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The use of two different wavelength lasers in the nonlinear regime of the inverse Compton scattering

interaction is proposed in order to provide a new strategy for controlling scattered photon energy

distributions in the x-ray to �-ray spectral region. In this nonlinear interaction, the component of the

relativistic electron’s trajectory driven by a longer-wavelength laser with the normalized vector potential

aL � 1 is a large oscillatory figure-8; in the proposed scenario a rapid small-amplitude oscillation induced

by a shorter-wavelength laser is superimposed upon this figure-8. Thus, the electron’s momentum is mainly

supplied from longer-wavelength laser, while the high-frequency part of the acceleration is given by

shorter-wavelength laser. In this way, the harmonics radiated at high frequency from the oscillating electron

can be strongly modified by the nonlinear motion initiated by the low frequency, large aL laser resulting in

the generation of the harmonics with the photon energy of 4�2
@ð!L;short þ n!L;longÞ. In this paper, the

electron’s kinetics in the two-wavelength laser field and the concomitant emitted radiation spectrum are

examined, with numerical illustrations based on a classical Lienard-Wiechert potential formalism provided.
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I. INTRODUCTION

Inverse Compton scattering (ICS) is an attractive scheme
for producing narrow-band x rays having energies in the keV
rangeor above,while at the same timeusing relatively low—
compared to an x-ray free-electron laser, e.g.—electron
beam energy. The Doppler shifting of an incident laser
scattered by a relativistic beam electron in the Thomson
limit produces a backscattered x ray in the energy of [1]

@!x-ray ¼ 4�2
@!L

1þ aL
2=2þ �2�2

; (1)

where� is the electron’s Lorentz relativistic factor, aL is the
normalized vector potential, and � is the observation angle
relative to the incident electron direction. Thus, the back-
scattered photon energy is directly proportional to the inci-
dent laser energy @!L and to the relativistic Doppler factor
4�2. Recently, production of subpicosecond, high flux keVx
rays using the ICS technique [2–5], as well as their use in
various applications, have been proposed and demonstrated
[6–8]. These applications have included phase contrast
imaging [9] and single shot diffraction from a crystal [10].
The demonstrated scattered photon number per ICS inter-
action enabling these applications is�107–108.

To increase the energy efficiency of scattered photon
production, the excitation of harmonic x rays by nonlinear
ICS has been investigated theoretically in recent decades

[11–13]; and radiation at the 2nd harmonic has been
observed by using an intense CO2 laser with aL � 1 [14].
As aL, as mentioned above, is defined as the normalized
vector potential of the laser wave, it is equivalent to the
momentum associated with the electron’s transverse oscil-
lation in the laser wave field EL, divided by mec [11],

aL ¼ eELð�L=2�Þ
mec

2
; (2)

where me and e are the electron mass and charge, respec-
tively, �L is thewavelength of the laser, and c is the velocity
of the light. As one can see from Eq. (2), in order to induce
strong transverse motion, it is advantageous to use a long-
wavelength laser to increase the acceleration time in the
laser cycle. However, use of a long wavelength not only
lowers the incident photon energy itself, but also large aL
lowers the scattered x-ray energy via redirecting the beam
electrons away from the nominal propagation direction z
(Fig. 1). Here, therefore, we examine the possibility of
using a small-amplitude rapid oscillation induced by a
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FIG. 1. Schematic diagram of the nonlinear (figure-8) motion
inducedbya shorter- and a longer-wavelength laser.Es,El: Electric
field of shorter- and longer-wavelength lasers, respectively.
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short-wavelength laser in the presence of the large orbital
figure-8 motion induced by a long-wavelength laser. This
will permit us to take advantage of aspects of the nonlinear
motion, such as harmonic production, while obtaining
higher energy x rays, with the energy scale set by a short-
wavelength laser that is not in itself capable of driving
nonlinear motion. This technique also provides excellent
hard x-ray tunability, by simply changing the e-beam en-
ergy using the recently emerging intense CO2 laser with
EL � TV=m [14,15].

The physics contained in the superimposed two-laser
scheme can be related to that of scenarios in the free-
electron-laser context [16] that employ two-frequency
wigglers [17] and biharmonic undulators [18,19], that are
utilized for better control of electrodynamics and emission
spectrum. In the two-laser ICS case, the amplitude of the
electron’s oscillatory momentum is mainly supplied from
longer-wavelength laser. The high-frequency acceleration
which has as its objective the production of high energy
photons is given by the shorter-wavelength laser, thus
generation of harmonic x rays with photon energy of
4�2

@ð!L;short þ n!L;longÞ could be anticipated.

II. PHYSICAL ASPECTS OF ELECTRON
MOTION AND RADIATION EMISSION

To analyze this scheme, we need to understand the
electron motion in the dual laser field, and then proceed
through a Lienard-Wiechert (LW) treatment to deduce the
characteristics of the emitted electromagnetic radiation.
Let us consider a highly relativistic electron with an initial
energy of E0 and position ðx; zÞ ¼ ð0; 0Þ counterpropagat-
ing along the z axis in two linearly x-polarized sinusoidal
wave fields. The x and z components of the momentum p
in the electron frame are approximated as [20]

px ffi eAx=c; pz ffi E0=c; (3)

where the combined vector potential of two lasers is
Ax¼Ax;sþAx;l¼A0;scos!stþA0;lcos!lt, having angular

frequencies

!s ¼ !L;sðcþ vzÞ=c ffi 2!L;s

!l ¼ !L;lðcþ vzÞ=c ffi 2!L;l;
(4)

written for mathematical convenience in the Galilean frame
moving with the Compton interacting electron. Here, the
subscripts s and l denote short- and long-wavelength laser,
respectively. In Eq. (3), the approximation is assumed that
the interacting electron is highly relativistic, and the velocity
components of an electron with propagation angle � with
respect to the z axis are expressed as

vx ¼ c sin� � c
px

pz

ffi c
eðAx;s þ Ax;lÞ

E0

vz ¼ c cos� � c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
px

pz

�
2

s
ffi c

�
1� 1

2

�
eAx

E0

�
2
�
:

(5)

Hence, time integration of vz in tl on the time scale of the
longer-wavelength laser period Tl gives the longitudinal
position z of the electron as

z �
Z

c

�
1� 1

2

�
eA0;s cos!stþ eA0;l cos!lt

E0

�
2
�
dt

¼
Z

c

�
� 1

2

�
e

E0

�
2 A0;s

2cos2!stþ A0;l
2cos2!lt

þ2A0;s cos!stA0;l cos!lt

 !�
dt

!
Z tl

0
c

�
1� 1

2

�
e

E0

�
2
A0;l

2cos2!lt

�
dt

ffi c

�
t1ð1� CshiftÞ � 1

2�

Tl

2
Cshift sin2!ltl

�
& ctl; (6)

where Cshift ¼ 1� cos�, with propagation angle � ¼
tan�1½eðA0;l=

ffiffiffi
2

p Þ=E0�. In the middle of Eq. (6), the

cos2!st and cos!st cos!lt terms are canceled because no
net spatial displacement is obtained from the higher fre-
quency oscillation field when integration is performed with
respect to the longer time scale with A0;s

2 � A0;l
2. Thus, the

amplitude of the electron’s oscillatory momentum is mainly
supplied from longer-wavelength laser.
We now examine the far-field Lienard-Wiechert poten-

tial along the observation direction n [21], with the sim-
plification of setting the observing direction along the z
axis and concentrating on x-polarized component,

ELW ¼ me

e

re
R

n� fðn� v=cÞ � wg
ð1� n � v=cÞ3

! �me

e

re
R0

wxð1� vz

c
Þ þ wzvx

c

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{contains high frequency factor

ð1� vz

c
Þ3

|fflfflfflfflffl{zfflfflfflfflffl}
with cycle of figure-8 motion

: (7)

The Fourier transform of Eq. (7) yields the distribution
of the differential radiation intensity spectrum (in solid
angle � and angular frequency !) [22], having two fre-
quency components,

d2I

d!d�
¼ e2!2

4�2c3

��������
Z 1

�1
n� ½n� v�ei!ðt�n�r=cÞ

��������

! e2!x-ray
2

4�2c3

��������
Z 1

�1
vxe

i!x-ray½t�ðz=cÞ�dt
��������

2

	 1

c

��������
1

�x-ray
fj!x-ray;s þ j!x-ray;lg

��������
2

: (8)

Here, in Eqs. (7) and (8), re is the classical electron
radius, R is the distance between a source electron and an
observation position, w is the acceleration of the electron,
and the j! are the Fourier amplitudes of the source currents
associated with the biperiodic electric field of the lasers.
Hence, the production of harmonic x rays using two laser
wavelengths can be anticipated by the expansion of the
oscillatory exponent in Eq. (8) as
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vx expfi!x-rayðt� z=cÞg
¼ ce

E0

expðiCshift!x-raytÞðA0;s cos!stþ A0;l cos!ltÞ

� X1

n¼�1
Jn

�
Cshift!x-ray

2!l

�
expðin2!ltÞ; (9)

using the identity expðib sin�Þ ¼ P1
n¼�1 JnðbÞ expðin�Þ

with Jn the Bessel function of the first kind. Therefore,
the components of the transverse momentum oscillation of
the electrons (proportional to Ax;s cos!stþ Ax;l cos!lt)
having angular frequency n2!l imply generation of har-
monics in the emitted photon energy of @ð!s þ n2!lÞ with
a Doppler boost factor of expðiCshift!x-rayÞ. As a result, the
observed x-ray energy on the z axis associated with
j!;x-ray;s and j!;x-ray;l are written as

@!x-ray;s � 2@ð!L;s þ 2n!L;lÞ=Cshift

@!x-ray;l � 2@ð!L;l þ 2n!L;lÞ=Cshift:
(10)

The cos2!st and cos!st cos!lt terms neglected in
Eq. (6) produce low-intensity harmonics due to the
small-amplitude figure-8 motion induced by the shorter-
wavelength laser by itself, as well as by the complicated
combined nonlinear motion induced by the two lasers. The
off-axis high-frequency spectrum displays even harmonics
of the energies @!s þ n@!l, since the denominator in
Eq. (7) also becomes a function of transverse velocity vx;l.

It may be of importance to note that, although the spec-
trum on the z axis using only one laser wavelength creates
photons having energy 2@!lð1=2þ nÞ, if the angular fre-
quency of !s is low enough !s � !l, which is opposite
case of the objective condition, with amplitude of aL;s �
aL;l, the energy of fundamental radiated wavelength may be

negligible. Thus, the emitted photon energy on the z axis in

the two relevant limits is @ð!s þ n2!lÞ!!l=!s!0
@!s and

@ð!s þ n2!lÞ!!s=!l!02@!ln.
The field ELW;x in Eq. (7) behaves in a similar fashion to

a � function, due to the terms higher order in �, in that it
has maxima when longitudinal velocity vz approaches c. In
this scenario, pz may be considered mainly a function of
the vector potential of the large wavelength laser. Thus, it is
possible to enhance the high-frequency factor in the nu-
merator only where vz approaches c, where transverse
momentum nearly vanishes, px ! 0 (at the top and the
bottom of the figure-8 trajectory shown in Fig. 1). In
Eqs. (8) and (9), an x-ray energy around the angular
frequency of !s is obtained from high frequency cos!st
term multiplied by the Bessel term that is weighted by low
frequency figure-8 rotation expðin2!ltÞ. Since, the Bessel
term is normalized, the summation of these terms is not
significantly changed. Indeed, the total x-ray energy �"rad
along the figure-8 path is approximated by utilizing the
total radiation energy written in terms of the external
electric and magnetic field [21] as

�"rad ¼ 2

3
cre

2
Z
�2

��
Eþv

c
�H

�
2�

�
E �v

c

�
2
�
dt

!
Z 1

re=2c

4�re
3

3
2�2 1

8�

8>>><
>>>:

EL;x
2þ�2HL;y

2

�2
vz;lþ�vz;s

c EL;xHL;y

�EL;x
2

�
vx;lþ�vx;s

c

�
2

9>>>=
>>>;

� c�T2�0
2 ðEL;rms;sþEL;rms;lÞ2

4�

�
2�

�
aL;rms;l

�0

�
2
�
�tint;

(11)

Thus, although, in addition to the interference term of
the laser field itself, some higher-order corrections due to
treating the Lorentz factor as a constant are missing, the
total emitted electromagnetic energy along the figure-8
trajectory, within a 1=� angular cone, is approximately
unchanged by the addition of the small aL field, as long
as vx;l 
 �vx;s.

III. NUMERICAL EXAMPLE

To illustrate the results of our analysis, a single electron
orbit is numerically calculated to evaluate the modulated
Lienard-Wiechert potential in Eq. (7) and the associated
scattered x-ray spectrum generated on an observation
screen located in the far field. This calculation proceeds
by solving the relativistic equations of motion under the
constraint of the energy-momentum relation [21], with the
combined laser field assumed to be made up of super-
imposed linearly x-polarized coherent components ignor-
ing the radiation reaction. The relevant equations are thus

dp

dt
¼ eEþ e

�
v

c

�
�H p�p

� ¼ me
2c2 v ¼ pc

E

Ex ¼ E0;s sinðksz�!stÞ þ E0;l sinðklz�!ltÞ: (12)

In our example, the driving laser wavelengths are set to
10:6 �m (CO2 laser), 800 nm (Ti:sapphire laser). The
initial electron energy is taken as 65 MeV [14] as at the
BNL ATF. In this case, the backscattered energy
of 4�2!0 is 7.6 and 100 keV for the CO2 laser and the
Ti:sapphire laser, respectively. In the numerical calcula-
tion, the distance from the screen and the ICS interaction
point is set to 1 m.
The calculated x, z component of acceleration w,

velocity v, total radiation energy per unit time d�"rad=dt
[Eq. (10)], and x-polarized Lienard-Wiechert potential
term ELW;xðtelectronÞ in the electron frame with different

aL of CO2 laser are shown in Fig. 2. The bold line in
this figure corresponds to that of using only the CO2 laser.
The value of aL associated with the CO2 laser is varied as
0.1, 0.5, 1.0 and 1.5, while that of the Ti:sapphire laser is
fixed to �0:1.
In Fig. 2, it can be seen that the amplitude of the

electron’s velocity components, which are approximated
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as vx � caL;CO2=� and vz � cf1� 0:5ðaL;CO2=�Þ2g, is not
significantly affected by effects of the short-wavelength
laser, as expected. Further, the doubled-frequency oscilla-
tion of vz with respect to that of vx reflects the existence
of the large orbital figure-8 motion induced by the
longer-wavelength laser. The acceleration due to the

short-wavelength laser field is also modulated by the
figure-8 motion. The high-frequency component of the
acceleration along the z direction wz is suppressed when
vz approaches the c with the maximum kinetic energy,
while the x component of acceleration induced by two
laser wavelengths are almost linearly superimposed. As a
consequence, a strong modulation of the Lienard-Wiechert
potential can be anticipated. The instantaneous total radia-
tion energy during the acceleration phase of electron in the
figure-8 motion is increased by almost a factor of 4 due to
the interference effect of the superimposed laser. There is,
however, a nearly invariant total time integrated radiative
energy. Thus, the time squeezing effect and the conserva-
tion of energy could be seen.
Figures 3(a) and 3(b) show the calculated ELW;xðtscreenÞ

and its on-axis spectrum,ELW;xð!Þ¼
��������
R1
�1ELW;xðtÞei!tdt

��������,
on the screen, in terms of the screen time tscreen ¼ telectron þ
RðtelectronÞ=c. With an increase of aL;CO2 from 0.1 to 0.5, the

wave form of ELW;xðtscreenÞ changes from sinusoidal to trian-

gular. In the cases of aL;CO2 ¼ 0:1 and 0.5, modulation of

ELW;xðtscreenÞ by the high-frequency fields can be observed at
any phase of sinusoidal or triangular waves. However, in the
case of aL ¼ 1:0; 1:5, the radiation field induced by the high-
frequency laser can be observed only near the spikes. Thus,
harmonic radiation as a result of the relativistic figure-8
motion is implied.
In Fig. 3(b), by increasing aL of the CO2 laser, the

redshift of the fundamental radiation is observed to be
(aL;CO2 , fundamental energy ½keV�Þ¼ð0:1;7:5Þ;ð0:5;6:7Þ;
ð1:0;5:1Þ;ð1:5;3:6Þ, respectively, in agreement with analyti-
cal evaluation using Eq. (1). An increase of aL;CO2 to 0.5

generates harmonics in the vicinity of 7.6 and 100 keV.
Consequently, although the intensity of the each discrete
x-ray line at a given harmonic is decreased, the harmonics
in the energy of around 150 keV can be anticipated with
aL;CO2 � 1, boosted by the harmonics contained in the

orbital figure-8 motion.
The angular distribution of the on-axis spectrum is

shown in Fig. 3(c), which displays the existence of the
odd harmonics in the x-ray energy extending above
100 keV. It should be noted that the divergence of the
x rays induced by the short-wavelength laser is smaller
than that associated with the longer-wavelength laser.
In the end, the x-ray spectral distribution is controlled

both by selection of the ratio of wavelength of two lasers,
and by increasing the vector potential of the large wave-
length laser, which changes the energy separation of the
harmonics, as well as their relative strengths. To illustrate
aspects of this control, Figs. 4(a) and 4(b) show the pos-
sible modulation of the x-ray spectrum in the energy range
around 0.5 MeV in the case of the ICS interaction of a
75 MeVelectron beam with a CO2 and 200 nm (frequency-
quadrupled Ti:sapphire, for example) laser. The normal-
ized vector potential of the CO2 and 200 nm laser field,

Time [fs]

E
 L

W
 [

ar
b.

 u
ni

ts
]

0 5   10 15   20

aL,CO2 = 0.1
aL,CO2 = 0.5

aL,CO2 = 1.0
aL,CO2 = 1.5

1

[×1021]

[×1019]

0

+1

-1

0

+0.01c

-0.01c

0
+1

-1

0.99997c

c

0.99990c

w
 z
 [

m
/s

  ]
v 

x [
m

/s
]

v 
z [

m
/s

]
2

w
 x
 [

m
/s

  ]2
d∆

εR
ad

0

  1

dt
 [

ar
b.

 u
ni

ts
 ]

FIG. 2. Numerically calculated x and z components of accel-
eration w and velocity v, total radiation energy per unit time
d�"rad=dt, and Lienard-Wiechert potential ELW;xðtelectronÞ calcu-
lated in the electron frame, varying the aL of the CO2 laser, with
aL;Tr:sapphire: 0.1, electron energy of 65 MeV.
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respectively, is set to aL ¼ 2:0 and 2:0=50 ¼ 0:04, and
backscattered value is 0.51 MeV. By adjusting the ratio
of the two laser wavelengths and the electron beam energy,
it is possible to match the peak in reaction cross section of
atomic, molecular, and even nuclear processes [8], as this
example of MeV-class photon generation shows.

In this way, inverse Compton scattering, using the
superposition of two different laser fields, and exploiting

nonlinear effects, can thus generate multiple energy line
electromagnetic radiation beams that would be able to
provide unique opportunities in hard photon-based experi-
ments. For example, by angular separation of the ICS lines
using diffractionmethods, one can generate multiple beams
to excite simultaneously different physical systems, or cre-
ate new pump-probe scenarios. Even without separation of
the different energy beams, one may simultaneously excite
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redshift of the fundamental radiation: (aL;CO2, fundamental energy ½keV�Þ ¼ ð0:1; 7:5Þ; ð0:5; 6:7Þ; ð1:0; 5:1Þ; ð1:5; 3:6Þ.
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several discrete resonances in a single-species or multiple-
species target system with slightly higher photon energy.
We have given a numerical example of the performance of
this scheme in the context of theBNLATF inverseCompton
scattering source. The feasibility of performing such an
experiment is now under active examination.

IV. SUMMARY

The possibility of modulating the emitted radiation
spectrum by employing two lasers in an ICS interaction
in the limit that the longer-wavelength laser induces non-
linear motion has been analyzed. The nonlinear relativistic
orbital figure-8 motion driven by the long-wavelength laser
is superimposed upon a small-amplitude electron oscilla-
tion induced by a shorter-wavelength laser. Consequently,
the harmonic radiation emitted from the high-frequency
component of the oscillating electron motion may be
strongly modified. Indeed, it is possible to control the
x-ray spectral distribution by choice of the ratio of wave-
lengths of two lasers, and through selective increase of
the vector potential of the large wavelength laser. This
two-laser scheme would make ICS to be a flexible source
of higher energy photon or multiline spectrum photons at
x-ray to �-ray wavelengths.
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FIG. 4. Numerically calculated ELW;xðtscreenÞ (a), its on-axis
spectrum (b), ELW;xð@!Þ on the screen, that is produced by the

ICS interaction of 75 MeVelectron beam, CO2 laser, and 200 nm
(10:6 �m=50) laser. aL;CO2: 2.0, aL;200 nm laser ¼ 2:0=50 � 0:04
backscattered value: 0.51 MeV.
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