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When a low energy electron bunch (∼20 MeV) crosses from top of a high energy bunch (e.g., 3 GeV) at
an angle (e.g., 45°), the Coulomb force exerted on the high energy bunch by the low energy bunch will kick
a very short (∼150 fs) slice from the core of the high energy bunch. The slice of electron bunch can
generate ultrashort x-ray pulse. In this paper, we will give analytical expressions about the angular kicks
dependence on the crossing angle by assuming a Gaussian distribution for the low energy bunch. Applying
the analytical results to the storage ring bunch in NSLS-II [1], we will discuss the optimized parameters of
the electron beam slicing system in order to obtain a very short slice bunch and a sufficient separation
between the slice and the core bunch.
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I. INTRODUCTION

With the rapid increase in the requirements for sub-
pic-second x-ray pulses in science, several approaches to
generate ultrashort x-ray pulses have been proposed.
Each of them has their own characteristics, for example,
the pulse duration from laser slicing [2–7] can reach the
order of 100 fs, the pic-second x-ray pulses generated by
the crab cavity method [8–10] have high average flux
(∼1014 photons= sec =0.1%bw) and high repetition rate
(several hundreds MHz), the pulses produced from x-ray
free electron laser [11] are good at higher pulse energy and
shorter pulse width. The electron beam slicing method
[12,13] is a new method to produce ultra-short x-ray pulse
which has several features in space-saving, short pulse
duration (∼150 fs), high flux (∼109 photons= sec =
0.1%bw), high repetition rate (100 kHz − 1 MHz) and
stability etc. The electron beam slicing method, as illus-
trated in Fig. 1, uses a focused short low energy
(∼20 MeV) electron bunch to slice a short electron bunch
from the electron bunches in a synchrotron radiation
storage ring. When the low energy electron bunch crosses
from top of the high energy electron bunch at right angle,
its Coulomb force will kick a short slice of high energy
electrons away from the core of the storage ring electron
bunch. The separated slice when passing through an
undulator will radiate ultrashort x-ray pulses at about
150 fs.
In this paper we derive the analytical expressions for

the angular kicks dependence on the crossing angle induced
by the Coulomb force during the crossing time of the two
bunches. We discuss the parameter requirements of the

electron beam slicing system, i.e., the low energy bunch
beam size and the crossing angle, in order to carry out
electron beam slicing experiment in the storage ring of
NSLS-II. We organize this paper as follows: In Sec. II, we
derive the vertical integrated angular kick as a function of
the crossing angle and the 3-D position of the storage ring
bunch which includes a profile function with three scaling
parameters. In Sec. III, the main performances of the
e-beam slicing method is illustrated through an example.
The conditions of the maximum kick and the estimated
slice bunch width are given. The influence of the low
energy bunch’s 3-D beam size and the crossing angle on the
maximum kick angle are then discussed in depth. The
dependence of the slice bunch width on the crossing angle
is also considered. In Sec. IV, we discuss the horizontal
kick and the longitudinal energy modulation. In Sec. V, the
reaction of the high energy storage ring bunch on the low
energy linac bunch is described. Concluding remarks are
given in Sec. VI.

II. ANGULAR KICK θy

For simplicity, we label the high energy storage ring
bunch as bunch 1 and the low energy linac bunch as bunch
2. We start from the Coulomb force exerted on the storage
ring electron 1 by the low energy electron 2, then derive the
vertical angular kick Δθy generated by a point charge in the
low energy bunch 2. We assume the low energy bunch 2 has
a Gaussian distribution in x; y; z direction respectively and
obtain the angular kick θy generated by the whole bunch 2
through integrating Δθy over the 3-D electron beam
distribution of bunch 2.

A. Force exerted on the high energy storage ring
electron by the low energy linac electron

In Fig. 1, the high energy storage ring electron 1 moves
in the xoz plane along the direction which has angle φ with
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axis “þx” with relative velocity β1. The low energy linac
electron 2 moves in the xoy plane along the “þx” direction
with relative velocity β2. The electric field at position
~r1 contributed by the electron 2 at position ~r2 can be
expressed by [14]

~E ¼ e
4πε0

γ2
S3

~r; ð1Þ

where ε0 is the permittivity of free space,
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ22x

2 þ y2 þ z2
p

, ~r ¼ ~r1 − ~r2. The corresponding

magnetic field can be calculated by c~B ¼ ~β2 × ~E. Then
the force exerted on electron 1 by electron 2 is

~F ¼ e~Eþ e~υ1 × ~B

¼ eð1 − β1β2 cosφÞ~Eþ eβ1β2ðcosφEx þ sinφEzÞ~x;
ð2Þ

where we use x̂ × ðx̂ × ~EÞ ¼ Exx̂ − ~E, ẑ × ðx̂ × ~EÞ ¼ Ez~x.
We assume that when t ¼ 0 electron 1 locates at

position ðx1; y1; z1Þ and electron 2 locates at position
ðx2; y2 þ d; z2Þ, where d is the vertical distance between
the high energy storage ring beam line and the low energy
linac beam line. Because υ~r1 ≈ c, υ~r2 ≈ c, at time t, electron
1 moves to ðx1 þ ct cosφ; y1; z1 þ ct sinφÞ and electron 2
moves to ðx2 þ ct; y2 þ d; z2Þ. Inserting Eq. (1) into
Eq. (2), the force can be rewritten as

~F ¼ e2

4πε0

γ2
S3

8>><
>>:

½xþ ðβ1β2 sinφÞz�~x
½ð1 − β1β2 cosφÞy�~y
½ð1 − β1β2 cosφÞz�~z

: ð3Þ

Using the coordinates xr; yr; zr of the storage ring bunch,
the forces exerted on the storage ring electron by the
linac electron in the horizontal, vertical and longitudinal
direction are Fxr ¼ ðFx sinφ − Fz cosφÞ, Fyr ¼ Fy,
Fzr ¼ ðFx cosφþ Fz sinφÞ, respectively. Therefore the
force, expressed in terms of the coordinates of the storage
ring bunch, is

0
B@

Fxr

Fyr

Fzr

1
CA ¼ e2

4πε0

γ2
S3

0
B@

x sinφþ zðβ1β2 − cosφÞ
yð1 − β1β2 cosφÞ
ðx cosφþ z sinφÞ

1
CA; ð4Þ

where x¼−ðx2−x1Þ−ctð1−cosφÞ, y ¼ −ðy2 − y1Þ − d,
z ¼ −ðz2 − z1Þ þ ct sinφ. Notice the force components in
the storage ring coordinate system is expressed in terms of
the low energy bunch coordinates.

B. Angular kick Δθy by single low energy particle

We assume each low energy particle’s point charge is q2.
According to Eq. (4), the kick force on electron 1 in the
vertical direction ~y can be expressed as

Fy ¼ −
eq2
4πε0

γ2
S3

ð1 − β1β2 cosφÞðdþ y2 − y1Þ: ð5Þ

The relation between the kick force and the kick angle can
be expressed as

Fy ¼ γ1mc
dθy
dt

¼ E1

c

dθy
dt

; ð6Þ

where we use dy
dt ≈ cθy due to υ~r1 ≈ c, E1 is the energy of the

storage ring electron 1. The angular kick Δθy generated by
a point charge in the low energy bunch 2 can be obtained
by integrating dθy ¼ ðcFy=E1Þdt over the crossing time:

Δθy ¼
eq2γ2c
4πε0E1

Z þ∞

−∞

dt
S3

ð1 − β1β2 cosφÞðdþ y2 − y1Þ

¼ eq2Z0c
2πE1

·
γ2ð1 − β1β2 cosφÞ

½γ22ð1 − cosφÞ2 þ sin2φ�1=2 ·
dþ y2 − y1

a2
;

ð7Þ

where Z0 ¼ 1
ε0c

¼ 377Ω and

a2 ¼ γ22
γ22ð1 − cosφÞ2 þ sinφ2

× ½ðx2 − x1Þ sinφþ ðz2 − z1Þð1 − cosφÞ�2
þ ðdþ y2 − y1Þ2:

In Eq. (7), we removed a minus sign for the Δθy which is
due to the minus sign of Eq. (5). That means we define Δθy
positive if the electron is kicked downward as shown
in Fig. 1.

C. Angular kick θy by a Gaussian low energy bunch

We assume the low energy bunch 2 has a Gaussian
distribution in x; y; z direction and the RMS bunch size is
σx; σy; σz, respectively. Integrating Δθy over the whole low
energy bunch 2, we obtain the angular kick generated by
the low energy bunch on the storage ring electron as:

FIG. 1. Illustration of electron beam slicing.
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θy¼
eq2Z0c
2πE1

·
γ2ð1−β1β2cosφÞ

½γ22ð1−cosφÞ2þsin2φ�1=2 ·
1

ð2πÞ3=2σxσyσz
·Iy;

ð8Þ
where

Iy ¼
ZZZ
V

e
−

x2
2

2σ2xe
−

y2
2

2σ2ye
−

z2
2

2σ2z ·
dþ y2 − y1

a2
dx2dy2dz2: ð9Þ

Using the variable transform x2 ¼
ffiffiffi
2

p
σxx, y2 ¼

ffiffiffi
2

p
σyy,

z2 ¼
ffiffiffi
2

p
σzz, and the following defined scaling parameters:

ρ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ22
γ22ð1 − cosφÞ2 þ sin2φ

·
σ2xsin2φþ σ2zð1 − cosφÞ2

σ2y

s

ȳ1 ≡ d − y1ffiffiffi
2

p
σy

ū1 ≡ x1 sinφþ z1ð1 − cosφÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2xsin2φþ 2σ2zð1 − cosφÞ2

p ; ð10Þ

the triple integral of Eq. (9) can be reduced to the double
integral:

Iy ¼ 2
ffiffiffi
π

p
σxσz

ZZ
e−y

2−u2 yþ ȳ1
b2

dydu; ð11Þ

where b2 ¼ ðyþ ȳ1Þ2 þ ρ2ðu − ū1Þ2. Using the integral

equation β
π

R
e−x

2

ðx−αÞ2þβ2
dx ¼ Re½Wðαþ ijβjÞSignðβÞ� with

WðuÞ ¼ e−u
2

erfcð−iuÞ and error function erfcðxÞ ¼
2ffiffi
π

p
Rþ∞
x e−x

2

dx, Eq. (11) can be written as

Iy ¼ 2π3=2σxσz

Z
∞

0

Re½Wðū1 þ iyÞ�

× ½e−ðρy−ȳ1Þ2 − e−ðρyþȳ1Þ2 �dy: ð12Þ
We now transform the storage ring particle’s coordinates
from the coordinate system defined relative to low energy
bunch shown in Fig. 1 to the storage ring coordinate
xr; yr; zr by using the variable transform
x1 ¼ zr cosφþ xr sinφ, y1 ¼ yr, z1 ¼ zr sinφ − xr cosφ,

then ū1 in Eq. (10) becomes ū1 ≡ zr sinφþxrð1−cosφÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2xsin2φþ2σ2zð1−cosφÞ2

p .

Inserting Eq. (12) into Eq. (8) and using the previous
coordinates transform from x1; y1; z1 to xr; yr; zr, we obtain
the final angular kick θy as:

θy ¼
eq2Z0c
2πE1

γ2ð1 − β1β2 cosφÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ22ð1 − cosφÞ2 þ sin2φ

p 1ffiffiffi
2

p
σy

fyðρ; ū1; ȳ1Þ;

ð13Þ
where fy gives the profile as a function of the high energy
electron’s position

fyðρ; ū1; ȳ1Þ ¼
Z

∞

0

Re½Wðū1 þ iyÞ�

× ½e−ðρy−ȳ1Þ2 − e−ðρyþȳ1Þ2 �dy: ð14Þ

ρ; ū1; ȳ1 are given by

ρ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ22
γ22ð1 − cosφÞ2 þ sin2φ

·
σ2xsin2φþ σ2zð1 − cosφÞ2

σ2y

s

ȳ1 ≡ d − yrffiffiffi
2

p
σy

ū1 ≡ zr sinφþ xrð1 − cosφÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2xsin2φþ 2σ2zð1 − cosφÞ2

p : ð15Þ

Equation (13) gives the angular kick as a function of the
electron’s 3-D position xr; yr; zr in the storage ring bunch 1.
The profile function Eq. (14) describes the profile of the
slice bunch and can be used to estimate the pulse width of
the slice.

III. NUMERICAL ANALYSIS

For this slicing method, we require that the vertical
angular deviation of the slice bunch is large enough for the
slice to be separated from the core bunch and the pulse
length of the slice is small enough to radiate femtosecond
x-ray. For the preliminary design, according to the kick
function Eq. (13), we can determine the requirements on
the low energy bunch performances, pick the interaction
position in the storage ring of NSLS-II and choose the
crossing angle between the two bunches.
The value of the kick angle in Eq. (13) can be separated

into two parts: the nominal kick angle

θy0 ¼
eq2Z0c
2πE1

γ2ð1 − β1β2 cosφÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ22ð1 − cosφÞ2 þ sin2φ

p 1ffiffiffi
2

p
σy

ð16Þ

and the coefficient fyðρ; ū1; ȳ1Þ which determines the
profile of the slice bunch. Equation (16) shows that the
nominal kick angle is proportional to the low energy bunch
charge, inversely proportional to the storage ring energy E1

and the vertical beam size σy of the low energy bunch. It
also depends on the crossing angle φ, but is not sensitive to
the low energy bunch energy γ2 when it is much larger than
one. From the cost point of view, we prefer the energy γ2 of
bunch 2 as low as possible. Therefore in our discussion, we
choose E2 ¼ 20 MeV corresponding to γ2 ≈ 39. The pro-
file function fyðρ; ū1; ȳ1Þ is basically a function of the
particle position xr; yr; zr of high energy electrons in the
storage ring coordinate system and the crossing angle φ of
the two bunches through the scaling function Eq. (15). The
profile function gives the maximum angular kick condition
and also describes the slice pulse width.

DEPENDENCE ON CROSSING ANGLE OF ELECTRON BEAM … Phys. Rev. STAccel. Beams 17, 120704 (2014)

120704-3



In the following analysis, we first give an example to
explain what kind of performances of the e-beam slicing
method we can expect. Then we will discuss how the low
energy bunch size σx; σy; σz and the crossing angle φ
influence the maximum kick angle θy;max and the slice width.

A. Numerical example

To estimate the possible range of the performances for
the e-beam slicing experiment, we give a numerical
example at NSLS-II [1] for the crossing angle φ ¼ 90°.
We assume the kick point is at a position in the storage ring
where βx ¼ 3.8 m, βy ¼ 25 m, if the horizontal and ver-
tical emittance is εx ¼ 1 nm, εy ¼ 10 pm, respectively,
then the horizontal and vertical RMS beam divergence is
σ0x ¼ 16 μrad, σ0y ¼ 0.6 μrad, respectively.
To separate the slice from the core bunch of the storage

ring we estimate that the vertical angular kick should be
more than 5 times larger than σy

0, i.e., θy > 3 μrad.
We assume the 20 MeV low energy electron bunch with
charge of q2 ¼ 200 pC is focused to the horizontal and
vertical beam size of σz ¼ σy ¼ 35 μm, and compressed
to the longitudinal beam size σx ¼ 35 μm, i.e., bunch
length of about 120 fs. As an example, taking the storage
ring energy as E1 ¼ 3 GeV, for crossing angle φ ¼ 90°,
we find the nominal kick angle as θy0ð90°Þ ¼
eq2Z0c
2πE1

γ2ffiffiffiffiffiffiffiffi
γ2
2
þ1

p 1ffiffi
2

p
σy
¼ 24 μrad. The profile parameter

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2
2

γ2
2
þ1

· σ
2
xþσ2z
σ2y

r
¼ 1.4. We choose the distance between

the storage ring bunch’s beam-line and the low energy
bunch’s beam-line as d ¼ ffiffiffi

2
p

σy ¼ 50 μm, which we find
to give maximum kick. Assume xr ¼ yr ¼ zr ¼ 0, i.e.,
when the electron in the storage ring bunch arrives at the
origin of the coordinate system, the center of the low energy
bunch just arrives at the position on the top of the origin
by vertical distance d ¼ 50 μm, then we have ȳ1 ¼ 1;
ū1 ¼ 0, and we find fy ¼ 0.54. The kick angle is given by
θyð90°Þ ¼ θy0ð90°Þfy ¼ 13 μrad, much larger than the
required 3 μrad for the separation from the core.
The width of the slice is estimated by the width in ū1 of

the profile fy at ȳ1 ¼ 1 and the horizontal beam size of the
storage ring bunch adding in quadrature (we will discuss
the slice width in more detail later in Sec. III D). For the
above example σx ¼ σy ¼ σz ¼ 35 μm, at the kick point
with βx ¼ 3.8 m and εx ¼ 1 nm, the horizontal FWHM of
the storage ring bunch is about 145 μm and at ρ ¼ 1.4 the
FWHM of ū1 is 2.5. Then the estimated FWHM of the slice
bunch is about 227 μm which corresponds to 760 fs. As an
estimate, we use an aperture to select x-rays from those
electrons in the slice whose vertical angular divergence is
larger than half of the maximum kick angle, then the peak
to peak pulse width of the slice is 760 fs. Thus the estimated
RMS value of slice width should be estimated roughly as
one fourth of this peak to peak value, i.e., 190 fs. We can

see the contribution of the horizontal crossing time domi-
nates the pulse width. But, as we will discuss in more detail
later in Sec. III D, we find that when the low energy bunch
crosses the high energy bunch with an angle of 45° rather
than 90°, this problem of horizontal crossing time can be
overcome. Then, again, the width of ū1 becomes important,
and we can reach the slice length of the order of 107 fs.

B. Profile function f y
To understand the relation of the angular kick and the

scaling parameters, we plot the function fy in Fig. 2 for the
case of ρ ¼ 1.4. The plot shows the maximum point locates
at ū1 ¼ 0; ȳ1 ¼ 1. A set of plots of fy as a function of ȳ1 at
ū1 ¼ 0 for different ρ are shown in Fig. 3. The maximum is
always approximately at ȳ1 ¼ 1. That means if we choose
the vertical distance between the two bunches center is
d ¼ ffiffiffi

2
p

σy, the electron in the storage ring bunch located at
xr ¼ 0; yr ¼ 0; zr ¼ 0 will receive the maximum kick
θy;max. The value of the maximum kick can be adjusted
through the scaling parameter ρ by changing the crossing
angle φ and the low energy bunch size σx; σy; σz. We also
plot the profile of fy as a function of ū1 for ȳ1 ¼ 1 in Fig. 4
for different ρ. The width in ū1 of the profile fy at ȳ1 ¼ 1
can be used to estimate the width of the slice.

FIG. 2. Profile function fy.

FIG. 3. Profile on axis ū1 ¼ 0. The maximum fy locates at
ȳ1 ¼ 1.
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C. Maximum kick value θy;max

According to the previous discussion, if we design the
distance between the low energy bunch’s beam line and
the storage ring beam line d ¼ ffiffiffi

2
p

σy and when the two
bunches’ centers arrive at xr ¼ 0; zr ¼ 0 with only a
vertical separation d that means we have ȳ1 ¼ 1; ū1 ¼ 0,
then the vertical kick reaches maximum θy;max ¼ θyðxr ¼
0; yr ¼ 0; zr ¼ 0Þ ¼ θy0fðρ; ū1 ¼ 0; ȳ1 ¼ 1Þ. The maxi-
mum kick angle θy;max is still a function of the low energy
bunch’s 3-D beam size σx; σy; σz and the crossing angle φ.
In this section, we will discuss the dependence of θy;max on
σx; σy; σz and φ, and find out the relative importance of
σx; σy; σz at different crossing angle. Based on the practical
performance of the low energy linac compressor, the 3-D
beam size σx; σy; σz discussed are from 25 μm to 45 μm.
The crossing angle discussed is from 0° to 90°.
We plot the maximum kick θy;max as a function of the

crossing angle φ for the low energy beam size σx¼σy¼σz
in Fig. 5. The kick angle increases with the increase of the
crossing angle when φ > 5°. And the plot also shows that
the smaller the low energy beam size is, the stronger the
kick is. In order to make the relation between the low
energy beam size and the slice kick angle more clear, we
also plot the dependence of the maximum kick angle on the
beam size for different crossing angles in Fig. 6.
In general, we need large kick angle, then we need small

3-D beam size σx; σy; σz and large crossing angle φ. If we
consider the relative importance of the 3-D beam size to the
kick value, we will notice that in Eq. (15) the vertical beam

size σy of the low energy bunch and its other two beam size
σx; σz locate at different positions in the scaling parameter
ρ, and in the nominal kick function Eq. (16) only the
vertical beam size σy appears. In addition, we remark that
the crossing angle φ influences the relative importance of
σx and σz to the scaling parameter ρ.
With the vertical beam size σy fixed, we found in the

range of crossing angle 0°–90°, to obtain the same kick
angle smaller σx is more efficient than smaller σz. To see
this, we choose σy ¼ 35 μm as an example, and then we
plot several contour figures of the kick value as a function
of the longitudinal and horizontal beam size σx; σz for
different crossing angle φ ¼ 22.5°, 45°, 67.5°, 90° in Fig. 7.
The color represents the values of the kick angle. The more
it is close to the yellow, the larger the kick angle is. The
same black dash lines present the same kick values and the
slope of the dash line indicates which beam size influences
the kick angle more. The steeper the slope is, the less
important σx is while the more important σz is to the kick.
For example, the top-right plot (φ ¼ 45°) in Fig. 7 shows
that to obtain the same kick angle it is more efficient to
short the low energy bunch’s longitudinal beam size σx than
to short its horizontal beam size σz. While the bottom-right
plot (φ ¼ 90°) in Fig. 7 indicates that the longitudinal
beam size σx and the horizontal beam size σz have the
same importance to kick angle when the crossing angle
is φ ¼ 90°.
The relative importance between the vertical beam size

σy and the other two beam size σx; σz is complicated.
Therefore we limit our discussion in the practical range
of 25 μm–45 μm for the 3-D beam size. To figure out the
relative importance of σx and σy we do the following
scanning: (i) First we fix the value of σz and plot the
contour plots of the kick angle as a function of σx and σy for
different crossing angle φ ¼ 22.5°, 45°, 67.5°, 90° with σy.
(ii) Then we scan σz from 25 μm to 45 μm with the step
size 1 μm to plot the corresponding contour figures as
step 1. Comparing these contour plots, we find that with the
increase of the crossing angle the slope of the contour line
will rotate clockwise. That means the importance of σy to
the kick value is gradually increasing while the importance
of σx is decreasing with the increase of the crossing angle.

FIG. 4. Profile on axis ȳ1 ¼ 1. Show that decreasing ρ will
advantage to increase the pulse width.

FIG. 5. The maximum kick angle θy;max as a function of the
crossing angle φ for different beam size σ when σ ¼ σx ¼ σy ¼ σz.

FIG. 6. The maximum kick angle θy;max as a function of the
beam size σx ¼ σy ¼ σz for different crossing angle φ.
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We also find the influence of the horizontal beam size σz
on the rotation and the relative slope value can be ignored
in the discussed range of 25 μm–45 μm for the 3-D beam
size. As an example for σz ¼ 35 μm, the contour plots of
the kick value as a function of the longitudinal and vertical
beam size σx; σy for different crossing angle are shown in
Fig. 8. The clockwise rotation of the contour line clearly
indicates that to reach a kick value, for 45° crossing angle
smaller σx is more important than smaller σy as shown in
the top-left plot of Fig. 8, while for 90° crossing angle to
short σy is more efficient than do σx as shown in the
bottom-left of Fig. 8. We do the same scanning process to
study the relative importance of σy and σz. The results,
which are independent from the value of σx in the
discussed range of 25 μm–45 μm for the 3-D beam
size, show that a smaller vertical beam size σy is more
important to the kick value than a smaller horizontal beam
size σz for the crossing angle discussed. An example plot
is shown in Fig. 9.

Table I gives a conclusion about the relative importance
of the 3-D beam size to the kick value θy;max for different
crossing angle situations, i.e., for 45° crossing angle, to
increase the kick angle shortening the longitudinal beam
size σx is the most efficient way and for 90° crossing angle
shortening the vertical beam size σy is more efficient than
shortening σx and σz. These conclusions are justified in the
range discussed around 25 μm–45 μm of 3-D beam size.
The characteristics of the low energy bunch’s 3-D beam
size with different weights on the kick value makes the
optimization of the low energy beam size more flexible. For
some examples in Table II, if we manipulate relative beam
size in different directions we can obtain different kick
values.

D. Slice width

The width of the slice beam is another important
parameter. From the expression of ū1 in Eq. (15), we have

FIG. 7. Kick angle contour for σy ¼ 35 μm. These pictures show the contour of the maximum kick angle θy;max as a function of the
longitudinal and horizontal beam size σx; σz for different crossing angle φ ¼ 22.5°, 45°, 67.5°, 90°. The color represents the values of the
kick angle. The more it is closer to the yellow, the larger the kick angle is.
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zr ¼ ū1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2x þ 2σ2z

�
1 − cosφ
sinφ

�
2

s
þ
�
cosφ − 1

sinφ

�
xr:

ð17Þ

This equation shows the slice width is affected by two
independent terms: one term, being proportional to ū1, due
to the vertical kick from the linac bunch and the other term,
being proportional to xr, due to the horizontal crossing time
of the low energy bunch when it passes across the high
energy bunch from top. These terms add in quadrature to
provide the slice width. To estimate the slice width, we
assume the horizontal distribution of the storage ring bunch
is Gaussian, and we also approximate the profile of ū1 as
Gaussian. Equation (17) shows the crossing angle φ
influences the vertical kick term ū1 and the horizontal
crossing time term xr. It is possible to reduce the pulse
length due to the crossing time by reducing the crossing
angle, for example from 90° to 45° between the forward

direction of the linac beam and the storage ring beam. This
is illustrated in Fig. 10 showing for 45° crossing angle the
linac bunch has a velocity component parallel to the storage
ring bunch making the slice shorter. We display this effect
using the contour plots in Fig. 11 which shows the phase
space distribution with color scale representing the kick
angle for the 90° crossing and 45° crossing, respectively.
The parameters used to plot Fig. 11 are the same as the
example in Sec. III A. Using the same way in Sec. III A, the
estimated RMS value of bunch length decreases from
190 fs for 90° crossing angle to 107 fs for 45° crossing
angle at the expense of a reduction of the maximum vertical
kick angle θy;max from 13 μrad to 9 μrad. More numerical
examples are given in Table II. In Fig. 12 we plot an
example curve about the variation of the estimated RMS
slice width with the crossing angle. When the 3-D beam
size of the low energy bunch keep the same value, the slice
width is independent of the charge of the low energy bunch.
Therefore the decrease of the kick angle because we choose

FIG. 8. Kick angle contour for σz ¼ 35 μm. These pictures show the contour of the maximum kick angle θy;max as a function of the
longitudinal and vertical beam size σx; σy for different crossing angle φ ¼ 22.5°, 45°, 67.5°, 90°. The color represents the values of the
kick angle. The more it is closer to the yellow, the larger the kick angle is.
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a smaller crossing angle to shorten the slice width can
be made up by increasing the charge of low energy bunch.
At the same time, due to the space charge effects, with
increasing the charge of low energy bunch we also need to
increase the energy of low energy bunch to keep the same
3-D beam size.

IV. HORIZONTAL KICK θxr AND LONGITUDINAL
ENERGY MODULATION Δγ

When the low energy linac bunch crossing pass through
the high energy storage ring bunch, except the vertical
kick θy the storage ring bunch also experiences the
horizontal kick θxr and the longitudinal energy modula-
tion Δγ induced by the low energy bunch’s electromag-
netic field.

A. Horizontal kick θxr
According to Eq. (4), the horizontal kick force on storage

ring electron is expressed as

Fxr ¼
eq2
4πε0

γ2
S3

½ðx1 − x2Þ sinφþ ðz1 − z2Þðβ1β2 − cosφÞ

þ ctðβ1β2 − 1Þ sinφ�: ð18Þ

FIG. 9. Kick angle contour for σx ¼ 35 μm. These pictures show the contour of the maximum kick angle θy;max as a function of the
vertical and horizontal beam size σy; σz for different crossing angle φ ¼ 22.5°, 45°, 67.5°, 90°. The color represents the values of the kick
angle. The more it is closer to the yellow, the larger the kick angle is.

TABLE I. The relative importance of the 3-D beam size
σx; σy; σz to the kick angle for different crossing angle, i.e., σy <
σx ¼ σz means that to reach a kick value smaller vertical beam
size σy is more important and the longitudinal and horizontal
beam size σx; σz has the same weight on the kick value.

crossing angle relative importance

22.5° σx < σy < σz
45° σx < σy < σz
62.5° σy < σx < σz
90° σy < σx ¼ σz
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Following the similar process of deriving the vertical kick
θy, we have the horizontal kick function as follows:

θxr ¼ −
eq2Z0c
2πE1

×
ð1 − cosφÞ½1þ γ22β1β2 þ ð1 − γ22Þ cosφ�

γ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ22ð1 − cosφÞ2 þ sin2φ

p
×

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½σ2xsin2φþ σ2zð1 − cosφÞ2�

p × fxðρ; ū1; ȳ1Þ

ð19Þ

with the profile function

fxðρ; ū1; ȳ1Þ ¼
Z

∞

0

Re½Wð−ȳ1 þ iuÞ�

× ½e−ðuρþū1Þ2 − e−ð
u
ρ−ū1Þ2 �du ð20Þ

and the same scaling parameters ρ; ū1; ȳ1 as θy in Eq. (15).
Notice that the horizontal profile function fx is different
from the vertical profile function fy in Eq. (14). The plot of
the profile function fx in Fig. 13 shows the maximum
and minimum kick value located at ȳ1 ¼ 0; ū1 ¼ −1 and
ȳ1 ¼ 0; ū1 ¼ 1, respectively. We also plot the profile fx as a
function of ū1 on axis ȳ1 ¼ 0 in Fig. 14 and as a function of
ȳ1 on axis ū1 ¼ −1 in Fig. 15. Figure 14 and Fig. 15 are
different from the vertical kick’s plots Fig. 4 and Fig. 3 in
their dependence with the scaling parameter ρ. With the
increase of ρ, fx increases, while fy decreases. The increase
of the angular divergence increases the emittance of the
storage ring bunch and then sets limitation on the system’s
repetition rate [13]. For the parameters in the example in
Sec. III A, the maximum of the horizontal kick angle is

TABLE II. Kick parameters for different crossing angle and different low energy beam size for the example
situation in Sec. III A.

Case φ [°] σx [μm] σy [μm] σz [μm] θy;max [μrad] θx;max [μrad] τRMS [fs] Δεy;kick [%εy] Δεx;kick [%εx]

1 45 30 35 35 9.92 8.7 100 51.2 0.4
2 45 35 30 35 9.60 8.1 105 50.5 0.4
3 45 35 35 30 9.25 8.0 106 47.6 0.4
4 45 35 35 35 9.00 7.9 107 45.7 0.4
5 90 35 30 35 14.0 13.0 185 183 1.0
6 90 30 35 35 13.5 12.9 185 169 1.0
7 90 30 35 30 14.0 13.6 179 177 1.0
8 90 35 35 35 13.0 12.3 190 163 1.0

FIG. 10. Illustration of using 45° crossing to reduce crossing
time and reduce the slice pulse length.

FIG. 11. Contour plots of the kick angle in xz phase space cutting at y ¼ 0 for different crossing angle φ ¼ 90°, φ ¼ 45°. Show the
reduction of the crossing angle can reduce the slice width induced by the crossing time.
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12 μrad for 90° crossing and 7.9 μrad for 45° crossing.
The estimated horizontal emittance increase due to the
horizontal divergence increase is 1%ϵx for 90° and 0.4%ϵx
for 45°, respectively. The horizontal emittance increase is
much smaller than the vertical emittance increase due to
the vertical divergence increase which is 163%ϵy for 90°
and 45.7%ϵy for 45°, respectively. More numerical exam-
ples are given in Table II. Therefore the repetition rate

of the e-beam slicing system is limited by the vertical
emittance increase and the horizontal angular divergence
increase can be ignored.

B. Longitudinal energy modulation Δγ

According to Eq. (4), the longitudinal force exerting on
the storage ring bunch by the low energy bunch can be
expressed as

Fzr ¼
eq2
4πε0

γ2
S3

× ½ðx1 − x2Þ cosφ

þ ðz1 − z2Þ sinφþ ctð1 − cosφÞ�: ð21Þ

The energy change induced by the longitudinal force Fzr is

dγ1 ¼
Fzr

mc2
dzr ¼

Fzr

mc
dt: ð22Þ

We integrate dγ1 over the crossing time to obtain the energy
modulation Δγpoint charge induced by a point charge in the
low energy bunch 2. Then we integrate Δγpoint charge over
the whole low energy bunch 2. Finally, we obtain the slice
energy modulation induced by the low energy bunch’s
longitudinal force exerted on the storage ring bunch as
follows:

Δγ ¼ −
eq2Z0c
2πmc2

×
½γ22ð1 − cosφÞ þ cosφ� sinφ
γ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ22ð1 − cosφÞ2 þ sin2φ

p
×

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½σ2xsin2φþ σ2zð1 − cosφÞ2�

p × fxðρ; ū1; ȳ1Þ
ð23Þ

where fxðρ; ū1; ȳ1Þ is given by Eq. (20). For the beam
parameters in the example in Sec. III A, the maximum
energy modulation is Δγ ¼ 0.072 at 90° crossing and
Δγ ¼ 0.11 at 45° crossing. Therefore compared with
γ ¼ 6000ð3 GeVÞ, the energy modulation induced by the
Coulomb force can be ignored.

FIG. 12. Estimated slice bunch width τRMS is reduced with the
decrease of the crossing angle φ.

FIG. 13. Profile function fx.

FIG. 14. Profile on axis ȳ1 ¼ 0. The maximum fx locates at
ū1 ¼ −1. Large ρ corresponds to large fx.

FIG. 15. Profile on axis ū1 ¼ −1. Large ρ corresponds to large
fx.
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V. REACTION OF STORAGE RING BUNCH
TO LINAC BUNCH

To calculate the reaction of high energy bunch to low
energy bunch, we use Eq. (13) and change notation. Now
“2” refers to high energy bunch and “1” refers to low
energy bunch. Then for the high energy bunch, the axis
“þx,” “þy” and “þz” are the longitudinal, vertical, and
horizontal direction, respectively. Here, we use the beam
parameters in Sec. III A as an example to explain that the
reaction can be ignored.
At the kick point, the relevant parameters of the high

energy bunch are σx ¼ 15 ps × 3 × 108 m=s ¼ 4.5 mm,
σy¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25m×10−11m

p
¼15.8 μm, σz¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3.8m×10−9 m

p
¼

61.6 μm, q2 ¼ 0.5 A×2.63 μs
1000

¼ 1.3 nC (For beam current of
0.5 A, assume 1000 bunches, with the revolution time of
2.63 μs, we have the bunch charge as 1.3 nC),
E1 ¼ 20 MeV, γ2 ¼ 3GeV

0.511MeV ¼ 6000. In order to estimate
the maximum reaction, we choose crossing angle φ ¼ 90∘,
then θyð90∘Þ ¼ eq2Z0c

2πE1

γ2ffiffiffiffiffiffiffiffi
γ2
2
þ1

p 1ffiffi
2

p
σy
× fyðρ; ū1; ȳ1Þ ¼ 0.05×

fyðρ; ū1; ȳ1Þ, where fyðρ; ū1; ȳ1Þ is the profile function.
For this storage ring bunch, the profile parameter

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2
2

γ2
2
þ1

· σ
2
xþσ2z
σ2y

r
¼ 285. We choose the same situation

as Sec. III A, then ū1 ¼ 0; ȳ1 ¼ 1. When ρ ≫ 1, the profile
function Eq. (14) becomes

fyðρ ≫ 1; 0; ȳ1 ¼ 1Þ

¼
Z

∞

0

Re½WðiyÞ�½e−ðρy−ȳ1Þ2 − e−ðρyþȳ1Þ2 �dy

¼ 1

ρ

Z
∞

0

Re

�
W

�
i
y
ρ

��
½e−ðy−ȳ1Þ2 − e−ðyþȳ1Þ2 �dy: ð24Þ

Due to ȳ1 ¼ 1, the contribution of the factor ½e−ðy−ȳ1Þ2 −
e−ðyþȳ1Þ2 � to the profile function fy comes from y ∼ 1, then
we have y=ρ ≪ 1. This leads to Wði yρÞ ¼ 1. Then we have

fyðρ ≫ 1; 0; ȳ1 ¼ 1Þ ≈ 1

ρ

Z
∞

0

h
e−ðy−ȳ1Þ2 − e−ðyþȳ1Þ2

i
dy

¼
ffiffiffi
π

p
ρ

erfðȳ1Þ; ð25Þ

where erfðzÞ ¼ 2ffiffi
π

p
R
z
0 e

−t2dt. Therefore, the profile function

fyðρ ¼ 285; ū1 ¼ 0; ȳ1 ¼ 1Þ ≈ 0.0052 and the reaction
angle on the linac bunch from the storage ring bunch is
θyð90°Þ¼ 0.087×fyðρ¼ 285; ū1¼ 0; ȳ1¼ 1Þ≈0.26 ½μrad�.
We assume the longitudinal beam size of the linac bunch
is 35 μm. Then during the interaction time, the linac
bunch’s position will be changed about 0.016 μm in
vertical direction which can be ignored when compared
with the vertical beam size 35 μm.

VI. CONCLUSIONS

We presented formulas in Eq. (13), Eq. (19), and
Eq. (23), which can be used to study the characteristics
of the electron beam slicing. The slice bunch’s profile is
described by the profile function fy; fx. The maximum kick
angle and the slice width can be manipulated through the
low energy beam size σx, σy, σz and the crossing angle φ.
With the variance of the crossing angle φ, the relative
importance of the low energy beam size σx, σy, σz will be
varied. Decreasing the crossing angle φ can significantly
shorten the slice width at the expense of lowering the
maximum kick angle θy;max. Because the slice width is
independent of the charge of the low energy bunch, the
decrease of θy;max induced by the reduction of φ can be
compensated by increasing the charge and the energy of the
low energy bunch while keeping the same 3-D beam size.
The influence of the horizontal angular divergence increase
of the slice can be ignored, because the limitation of the
system’s repetition rate is set by the vertical emittance
increase. The energy modulation of the slice induced by the
kick is very small and can be also ignored. The reaction of
the storage ring bunch on the low energy linac bunch can be
ignored due to the small position change of the linac bunch
included by the reaction. The formulas and the results
present here are applied to the study of electron beam
slicing in NSLS-II [13] and also are used to determine the
target parameters of the low energy bunch to guide the
design of the linac compressor [15].
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