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Entanglement-free witnessing of quantum incompatibility in a high-dimensional system
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Quantum incompatibility, as an important quantum resource, is believed to play a key role in quantum
information processing tasks. In order to detect this property, an entanglement-free incompatibility witness is
proposed via constructing a combined quantum state discrimination task with prior-measurement and post-
measurement information strategies. Here we experimentally implement the witness of the incompatibility
of mutually unbiased measurements under different noise levels in a qutrit system. Moreover, we estimate
the robustness of incompatibility using collected data. Our work paves the path for understanding quantum
incompatibility and exploring the features of the quantum resource.
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I. INTRODUCTION

In quantum physics, some observables or measurements
cannot commute with each other and cannot be performed
simultaneously, which is quite different from its counterpart,
classical physics [1,2]. This crucial quantum nonclassical fea-
ture is referred to as quantum incompatibility, which can be
viewed as a quantum resource. This resource is shown to be
essential for interesting quantum phenomena and quantum
information processing tasks, including quantum nonlocality
[3], quantum steering [4—6], uncertain relation [1], contextu-
ality [7-10], and quantum key distribution [11]. For example,
only incompatible measurements can lead to the violation
of a Bell inequality [3] and every set of incompatible mea-
surements can be used for quantum steering [4-6]. Thus it
is fundamentally and practically significant to witness and
quantify quantum incompatible measurements as a resource
for achieving quantum advantages.

These applications motivate the attempt to investigating
the detection methods of incompatibility. Some of the known
detection tools are entanglement-based schemes, i.e., Bell
nonlocal inequalities [12,13] and Einstein-Podolsky-Rosen
steering schemes [4—6]. They usually require a quantum en-
tanglement source and spacelike separation, which makes
them experimentally challenging and not compact. Fortu-

*Corresponding author: zhaogithul0@ gmail.com
Tkaichen@ustc.edu.cn

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2021/3(2)/023017(8) 023017-1

nately, entanglement is shown to be not necessarily needed
for revealing the incompatibility features, which provides an
alternative for witnessing quantum incompatibility [14-16].
Witnesses are tools widely used for detecting quantum re-
sources, e.g, entanglement [17,18] and coherence [19-21],
generally utilizing the linear combination of experimentally
assessable observables.

Benefiting from the incompatible advantage in quantum
states discrimination (QSD) tasks [14—16], Ref. [14] proposes
an entanglement-free incompatibility witness via combining
two disjoint state ensembles. The preparer can choose to
reveal the chosen ensemble information before or after the
measurement. For a set of incompatible measurements, the
strategy with prior information can have a higher guessing
probability than the post-measurement information strategy.
And the gap between the guessing probabilities with these
two strategies can exactly quantify the robustness of incom-
patibility in an optimal QSD [15,16,22]. These results provide
both a direct testable method for incompatible measure-
ments and operational meaning of quantum incompatibility.
Moreover, with the rapid development of resource theory,
other important quantum resources, e.g. magic, entanglement,
and coherence can be detected via QSD [23,24]. There is
also a quantitative connection between incompatibility, QSD,
quantum coherence, entropic uncertainty relations, and acces-
sible information [23,25]. Though there exists a lot of novel
progress in the theoretical study of incompatibility, an imple-
mentation of the detection and quantitative estimation of this
important resource is still left open, based on neither QSD task
nor entanglement schemes. The exploration of incompatibility
and QSD both can help deepen the understanding of quantum
advantage and other quantum properties.

In this work, we report the direct test and quantitative con-
firmation of incompatible measurements. We implement an
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incompatibility witness of three-dimension mutually unbiased
bases (MUB) measurements under different noise levels in a
photonic quantum system. MUB measurements are among of
the most representative incompatible measurements [26,27].
In quantum science, many quantum information protocols
rely on the use of MUB, e.g., high dimensional entangle-
ment detection [28], quantum state estimation [29], quantum
secret sharing [30], and quantum key distribution [31]. In
our demonstration, we implement three different witnesses
to detect the incompatibility of MUB measurements under
various noise regions, constructed from three different QSD
tasks with prior-measurement and post-measurement infor-
mation. Moreover, via the collected data, we give a lower
bound of the robustness of incompatibility. To the best of
our knowledge, our implementation is the first experimental
report on the detection of incompatible measurements and
quantitative estimation of the robustness of incompatibility.
Our results show the feasibility of practical incompatibility
witness in high-dimensional system, which provide a useful
toolbox for the future study of incompatibility and MUB, and
yield a significant step forward in the experimental quest for
the practical detection of incompatibility.

II. DETECTING QUANTUM INCOMPATIBILITY VIA
QUANTUM STATE DISCRIMINATION TASKS

Consider a pair of positive operator valued measurements
(POVMs) (M,N) with M = {M,} and N = {N,} satisfying
Y M, =1, % N, =1 with results x and y, respectively. M
and N are compatible if there exists a joint POVM measure-
ment Jy satisfying »° Joy =My, 3 Jiy = Ny. Recently,
Ref. [14] showed that incompatible measurements can always
be detected by a modified QSD task. A conventional QSD task
involves an ensemble of quantum states £ = {p(z), ¥}, and a
certain measurement {J,} used to guess the prepared states.
The guessing probability for this ensemble is Poyess(E,J) =
Y. p(2)tr(J;;). The modified QSD involves a merged en-
semble & constructed from two different subensembles Ex =
{p(x), ¥i)x, & = {p(y), ¢y}, with a proportion parameter g as
follows:

& =q&x + (1 — )& = {p(x)q, Vs PO = @), By}x.y-

ey
The guesser, Bob has two strategies to guess the prepared
states from the ensemble £. In each round, if the information
of set X or Y is announced before the measurement and the
guesser uses measurements M and N to predicate the states
from £ and &y, respectively, then the guessing probability
with prior information is

Pg:;rs(gv M» N) = nguess(ng M) + (1 - Q)Pguess(gYa N)

@)
In contrast, if the information of the subensemble is not
revealed before the measurement, Bob has to use a joint
measurement regardless of & or &, and the best guessing
probability for Bob is Phyess(E) = max; Peess(E,J) with a
joint measurement J. A pair of compatible measurements can
be simulated by a joint measurement, and the prior informa-
tion would not affect the guessing probability. In contrast,
incompatible measurements M and N show an advantage in
a prior guessing probability. The incompatibility witness for

measurements M and N can be constructed by this state en-
semble &,
W = PP (E) — PPN (£, M, N). A3)

guess guess

A negative value of witness implies the incompatibility of
measurements M and N. For any incompatible measurements,
there always exists a witness or a combined state ensemble to
detect their incompatibility. Moreover, according to [15], the
robustness of incompatibility can be quantified by the ratio
between two different strategies. The ensembles generated in
our demonstration can serve as a lower bound of the robust-
ness of incompatibility,

Pauess (€, M, N)

Plis(6)
where the robustness of incompatibility R(M, N) is a resource
monotone quantifying the minimal amount of noise added to
measurements M, N such that the mixture becomes compati-
ble. The concrete expression of this quantifier and the related
derivation of this lower bound are shown in Appendix A 2.

In this work, we focus on exploring the incompat-
ibility of MUB measurements under different noise
levels in a three-dimensional qutrit system. There are
four MUB in qutrit system and we denote them as
Withict 23 (Wi 23y (W Yiep 23, and  {¥P}icn 23y
which are shown in detail in Appendix A 1. We explore
the incompatibility of (A, B) and (C, D) with noises. Taking
the measurements (A, B) as an example, we prepare the
ensembles £x and &y,

1+R(M,N) > “)

1

Ex : {g,rx\w;*)(x/f;“\ +d —rx)ﬂ/:%} :
| l Q)
e+ 5o nlvBo + =t}
and merge them into a new ensemble via & = %SX + %Ey.
Different parameters r, and r, represent different state en-
sembles. We explore POVM measurements (M, N) which are
MUB measurements (A, B) with noise parameters s, and sy,

M syl v + (1 = 501/3},,
N = {5 [WE)WE| + (1 — 5,)1/3);.

In order to witness the incompatibility of (M, N), we demon-
strate QSD tasks with two strategies for the guesser. With the
subensemble information X or Y, we implement M or N ac-
cording to it and the guessing probability is Plee(E, M, N) =
%Pguess(ng M)+ %Pguess(&, N). In the second strategy, we
perform a fixed measurement regardless of the subset X or
Y, Phess(€) = Payess(E, J). The optimal measurements J for
different ensembles are shown in Appendix A 1.

(6)

III. EXPERIMENTAL SETUP AND RESULTS

In the experiment, we first implement the quantum incom-
patible witness. Our experimental setup is shown in Fig. 1.
The left region in Fig. 1 shows the ensemble preparation
setup. A femtosecond pulsed laser beam (394 nm, 76 MHz)
is split into two parts to simultaneously create one photon pair
by beamlike type-II spontaneous parametric down-conversion
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FIG. 1. Experimental setup for quantum incompatible witness. An ultraviolet pulsed laser is used to generate high-quality path-polarization
qutrit states in a nonlinear crystal (BBO). The trigger photon goes through two 3-nm filters and one 8-nm filter for the extraordinary and
ordinary photon, respectively. The other photon used for state preparation is sent through a half-wave plate (HWP1) which is set at 17.63° and
a double polarization beam splitter (DPBS). By changing two HWPs, a quarter-wave plate (QWP), and a phase shifter, twelve MUB states are
generated. In the portion of measure the qutrit, DPBS, PBS, HWPs, and QWPs are used to construct the measurement observables. The angles
of HWPs and QWPs are chosen to project the state to the eigenstates of the corresponding guessing measurement. The outputs are detected by

four silicon avalanche photodiode detectors Dy, Dy, D,, D5 .

from a BBO crystal. One photon serves as a coincidence trig-
ger and the other photon after passing through one half-wave
plate (HWP) and the first double polarization beam splitter
(DPBS) is split into horizontal (H) and vertical (V) polar-
ization modes on upper path and lower paths to /2/3|H),
/1/3|V»). In our spatial and polarizing hybrid qutrit state,
we encode the polarization state of the single photon in the
upper path as |0), |1) and the lower path |V') as |2). Applying
a phase shifter, two half-wave plates, and one quarter-wave
plate to adjust the phase among three paths 0, 1, 2, we prepare
twelve qutrit MUB eigenstates {y] }ic(12,3 (j = A, B, C, D).
Note that here we cannot use coherent light to replace the
single photon source, because it cannot exactly generate the
required single party qutrit states in QSD tasks. We test
theAﬁdelity of the eigenstates in bases A, B, C, and D,
{¥/}iet1 23y ( = A, B,C, D), shown in Table III, and the av-
erage fidelity of these prepared states in our experiment is
F = 0.977. The efficiency of a silicon single photon detector
is about 0.7, and the two-photon coincide count rate is 4w/s.
By modifying the probabilities of sending different states,
we prepare different ensembles as in Eq. (5) with (7, ry) =
(1, 1), (0.5, 1), (0.5,0.5). We denote these ensembles as &,
&, & and the corresponding witnesses as Wi, W, W3. En-
sembles &4, &, & and witnesses Wy, Ws, Wy are for C, D
bases. We show the further details of prepared ensembles in
Appendix A 1.

The right region in Fig. 1 shows the measurement setup.
Here we combine different paths on the second double
PBS. Fine adjustments of the delays between the differ-
ent paths and two double PBSs constitute the phase-stable
interferometer. During this process, the state in the up-
per path is integrated with the one in the lower path by
the second double PBS. We use phase shift, two QWPs,
two HWPs, and a PBS to perform different projections
onto the qutrit states. In the post-measurement strategy, for
three different ensembles, we perform the optimal com-
patible measurement Jk = {Ji]fj}i’jzl’zy_g (k=1,2,3) from
Ref. [14], each with nine POVM elements which are all
projectors. We perform these projectors via modifying the

angles of HWPs and QWPs, which are detailed in Ap-
pendix B 2. The guesser uses a fixed measurement at each
round but he can postprocess the obtained measurement out-
comes according to (sy,s,). Consequently, we perform a
total of 1.1 x 10° trials of QSD tasks with post-measurement
information and we obtain the guessing probabilities
with three different ensembles Phuess(Ex, J¥) = 0.7700 &
0.0009, 0.6805 £ 0.0006, 0.5523 +0.0004 (k =1, 2,3) for
A, B bases and nggﬁs(é’k, J*) = 0.7684 £ 0.0009, 0.6794 +
0.0006, 0.5507 £ 0.0005 (k =4, 5, 6) for C, D bases.

In the other strategy with the prior-measurement informa-
tion, the guesser has access to prior information of X and Y.
Then, he can choose a measurement M for the state from Ex
and a measurement N for £y in Eq. (6). In our demonstration,
we faithfully perform the projection measurement A, B (C, D)
with s, = 1, 5, = 1 in Eq. (6) and obtain the general measure-
ment results for M and N via post-processing,

guess guess guess

Pprior((c/’i, M,N) = %[Pprior( ;'(, M) + Pprior(gi , 1\7)]7

Pprior( LM) = Sxpprior( v A) 4+ (1—5,)/3,

guess guess
prior ( i ) _ prior ( i ) _
Pguess Y N) = s)'Pguess Y B) + (1 S}’)/3' (7)
1 1
0.8 e 0.8 [
2 > —
£ k=
= =
% 0.6 2 0.6
o |98t 2 oo
= =
a 0.4 0.777| |0-818 z 0.4 0.768| |0-812
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FIG. 2. Experimental guessing probabilities with prior- and post-

measurement information ngjief:i, Ppless in various witnesses.
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TABLE I. Prior and post guessing probabilities with six different
ensembles.

A and B bases
Ensembles &;, (ry, 1y)
&, (1,1 &, (0.5,1) &;,(0.5,0.5)
Guessing probabilities
Pess PR Phess P Pl PR
0.9806 0.7700 0.8177 0.6805 0.6570 0.5523
C and D bases
Ensembles &;, (r, 1y)
&y (L1 &, (0.5,1) &, (0.5,0.5)
Guessing probabilities
PR PR PO p phe e
0.9742 0.7684 0.8123 0.6794 0.6538 0.5507

We perform a total 6.1 x 107 trials of QSD tasks in the prior-
measurement information case, and obtain Phies(Ex, A, B) =
0.9806 £ 0.0005, 0.8177 £ 0.0005, 0.6570 £ 0.0005 (k = 1,
2,3) for A, B bases, and Phess(E, C, D) =0.9742 +
0.0006, 0.8123 £ 0.0006, 0.6538 £ 0.0006 (k = 4,5, 6) for
C, D bases. We show the comparison between guessing prob-
abilities with prior- and post-measurement information in
Fig. 2. We summarize all the ensemble settings and corre-
sponding guessing probabilities in Table 1.

According to Eq. (3), we can obtain the incompatible wit-
ness via comparing prior and post guessing probabilities,

‘/Vi = ngli)essts(gl) - Ppnor(gh M7 N)

guess

guess

1 . . . .
= PI(E) = S [5.PER:(E6. A) + 5, PR (€. )]

1
—5@ s ). ®

We implement six different ensembles to demonstrate dif-
ferent witnesses. Though we experimentally obtain the post
guessing probabilities, here we still use theoretical values to
make the incompatibility detection rigorous. We show the in-
compatibility and compatibility regions in Fig. 3. Note that not
all quantum state discrimination tasks are valid for detecting
incompatibility, and each task has different detectable region.
We show the detectable region of our witnesses, and W, Ws
(W4 and W) present the same witness curve in Fig. 3.

In Ref. [15], the robustness of incompatibility of R(M, N)
can be characterized by quantum state discrimination task.
Combining with the post-processing, our results can also serve
as a lower bound of the robustness of incompatibility,

1+R(M,N)
. sePhiew (E4 . A) + 5, Pl (€] B) + (2 — s, =53
2Phess(E)
)
where &; are the ensembles generated in our experiment. Sim-
ilarly, A, B bases can be replaced with C and D bases. We

show the lower bound of the robustness for incompatibility
under different noise levels in Fig. 4. When (s,, s,) = (1, 1),

1

0.75 0.75

0.5 05
W 025 % 025

0 0

— Boundary

. y — Boundary
0.25 — Witnesses 1 and 3 025 — Witnesses 4 and 6
Witness 2 — Witness 5
-0.5 -0.5
-05 025 0 025 05 075 1 05 025 0 025 05 075 1
Sy Sz
(2) (b)

FIG. 3. Two measurements (M, N) corresponding to the set of
(sx, sy) in Eq. (6). (a) Compatible and incompatible regions in A and
B bases. (b) Compatible and incompatible regions in C and D bases.
The measurements in the blue region and grey region are compatible
and incompatible, respectively. The measurements above the curves
in the top-right corner region are detected by our witnesses.

we obtain R(A, B) = 0.2620, R(C, D) = 0.2679. Note that
from Fig. 4 the robustness of incompatibility of some in-
compatible measurements is zero, because the ensembles we
implemented are not optimal for these measurements. Thus,
from our implementation, we could only give a lower bound
of this quantifier.

IV. SUMMARY

The incompatibility witness without entanglement is an
effective and realistic tool in the detection of incompatible
properties. We have experimentally verified the incompati-
bility of MUB measurements under different noise levels,
which shows the feasibility of this witness. Furthermore, we
quantitatively benchmark the incompatible measurements by
estimating the robustness of incompatibility. Our demonstra-
tion is based on quantum state discrimination (QSD) tasks,
which is entanglement free and not based on the Bell inequal-
ity. Thus, similar to the conventional entanglement witness,
we trust the state preparation and measurements devices.

Applying a similar scheme, our demonstration can also
be extended to higher dimensional incompatible measurement
detection. Similar results are also obtained for the detection of
key properties in quantum evolution, for instance the incom-

0.25 0.25
2 AR 2
2 | ormmRR Z
oo
g “8\\\\\\\\\\‘:\\‘3&\“‘\ o g
- 1
: ‘ A
G0 AR
H g \“3\3“8“3“3\3‘3“““
E - 2 0.0 \xts%s‘\“‘ﬁ@“% X
: S 5
& <0 o~
P % S IS s
(a) (b)

FIG. 4. The lower bound of the robustness of incompatibility
versus noises (sy, §,) in measurements M and N. (a) The robustness
of incompatibility in A and B bases. (b) The robustness of incompat-
ibility in C and D bases.
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patibility of quantum channels and quantum memory [32-34].
Our demonstration paves the way for future implementation
and applications for quantum resource detection and discrim-
ination game schemes.
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APPENDIX A: THEORETICAL DETAILS
1. MUB and optimal joint measurements

In the three-dimensional system, we have four mutually
unbiased bases (MUB). We choose these MUB as follows:

A {]0), 1), 12)},

B: %{|0>+|1>+|2), 10)4w|1)4w?[2), |0) + 0?|1) + w|2)},

C: %{w|0)+|l>+l2), 0)+@[1)+12), [0) + |1) + w[2)},

1
D i —{@?[0)+[1)+12), [0)+@?[1)+]2), [0)+]1) + ?[2)},
V3
(A1)
where w = exp(i2m/3). We explore the incompatibility of
bases (A, B) and (C, D) under different noises. Here we take

bases (A, B) as an example. In the modified QSD task £ =
%Sx + %Ey, we prepare the ensembles £y and &y,

1
Ex : {ga er?)Wﬂ +d- VX)H/S}',
| l (A2)
e {3 nlveutl + a =)

where W) = 10), [y = (1), [yg) = 12) and
) = f(|0)+|1>+|2)) lye) = f(|0>+w|1)
?2)), [¥F) = f(l())—i-a) [1) + ®|2)). Parameters r, and

ry represent different states ensembles. The pair of POVM
measurements (M, N) are MUB measurements (A, B) under
different noise parameters s, and s,

M sy + (1 = s0l/3),

N sy W) ? | 4+ (1 —s)1/3);.

The incompatibility of (M, N) can be witnessed by the
difference between the guessing probability with two
strategies in QSD tasks, Pgess(E, M, N) = lPéuess(f,'X, M)+

ngum(é'y, N) and ngl?;lq(é' ) = Payess(€, J). The optimal joint
measurements J are given in Ref. [32]

(A3)

Jij = b(relhi) (Wil + rv|¢1)(¢>,|)—
— i) (Villg)) (9]

(|w,><w,|+|¢,><¢,|

- |¢j>(¢j|l¢i>(1ﬂil), (A4)

1 1 Sy+Sy .
where b = ————=,c=3(—=——=5=—1), and d is
a/r2+r27—l Ty 2(«/r2+r27—rxl‘ )

the dimension. Note that these elements J; ; are all projectors.
For A, B bases, when ry,r, =1 and r, = 1/2, r, = 1/2, pro-
jectors J; ; are as follows. Here we write down the vectors as

Ji1 = (0.8881,0.3251,0.3251)",
Ji2 = (0.8881, —0.1625 — 0.2815i, —0.1625 + 0.2815i)T,
Jis = (0.8881, —0.1625 + 0.2815i, —0.1625 — 0.2815)",
Jr1 = (0.3251,0.8881, 0.3251)T,
Jry = (—0.1625 4 0.2815i, 0.8881, —0.1625 — 0.2815)",
Jr3 = (—0.1625 — 0.2815i, 0.8881, —0.1625 + 0.2815i)",
Ji1 = (0.3251,0.3251, 0.8881)",
J32 = (—0.1625 — 0.2815i, —0.1625 + 0.2815, 0.8881)",
J33 = (—0.1625 4 0.2815i, —0.1625 — 0.2815i, 0.8881)".

(AS)
When r, = 1/2,r, = 1, vectors J; ; are as follows:
Ji1 = (0.7662,0.4544, 0.4544)",
Ji2 = (0.7662, —0.2272 — 0.3935i, —0.2272 + 0.3935i)T,

3 = (0.7662, —0.2272 + 0.3935i, —0.2272 — 0.3935i)",
Jo1 = (0.4544,0.7662, 0.4544)",
Jry = (—0.2272 4 0.39354, 0.7662, —0.2272 — 0.3935)",
Jr3 = (—0.2272 — 0.39354, 0.7662, —0.2272 + 0.3935i)",
Ji.1 = (0.4544,0.4544,0.7662)",
J32 = (—0.2272 — 0.3935i, —0.2272 + 0.3935i, 0.7662)",

Ji3 = (—0.2272 4+ 0.3935i, —0.2272 — 0.3935/, 0.7662)" .
(A6)

For C and D bases, when ry =r,=1and r, =r, =1/2,
J; j are

Ji1 = (—0.4597, 0.6280, 0.6280)",
Ji2 = (—0.3140 — 0.5438i, 0.6280, 0.2299 — 0.3981i)",
Ji3 = (0.6280, 0.2299 — 0.3981i, —0.3140 — 0.5438i)",

TABLE II. State preparation angles.

State Phase shifter HWP2 QWP
B1 0 0 45
B2 0 —60 45
B3 0 60 45
Cl 240 60 45
C2 240 —60 45
C3 120 0 45
D1 120 —60 45
D2 120 60 45
D3 240 0 45
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TABLE III. Fidelity of prepared states.

Fidelity (V1) [V2) [¥3)

A 0.9735 0.9836 0.9979
B 0.9793 0.9697 0.9795
C 0.9738 0.9853 0.9831
D 0.9626 0.9641 0.9762

Jr1 = (0.6280, —0.3140 — 0.5438i, 0.2299 — 0.3981i)",

Jrn = (0.6280, —0.4597, 0.6280)",

Jr3 = (0.2299 — 0.39814, —0.3140 — 0.5438i, 0.6280)",

J3.1 = (0.6280, 0.2299 — 0.3981i, —0.3140 — 0.5438i)",

Ja2 = (0.2299 — 0.39814, 0.6280, —0.3140 — 0.5438i)T,

J3.3 = (0.6280, 0.6280, —0.4597)". (A7)
Whenr, =1/2,r, =1,J;; are

Ji1 = (—0.4233 + 0.2444i,0.6169, 0.6169)",

Jio = (—0.3084 — 0.5342i,0.6169, —0.4888i)",

Ji3 = (0.6169, 0.4233 + 0.2444i, —0.3084 + 0.5342i)",

Jo1 = (—0.3084 + 0.5342i, 0.6169, 0.4233 + 0.2444i)T,

Jrz = (0.6169, —0.4233 4 0.2444i,0.6169)",

Jr3 = (0.4233 4 0.2444i, 0.6169, —0.3084 + 0.5342i)",

Ja1 = (0.6169, —0.4888i, —0.3084 — 0.5342i)",

J3.2 = (0.4233 4 0.2444i, —0.3084 + 0.5342i, 0.6169)",

Ja3 = (0.6169, 0.6169, —0.4233 + 0.2444i)T. (A8)

2. The robustness of incompatibility

Consider a fixed pair of incompatible measurements
(M, N); the robustness of incompatibility (ROI) of the mea-
surements R(M, N) is defined as the minimal amount of an
arbitrary set of measurements which makes the mixture com-
patible:

RM,N)=minr

TABLE IV. Projectors angles: A and B bases with (r, r,) =
(1,1, (1/2,1/2).

Projector Phase shifter QWP HWP3 QWP HWP5
Jia 0 20.2 10.1 71 355
Jia 63.5 168.6 75.8 71 35.5
Ji3 116.5 168.6 2.8 71 35.5
Ja1 0 70 35 71 355
Jo2 26.4 11.5 59.2 71 35.5
Jo3 153.5 11.5 42.2 71 35.5
J31 0 45 22.5 27.4 13.7
J3n 0 45 82.5 27.4 13.7
J33 270 135 82.5 27.4 13.7

TABLE V. Projectors angles: A and B bases with
(res ry) = (1/2,1).

Projector ~ Phase shifter QWP  HWP3 QWP  HWP5
Jia 0 30.6 153 63 31.5
Ji2 160.1 68.8 1.8 63 31.5
Jis 109.9 158.8 1.8 63 31.5
Jo1 270 149.4 29.7 63 31.5
J22 109.9 111.2 432 63 31.5
Jo3 160.1 21.2 432 63 31.5
Ji 0 45 225 40 20
NER) 90 135 52.5 40 20
J33 180 45 52.5 40 20
M, + rP,
st —— = x|M)Gy, Vx,
= gjp( 10)G;,
Ny +rQ,
—_— = MGy, Yy,
o ;q(yl )Gs.. ¥y
P20, Vx, Y P=1,
X
0,20,V Y 0,=I,
y
D opany =1, q0In =1,
X X
(A9)

G20, Y G =1,
A

where the minimization is over r, ({P}x, {Q}y), {Gp},

{p(x|M)}x 2, and {g(y[A)}y,5..
In Ref. [15], the robustness of incompatibility of R(M, N)
can be characterized by a quantum state discrimination task,

Pl e M. N
RPN (L2

- s Al10
P (E) (A10)

where the definitions of Pgle(;rs* and Phyess are slightly different
With Pluess and Phyess in the main text. Consider the combined
ensemble £ = %5} + %5}, then

; 1
PRE(E) = S max Y p)p() (W Ga,)pvla, v)

X,y,0,a
+ p(x) tr(P Gy v)g(xla, v)]. (A1D)
where the maximization is over T =

{p(v), {G}aw, P(¥la, v), G(x|a, v)}. According to Ref. [15],
this guessing probability with more general strategy can be
rewritten into

1 ~
5 2 PP uWhGa)pila, v) + plx)

X,y,0,a

X tr(WXGa,u)q(xl(L U)]

1
=3 Z[p(y) tr(YyJry) + pOo) (Yt y)] (A12)
X,y
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TABLE VI. Projectors angles: C and D bases with (ry, ry) =

TABLE VIII. Prior measurements: detector counts with various

(1,1),(1/2,1/2). inputs.
Projector ~ Phase shifter QWP  HWP3 QWP  HWPS Detector 1 Detector 2 Detector 3 Possibility
Ji 270 36.2 63.1 51.1 25.55 Al 51480 86 1318 0.973451
Jin 90 135 82.5 62.6 313 A2 51630 114 748 0.983578
Jis 166.2 118.8 0.5 51.1 25.55 A3 49430 72 30 0.997941
Jai 180 45 82.5 62.6 31.3 B1 49470 330 714 0.979332
Jon 90 53.8 71.9 51.1 25.55 B2 52100 926 704 0.969663
b3 166.2 151.2 445 51.1 25.55 B3 41140 226 636 0.979477
J31 103.8 28.8 0.5 51.1 25.55 Cl1 39130 554 498 0.973819
J3 103.8 61.2 445 51.1 25.55 C2 49620 272 468 0.985306
J33 180 45 22.5 62.6 313 c3 50910 340 532 0.983160
D1 52840 1182 872 0.962582
D2 53110 928 1048 0.964129
D3 51510 278 976 0.976234

Thus Phes (£) is equivalent to the definition used in
our main text, Pg&’;ﬁs(f;):max;%ZX’},[p(y)tr(lpny,y)+
px) tr(Yedy y)1:

Ppost*(g) — PpOSl (5)

guess guess

(A13)

Consequently, we can use the ratio between Pgﬁie(;rs(&), M, N),
Phiess(£o) to lower bound the robustness of incompatibility,
Phes (€. M.N) _ i Phies(E, M, N)
Phas(&) T E PR
PR ML)
Phess(&o)

1+R(M,N) = mgax

(A14)
where & is the ensemble prepared in our demonstration.

APPENDIX B: EXPERIMENTAL DETAILS
1. Preparation of the 12 MUB qutrit states

We use a beamlike type-II spontaneous parametric down-
conversion from a BBO crystal to generate photon pairs HV,
where H and V denote the horizontal and vertical polarization,
respectively. One photon of polarization V from the photon
pair is created for the heralded trigger, and the other photon
of polarization H is applied to prepare the qutrit states in
Eq. (Al). The part of state preparation is performed by a
DPBS (double polarization beam splitter), a small-angle prism
that adjusts the phase between the paths (0,1) and path (2), two
half-wave plates, and a quarter-wave plate. We can acquire all

TABLE VIIL Projectors angles: C and D bases with (ry, 1) =
1/2,1).

Projector Phase shifter QWP HWP3 QWP HWP5
Jia 258.8 37.4 71 52 26
Jia 120 135 82.5 60.7 30.35
Ji3 251.2 374 26 52 26
Ja1 300 135 52.5 60.7 30.35
Jr2 168.8 142.6 78.6 52 26
Jo3 251.2 52.6 19 52 26
3.1 30 90 19.2 52 26
J3n 30 180 25.8 52 26
J33 210 45 22.5 60.7 30.35

12 MUB qutrit states when we set different plate angles and
different phase shifts due to different optical-path lengths of
the H component and the V component in the prism. Detailed
angles of all involved wave plates for the three remaining
MUBs (B, C, D) are listed in Table II.

For instance, the HWP2 at —60° trgnsforms the state
7 (0) + 1) +12)) into %(e’%”m) + €'57[1) +|2)). Then
with the first QWP rotated at 45°, the state is converted
into %(e"%ﬂm +¢757|1) + [2)), which is the state |5) in
Eq. (A1).

We test the fidelity of these eigenstates in Table 111, and the
average fidelity of these prepared states is F = 0.977 in our
experiment.

2. Incompatible and compatible measurements

For obtaining the quantum incompatible witness, we
perform the post measurement and prior measurement. Aim-
ing at different measurement bases for different ensembles,
we calculate the measurement settings, and the detailed
angles of phase shifter, HWP3, HWPS5, and two QWPs
are adjusted before the photon entered the four Si single
photon detectors.

o
'
h
"

o

©
"
"
'
'

|

'

e
o

Guessing possibility
e <
=

e
)

e
o

T T T T T T T T T T
W1Prior W1Post W2Prior W2Post W3Prior W3Post W4Prior W4Post W5Prior WS5Post W6 Prior W6 Post

Measurement strategies

FIG. 5. Experimental and theoretical guessing probabilities with
two strategies. Experimental results of the guessing possibility from
six ensembles are shown in yellow bars and the dash empty bars
indicate ideal measurement results for comparison.
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In the strategy with the post-measurement information, the
guesser uses the measurements J defined in the above section,
which are implemented via modifying the angles shown in
Tables IV and V for A and B bases and Tables VI and VII for
C and D bases.

In the other strategy with the prior measurement informa-
tion, the guesser has access to prior information of X and Y.

Then he can choose a measurement M for the states from Ey
and a measurement N for & in Eq. (6). The results are shown
in Table VIIL

The guessing probabilities in six ensembles with
two different strategies are shown in Fig. 2. Figure 5
shows the theoretical and experimental guessing
probabilities.
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