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We study the quench dynamics of non-Hermitian topological models with non-Hermitian skin effects. Adopt-
ing the non-Bloch band theory and projecting quench dynamics onto the generalized Brillouin zone, we find
that emergent topological structures, in the form of dynamic skyrmions, exist in the generalized momentum-
time domain, and are correlated with the non-Bloch topological invariants of the static Hamiltonians. The
skyrmion structures anchor on the fixed points of dynamics whose existence is conditional on the coincidence of
generalized Brillouin zones of the pre- and post-quench Hamiltonians. Global features of dynamic skyrmions,
however, persist well beyond such a condition, constituting signatures for a general dynamic detection scheme

of non-Bloch topology in the presence of non-Hermitian skin effects. Applying our theory to an experimentally
relevant, nonunitary quantum walk, we explicitly demonstrate how the non-Bloch topological invariants can be

revealed through the non-Bloch quench dynamics.
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I. INTRODUCTION

Non-Hermitian Hamiltonians arise in open systems [1,2],
and have attracted significant attention [3—10]. As a pecu-
liar feature of a wide class of non-Hermitian Hamiltonians,
their nominal bulk eigenstates are localized near boundaries
under what is now known as the non-Hermitian skin ef-
fects [11-23]. Remarkably, for non-Hermitian topological
models with skin effects, the conventional bulk-boundary
correspondence breaks down [11-18,24], whose restoration
calls for a non-Bloch band theory where topological invari-
ants are calculated in the generalized Brillouin zone (GBZ)
under relevant boundary conditions [11-15,23,25,26], rather
than in the conventional Brillouin zone (BZ) under a pe-
riodic boundary condition (PBC). Both non-Hermitian skin
effects and non-Bloch bulk-boundary correspondence have
recently been experimentally confirmed [27-32]. However, a
direct detection of non-Bloch topological invariants is yet to
be demonstrated. Here we show how non-Bloch topological
invariants can be determined through dynamic topological
structures in quantum quenches that are experimentally acces-
sible.

A quantum quench describes the evolution of an eigenstate
of the initial Hamiltonian H' driven by a final Hamiltonian
H/. Particularly, for one-dimensional topological systems,
previous studies have shown that dynamic skyrmions, a topo-
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logical structure hinged upon fixed points of dynamics, should
appear in the emergent momentum-time domain, when H' and
H/ possess distinct topological properties [33-35]. Hence,
by studying the dynamic signatures of a quantum quench,
one gains information regarding the topological invariants
of the pre- and post-quench Hamiltonians [36-55]. Simi-
lar conclusions hold for nonunitary quenches governed by
non-Hermitian Hamiltonians, but are predicated upon two
conditions [35]: (i) the decoupling of dynamics in different
momentum sectors under the lattice translational symmetry;
and (ii) reality of the eigenenergy spectra of both H' and
H/, where the parity-time (PT) symmetry plays an important
role [2—-6]. For a non-Hermitian topological model with skin
effects, however, a compromise between these two require-
ments seems to be a tall order. On one hand, dynamics of
different momentum states are no longer decoupled under an
open boundary condition (OBC). On the other, for a system
possessing non-Hermitian skin effects, the associated Bloch
spectra in the BZ necessarily form loops in the complex
plane [21,22], such that real eigenspectra only exist in the
GBZ under OBCs, protected by a non-Bloch PT symme-
try [32,56,57].

We circumvent these issues by projecting the quench dy-
namics onto the generalized momentum sectors of the GBZ.
Such a non-Bloch analysis enables us to reveal, in the gen-
eralized momentum-time domain, dynamic skyrmions that
are intimately related to the non-Bloch topological invari-
ants of the pre- and post-quench Hamiltonians. In particular,
for a non-Hermitian Su-Schrieffer-Heeger (SSH) model with
asymmetric hopping and under OBC, we prove that the exis-
tence of the underpinning fixed points for dynamic skyrmions
exist, provided H' and H/ both have real eigenspectra and
feature the same GBZ, but with distinct non-Bloch wind-
ing numbers. When the GBZs of H' and H/ are different,
fixed points only exist in a perturbative sense, whereas the
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global signatures of dynamic skyrmions persist, enabling the
detection of non-Bloch winding numbers. We illustrate the
extraction of non-Bloch winding numbers from the non-Bloch
quench dynamics, using the recently implemented, nonunitary
topological quantum walk.

II. QUENCHING IN THE GBZ

We first consider the quench dynamics of a non-Hermitian
SSH model [11,58]

H = [t +y)In, A){n, B + (1 — y)In, B (n, Al

+nn, B)(n+ 1,A| +tln + 1, A)(n, B|], (1)

where each unit cell (labeled ») has two sublattice sites (la-
beled A and B), with hopping rates given by #; = y and 1,
respectively. The asymmetric intracell hopping here gives rise
to non-Hermitian skin effects, such that topological properties
of the model under OBC are characterized by the non-Bloch
band theory, where a GBZ must be invoked, due to the devia-
tion of the nominal bulk states from extended Bloch waves.

Specifically, the GBZ of Hamiltonian (1) under OBC is a
circle with radius r = /[(t; — y)/(t; + y)| on the complex
plane [11,59], where we denote the azimuth angle as k €
(7, r]. In the Hermitian limit with y = 0, the GBZ reduces to
the conventional BZ, a unit circle on the complex plane, with
r =1 and k being the Bloch quasimomentum. As the non-
Hermitian counterparts of the Bloch states, we then introduce
the biorthogonal spatial basis in a generalized momentum
space characterized by k: |Br.r)) = ﬁ L e n) (N s
the number of unit cells), which satisfy [60]: (Bk..|Bk.r) =
Sk and 3 [Ber)(Brrl = 1y, with 1, = 3 |n)(n|. Conve-
niently, while |Bx /) become extended Bloch states in the
Hermitian limit, |8k r) (|Bk.r)) is localized toward the right
(left) boundary for r > 1, and vice versa, thus constituting a
natural basis for both Hermitian and non-Hermitian cases.

We then define the projection operator P, = |Br.r)(Br.L| ®
1,, 1, being the identity operator in the sublattice basis
{|A), |B)}, and project Hamiltonian (1) onto the GBZ as H; =
P HP,. Writing Hy = Y _.d;(k)o; (o0; are the Pauli operators
with i = 1, 2, 3), the non-Bloch winding number is

1 —d, 0 dy + dy0xdr

= , 2
2 d12+d22 @

v

which recovers the bulk-boundary correspondence under
OBC [11]. Note that while the eigenspectrum under PBC
is always complex, it is completely real under OBC for
[t;] > y, due to the presence of a non-Bloch PT symme-
try [56,57]. Following Eq. (2), the non-Bloch topological
phase boundaries in this 7P7 -unbroken region are given by

1, = £,/t} — y2, which reduce to those of a Hermitian SSH

model when y = 0, when Eq. (2) yields the Bloch winding
number.

For a state initialized in |1ﬁ,ﬁ) of a given k sector, the density
matrix p(t) of a quench process evolves as

p() = e [wi){wile ™, 3)

where |W}) = |,3;;’R) ® |¥;), with | B} ) the right spatial basis
of H'. Unlike the quasimomentum in the BZ, generalized
momentum k in a GBZ is not a good quantum number, as
(ﬂ[,L|Hf|,3;;,,R) # 0 for y # 0, such that a state initialized in
a k sector inevitably proliferates into other k sectors in the
time evolution. However, it can be shown that for r; = ry,
i.e., the GBZs of H' and H/ coincide with each other, these
cross-coupling terms vanish in the thermodynamic limit, ren-
dering the dynamics block-diagonal in the GBZ, similar to the
conventional quench dynamics in the BZ.

Inspired by such an observation, we first focus on the
simpler case of r; = ry, and discuss more general scenarios
later. As a key element of non-Bloch quench, we project p ()
onto the GBZ of H/ [59]:

p(k,t) = Pep(t)P,, )

Wh@re P,j is introduced to accommodate the time evolution of
(W;] in Eq. (3). We characterize dynamics in each k sector
with the dynamic spin texture n(k, t) [35,55]:
Trlp(k, )nt]
Tr[p(k, t)n]

where T = (11, T, 13), with 7; = le:t h[’/{;L)GiW(X/{J (i=
1,2, 3). Here, 0/"" are the elements of Pauli matrices o;, and
oo is a 2 x 2 identity matrix. [y ) ((x{_.|) is the right (left)
eigenstate of H, with H/ |y ) = E[ .|y ) H] 1% ) =
E{ 1| X,{ .)), and =% are the band indices. Thé metric opérator

n(k,t) = 5)

n= Zu |X,£M)(XI£M| is introduced to normalize p(k, ), such
that n(k, t) is a unit, real vector that can be visualized on the
Bloch sphere S? [35,60].

Without loss of generality, we consider the initial state
in each k sector |¢]£,_) to lie within the lower band, with
H{|¥i _) = E; _|¥; _). Importantly, when E,f’u isreal, n(k, t)
rotates around the north pole of the Bloch sphere with a

GBZ (r; #ry)

(@) GBZ (r; = ry) (b) BZ

FIG. 1. Schematic illustration of (a) non-Bloch and (b) Bloch
quench dynamics. (a) Non-Bloch quench dynamics in the GBZ are
periodic in each k sector, with either identical (left) or distinct (right)
GBZs for the pre- and post-quench Hamiltonians [33,35]. The radius
r and generalized momentum k of the GBZ, as well as the dynamic
spin texture n(k, t), are defined in the main text. Black dots in the
left panel indicate fixed points. (b) Bloch quench dynamics approach
steady state in each k sector.
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FIG. 2. Quench dynamics projected in the GBZ (top row) and BZ (lower row), where ¢, is taken as the unit of energy. (a) Non-Bloch
topological phase diagram under OBC. Quenches are performed in the region with y < 1, where the eigenspectra are completely real.
(b) n(k, t) in the generalized momentum-time space, for a quench from point A to F. Fixed points (dashed line) exist at k,, = 0 with ¢, =0,
and k,, = £x with c_ = 0. (¢) n(k, t) across the GBZ at different times ¢ for the quench in (b). (d) n(k, t) for a quench from point B to E.
Fixed points exist at k,, = 0, £7 with ¢, = 0. (e) n(k, t) across the GBZ for the quench in (d). (f) Bloch topological phase diagram under
PBC. Eigenspectra are complex throughout the phase diagram. (g) n(k, ¢) in the momentum-time space, for a quench from point A to F. (h)
n(k, t) across the BZ for the quench in (g). (i) n(k, t) for a quench from point B to F. (j) n(k, t) across the BZ at different times ¢ for the quench
in (i). Blue curves in (b) and (d) indicate integer multiples of 7;. The parameters for points A, B, and F are t, = 0.5, 1, 1.5, respectively,
with y = 0.8. Points C and D are used in Fig. 3, with parameters , = 0.5, 1.5, respectively, and y = 0.6 for both. For the non-Bloch quench
processes (top), 7; = ry = 0.33, whereas for the Bloch quenches (lower), r; = ry = 1.

period T, = 7 /E,{ [see Fig. 1(a)] [35,59]. Consequently, two
different kinds of fixed points k, can appear in the GBZ,
when the initial n(k,,, t = 0) vector is aligned with either the
north or south pole of the Bloch sphere, given respectively by
e = (x] v )=0.

These fixed points (if present), along with periodic dy-
namics, would divide the momentum-time space into multiple
S? submanifolds. One can prove that a dynamic skyrmion
structure can only emerge on a submanifold when it is pinned
by fixed points of different kinds [59]. Further, when H'
and H/ possess distinct non-Bloch winding numbers but the
same GBZ (r; = ry), fixed points of different kinds necessar-
ily emerge in pairs [59], which ultimately relates dynamic
skyrmions in a quench with non-Bloch winding numbers of
the static Hamiltonians. Similar results have been reported
for quenches in the BZ, under either Hermitian [33,34] or
non-Hermitian, PT -symmetric Hamiltonians [35,55] without
skin effects. Albeit now, fixed points exist in the GBZ and the
protecting symmetry for real eigenspectra is the non-Bloch
PT symmetry. By contrast, if we project the quench dynamics
here onto the BZ, by replacing | ,3,{ R/ ;) in P, with Bloch states,
the dynamics would be approaching steady state, as Bloch
spectra E,{ . are necessarily complex for k € BZ with rf =1
[see Fig. 1(b)].

In Figs. 2(b) and 2(c), we show n(k, t), in the generalized
momentum-time domain, for a quench between Hamiltonians
with different non-Bloch winding numbers. As fixed points of

different kinds exist at k,, = 0, &=, arrays of momentum-time
skyrmions appear, each characterized by a dynamic Chern
number in the corresponding submanifold [33,34,59]. For a
quench between Hamiltonians with the same non-Bloch wind-
ing numbers, fixed points still exist but are of the same kind,
leading to the absence of skyrmions [see Figs. 2(d) and 2(e)].
For comparison, in Figs. 2(g)-2(j), we project the quench
in the BZ, and the spin dynamics approach steady state, as
expected. It is worth noting that, in our analysis, projected
quench dynamics in different k sectors are calculated indepen-
dently. For a half-filled system initialized in the lower band,
additional cross-coupling terms from other k sectors would
appear, but are vanishingly small in the thermodynamic limit
when r; = ry [59].

III. BEYOND THE SIMPLE CASE

For a quench between Hamiltonians with different GBZs,
dynamics in different k sectors of the GBZ are generically
coupled, with nonvanishing cross-coupling contributions.
Nevertheless, one can still perform the projection in Eq. (4),
and focus solely on dynamics in each k sector of H/. Since
fixed points no longer rigorously exist in this case [see
Fig. 1(a)] [59], different submanifolds in the generalized
momentum-time domain are no longer closed, and dynamic
Chern numbers cannot be rigorously defined (except for the
Chern number defined on the entire generalized momentum-
time manifold which is always zero with unbroken PT
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FIG. 3. Non-Bloch quench for r; # ry. (a) n(k,t) for a quench
from point C in Fig. 2(a) (r; = 0.5) to point F (ry = 0.33). (b) n(k, t)
for a quench from point D in Fig. 2(a) (r; = 0.5) to point F. (¢) 13(k =
0) and 713(k = ) as functions of varying r;/r¢, for non-Bloch quench
processes ending at F and starting from points close to C, with v; =
0 and a fixed #, = 0.5. (d) 723(0) and 7i3(7r ) with varying r;/ry, for
quench processes ending at F and starting from points close to D,
with v; = 1 and afixed#, = 1.5. We take t;, = 1 as the unit of energy.

symmetry and hence uninformative). However, remnants of
the dynamic skyrmions for r;/ry = 1 (for v; # v;), or the lack
thereof (for v; = vy), would carry over and leave identifiable
signatures in the dynamic spin texture, over a considerable
range of 7;/ry.

We numerically confirm such a picture in Figs. 3(a)
and 3(b), where r;/ry = 1.5. For both cases, the system is
initialized in the lower band with occupied |1ﬁ,§ _) of each
k sector, and under the same parameters with ’vf =1. As
expected, skyrmion-like structures only emerge in Fig. 3(a)
where v; # vy. To capture key features of these structures
away from r;/ry = 1, we define the time-averaged spin com-
ponent 7i3(k) = Tik OT’° ns3(k, t)dt, which should give 73(0) =
—n3(w) =~ —1 in the presence of skyrmion-like structures,
and 713(0) = n3(;r) = —1 otherwise. In Figs. 3(c) and 3(d),
we show 7i3(k) at k =0 and k = m over a range of differ-
ent H' (hence varying r;/ry), either with [see Fig. 3(c)] or
without [see Fig. 3(d)] skyrmion-like structures. Crucially,
knowing one of the non-Bloch winding numbers v"//, one can
immediately infer the other with the knowledge of #3(k,,).
The quantity Anz = i13(0) — 723(;r) thus serves as a feasible
dynamic signal for the detection of non-Bloch topological
invariants. Remarkably, similar conclusions can be drawn for
quench dynamics between Hamiltonians with distinct, noncir-
cular GBZs [59].

IV. NONUNITARY QUANTUM WALK

Quantum-walk dynamics is an ideal platform for demon-
strating non-Bloch quenches discussed here, particularly in

(b), B
5! =1
09| i !
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92/71'

FIG. 4. (a) Non-Bloch topological phase diagram under OBC for
the effective Hamiltonian H of the Floquet operator U in Eq. (6).
The horizontal green dashed lines are locations where quasilocal
eigenstates exist. (b) Az evaluated for quench processes starting
from /, and ending at different points along the line I-F in (a). The
vertical dashed and dash-dotted lines indicate, respectively, the Bloch
and non-Bloch topological phase boundaries. Inset: Variation of r;/r
as H’ changes from I to F. The parameters for points I, A, and
F are (6,,6,) = (0.757,0.44x), (0.5737,0.577), (0.527, 0.617),
respectively.

light of the recent experimental observation of dynamic
skyrmion structures therein [55]. For such a purpose, we
consider a nonunitary quantum walk along a one-dimensional
lattice, governed by the Floquet operator [28]

U = R(01)$2R(6:)MR(6,)S1R(01), (6)

where R(9;) =1, ® e %% (i =1,2) acts on the internal
coin states with basis {|A), [B)}, and M =1, ® (e”|A){A| +
e 7|B)(B|). Here 1,, = Y |x){x|, x is the lattice-site index,
and y is the gain-loss parameter. The shift operators S; =
> ) (x ®@ AV Al + |x + 1) (x| ® [B)(B], and Sy = 3 |x —
1) (x| ® |A)(A] + |x) (x| @ |B)(B.

For a discrete-time quantum walk, U is repeatedly enforced
upon an initial state. While state evolutions under U are found
to be localized near boundaries, due to the localization of
all eigenstates under the non-Hermitian skin effect [28], the
time evolution constitutes a stroboscopic simulation of the
dynamics governed by an effective Hamiltonian H, with U =
e ™. Such a process can be further regarded as a quantum
quench if the initial state is an eigenstate of a certain H i
with U" = e~"". In Fig. 4(a), we show the topological phase
diagram of the effective Hamiltonian under OBC. Note that
the GBZ here is always circular, which simplifies the problem.

To facilitate experimental implementation, we choose
a quasilocal initial state |¥’) o |0) ® (JA) + |B)) + 2i/ri| —
1) ®|A) + l/rl.2| —2) ® (—|A) + |B)), which is an eigenstate
of U’ at point I in Fig. 4(a). Writing the initial state in the
GBZ as |V') = Y, B &) ® |¥;) and evolving it repeatedly
with U/, we follow the prior practice of projecting the time-
dependent density matrix into different k sectors of the GBZ
of H (with U/ = ¢="), from which n(k,t) can be ex-
tracted [59]. We then vary parameters of H/ along the line I-F
in Fig. 4(a), and show the change of A3 in Fig. 4(b). Despite
the deviation of r;/ry from unity [inset of Fig. 4(b)], Afis
features an abrupt jump at the non-Bloch topological phase
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transition, thus providing a sensitive signal for the detection
of non-Bloch winding number v, once v; is known.

V. CONCLUSION

We show that projecting quench dynamics onto the GBZ
reveals dynamic topological structures that can be used as
signals for detecting non-Bloch topological invariants. In the
spirit of the non-Bloch quench dynamic discussed here, it is
hopeful that various previously observed dynamic topological
structures in unitary quench processes, such as vortices [50],
links [51], and rings [52], can be explored in systems with
non-Hermitian skin effects, which would then serve to detect
non-Bloch topological invariants for more general models in
higher dimensions.
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APPENDICES

Here we provide more details on the non-Hermitian Su-
Schieffer-Heeger (SSH) model, the projection of quench
dynamics in the generalized Brillouin zone (GBZ), derivation
for the conditional existence of fixed points and dynamic
Chern numbers, analysis and numerical calculations demon-
strating the persistence of skyrmions-like structures in more
general settings, as well as theoretical and numerical analysis
of quantum-walk dynamics.

APPENDIX A: NON-HERMITIAN SSH MODEL
WITH SKIN EFFECTS

For the non-Hermitian SSH model [Eq. (1) in the main
text] under the open boundary condition (OBC), all of its
nominal bulk eigenstates are localized near the boundaries
(for y # 0) [11], and Bloch quasimomenta of the Brillouin
zone (BZ) are no longer good bulk quantum numbers even
in the thermodynamic limit. Central to our analysis here is
the projection of dynamics onto GBZs characterized by the
generalized momentum k associated with the biorthogonal
spatial basis,

|Br,rL)) (A1)

Z rinelkn |I’l
where r is the radius the GBZ, k is identified as the gener-
alized momentum of the GBZ, and the basis states satisfy
(Br.L|Br.r) = Sk and Y [Br.r) (Br.| = 1. While any single-
particle state of the system can be generically written as |V) =
D 1Brr) ® |Wk), with |yy) = (B | W) its internal state in
the sublattice space {|A), |B)}, we introduce the projection op-
erators P, = |Br.r){(Br.L] ® 14 and Oy = 1 — Py, where 1, and
1 are the identity operators in the sublattice space and the full
Hilbert space of the system, respectively. This enables us to
write, in the thermodynamic limit, H = PLHP, + QtH QO =

Hy + OxH Oy, where H is given in Eq. (1) of the main text,
H;, = PLHP;, and we have used the fact that P.HQ; and
Qi H P, vanish in the thermodynamic limit, though neither of
them are exactly zero for a finite-size system.

Under the sublattice basis defined above, H; can be written
in the matrix form

—ik
h+y+br! ) (A2)

0
He = (n —y +tore* 0

The right and left eigenstates of H; are defined through
HlVy+) = £E|i2) and H/|xe+) = £Ef | xi+), respec-
tively. They further satisfy the biorthogonal and complete-
ness relations: (k. |Vxv) = 8, and Zu [k, ) Xkl = 1o
Throughout the work, we mainly focus on the regime with
t; > y, where, under an exact non-Bloch parity-time (PT)
symmetry, the eigenspectrum Ej is completely real. Here

E, = \/f% + 13 + 20, cosk, with 7 = /(61 — )6 + 7)),

and = are the band indices. The eigenstates are given as

-2 2 —
Wes) = (il/ t+ 1+ 20 cosk>’ (A3)

r/(t + e )

) 2 —
Xes) = +1/4/t; —|:t2 +2t1Atzcosk . (A4)
1/r(t, +tze_’k)

While the biorthogonal spatial basis of the GBZ can be
seen as the non-Bloch analog of Bloch waves, the com-
plication of non-Bloch quench dynamics, i.e., the analysis
of quench dynamics in the GBZ, comes from the general
nonorthogonality of spatial basis states of the pre- and post-
quench Hamiltonians, even if they are of the same k sector.

APPENDIX B: QUENCH DYNAMICS AND FIXED POINTS
IN THE GBZ

Consider a quench process initialized in the lower band
of the initial Hamiltonian H', i.e., with all eigenstates |/ _)
occupied. The initial state in a given k sector is then |\D,i) =
|Bigr) ® |V ), where |B p) is the right spatial basis char-
acterized, according to Eq. (Al), by the GBZ radius r; of
H'. Evolving the initial state with the Hamiltonian H/, the
time-dependent density matrix is given by

p(1) = e Mt Wil wi|et (B1)

Importantly, when y # 0, (8], |BL x) # 0 (and (B] 4|8, ) #
0), and dynamics in different k sectors are coupled. Here

|,Bk /L) Are the right or left spatial bases associated with the

GBZ of H/ according to Eq. (Al).

To overcome this difficulty, we project the dynamics onto
the GBZ of H/, such that the density matrix in each k sector
becomes

plk,t) =Pp(t)P] = N2 Hi|yi Myi |, (B2)

where = I,BkR)(ﬂkL|®1a, O=1-P, N=
</31{,L|/3/iR = % >, (f)", and we have used H/ =PH'P,

PH/Q, =0.
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As discussed in the main text, the projected dynamics can
be visualized on a Bloch sphere through

_ Trlp(k, t)nt]
"D = e ]

where n = Zu |x,£ﬂ)(x,{ul is the metric operator, T =
(.. ), withry = 3, 9] Dol (x] 1 (i =0.1,2,3).
These definitions ensure that n(k, t) = (n;, ny, n3) is always a
real, unit vector. .

When the eigenspectrum E kf of H/ is real, we have [35,55]

(B3)

n =(cj_c_ez"E{’ + c.c.)/no, (B4)
ny =i(ct c_H" — c.c.)/ny, (B5)
ny =(cicy —cte_)/no, (B6)

where ¢, (k) = (x/ ,1¥ _), and ny = ¢ cs +c*c_. In this
case, n3 is time independent, and n(k, t) in a given k sector
rotates around the north pole of the Bloch sphere with a
period T, = 7 /E,'{f [see Fig. 1(a) of the main text], where the
north and south poles are given by the fixed-point conditions
c_(ky) = 0and cy (k,,) = 0, respectively. Here k,, is the loca-
tion of the fixed point, where the local density matrix does not
evolve in time.
When E ,{ is purely imaginary,

ny =(cic_ +c.c.)/ng, B7)
ny =i(cic_ —c.c.)/ng, (B8)
n3 :(cj_c_s_e*iZEkf’ — c*_c_e"2E[t)/n0, (B9)

where ng = cjc+e_i25kf’ +c*c_eE! As t tends to infin-
ity, n(k,t) asymptotically approaches either the north (for
Im E; > 0) or south (for Im E; < 0) pole [see Fig. 1(b) of the
main text].

Further, from the analytical expression of ¢,

1 1

cx(k) =F - ) —
\/fli—i— 13+ 20\t cos k [Ty g+ 13+ 201 p1ap cos k

T 1
re (i + e~ ®) (@1 + ey’

(B10)

we see that when 7; = 7y, there are always two fixed points at
kn = 0 and k,, = 7, respectively.

The existence of fixed points and periodic dynamics in the
k sectors (under a completely real Ekf ) divide the generalized
momentum-time space into a series of S?> submanifolds, on
each of which a quantized, dynamic Chern number can be
defined,

1

kn Tk
Con = — [ ak / dtintk, 1) x (i, 1)] - ek, 1),
47T k 0

(B11)

where k,,, k, € {0, £7} are two adjacent fixed points. It is
straightforward to show that when c (k,) = 0 and c_(k,) =
0, Gy = 1; when c_(k,,) =0 and cy(k,) =0, C,,, = —1;
otherwise, C,,, = 0. Hence, if we categorize fixed points into

two different kinds, with either c (k,,) = 0 or c_(k,,) = 0, the
dynamic Chern number can only take nonzero values when
the corresponding submanifold is pinned by fixed points of
different kinds. While these dynamic Chern numbers serve as
skyrmion numbers for the dynamic skyrmions in the general-
ized momentum-time space shown in the main text, they are
linked with the non-Bloch winding numbers of the pre- and
post-quench Hamiltonians. Specifically, from Eq. (B10) and
in combination with the expression for non-Bloch winding
numbers [Eq. (2) of the main text], we find that, for v; # vy,
two fixed points of different kinds emerge at 0, 7, ensuring
the appearance of dynamic skyrmion structure. However, for
v; = vy, the two fixed points at 0 and 7 are of the same kind,
and dynamic skyrmions are absent. We note that Eq. (B10) as
well as the conclusions above are conditional on the reality
of the eigenspectra E,f’f of H,f’f , which is the regime of study
here.

For the more general case of r; # ry, i.e., the GBZs of
the pre- and post-quench Hamiltonians do not match, fixed
points do not exist in general. First, this can be concluded by
observing that c4 (k) # 0 in Eq. (B10). Furthermore, as a state
initialized in a given k sector would proliferate into other k
sectors during the time evolution, Eq. (B10) cannot be used to
characterize dynamics for the quench dynamics of a topologi-
cal system at half filling, where all k sectors of the lower band
are occupied initially at # = 0. However, as long as r;/ry does
not significantly deviate from unity, the impact of the these
cross-coupling terms is typically small [see, for instance, a
related analysis following Eq. (D1)]; and in each k sector,
n(0,t) and n(w,t) (for completely real E,‘(f ) precess closely
around the poles of the Bloch sphere, and fixed points exist
in a perturbative sense. Although dynamic Chern numbers
cannot be rigorously defined in this case, global signatures
of dynamic skyrmions (for v; # vy), or the lack thereof (for
v; = vr), would still be discernible beyond r; = r;. In fact,
in the following section, we show that dynamic skyrmions
even persist when GBZs of neither Hamiltonian are circular.
Such an understanding underlies our proposal for a general
detection scheme of non-Bloch topological invariants.

APPENDIX C: NON-HERMITIAN SSH MODEL
WITH NEXT-NEAREST-NEIGHBOR HOPPING

To further illustrate the applicability of our scheme on
models with more general GBZs, we consider the quench
dynamics of a non-Hermitian SSH model with next-nearest-
neighbor hopping, i.e., with an additional term

H, = Z(t3|n,A)(n +1,B| + H.c.), (C1)

where #3 is the hopping rate. For a non-Hermitian SSH model
with a finite #3, the GBZ is no longer a circle on the complex
plane. The spatial basis involves a k-dependent radius

1 .
|Br,rL)) = TN Zri”(k)e’knln), ke(—m,m], (C2)

which does not satisfy the biorthogonal relations in the main
text, i.e., (B.r|B.r) # 0.
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FIG. 5. (a), (b): Spin texture n(k, t) on the generalized momentum-time space for non-Bloch quench dynamics under non-Hermitian SSH
model with next-nearest—neighbor hopping, with y = 0.5. (a) Quench from H' with 7/ = 0.5 and 7} = 0 (non-Bloch winding number v’ = 0)
to H/ with tz = 1.5 and t3 = 0.05 (non-Bloch winding number v = 1) (b) Quench from # = 1 and ¢} = 0 (non-Bloch winding number
vi=1)to t2 = 1.5 and t3 = 0.05. (c) An w1th increasing t3 and a fixed t2 = 1.5. The initial parameters are £ = 0.5 (red) and £ = 1 (blue),
respectively. (d) GBZs of H” in (c), with t3 = 0 (blue) and t3 = 0.05 (red), respectively. GBZs of H' for both cases coincide with the blue

circle. We take #; = 1 as the unit of energy.

However, when #; is small, the GBZ does not devi-
ate too much from a circle, remnants of the dynamic
skymion structures still exist for v; # vy, and they can
still be used to determine the post-quench non-Bloch

0
i = <t1 —y +tre* 4+ tr ek

and one can perform the same analysis outlined above to study
projected quench dynamics in the GBZ of H/.

In Fig. 5, we show the numerical simulation of such a
quench process, with the state in each k sector of the GBZ ini-
tialized in the lower band of H}, and projecting the dynamics
onto the GBZ of H”. In Fig. 5(a), v; = 0 and vy = 1, so that
skyrmion-like structures are visible. By contrast, in Fig. 5(b),
v;=1 and vy =1, and no visible skyrmion structures are
present. Furthermore, we characterize in Fig. 5(c) the varia-
tion of GBZs with increasing 73, and show the resulting 713 as
a function of 73 in Fig. 5(d). Similarly to the main text, ii3 =
(I/Tk’)fOTk/[m(O, t) — n3(m, t)]dt, where T = ReEkf, is used
as the signature for the skyrmion-like structure. Apparently,
i3 ~ 2 (3 ~ 0) for v; # vy (v; = vy), for over a considerable
range of #3.

APPENDIX D: QUENCH DYNAMICS IN A
QUANTUM WALK

As discussed in the main text, we consider quantum walk
dynamics governed by the Floquet operator U given by
Eq. (6). Under an OBC, the GBZ of U is a circle on the

complex plane, its radius r = ./ |%| [32].

We start from a localized initial state |¥?) o< |0, A) +
0, B) + 2i/ri| — 1,A) + 1/r2(=| — 2,A) + | — 2, B)), which
is an eigenstate of an initial Floquet operator U* with 6] =
37/4 and 6; =0.447. Formally writing the initial state

as |W;) = 1/v/N 3, [W)), where |W) =B z) ® |v/), we

winding number once that of the initial Hamiltonian is
known.

More concretely, the projected Hamiltonian in a given k
sector is given by

(C3)

h+y+nrle® 4 t3reik>
0 9

evolve it under the Floquet operator U = ¢~*#'!, The time-
evolved state is then |W(z)) = 3, e~ |W!). Projecting the
dynamics onto the GBZ of the final effective Hamiltonian H/,
we have

[V (k, 1)) = Pe[W())

=Y e )
k

» . Nk — k) _ir/
=N(O)<e szfth)_’_ iH] t|1ﬂf)>
k I;{ N(O) k

(D)

where N'(k — k') = (ﬂ,{ﬂﬂ,@ = Ly, (" Yle~ k=K Since
Nk — kYN ~ |(r; —rp)/(ri + 1), the second term on
the right-hand side of Eq. (D1) vanishes for r; = ry, and is
negligibly small for |r; — 7| < r; + ry. We note that a similar
situation should occur for the quench dynamics of lattice
models at half filling, as we discussed previously.

To see the relation between non-Bloch winding numbers
of the effective Hamiltonian and non-Bloch quench dynamics,
we first project the Floquet operator U onto the GBZ,

U(k) = PUPy, D2)

which, under the parameters considered in the main text
| cos 260,| > |tanh y|, can be decomposed as

U(k) = doOo — idlol — id202 - id303, (D3)
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0.5
02/7!'

FIG. 6. Stroboscopic simulation of quench dynamics using a quantum walk governed by U in Eq. (6), with y = 0.4. Quench dynamics
are projected in (top) the GBZ and (lower) BZ, respectively. (a) Non-Bloch topological phase diagram of the effective Hamiltonian H under
OBC, where U = e, The horizontal green lines represent locations of localized eigenstates. The vertical dashed lines are the non-Bloch
exceptional lines separating the exact non-Bloch PT -symmetric and PT -broken regimes, where we only focus on the PT -unbroken regime.
Regions filled in yellow, cyan, and red respectively feature non-Bloch winding numbers v = 1, 0, —1. (b) Dynamic spin texture n(k,t) in
the generalized momentum-time space, for a quantum quench from point I (with non-Bloch winding number v; = 1) to A (with non-Bloch
winding number vy = 0). (c) n(k, t) in the GBZ at different times ¢ for the quench in (b). (d) Spin texture n(k, t) for a quench from point I
to B (with non-Bloch winding number v, = 1). No skyrmion structures are present, in contrast to (b). (¢) Components of n(k, t) in the GBZ
at different times ¢ for the quench in (d). (f) Bloch topological phase diagram under PBC. Eigenspectra are complex throughout the phase
diagram. Bloch winding numbers are marked in the phase diagram, where regions with different winding numbers are colored differently. (g)
Dynamic spin texture n(k, t) in the momentum-time space (BZ), for a quantum quench from point I (with Bloch winding number v; = 1) to A
(with Bloch winding number v, = 1/2). (h) Components of n(k, t) in the BZ at different times ¢ for the quench in (g). (i) Spin texture n(k, t)
in the momentum-time space for a quench from point I to B (with Bloch winding number v; = 1/2). (j) Components of n(k, t) in the BZ at
different times ¢ for the quench in (i). The parameters for points A, B, and I are (0;, 6,) = (0.527, 0.447), (0.617, 0.447), (0.757, 0.447),
respectively.

where ical fixed points and dynamic Chern number (hence dynamic
skyrmions) is essentially the same as that in Ref. [33]. Im-
do = A cos26; cos k — sin 20, sin 26, cosh y, (D4)  portantly, these conclusions are exact for r; = ry, when the
second term in Eq. (D1) is zero, and approximately true when

dy =0, D3) the term is negligibly small.
d> = A sin 26, cosk + cos 26, sin 26, cosh 7, (D6) In Fig. 6,' we perform a numericgl simulati'on of quantum
walk dynamics, starting from a localized state in the bulk. The
d3 = —Asink. (D7)  quench dynamics are projected onto the GBZ in the first row
of Fig. 6, and onto the BZ in the second row. We focus here
Here A = [(cosh y cos 26, — sinh y )(coshy c0s 26> +  on the case with r; = r;, as more general cases are already
sinhy)]'?  when  cos26, > [tanhy|; and A= shown in the main text. Here dynamic skyrmions emerge
—[(cosh y cos 26, — sinh y )(cosh y cos 26, + sinh y)]'/? in Fig. 6(b), where v; = 1 and v; = 0. In Fig. 6(d), on the
when cos 26, < —|tanh y|. . . other hand, no dynamic skyrmions are present, as v; = 1 and
_ The non-Bloch winding number of the effective Hamilto- ) — 1. Therefore, if cither the non-Bloch winding number
nian H, with U = e~ is calculated through [28] of the initial or the final effective Hamiltonian is known, one
1 —dydds + drdyds can infer the vzlllue of the .other one by the (?bservation of spin
V=50 Zrdl ) (D8) textures. Cons1'stently with these conclusions, we find that
2 3 fixed points exist at k,, = 0 and k,, = w for both cases [see
which reduces to the Bloch winding number for y = 0. Figs. 6(c) and 6(e)], but they are of the same kind in Figs. 6(d)
Notably, U(k) is unitary and chiral symmetric with  and 6(e); hence the dynamic Chern numbers are zero therein.
o,U(k)o, = U~ (k), where o, is the chiral symmetry oper- By contrast, when projected on the BZ, as shown in

ator. It follows that H,{ in Eq. (D1) is Hermitian and chiral ~ F1gs- 6(H)-06()), the spin textures feature no skyrmion struc-
symmetric, and the proof regarding the existence of topolog- tures, and the dynamics approach steady state in all k sectors.
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