave interactions in periodic structures had previously
been observed [17]. Several theories have been proposed
to describe the operation of a Smith-Purcell FEL [18–
20]. In particular, Schaechter and Ron proposed a theory
based on the interaction of an electron-beam with a wave
traveling along the grating [19]. The interaction is found
to amplify waves incident on the grating and reflected by
it, with a gain that depends on the reflection matrix of the
grating. They find that the gain is proportional to the cube
root of the electron-beam current, which agrees with the
behavior of Cherenkov free-electron lasers [21] and other
slow-wave devices [17]. More recently, Kim and Song
have proposed a theory in which they assume that the
electrons interact with a wave that travels along the
surface of the grating [20]. They assume that at least
one Fourier component of the traveling wave is radiative,
and they find that the gain is proportional to the square
root of the electron-beam current. The present theory is
based on the interaction of the electron beam with a
nonradiating, evanescent mode of the grating. The
predicted gain is proportional to the cube root of the
electron-beam current.

II. THEORY

The theory is straightforward. A uniform plasma trav-
eling in the positive x direction with velocity �c is
assumed to fill the region y > 0 above the grating shown
in Fig. 1. In the rest frame of the plasma, the magnetic
susceptibility vanishes and the dielectric susceptibility is
[22]


0
e � �

!0
p

!02 ; (2)
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where !0 is the optical frequency and

!02
p �

n0eq2

"0m
(3)

the plasma frequency in the plasma rest frame, in which
n0e is the electron density, q the electron charge, m the
electron mass, and "0 the permittivity of free space (SI
units are used throughout). For a wave of the form
exp�i�k0 � r0 �!0t0��, where k0 is the wave vector, r0 the
position, and t0 the time in the plasma rest frame, we find
from the wave equation that

!02

c2
� k0 � k0 � k0�k0� � �
0

e
!02

c2
; (4)

where k0� � �!0=c;k0�. But k0�k0� is a Lorentz invariant,
so in the laboratory frame this becomes

k�k� �
!2

c2
� k � k � �
0

e
!02

c2
�
!2
p

�c2
; (5)

where ! is the frequency and k the wave vector in the
laboratory frame, � � 1=

���������������
1� �2

p
, and the plasma fre-

quency in the laboratory frame is !2
p � �!02

p , due to
Lorentz contraction.

The polarization in the laboratory frame is given by the
relativistically correct constitutive relation [23]

P �
v	M
c2

� "0
0
e�E
 v	B�; (6)

where M is the magnetization, v � �cx̂x the velocity, E
the electric field, and B the magnetic field. From the x
component of this equation we see that the displacement
is

Dx � "0Ex 
 Px � "0�1
 
0
e�Ex: (7)

The frequency in the plasma rest frame is

!0

c
� �

�
!
c
� �kx

�
(8)

so the dielectric susceptibility


0
e �

�!2
p

�3�!� �ckx�
2 (9)

diverges at the synchronous point

! � �ckx: (10)

In the following we confine our attention to TM waves,
for which the magnetic field in the x direction vanishes. To
describe the wave in the evanescent region, we take
advantage of Floquet’s theorem and expand the E and H
fields in the form

Ex �
X1

p��1

Epe
��pyeipKxei�kx�!t�; (11)
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Hz �
X1

p��1

Hpe
��pyeipKxei�kx�!t�; (12)

where Ep and Hp are constants, and

K �
2 
L

(13)

is the grating wave number. For convenience, in the
following we use k to denote the x component of the
wave vector, rather than its magnitude. From the wave
equation we find that

�2
p � �k
 pK�2 �

!2

c2


!02
p

c2
: (14)

Computations show that the wave is evanescent (nonra-
diative), since �2

p > 0 for all p. To satisfy the boundary
condition that the wave vanish in the limit y! 1, we
chose the negative root �p < 0. From the Maxwell-
Ampere law we find that

�pHp � i"0!�1
 
0
p�Ep; (15)

where the dielectric susceptibility at the frequency of the
pth component is


0
p �

�!2
p

�3�!� �c�k
 pK��2
: (16)

When the wave is nearly synchronous, the susceptibility
is nearly divergent only for p � 0, so we write (15) in the
form
070701-3
Hp � i"0
!
�p

�1
 "p0
0
0�Ep: (17)

In the grooves of the grating we expand the fields in the
Fourier series

Ex �
X1
n�0

�EEn cos
�
n x
A

�
sinh�$n�y
H��

cosh�$nH�
e�i!t; (18)

Hz �
X1
n�0

�HHn cos
�
n x
A

�
cosh�$n�y
H��

sinh�$nH�
e�i!t; (19)

where �EEn and �HHn are constants, A is the width of the
groove, and H the depth. These expressions satisfy the
boundary conditions that Ex vanish at the bottom of the
groove (y � �H), and @Hz=@x vanish at the sides of the
groove (x � 0; A). From the wave equation we find that

$2n �
�
n 
A

�
2
�
!2

c2
; (20)

and from the Maxwell-Ampere law we get

�HH n � �i"0
!
$n

tanh�$nH� �EEn: (21)

Across the interface between the grating and the elec-
tron beam, the tangential component of the electric field
is continuous. Since the tangential field vanishes on the
surface of the conductor, we get [suppressing the
exp��i!t� dependence]
X1
p��1

Epe
i�k
pK�x �

�P
1
n�0

�EEn cos�
n x
A � tanh�$nH� for 0< x< A

0 for A < x < L:
(22)
If we multiply by exp��i�k
 qK�x� and integrate over
0< x< L, we get

Eq �
X1
n�0

�EEn tanh�$nH�
Kqn
L
; (23)

where

Kqn�iA
�k
qK�A

�k
qK�2A2�n2 2���1�ne�i�k
qK�A�1�: (24)

Likewise, the tangential component of the magnetic field
must be continuous across the interface, so

X1
p��1

Hpei�k
pK�x �
X1
n�0

�HHn cos
�
n x
A

�
coth�$nH�: (25)

If we multiply by cos�m x=A� and integrate over 0< x<
A, we get
�HH m
1
 "m0

2
coth�$mH� �

X1
p��1

Hp
Kpm
A
: (26)

If we substitute (17) and (21) into (26), substitute the
sum (23) for Ep, and reverse the order of summation, we
get

�EEm �
X1
n�0

Cmn �EEn; (27)

where

Cmn� i
2$mA
m 

tanh�$nH�
1
"m0

X1
p��1

k
pK
�p

�1
"p0
0�KpmKpn:

(28)

For a solution of (27) to exist, the determinant of the
coefficients must vanish,

jCmn � "mnj � 0: (29)

This is the dispersion relation, and its roots give us the
functional dependence !�k�.
070701-3
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For convenience we write

Cmn � Rmn 
 
0Smn; (30)

where after some algebra we find that

Rmn �
tanh�$nH�
1
"m0

X1
p��1

$mA
�pL

4

�k
pK�2A2 �m2 2

�k
pK�2A2

�k
pK�2A2 �n2 2

�
��1�m cos��k
pK�A�� 1 form
n� even
i��1�m sin��k
pK�A� form
n� odd;

(31)

and

Smn �
tanh�$nH�
1
 "m0

$mA
�0L

4

k2A2 �m2 2

k2A2

k2A2 � n2 2

�
��1�m cos�kA� � 1 for m
 n � even
i��1�m sin�kA� for m
 n � odd:

(32)
In the absence of the electron beam, the dispersion
relation is

jRmn � "mnj � 0: (33)

Some simple computations carried out using MATHCAD

are shown in Figs. 2 and 3 for the parameters used in the
experiments of Urata and Walsh, summarized in Table I.
In the dispersion diagram, Fig. 2, the operating point of
the laser is the point where the beam line, �k, intersects
the dispersion curve. As shown there, for 40-keVelectrons
the intersection occurs at a point k=K > 0:5, where
d!=dk < 0. We see from these results that while the
evanescent wave travels with a positive phase velocity
equal to the electron velocity, the group velocity is nega-
tive, in the manner of a backward-wave oscillator. It is
important to note that the waves are evanescent (they
vanish exponentially above the grating) over the entire
range explored by Urata and Walsh.

The computations also show that the dispersion rela-
tion is accurately described (within a few percent) by (33)
even if just a single element (that is, m � n � 0) is used
FIG. 2. Frequency (solid line) and phase velocity (dotted
line) of the evanescent wave for the grating used by Urata
and Walsh. The dashed line is the beam line (�k=K) for 40 keV
electrons. The operating point for 40 keV electrons (circled) is
the intersection of the frequency curve with the beam line.
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in the matrix of coefficients Cmn, provided that at least
three terms are used in the sum for the coefficients (that
is, �1 � p � 1). It seems that the field in the grooves is
adequately represented by a single term ( n � 0), at least
for k < K, but that the evanescent field must at least
minimally reflect the periodicity of the grating.

To compute the gain, we take advantage of this sim-
plification, and examine the dispersion relation

R00 � 1
 
0S00 � 0: (34)

When the effect of the electron beam is small, we expand
about the solution for the no-beam case and write

R00�!; k� � R00�!0; k0� 
 R0
00�!0; k0��k� k0�; (35)

where

R00�!0; k0� � 1: (36)

To lowest order, then, we are left with the equation

R0
00�!0; k0��k� k0� 
 
0S00�!0; k0� � 0: (37)
FIG. 3. Free-space wavelength of the evanescent mode (solid
line), and angle-tuning wavelength range of Smith-Purcell
radiation (region between the dotted lines), as functions of
the electron-beam energy for the parameters of Urata and
Walsh.
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FIG. 4. Amplitude growth rate (per unit distance) for the
experimental parameters of Urata and Walsh: present theory
(solid line), Kim and Song (dotted line), Schaechter and Ron
(dashed line).

TABLE I. Parameters of a Smith-Purcell FEL, from the data
of Urata and Walsh.

Grating period 173 �m
Groove width 62 �m
Groove depth 100 �m
Electron energy 30–40 keV
Electron-beam current 1 mA
Electron-beam diameter 24 �m

PRST-AB 7 H. L. ANDREWS AND C. A. BRAU 070701 (2004)
But the susceptibility diverges near the synchronous
point, so the gain is largest there. We therefore select
the point

!0 � �ck0 (38)

and expand


0 � �
!2
p

�3�!0 � �ck�2
�

!2
p

�3�2c2�k� k0�
2 : (39)

Substituting this back into (37) we get

�k� k0�3 �
!2
p

�3�2c2
S00�!0; k0�
R0
00�!0; k0�

: (40)

Of the three roots, the root with the largest negative
imaginary part has the highest gain, and we find that
the amplitude growth rate is

� � Im�k� k0� �

���
3

p

2

������� !2
p

�3�2c2
S00�!0; k0�
R0
00�!0; k0�

�������
1=3
: (41)

The growth rate for the power is twice this. When we
carry out the differentiations and cancel common factors
from S00 and R0

00, we arrive at the formula

� �

���
3

p

2

������� !2
p

�3�2c2
G�!0; k0�
F0�!0; k0�

�������
1=3
; (42)

where

G�!; k� �
cos�kA� � 1

�0Lk
2A2 (43)

and

F0�!;k� ��
X1

p��1

�
A sin��k
pK�A�

�pL�k
pK�
2A2



cos��k
pK�A�� 1

�pL�k
pK�2A2

	
k
pK

�2
p



2

k
pK


�
:

(44)

The power gain per pass is then

g � e2�Z; (45)

where Z is the overall length of the grating.
070701-5
III. CONCLUSIONS

To apply the present two-dimensional, uniform-beam
model to the real-world situation of Urata and Walsh, we
assume that the electron beam uniformly fills a region of
diameter de, so the plasma frequency in the beam is

!2
p �

16c2

�d2e

Ie
IA
; (46)

where IA � 4 "0mc3=q is the Alfvén current. We further
assume that the uniform region of the electron beam is
larger than the scale height, s � 1=�0 � ���=2 , of the
evanescent wave and the width of the optical mode. The
first assumption is probably satisfactory, but the width of
the optical mode may be much larger than the electron-
beam diameter, especially in low-gain cases [24]. With
these assumptions we find that the amplitude growth rate
is given by the formula

� �

���
3

p

��

������� 4 

d2eL

Ie
IA

G�!0; k0�
F0�!0; k0�

�������
1=3
: (47)

Some computations using these formulas for the ex-
perimental parameters used by Urata and Walsh (Table I)
are shown in Figs. 4 and 5. Urata and Walsh did not
measure the gain directly, but if it is supposed that the
traveling wave reflects off the ends of the grating in the
manner of an optical resonator with high (say 90%) out-
put coupling at each end, then the gain per pass at thresh-
old might be on the order of 100. This agrees roughly with
the present computations. More recently, Bakhtyari,
Walsh, and Brownell have examined in detail the tran-
sition from linear to nonlinear behavior of the radiation
near threshold [25]. They observe oscillations in the
radiated power near threshold, which they interpret as
beating between three modes corresponding to the three
070701-5



FIG. 5. Total power gain per pass for the experimental pa-
rameters of Urata and Walsh: present theory (solid line), Kim
and Song (dotted line), Schaechter and Ron (dashed line).
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roots of the dispersion relation. From these beats, they
infer that the gain is proportional to the cube root of the
current, as found in the present analysis.

Two other theories have been proposed to compute the
gain of a Smith-Purcell FEL. Schaechter and Ron ana-
lyze the interaction of an electron beam with a wave
traveling along the grating, and include waves that are
emitted by the beam and reflected off the grating [19].
They treat the system as an amplifier, calculate the rate of
growth of a wave that is incident on the grating from
infinity, and arrive at the formula

� �

���
3

p

2

�������4 de
!2

c2
e�2�0h

�5�5

Ie
IA

�������
1=3
; (48)

where h is the height of the beam above the surface of the
grating. Compared with (47), the different dependence of
the growth rate on the diameter of the electron beam
follows from the fact that the beam is assumed by
Schaechter and Ron to be a sheet of width de positioned
above the grating at the height h. For a finite-sized beam
traveling as close to the grating as possible, we take h �
de=2. The results of computations using this formula are
shown for comparison in Figs. 4 and 5. Another theory
has been advanced by Kim and Song [20]. Like
Schaechter and Ron, they consider a sheet electron
beam of width de positioned at a height h above the
grating that interacts with a Floquet wave traveling along
the surface of the grating, somewhat like the present
theory. However, they assume that at least one of the
Fourier components of the Floquet wave is radiative,
rather than evanescent. That is, at least one component
of the wave is not exponentially decreasing away from the
grating surface. For the gain coefficient they obtain the
formula

� �
1

�2�2

����������������������������������
2 ke00e

�2�0h

de

Ie
IA

s
; (49)
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where e00 is a grating coupling coefficient whose value
is of the order of unity. The results of computations
using this formula are also shown for comparison in
Figs. 4 and 5. The predicted gain is lower than that of
the other theories, and depends on the square root of the
electron-beam current rather than the cube root, as pre-
dicted by the other theories and inferred by Bakhtyari,
Walsh, and Brownell. The different dependence of the
gain on the electron-beam current may be due to the fact
that Kim and Song assume that at least one component of
the Floquet wave radiates as it travels along the grating,
and this introduces a loss mechanism that is not present in
the other theories.

It is interesting to note that the present theory predicts
that the gain increases with electron energy, whereas the
theories of Schaechter and Ron and of Kim and Song
predict that the gain decreases. In the present theory, the
gain increases with electron energy due to the dispersion
relation, which is explicitly included in the present theory
but not in the others. In a fundamental sense, the net gain
for the evanescent wave is a balance between the energy
absorbed from the electron beam and that lost by energy
flow along the grating. But the energy in the evanescent
wave travels at the group velocity, d!=dk, and this de-
pends on the wave number of the wave, as indicated in
Fig. 2. For the conditions examined by Urata and Walsh,
the group velocity is actually negative (d!=dk < 0), as
mentioned earlier. As the electron energy increases over
the range explored by Urata and Walsh, the absolute
magnitude of the group velocity decreases, so the gain
increases.

The model used here suggests some interesting conclu-
sions about the fundamental mechanism of a Smith-
Purcell FEL and the radiation that has been observed in
the experiments of Urata and Walsh. Computations show
that the laser frequency, which corresponds physically to
the bunching frequency of the electron beam, is below the
frequency range of Smith-Purcell radiation at any angle,
as indicated in Fig. 3. Thus, the superradiant emission
observed by Urata and Walsh in the direction normal to
the grating is actually Smith-Purcell radiation enhanced
by the nonlinear bunching of the electron beam induced
by the interaction with the evanescent wave. This might
be confirmed experimentally either by observing the
variation of the frequency of the radiation with the angle
of observation � (there can be only one laser frequency,
which is the frequency of the electron bunching), or by
looking for radiation at the bunching frequency due to
outcoupling of the evanescent wave at the ends of the
grating. For example, in the experiments of Urata and
Walsh, the Smith-Purcell radiation emitted normal to the
grating by a 35 keV electron beam is observed at � �
490 �m, whereas the evanescent wave is predicted to
appear at the wavelength 2 c=! � 690 �m.

These results suggest that a Smith-Purcell FEL
might be designed to optimize either the Smith-Purcell
070701-6
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radiation or the evanescent wave. If the ends of the
grating are constructed to reflect the evanescent mode,
as might be done by tapering the grating period to form
Bragg reflectors, then the evanescent mode will grow to
saturation and the Smith-Purcell radiation will be en-
hanced by strong bunching. This would offer the advan-
tages of angle tuning, in addition to tuning by the electron
energy, and even multiple simultaneous wavelengths.
However, the radiation at any given frequency would be
reduced by the distribution of the Smith-Purcell radiation
over a range of wavelengths. Alternatively, one or both
ends of the grating could be used to outcouple the energy
in the evanescent mode, making the Smith-Purcell FEL
operate in the manner of a backward-wave oscillator. This
would have the advantage of putting all the energy in a
single wavelength, but the outcoupled energy would ap-
pear at a longer wavelength.
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