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Plasma wakefield acceleration (PWFA) has demonstrated the ability to produce very high gradients to

accelerate electrons and positrons. In PWFA, a drive bunch of charged particles passes through a uniform

plasma, thereby generating a wakefield that accelerates a witness bunch traveling behind the drive bunch.

This process works well for electrons, but much less so for positrons due to the positive charge attracting

rather than repealing the plasma electrons, which leads to reduced acceleration gradient, halo formation,

and emittance growth. This problem can be alleviated by having the positron beam travel through a hollow

plasma channel. Presented are modeling results for producing 10–100 cm long hollow plasma channels

suitable for positron PWFA. These channels are created utilizing laser-induced gas breakdown in

hydrogen gas. The results show that hollow channels with plasma densities of order 1016 cm�3 and inner

channel radii of order 20 �m are possible using currently available terawatt-level lasers. At these densities

and radii, preliminary positron PWFA modeling indicates that longitudinal electric fields on axis can

exceed 3 GV=m.
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I. INTRODUCTION

Plasma-based particle accelerators have made tremen-
dous progress in recent years. One such scheme is a
particle beam-driven accelerator known as a plasma wake-
field accelerator (PWFA) [1]. In a proof-of-principle
PWFA experiment [2], the energy of incoming 42 GeV
electrons was doubled over a plasma length of � 85 cm,
corresponding to a gradient of nearly 50 GeV=m.

In PWFA, a relativistic charged particle ‘‘drive’’ bunch
(DB) travels through a uniform plasma and generates a
wakefield traveling at near the speed of light. A ‘‘witness’’
bunch (WB) that follows the drive bunch can be phased
with the wakefield such that the wakefield accelerates the
bunch. This process works for both electrons and positrons;
however, as explained shortly, certain problems arise for
the positrons.

Future electron/positron machines, such as the
International Linear Collider (ILC) or the Compact

Linear Collider (CLIC) are designed to reach electron
and positron beam energies between 125 GeV and
1.5 TeV. However, these rf accelerators produce accelera-
tion gradients of between 31.5 (ILC) and 150 MeV=m
(CLIC, 30 GHz). These machines must therefore be tens
of kilometers long to reach the desired energies. PWFA is
one of the candidates that would increase the average
gradient of such machines and therefore significantly re-
duce their size and cost. A PWFA scheme called the
plasma afterburner [3] has been proposed to double the
energy of a linear collider without doubling its length,
thereby approximately halving the collider length for a
given center-of-mass energy.
The physics of the interaction of electron beams with

plasmas is different from that of positron beams with
plasmas. In both cases, the plasma electrons are the mobile
species. With an electron beam driver, a favorable situation
is reached when the beam density is larger than the plasma
density. In this nonlinear or blowout regime [4], the space
charge field of the drive bunch expels all the plasma
electrons from the bunch volume. The wakefields in the
plasma ion column are such that the transverse focusing
force is substantial, it increases linearly with radius (ideal
focusing lens), and it is constant along the core of a single
bunch or along the witness bunch. This means the electron
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beam can propagate in the plasma over long distances
without significant emittance growth [5]. The accelerating
field is also 3 to 5 times larger than in the linear regime and
it is also independent of radius. This combination of strong,
aberration-free focusing and large accelerating gradient
explains the high energy gain observed with electrons.

In the case of a positron beam driver, the plasma elec-
trons are attracted toward (rather than expelled from) the
bunch and stream through it [6]. As a result, the focusing
force is radially nonlinear, and varies along the bunch.
Furthermore, the accelerating gradient is less than with
an electron beam driver because the plasma electrons do
not return as an ensemble into a small volume on the beam
propagation axis. Fortunately, numerical simulations indi-
cate that the acceleration gradient created by a positron
drive bunch can be increased by using a hollow plasma
channel rather than a homogeneous, uniform plasma [6].
The hollow channel diameter is chosen so that the plasma
electrons rush together as a group towards the beam axis,
thereby leading to a wake configuration more similar to
that driven by an electron bunch. In addition, since the
positron bunch propagates in nonionized gas or, ideally,
vacuum, its emittance will also be better preserved upon
acceleration.

In the case of an electron beam driver, the plasma
electrons are expelled to a distance of approximately one
plasma collisionless skin depth (c=!p), where c is the

speed of light and !p is the plasma frequency. (Recall

!p / n1=2e , where ne is the plasma density.) Preliminary

simulations with a hollow channel consisting of a step-
function gas/plasma boundary indicate that a channel with
a radius of the order of c=!p maximizes the wake ampli-

tude driven by a positron bunch [6].
Initial experiments [7] of guiding positron beams in a

hollow plasma channel gave encouraging results, but the
particular masking method used to create the hollow chan-
nel produced a channel that was partially filled. A better
method for generating a hollow plasma channel is to use
laser-induced gas breakdown in which a laser beam with a
high-order Bessel-beam transverse intensity profile is gen-
erated by sending the beam through a phase plate (kino-
form) and axicon lens. This is illustrated schematically in
Fig. 1. If the laser intensity on axis is sufficient, it
can ionize the gas along the line focus. The high-order

Bessel-beam intensity distribution within the focal region,
as illustrated in Fig. 1, consists of a ring of high intensity
centered on axis with a minimum in the center. Gas break-
down occurs primarily at the ring, resulting in the forma-
tion of a hollow or tubular plasma channel along the axicon
focal region.
Fan et al. [8] experimentally demonstrated this method

where they created a 0.8 cm long hollow plasma channel in
700 Torr of argon. Using a kinoform design developed by
Andreev et al. [9,10], Fan et al. transformed their 500 mJ,
100 ps Nd:YAG laser beam into a fifth-order, J5, Bessel
intensity profile. This produced a channel where the radius
of the first maximum of the Bessel-beam focus was
�4 �m and the peak plasma density in the walls of the
channel was �3� 1019 cm�3.
This experiment proved the viability of the technique;

however, a plasma density of 1019 cm�3 would correspond

to a plasma wavelength, �p / n�1=2
e , that is too short for

available positron bunch lengths. Nonetheless, a high ne
is desirable because multi-GeV=m energy gains are
then possible [1,11]. Positron bunch lengths <100 �m
are feasible [11]; hence, a channel wall density of
6� 1016 cm�3, corresponding to �p slightly longer than

100 �m, was selected as the target value for our modeling
effort. Then based upon the aforementioned c=!p crite-

rion, at this density the inner radius of the channel should
be �22 �m.
With these requirements in mind, we performed a mod-

eling analysis to determine the conditions necessary to
create 10–100 cm long hollow plasma channels in hydro-
gen gas with a channel radius of �20 �m and a wall
density of 6� 1016 cm�3. Of particular interest are the
laser beam characteristics needed to produce these chan-
nels and the question of whether existing lasers have the
needed capability. As we will show, the answer to this
question is yes.
The next section reviews preliminary positron PWFA

analysis and simulation work done to verify the target
parameter values for the hollow plasma channel.
Sections III and IV describe the model used to simulate
formation of the hollow plasma channel and summarizes
the results, respectively. Section IV ends with a discussion
and conclusion. The Appendix contains a first-order analy-
sis of the intensity distribution along the axicon focal
region.

II. PRELIMINARY POSITRON PWFA ANALYSIS
AND SIMULATIONS

A. Ionization of hydrogen gas

The key hollow plasma channel parameters are the
radius rch of the hollow channel, the plasma density at
the channel walls ne, the channel length L, and the gas
composition. The reasons for selecting the values for rch
and ne were already given, and the goal is to make L as

FIG. 1. Schematic of focusing a laser beam with an axicon and
phase plate.
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long as possible. For the gas composition it is important
that the gas can be effectively ionized by the laser beam,
but not by the positron beam. This is because the laser
beam will leave neutral gas inside the middle of the hollow
plasma channel and the positron beam can ionize this
neutral gas.

We estimate that the electric field necessary to ionize
atomic hydrogen over a time scale of order 100 fs is
approximately 28 GV=m. Simulation results are given in
Fig. 2 of the ionization contours in hydrogen for three
different beam parameters representing progressively
higher field gradients emanating from the bunch. The
colors in the figures represent the bunch field intensity
with the blue and red regions simply indicating a change
in sign with respect to the longitudinal axis. The white
ellipse in the center of the figures represents the bunch with
all dimensions normalized. Contours plotted in the figures
indicate varying degrees of partial ionization in steps of
20% with the red contour representing 100% ionization.

In the figure on the left, the field is less than the ioniza-
tion threshold and there is no ionization. The middle figure
is for positron bunch parameters similar to those planned
for FACET [11], i.e., �z ¼ 20 �m, �r ¼ 10 �m, N ¼
1:8� 1010 corresponding to a maximum field gradient of
�47 GV=m. In this case, some ionization can occur. The
figure on the right is for unrealistic beam parameters
showing it is possible to completely ionize the gas.
Hence, the conclusion is that ionization of the hydrogen
by the positron beam is not a serious issue for FACET-like
beam conditions. As shown later, hydrogen is also a very
good gas to use for achieving laser-induced gas
breakdown.

B. Simulations of positron PWFA in hollow
plasma channel

Preliminary OSIRIS [12] modeling of positron PWFA
in hollow plasma channels was conducted to verify the

selection of the target values and to better quantify the
benefits of using a hollow plasma channel. As way of
background, it has been demonstrated in experiments that
when propagating in uniform plasmas, eþ beams drive
smaller amplitude wakefields than e� beams with similar
parameters [13]. It was also observed that these positron
beams develop a charge halo [14]. As expected, numerical
simulations show that the nonlinear plasma focusing force
creating the halo also leads to emittance growth [14].
However, simulations also indicate that larger gradients
can be driven in hollow plasma channels than in uniform
plasmas [6].
We modeled the case of a train consisting of a DB

followed by a WB and investigated their propagation in a
hollow plasma channel with channel radii from rch ¼ 0
(i.e., uniform plasma, no channel) to rch ¼ 2c=!p. Our

idealized plasma channels have circular cross sections with
a step-function increase in the plasma density from zero
density inside the channel to maximum density in the wall.
This maximum density continues for radial distance of at
least 2c=!p.

Simulations focused on the case of two eþ positron
bunches. A DB/WB train can be produced using a masking
technique recently demonstrated [14]. The effect of the
plasma channel radius on the peak accelerating gradient
driven by the DB, as well as on the transformer ratio was
calculated. The transformer ratio R is the ratio of the peak
accelerating field behind the DB to the peak decelerating
field within the DB. A larger accelerating field leads to a
shorter plasma length for a given energy gain, while a
larger R value leads to a higher energy transfer efficiency
from the DB to the WB. For these field studies, the witness
bunch is not included in the simulations to avoid the effect
of beam loading on the field measurements. The plasma
density is either 1� 1016 cm3 or 5:6� 1016 cm�3, and the
DB is 14 �m long with 6:5� 109eþ. The beam is focused
at the entrance of the plasma (or channel) to a transverse
size of 10 �m with an incoming energy of 25 GeV and a
normalized emittance of 50� 10�6 mmmrad in the x
direction and 5� 10�6 in the y direction. All simulations
are performed with a 3D version of the code OSIRIS [12].
Figure 3(a) shows the electron density in the simulation

box after 1 cm of plasma for rch ¼ c=!p. The color con-

tours represent the amount of electron density above
the background density. Traveling from left to right, the
DB is located at approximately z ¼ 6c=!p or 319 �m

[see Fig. 3(b)]. The WB, which again is not included
in the simulation, would be located at approximately
z ¼ 3:8c=!p or 204 �m. The density plot shows that the

plasma electrons attracted by the eþ DB form an on-axis
density spike behind the DB and in front of the location
where the WB would be placed. It also shows that both
bunches propagate essentially outside of the plasma, even
though the DB (only) loses energy to the wakefield and the
WB (only) gains energy from it. This is shownmore clearly

FIG. 2. Simulation of hydrogen ionization by positron beam.
In the left figure, the field is lower than threshold and there is no
ionization. In the middle figure, the field is slightly larger than
threshold causing a streak of ionization. In the right figure, the
field is much larger than threshold with a large amount of
ionization, but the position density is unrealistically high.
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in Fig. 3(b), which plots the longitudinal electric field on
the beam propagation axis. The asterisks on the axis rep-
resent the position of the DB and WB. To achieve maxi-
mum energy gain, the WB would be located at the peak
positive field point. In this particular case, the peak positive
field is slightly larger than the peak negative field yielding
a transformer ratio slightly larger than unity. The trans-
former ratio in a homogeneous plasma (i.e., no hollow
channel) is R ¼ 0:5; therefore, the case in Fig. 3 demon-
strates an improvement in transformer ratio by over a
factor of 2. This would imply a corresponding increase in
the energy transfer efficiency [15].

Operating at higher plasma densities, e.g.,
5:6� 1016 cm�3, can help increase the field strength, in
this case by over a factor of 2 compared to the
1� 1016 cm�3 case, but it also changes the wakefield

period. This can complicate the optimum phasing of the
WB within the wakefield. Preliminary simulation results
indicate that at this higher density, a transformer ratio of
R ¼ 1:4 is possible for rch ¼ 2c=!p, i.e., nearly 3 times

better than the uniform plasma case. We should point out
that our method for creating the hollow channel permits
a wide range of values for rch and, hence, achieving
rch ¼ 2c=!p should not be an issue.

III. DESCRIPTION OF BESSEL-BEAM-
GENERATED PLASMA CHANNEL MODEL

The simulation for predicting the plasma channel for-
mation by an intense Bessel beam is a 1D model requiring
solving three mutually coupled component problems. The
first deals with the gas/plasma hydrodynamics and solves
the conservation equations for mass, momentum, and en-
ergy density:

@�i

@t
þr � ð�ivþ ’iÞ ¼ Si: (1)

Mass conservation has

�1 ¼ �; ’1 ¼ 0; and S1 ¼ 0; (2)

where � is the mass density and v is the fluid velocity.
Momentum conservation has

�2 ¼ �v; ’2 ¼ P � ��I; and S2 ¼ 0; (3)

where P is the scalar pressure and ��I is the unit tensor.
Energy conservation has

�3 ¼ �"þ 1
2�v

2; ’3 ¼ P~vþ ~q; (4a)

S3 ¼ 1
2 Reð�ÞjE2j � rate of energy=loss from ionization=recombination; (4b)

where " is the internal energy per unit mass, ~q is the heat
flux, E is the laser electric field, and � is the Drude model
plasma AC conductivity. The subtractive ionization con-
tribution to the source term S3 originates from electron
energy loss in collisional excitation/ionization of ions. The
additive recombination contribution originates from the
carrying away of excess energy during three-body recom-
bination by the third body (the free electron). A Lagrangian
‘‘single-fluid’’ model and an ideal gas equation of state
(relating pressure and temperature) are assumed in the
hydrodynamics. Spitzer/Braginskii thermal conductivity
or flux-limited heat flow is also assumed.

The second component problem is solving for the self-
consistent Bessel beam in the gas target as the plasma
develops. If the optical axis is the z axis, the electric field
E is given by

E ðr?; zÞ ¼ êuðr?Þei�z; (5)

where u is the amplitude of the field, ê is the polarization
unit vector, and� is the wave number parallel to the optical
axis. The field amplitude u of the generalized Bessel beam
(self-consistent with the plasma) is computed from the
Helmholtz equation [8],

r2
?uðr?Þ þ �2uðr?Þ ¼ 0; (6)

where r? and � are the position coordinate and wave
number perpendicular to the optical axis, ½!2n2ðrÞ�=c2 ¼
�2 þ �2, ! is the laser frequency, and

n2ðrÞ¼"gðrÞ¼1þ4�	neutralðrÞ�
!2

pðrÞ
!½!þ ivðrÞ� ; (7)

where "g is the dielectric function of the gas/plasma, n is

its refractive index, 	neutral is the susceptibility of the

neutral component of the gas, !p ¼ ð4�Nee
2=meÞ1=2 is

the plasma frequency (Ne is the electron density, e is the

FIG. 3. (a) Electron density within the simulation box after
1 cm propagation of the drive bunch for rch ¼ c=!p and ne ¼
1� 1016 cm�3. (b) Longitudinal electric field on axis. The
asterisks on the x axis indicate the locations of the drive and
witness bunches.
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electron change, and me is the electron mass), and 
 is the
frequency for electron-neutral and electron-ion collisions.
Note that 	neutral, !p, and 
 all depend on the transient

state of the plasma as it is ionized and heated by the laser.
In vacuum, the solution to Eq. (6) satisfies u / Jmð�rÞ,
where Jm is the mth order Bessel function. The index m is
imposed by the phase plate in front of the axicon in Fig. 1.
For an axicon without a preceding phase plate, u / J0ð�rÞ.
Numerically, Eq. (6) is solved using an adaptive space grid
that is interpolated from the Lagrangian hydrodynamics
grid at each time step.

The third component problem is solving for the dynamic
electron density and ionization state populations through
the set of coupled equations,

dNj

dt
¼ Sj�1Nj�1Ne � ðSj þ �jÞNjNe þ �jþ1Njþ1Ne

þ wj�1ðjEjÞNj�1 � wjðjEjÞNj; (8)

where

Ne ¼
X
j

ZjNj (9)

is the electron density, Nj is the population density of ion

state j, Sj is the collisional ionization rate from state j to

state jþ 1, �j�1 ¼ aj þ bjNe is the two-body plus three-

body recombination rate from state j to state j� 1, and wj

is the field ionization rate from state j to state jþ 1. For
relatively low gas/plasma densities, the excitation and
population of excited states within each ion stage can be
neglected, especially for the specific case of hydrogen
simulated here. For much higher density targets than con-
sidered here for our hollow plasma channels, very highly
bound states in ions are effectively linked through local
thermodynamic equilibrium.
All computations utilize standard finite differencing and

are ‘‘explicit’’ in time. The variable time step size, which
governs numerical stability, is adjusted at each time step to
be smaller than the time scale for the fastest physical
process, either heat flow or ionization.
Figure 4 depicts a flow chart of the computational pro-

cess followed by the model. The iteration begins at an
initial state, which typically would be neutral gas at some
density and zero electromagnetic field. As the field in-
creases with time, the Helmholtz equation is solved. This
then drives the hydrodynamics partial differential equa-
tions (PDEs), yielding the temperature and density profiles
and allowing, together with the solved E field, the advance-
ment in time of the ionization state through field ionization,
and collisional ionization and recombination. This then
resets the populations and distributions of the neutrals,
electrons, and ions, and their temperatures. The process
is repeated by incrementing the time step.
The output of the model includes the time-dependent

behavior of a number of parameters including the electron
density, velocity of the fluid elements, electron temperature,
ion temperature, average ionization, and the self-consistent
time and space distribution of the laser electric field.

IV. MODEL RESULTS FOR HOLLOW PLASMA
CHANNEL FORMATION

A. 10-cm hollow plasma channel 1D modeling results

Table I lists the key parameters used in the model
to generate a 10-cm long hollow plasma channel using a

FIG. 4. Flow diagram for Bessel-beam model computations.

TABLE I. Key parameter values for modeling creation of 10-cm long hollow plasma channel.

Parameter Value Comments

Gas Hydrogen Can be fully ionized by laser beam. Simulations indicate

ionization by positron beam should not be an issue (see text).

Gas pressure 0.86 Torr Yields ne ¼ 6� 1016 cm�3 when fully ionized.

Laser wavelength 800 nm Ti:sapphire laser.

Laser pulse length 60 fs Typical pulse length for ultrafast Ti:sapphire laser.

Bessel beam J5 Other high-order Bessel beams are sometimes better to use (see text).

Input beam radius (HWHM) 0.7 cm For an axicon approach angle of 1.8�, this is the beam size needed

to create a 22.3 cm long axicon focus length in which 100% ionization

will occur over approximately 50% of its length (see text).

Axicon approach angle 1.8� See text for discussion on selection of value.
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5th-order Bessel beam, along with explanatory comments.
Expanding upon these comments, there are various trade-
offs when choosing the axicon approach angle. A large
angle shortens the axicon focal region and shrinks the
radius of the 1st order lobe of the J5 Bessel profile. To
achieve an inner channel radius of 22 �m requires the
peak of the 1st order lobe to be at approximately 27 �m.
An approach angle of 1.8� produces a J5 ring at this radius
for � ¼ 800 nm.

With the approach angle selected, the radius of the
incoming laser beam determines the length of the axicon
focal region. We assume the incoming laser beam will have
a Gaussian-like radial intensity distribution. Owing to the
weak contributions to the axial intensity distribution from
the input beam center and outer edge (see Fig. 9 and the
Appendix), only the central portion of the axicon focal
region will have sufficient intensity to break down the gas.
This means the axicon focal region must be longer than our
target length of 10 cm. A half-width-at-half-maximum
(HWHM) radius of 0.7 cm was chosen, which gives an
axicon focal length of over 22 cm. As explained next, gas
breakdown will occur over approximately 50% of this
length or, in other words, greater than 10 cm.

For the conditions given in Table I, the model indicates
that gas breakdown (more specifically, 100% ionization)
occurs when the maximum intensity at the peak of the 1st
lobe is 3:5� 1014 W=cm2 and the total laser pulse energy

is 45 mJ. However, since it is a 1D code, the model cannot
indicate over what length the breakdown will occur. As
shown by Eq. (A17) in the Appendix, if the Bessel-beam
focus length is approximately 20 cm, i.e., zmax � 20 cm,
and 1� � ¼ 0:3, then the breakdown length L ¼ 10 cm.
Put another way, within a 10 cm region centered at the peak
intensity point of 3:5� 1014 W=cm2, the intensity drops
by only 30%, which is still well within the breakdown
limits for the gas. (Or, more realistically, one could simply
operate at slightly higher pulse energy to ensure break-
down over at least 10 cm.) This means the total needed
pulse energy in the 0.7-cm radius input laser beam is
<50 mJ. This corresponds to<30 mJ=cm2 fluence, which
is well within the damage limits of laser optics. Note that
the laser pulse energy required per unit length of channel is
entirely determined by the peak intensity required in the
lobe for field ionization, and the lobe geometry. At the low
hydrogen target densities used here (few 1016 cm�3), field
ionization removes negligible pulse energy per unit length
of channel.
Figure 5 shows the model prediction of the radial elec-

tron density for the conditions in Table I and assuming
45 mJ laser pulse energy. These density profiles represent
the plasma channel radial distributions at selected times
after the peak of the laser pulse corresponding to t ¼ 0. We
see the electron density saturates at 100% ionization (ne ¼
6� 1016 cm�3) inside the wall of the plasma channel at

FIG. 5. Model predictions for radial electron density distribution for 45 mJ pulse energy at different times after the peak of the laser
pulse (peak occurs at t ¼ 0). The input laser beam HWHM ¼ 0:7 cm. (a) At 21 fs. (b) At 42 fs. (c) At 63 fs. (d) At 0.27 ps.

KIMURA et al. Phys. Rev. ST Accel. Beams 14, 041301 (2011)

041301-6



t ¼ 63 fs. It maintains this shape until well after 0.27 ps
[see Fig. 5(d)]. Note also that the inner wall radius is at
approximately 22 �m.

B. 100-cm hollow plasma channel 3D modeling results

Although 10 cm is a good working length for a proof-of-
principle demonstration of positron PWFA in a hollow
plasma channel, a key question is how do the laser beam
requirements scale up with longer lengths? A 100-cm long
plasma represents a reasonable scaled-up length where one
can imagine connecting these 1-m lengths in series to

achieve a hollow plasma channel many meters long. With
this in mind, the model was run to determine the parame-
ters needed to achieve a 100 cm long hollow plasma
channel and at the same time generate a 3D plot of the
channel shape over the entire length of the channel.
The first set of model runs examined the effect of

changing the Bessel-beam order. The laser wavelength,
gas pressure, and peak laser intensity at the 1st lobe re-
mained unchanged. To create a longer plasma channel
length, the axicon approach angle was reduced to 1.15�
and the input laser beam radius was increased to 2 cm. This

FIG. 6. Electron density results as a function of Bessel-beam order at 102 fs (laser pulse peak occurs at t ¼ 0). (a) J2 beam. (b) J3
beam. (c) J4 beam. (d) J5 beam.

FIG. 7. Dependence of inner wall radius with Bessel-beam
order.

FIG. 8. Dependence of laser pulse energy with Bessel-beam
order.
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resulted in an axicon focal length of 100 cm. (Achieving
gas breakdown over the entire 100 cm length was not of
concern at this point in the analysis.)
Figure 6 gives the model results for the electron radial

density profiles after the channel has fully formed at
t ¼ 102 fs using laser beams with different higher-order
Bessel profiles. We see that in all cases the target electron
density is reached (6� 1016 cm�3) with a plateau indicat-
ing 100% ionization within the wall. The inner radius
position of the channel wall increases as the Bessel-beam
order increases. A plot showing how the wall radius varies
is given in Fig. 7. This indicates achieving our target radius
of 22 microns would be possible using a J4 Bessel beam.
As the Bessel-beam order increases, the laser pulse

energy required to cause gas breakdown also increases.
This is plotted in Fig. 8. This implies that achieving a

FIG. 9. Plot of the laser intensity as a function of length
along the Bessel-beam focus for a peak intensity of
5� 1014 W=cm2.

FIG. 10. 3D plots of plasma density distribution for the case of a peak laser intensity of 5� 1014 W=cm2. The input laser beam
HWHM ¼ 2 cm. (a) Showing length of plasma channel. (b) Showing width of plasma channel. (c) Showing 3D perspective.
(d) Showing length and width of channel.
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22-�m radius using a J4 Bessel beam would need about
120 mJ pulse energy.

Next, a smaller approach angle of 1.6� was chosen
rather than 1.8� for the 10 cm case. As a consequence,
the runs also assumed a higher peak laser intensity of
5� 1014 W=cm2. The higher intensity helps compensate
for the smaller angle, which tends to lower the intensity
within the Bessel-beam focal region. The runs also used a
shorter laser pulse length of 40 fs, which is easily obtain-
able with existing lasers.

A 3D plot was created by forming a composite of 1D
runs. This is a reasonable approach because (1) within their
depth of focus, Bessel beams are invariant in form along
the propagation axis [16], and (2) axial variation of plasma
conditions is much weaker than the radial variation. The
model was modified to produce a file that plots the inten-
sity as a function of length for a particular value of the peak
axial laser intensity. As before, it assumes a Gaussian input
intensity profile for the laser beam incident on the axicon.
The model run for the 5� 1014 W=cm2 case yielded the
axial intensity distribution plotted in Fig. 9. As would be
expected for a Gaussian input beam, the intensity increases
until it reaches a peak value of 5� 1014 W=cm2 at ap-
proximately 61 cm and then gradually decreases towards
the right of the plot at 180 cm.

To calculate the electron density over the full focal
length of the Bessel beam, the code performed a large
sequence of runs corresponding to the peak intensity varia-
tion along the focal length as seen in Fig. 9. Then, to
construct a 3D plot of the electron distribution, the radial
density distributions generated by the discrete set of peak
intensities from the range plotted in Fig. 9 are concaten-
ated. Figure 10 gives the results of performing this proce-
dure. Shown is the 3D electron density plot of the plasma
channel from various perspectives. Figures 10(a) and 10(d)
indicate that the plateau of the electron density, i.e., region
of 100% ionization, is well over 100 cm long. Figure 10(d)
also shows that the inner radius of the channel stays well
within our target value of �20 �m over much of the
100 cm length.

The field ionization rate [17] is exponential
[� expð��=EÞ] in the laser electric field strength E, where
� depends on the ion and state. This causes the electron
density to increase fairly rapidly from z ¼ 0 to its fully
ionized value at z ¼ 24 cm. It then maintains this
fully ionized value until about z ¼ 104 cm. After this
point it decreases at a rate slower than at the beginning
of the channel. This is because the intensity increases faster
(� linearly) with z at the beginning of the focus (near
z ¼ 0) than at the end (see Fig. 9). As explained in
the Appendix, the curve in Fig. 9 is described by
IðzÞ � z expf� ln2½�ðzÞ=�1=2�2g, where �ðzÞ is the map-

ping from the input beam radius to positions along z and
�1=2 is the input beam half-width-at-half-maximum

(HWHM).

V. DISCUSSION AND SUMMARY

In summary, the model predicts a 10-cm long hollow
plasma channel with inner channel radius rch ¼ 22 �m
and plasma density ne ¼ 6� 1016 cm�3 can be created in
0.86 Torr of hydrogen gas using a Ti:sapphire laser
(� ¼ 800 nm) with pulse length ¼ 60 fs, pulse energy
<50 mJ, and laser beam radius of 0.7 cm. Preliminary
positron PWFA simulations predict this channel radius
and plasma density should enable transformer ratios >1.
The model also predicts a 100-cm long hollow channel can
be formed using 122 mJ pulse energy in a 40-fs pulse with
a beam radius of 2 cm. It should be pointed out that Ti:
sapphire laser systems, based upon commercial compo-
nents, are available that produce hundreds of mJ output
pulses with pulse lengths as short as �25 fs ranging to
>100 fs.
Optical damage should not be an issue because of the

favorable scaling when using axicon optics, i.e., longer
plasma channels require larger diameter laser beams on
the axicon and kinoform. Hence, the fluence levels should
be well within the damage threshold for these optics.
Potential problems with optical nonlinearities when
dealing with ultrashort laser pulses can be avoided by
using reflective optics wherever possible, including the
axicon. Fortunately, the phase plate can be made very
thin, thereby minimizing nonlinear distortion of the ultra-
short pulses.
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APPENDIX: FIRST-ORDER ANALYSIS
OF INTENSITY DISTRIBUTION ALONG

AXICON FOCAL REGION

Referring to Fig. 11, from Eq. (6) of Ref. [18], the
mapping of the transverse intensity distribution along the
axicon focal region is given by

zð�Þ ¼ c��; (A1)

FIG. 11. Mapping of Gaussian-shaped incoming laser beam
onto axicon focal axis.
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where c� ¼ ð1= tan
Þ � tan�, 
 is the approach angle and
� is the axicon base angle. From Eq. (9) of Ref. [18], it
follows that the intensity distribution is given by

IðzÞ ¼ �k sin


2

z

c�
Iin½�ðzÞ� ð1þ cos
Þ2

4
; (A2)

where the peak of the intensity distribution occurs at
z ¼ z	 (see Fig. 11). We assume the intensity drops off
symmetrically from the peak at z ¼ z	 ��z, so that from
Eq. (A2) we can write

Iðz	 ��zÞ
Iðz	Þ ¼ ðz	 � �zÞ

z	
Iin½�ðz	 � �zÞ�

Iin½�ðz	Þ� : (A3)

If we assume a Gaussian input for the intensity profile,
i.e.,

Iin / expð��2=�2
0Þ; (A4)

where �0 characterizes the width of the laser beam, then

Iðz	 ��zÞ
Iðz	Þ ¼

�
1� �z

z	

�
exp

��z	2

c2��
2
0

�ð�zÞ2
z	2

� 2�z

z	

��
:

(A5)

It is convenient to rewrite Eq. (A2) as

IðzÞ ¼ AzIin½�ðzÞ�; (A6)

where all the multiplicative factors have been lumped into
the constant A. The derivative with respect to z for the
intensity function is then

dI

dz
¼AIin½�ðzÞ�þAz

dIin
d�

d�

dz
and

d�

dz
¼ 1

c�
: (A7)

Hence, the maximum intensity location along the axicon
focus satisfies the condition dI=dz ¼ 0, which implies
from Eq. (A7) that

Iin½�ðzÞ� ¼ z
dIin
d�

d�

dz
: (A8)

Substituting the value for Iin from Eq. (A4), we find that

dIin
d�

/ �2�

�2
o

expð��2=�2
oÞ: (A9)

From this it can be shown that the axial location of maxi-
mum intensity is when

z	 ¼ c�ffiffiffi
2

p �0: (A10)

If the Gaussian input beam half-width-at-half-maximum
(HWHM) is �1=2, then

exp

���2
1=2

�2
0

�
¼ 1

2
: (A11)

Solving for �0 and substituting into Eq. (A10) we find

z	 ¼ c�ffiffiffi
2

p �1=2

ðln2Þ1=2 : (A12)

But, from Eq. (A1), zmax ¼ c��max, from which it can be
concluded that z	 � zmax=2. Next, let

�¼ Iðz	��zÞ
Iðz	Þ ¼ð1�xÞexp

��z	2

c2��
2
0

ðx2�2xÞ
�
; (A13)

where x ¼ �z=z	. The parameter � represents the frac-
tional decrease in intensity. For x 
 1,

� � ð1� xÞ½1� 1
2xðx� 2Þ�; (A14)

which means that

x ¼
ffiffi
2
3

q
ð1� �Þ1=2: (A15)

Therefore, since x ¼ �z=z	, we find that L, defined as
the length over which the intensity deviates from the peak
intensity within a fraction of 1� �, is given by

L ¼ 2�z ¼ 2z	
ffiffi
2
3

q
ð1� �Þ1=2 ffi zmax

ffiffi
2
3

q
ð1� �Þ1=2:

(A16)

As an example, if 1� � ¼ 0:3, corresponding to a 30%
drop from the peak intensity at ��z, then

zmax ffi L

0:45
� 2L: (A17)

Therefore, to first order, if we wish to have L ¼ 10 cm
with only a 30% drop in intensity at ��z, then zmax needs
to be approximately 20 cm.
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