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Anomalous violation of the local constant field approximation in colliding laser beams
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The local constant field approximation (LCFA) is widely used in the study of QED effects in laser-matter
interactions, with the justification that the classical strong-field parameter of the impinging laser beam is large.
Here, the failure of this conjecture is demonstrated for an electron interacting with strong counterpropagating
laser waves due to the emergence of an additional small time scale in the electron dynamics. Moreover, we
identify a class of anomalous LCFA violation in which electrons turn sharply and leave the radiation formation
zone much earlier than in the LCFA estimation. In contrast to previous observations of LCFA violation in a
single laser beam, resulting in new low-harmonic peaks in the spectrum, here deviations from LCFA results
are seen across the whole spectrum. A similar phenomenon is also demonstrated for an electron colliding with
an ultrashort laser pulse. These results indicate the necessity of amending laser-plasma kinetic simulations in
multiple beam laser configurations.
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I. INTRODUCTION

Exploration of novel regimes of laser-matter interac-
tion, including nonlinear QED [1–10] and radiation reaction
[11–13] effects, has been enabled due to the dramatic progress
in high-power laser technology [14,15]. The peak power
of contemporary lasers has currently attained the petawatt
regime [16,17], and multipetawatt infrastructures are under
construction worldwide [18,19].

Strong-field QED processes in laser fields can be treated
fully quantum mechanically only for limited field configu-
rations, where the single-particle wave function is available
[20–23]. Therefore the standard Monte Carlo codes, which
are employed for theoretical investigation of QED effects in
laser-plasma interaction [24–27], treat photon emission and
pair production within the local constant field approximation
(LCFA).

The LCFA is commonly believed to be applicable in
strong laser fields with ξ � 1, which follows from the more
precise condition (ξ/χ1/3)[ω/(ε − ω)]1/3 � 1 [28,29] using
typical emission frequencies ω/ε ∼ χ/(χ + 1). Here, ξ =
|e|E0/mω0 and χ = |e|

√
−(FμνPν )2/m3 are the strong-field

classical and quantum parameters [30], respectively. Starting
from the foundations, the physical condition for the LCFA
applicability is t f � tc, with the radiation formation time t f

and the characteristic time of the electron trajectory tc [31,32].
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As an ultrarelativistic electron emits forward within a 1/γ

cone [33], the radiation can be superimposed and coherently
formed during the formation time t f spent by the electron in
the 1/γ cone. While in a single laser field, t f /tc ∼ 1/ξ [34],
in multibeam laser configurations several characteristic time
scales can appear in the trajectory. As a result, the condi-
tion t f � tc will not be equivalent to ξ � 1, and therefore
violation of LCFA may arise even for ξ � 1. In common
practice, however, the LCFA is applied for simulations of
radiative processes in laser-plasma interaction when a strong
laser field with ξ � 1 impinges on plasma, overlooking that
during the interaction other electromagnetic modes such as
reflected (e.g., from the critical density [35]) and/or plasma
waves may arise, which can disturb the LCFA applicability.

Multibeam configurations are attractive for achieving the
highest possible local fields with a given energy in the origi-
nal laser beam, such as the configuration of the dipole wave
[36–39], and for inducing various nonlinear QED processes
[40–45]. Several multipetawatt facilities under construction,
such as the ELI Laser Facility [46,47] and the SHINE Fa-
cility in China [48], enable a multipulse colliding scenario.
Therefore the question of LCFA applicability in such con-
figurations is an important issue. The simplest multibeam
laser configuration is a setup of counterpropagating laser
waves (CPWs), which exhibits radiative trapping dynamics
[49,50].

Here, we show that for CPWs of the same frequency, two
additional small characteristic time scales t2 and t3 emerge
in the trajectory along with the fundamental one, t1, corre-
sponding to a single laser wave (see Fig. 1). In the case
where these are comparable to the corresponding formation
time scales, t f i � ti, i = 1, 2, 3, a deviation from LCFA arises.
With tc = |F|/|Ḟ|, where F is the Lorentz force, the shortest
time scale t3 corresponds to the parts of the trajectory where
the force is relatively small but changing rapidly. It is due
to counteracting contributions of the laser beams into the
electron nonlinear dynamics and determined by the quantum
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FIG. 1. Examples of electron trajectories in circularly polarized
CPWs (projection on the plane transverse to the laser propagation):
(a) ξ1 � 1 and ξ2 < 1 (t f 2 > t2); (b) ξ1 � ξ2 � 1 (t f 2 < t2, but t f 3 ≈
t3). Red is the radiation formation length, and green and blue are
the additional characteristic lengths of the electron trajectory [ti and
t f i (i = 1, 2, 3) are the corresponding characteristic and formation
times]. While in a single laser wave only t1 is available, in CPWs
additional small time scales arise. LCFA fails at t f i � ti. In (a), t f 2 >

t L
f 2, while in (b), t f 3 < t L

f 3, which represents a class of anomalous
LCFA violation.

nonlinear parameters of the laser fields. In the regime of
Fig. 1(a) the formation time is larger than that via LCFA (tL

f ),
the electron oscillates fast within the radiation formation zone,
the LCFA violation is similar to that in a plane laser wave at
ξ � 1, and the spectrum is dominated by low harmonics of
the Doppler-shifted oscillation frequency (the corrections to
LCFA for this type of violation, with t f > tL

f , are considered
in Refs. [51,52]). In contrast, in the regime of Fig. 1(b) the
electron motion during t3 is extremely abrupt, accompanied
with a comparable formation time t f ∼ t3, and leaving the
formation zone (the 1/γ cone) much earlier than within the
LCFA: t f < tL

f . In this case, the LCFA failure will be exhibited
by the appearance of a large characteristic frequency in the
spectrum due to a small t f ; that is, the spectrum will deviate
from that via the LCFA in the high-energy region.

The deviations from LCFA results presented in Fig. 1(b)
essentially differ from those in the infrared tail of the spectrum
for a plane laser wave discussed in Refs. [28,53,54]. There,
the condition tL

f � tc is fulfilled, and the LCFA describes the
main part of the spectrum very well. The deviation from LCFA
calculations was observed only at low frequencies, where the
coherence time is significantly longer, sampling the varying
field beyond the formation time.

In this paper we explore the electron quantum radiation
in CPWs in the realm of the Baier-Katkov (BK) semiclas-
sical formalism [31,55,56]. We describe the concept and
identify the regimes of LCFA violation beyond ξ � 1. The
calculations via BK formalism employ the classical electron
trajectory; however, they account for the quantum recoil due
to a photon emission. We are interested in a situation when a
small time scale tc appears in the electron trajectory, which
is the case when the force F and, consequently, the time-
dependent quantum parameter χ (t ) become small at certain
points of the trajectory and further change rapidly. This can
be achieved in two scenarios in the CPW configuration. In the
first one, an electron moves relativistically along the propa-
gating axis of the CPW, and the quantum parameters regarding
each laser pulse χ1 and χ2 are of the same order of magnitude.
This gives us the relationship between different parameters
as (1 − β̄z )ξ1 ≈ (1 + β̄z )ξ2, where β̄z is the z component of

the average velocity for the electron during the interaction. To
fulfill the required condition χ1 ∼ χ2, we consider ξ1 � ξ2

with an electron copropagating with the strong wave. For
this case, an analytical model is developed and validated by
a full numerical calculation. In the other one, an electron is
trapped around the antinode of a standing wave formed by
the CPW with ξ1 > ξ2. We avoid the case of ξ1 ≈ ξ2 because
χ (t ) is almost constant at the antinode of a standing wave
with equal field strength, where only a magnetic field exists,
and also to refrain from the chaotic dynamics. We consider
two qualitatively different regimes for an ultrarelativistic elec-
tron moving along the wave propagation direction: ξ1 � 1
and ξ2 � 1 [Fig. 1(a)] and ξ1 � ξ2 � 1 [Fig. 1(b)], with ξi

(i = 1, 2) for the ith laser field. A significant deviation from
the LCFA results is demonstrated in the high-energy domain
of the radiation spectra for both regimes.

The case in Fig. 1(b) represents a typical example of the
two-beam setup yielding the regime of a class of anomalous
LCFA violation in which the particle leaves the 1/γ cone
more rapidly than with the LCFA (t f < tL

f ). Accordingly,
the corresponding spectrum is broad and does not feature
harmonics. Although in the case in Fig. 1(a) we have quite
large modifications of the spectra with respect to LCFA, it
represents the common regime of LCFA violation (t f � tL

f ),
similar to the case of a relativistic electron counterpropagating
a single laser beam with ξ < 1. The anomalous LCFA viola-
tion represented in Fig. 1(b) is also encountered in the electron
interaction with an ultrashort pulse, where the new time scale
is caused by the rapid changing of the pulse profile.

II. THEORETICAL DESCRIPTION

A. Electron dynamics in the CPW configuration

The classical equation of motion for the electron in the
presence of electromagnetic (EM) fields reads

dPμ

dτ
= e

m
FμνPν, (1)

where τ is the proper time. The vector potential corresponding
to the counterpropagating wave (CPW) configuration with
circular polarization is Aμ = Aμ

1 + Aμ
2 , where

Aμ
1 ≡ a1

[
cos(φ1)eμ

x + sin(φ1)eμ
y

]
,

Aμ
2 ≡ a2

[
cos(φ2)eμ

x + sin(φ2)eμ
y

]
,

(2)

with eμ
x = (0, 1, 0, 0), eμ

y = (0, 0, 1, 0) as the unit vectors. In
the general case, Eq. (1) cannot be solved analytically because
of its nonlinearity, which arises from the fact that xμ(τ ) de-
pends on the momentum via

xμ(τ ) =
∫

dτ
Pμ(τ )

m
. (3)

In the following, we seek an approximate solution to the
equation of motion. The phases appearing in the EM field
vector potential arguments can be written as

φ1(τ ) ≡ k1 · x(τ ) = k1 · P̄

m
τ + δφ1(τ ),

φ2(τ ) ≡ k2 · x(τ ) = k2 · P̄

m
τ + δφ2(τ ),

(4)

013214-2



ANOMALOUS VIOLATION OF THE LOCAL CONSTANT … PHYSICAL REVIEW RESEARCH 3, 013214 (2021)

with the four-wave-vectors of the beams as k1 = (ω0, 0, 0, ω0)
and k2 = (ω0, 0, 0,−ω0). The bar symbol designates time-
averaged quantities. The key assumption at the basis of our
derivation is ∫

sin(φi )dτ ≈ − m

ki · P̄
cos(φi ),

∫
cos(φi )dτ ≈ m

ki · P̄
sin(φi ).

(5)

This means that the oscillating term δφ1(τ ) and δφ2(τ ) in the
phase can be neglected during the integration. Applying this
approximation, the momentum of the particle is

Px(τ ) = mξ1 cos(φ1) + mξ2 cos(φ2),

Py(τ ) = mξ1 sin(φ1) + mξ2 sin(φ2),

Pz(τ ) = P̄z + 2m2ξ1ξ2ω0

(k1 − k2) · P̄
cos (φ1 − φ2). (6)

Here, −eai = mξi is considered, and a vanishing asymp-
totic transverse momentum p⊥ = 0 is chosen. The gener-
alization to nonzero p⊥ is straightforward. In order for
Eq. (5) to be fulfilled, we need the oscillating term δPz =
2m2ξ1ξ2ω0

(k1−k2 )·P̄ cos (φ1 − φ2) to be much smaller compared with the
average term,

δPz

P̄z
<

δPz

ε̄
= 2m2ξ1ξ2ω0

(k1 − k2) · P̄ε̄
= m2ξ1ξ2

v̄zε̄2
� 1. (7)

Also, we assume ξ1 � ξ2 to avoid the chaos in the electron
dynamics. With this, the energy of the particle looks like

ε = [
m2 + P2

x + P2
y + P2

z

]1/2

= [
m2 + m2ξ 2

1 + m2ξ 2
2 + P̄2

z + δP2
z

]1/2
. (8)

Based on the condition in Eq. (7), the total energy
is ε =

√
m2

∗ + P̄2
z = ε̄ with the effective mass m∗ ≡

m
√

1 + ξ 2
1 + ξ 2

2 ≈ m
√

1 + ξ 2
1 . The relation between the av-

erage energy and the asymptotic initial four-momentum pμ
0

seems therefore to be ε̄ = ε0 + m2ξ 2
1 /(ε0 − pz0). Finally, the

trajectory for an electron in the CPW configuration with cir-
cular polarization is

x(τ ) = mξ1

k1 · P̄
sin(φ1) + mξ2

k2 · P̄
sin(φ2),

y(τ ) = − mξ1

k1 · P̄
cos(φ1) − mξ2

k2 · P̄
cos(φ2),

z(τ ) = P̄z

m
τ + 2m2ξ1ξ2ω0

[(k1 − k2) · P̄]2
sin (φ1 − φ2). (9)

Since the velocity is β(τ ) = P(τ )/ε, the acceleration can
be written in terms of time t as

β̇x = −mξ1ω1

ε
sin ω1t − mξ2ω2

ε
sin ω2t,

β̇y = mξ1ω1

ε
cos ω1t + mξ2ω2

ε
cos ω2t,

β̇z = 2ω0m2ξ1ξ2

ε2
sin �ωt . (10)

with ω1 ≡ ω0(1 − β̄z ), ω2 ≡ ω0(1 + β̄z ) and �ω = ω1 − ω2,
where β̄z = P̄z/ε is the average velocity along the z axis.
Hence

χ2 = γ 4|β̇|2
m2

= χ2
1 + χ2

2 − 2χ1χ2 cos �ωt

+ ξ 2
1 χ2

2

γ 2
sin2 �ωt . (11)

The last term is negligible, since ξ1 � γ . Thus the expression
appearing in Eq. (11) is obtained,

χ ≈
√

χ2
1 + χ2

2 − 2χ1χ2 cos �ωt . (12)

We further calculate the characteristic time of the electron
trajectory tc = |F|/|Ḟ|, where F is the Lorentz force. Since
the energy in Eq. (8) is constant, this quantity may be equiva-
lently written as tc = |β̇|/|β̈|. The acceleration β̇ was already
found, and the denominator β̈ is straightforwardly obtained by
taking a derivative of Eq. (10); hence the trajectory’s charac-
teristic time takes the form

tc ≈ χ (t )√
ω2

1χ
2
1 + ω2

2χ
2
2 − 2χ1χ2ω1ω2 sin �ωt

. (13)

In the cases χ1 ∼ χ2 and ω2 � ω1, the denominator can be
approximated by ω2χ2, leading to

tc ≈ χ (t )

ω2χ2
. (14)

B. The Baier-Katkov formalism

The approach used in our calculation is the so-called semi-
classical operator method developed by Baier and Katkov in
the 1960s [31]. This approach is a well-established method
that is suitable for calculating QED processes for ultrarela-
tivistic particles in strong background fields, where the motion
of the particle can be described classically, while the photon
quantum recoil is accounted for. The radiation spectrum reads

dI = α

(2π )2τ

[
−ε′2 + ε2

2ε′2 |Tμ|2 + m2ω2

2ε′2ε2
|I|2

]
d3k, (15)

where I ≡ ∫ ∞
−∞ eiψdt and Tμ ≡ ∫ ∞

−∞ vμ(t )eiψdt , with ψ ≡
ε
ε′ k · x(t ) being the emission phase and xμ(t ), vμ(t ), kμ =
(ω, k) being the four-vectors of the electron coordinate, the
velocity, and the photon momentum, respectively; τ is the
pulse duration, ε is the electron energy in the field, and ε′ =
ε − ω.

The actual calculation takes two steps. First, the Lorentz
equation for a single particle is solved, and the trajectory is
obtained. Second, the time integration in the photon emission
amplitude is calculated using the time-dependent momentum
and coordinate of the particle. Both steps can proceed either
analytically when an analytical trajectory is available or nu-
merically for general laser field and electron beam parameters.
Below we will give an analytical derivation of the spectrum
using the approximated trajectory of the electron in the CPW
scenario.

Let us first look at the phase ψ of the emission, which
is a crucial parameter in the formalism and determines the
interference of radiation emerging from different points of the

013214-3



LV, RAICHER, KEITEL, AND HATSAGORTSYAN PHYSICAL REVIEW RESEARCH 3, 013214 (2021)

trajectory. Introducing the definition of u = ω/(ε − ω), we
have

ψ = mγ u[t − n · x(t )]. (16)

The trajectory in the vicinity of t0 can be represented as

x(t0 + τ ) = x0 + β(t0)τ +
∫ τ

0
dτ ′[β(t0 + τ ′) − β(t0)],

(17)
with x0 = x(t0). Therefore the phase reads

ψ = muγ

[
[1 − β(t0)]τ − β(t0) ·

∫ τ

dτ ′[β(t0 + τ ′) − β(t0)]

]

≈ muγ

[
1

2γ 2
τ +

∫ τ

dτ ′�(t0, τ
′)
]
,

(18)

where n ≈ β(t0) is assumed, i.e., forward emission for
the ultrarelativistic electron, and �(t0, τ ) ≡ −β(t0) ·
[β(t0 + τ ) − β(t0)]. The constant phase mγ u(t0 − n · x0)
is omitted as it does not affect the interference. In order to
understand the physical meaning of �(t0, τ ), we rewrite it in
the following way:

�(t0, τ ) = −β2(t0)[cos θ (τ ) − 1] ≈ 1
2β2(t0)θ2(τ ), (19)

where θ (τ ) � 1 is the angle between β(t0 + τ ) and β(t0).
Having expressed the phase ψ in terms of θ and recalling the
well-known fact that the radiation formation interval corre-
sponds to θ (τ ) � 1/γ , the formation time may be instantly
obtained.

Let us find an explicit expression for the formation time ac-
cording to the LCFA, corresponding to expanding the velocity
up to the τ 2 order, namely,

�(t0, τ ) = −1

2
[β(t0) · β̈(t0)]τ 2 = 1

2
|β̇|2τ 2 = m2χ2

2γ 4
τ 2,

(20)
where we have assumed that the force acting on the electron is
transverse β(t0) · β̇(t0) = 0, and the definition of the quantum
parameter χ = γ 2|β̇|/m was employed. Combining Eqs. (19)
and (20), the time dependence of the angle according to the
LCFA reads

θL(τ ) = mχ

γ 2
τ. (21)

Therefore the LCFA formation time, defined by θ (tL
f ) = 2/γ ,

is given by

tL
f = 2γ

mχ
. (22)

This also gives the typical energy of the emitted photon from
the condition ψ ∼ 1. Accordingly, in order to determine for
a given trajectory whether a coincidence with LCFA is to be
expected or not, one should examine the temporal behavior of
the angle θ (τ ) during the emission interval. A linear depen-
dence indicates a good agreement with LCFA. Moreover, the
formation time determines the LCFA applicability via tL

f � tc.
Thus the LCFA condition in the CPW setup is

tL
f

tc
≈ 2γω2χ2

mχ2(t )
� 1, (23)

which reduces to the familiar result tL
f /tc ∼ 1/ξ in a single

laser wave.

Now, according to the trajectory given above, the radiation
spectral distribution can be represented in the following form:

dI

dωdϕ
= αω

4π v̄z(1 + u)

∑
sr

∑
sl

[
− (2 + 2u + u2)|Mμ|2

+
(

u

γ

)2

|M0|2
]
. (24)

In the following, the matrix elementMμ is given as a function
of sl , sr, u, ϕ. We start by introducing the quantities

B0(s, z, ϕ) = Js(z)e−isϕ,

B1(s, z, ϕ) =
[

s

z
Js(z) cos ϕ + iJ ′

s(z) sin ϕ

]
e−isϕ,

B2(s, z, ϕ) =
[

s

z
Js(z) sin ϕ − iJ ′

s(z) cos ϕ

]
e−isϕ,

(25)

where Js(z) and J ′
s(z) are the Bessel function and its first

derivative, respectively. In terms of these functions, the var-
ious components of the matrix element take the form

Mt =
∑

s3

B0(1)B0(2)B0(3),

Mx = m

ε

∑
s3

[ξ1B0(2)B1(1) + ξ2B0(1)B1(2)]B0(3),

My = m

ε

∑
s3

m[ξ1B0(2)B2(1) + ξ2B0(1)B2(2)]B0(3),

Mz =
∑

s3

B0(1)B0(2)

[
v̄zB0(3) − m2ξ1ξ2

v̄zε2
B1(3)

]
,

(26)

where 1 ≡ (s1, z1, ϕ), 2 ≡ (s2, z2, ϕ), and 3 ≡ (s3, z3, 0). The
indices s1, s2, s3 are related to sr, sl that appear in the final
emission expression by

s1 ≡ sl − s3, s2 ≡ sr + s3. (27)

The arguments of the Bessel function read

z1 ≡ mξ1u sin ϑ

ω1
, z2 ≡ mξ2u sin ϑ

ω2
, z3 ≡ m2ξ1ξ2u

v̄z�ωε
cos ϑ.

The angle ϑ is expressed in terms of u, sl , sr according to

cos ϑ = 1

v̄z

[
1 − 1

εu
(slω1 + srω2)

]
. (28)

From Eq. (13) one can see that a small time scale tc appears in
the case of χ (t ) → 0 at some time moment t , which according
to Eq. (12) requires χ1 ∼ χ2. In the following, the emitted
spectrum as well as the deviation from LCFA is examined for
several regimes.

III. VIOLATION OF THE LOCAL CONSTANT FIELD
APPROXIMATION

Low-ξ2 case. The radiation spectra for ξ1 = 300 and ξ2 =
0.35 are shown in Fig. 2. We consider three electron energies
ε = 4.6m∗, 16.9m∗, and 40.2m∗, yielding different dynamics.
In the case of ε = 4.6m∗, the ξ1 beam dominates the dynamics
because χ1 > χ2. As ξ1 � 1, the angle θ (t ) grows linearly
within the 1/γ cone as in the LCFA; Fig. 2(a). Hence the
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FIG. 2. Results for ξ1 = 300 and ξ2 = 0.35 with energies ε =
4.6m∗ [(a) and (d)], ε = 16.9m∗ [(b) and (e)], and ε = 40.2m∗
[(c) and (f)], respectively. (a)–(c) Solid (dashed) lines for the magni-
tude of θ (t ) [θL (t ) for LCFA] in the vicinity of t0 when χ is maximal,
with always θ (t ) < θL (t ) here [tc/T = 0.8, 0.14, and 0.09 for (a)–
(c), respectively, with T = 2π/ω0]. (d)–(f) Radiation spectra: Black
(blue) is via the analytical trajectory [LCFA with time-dependent
χ (t )]; gray and red are for the single beam of ξ1 and ξ2, respectively
(the electron energy in a single beam is the same as for CPWs). While
all the curves are overlapped in (d) except the red one, the gray curve
in (f) is rather small compared with the other curves. The spectrum
via fully numerical trajectory is shown as black dots in (e).

emitted spectrum in Fig. 2(d) coincides with the LCFA result
and is close to the spectrum of the single ξ1 beam.

For high energy ε = 40.2m∗, the ξ2 beam is dominant,
and therefore tL

f /tc ≈ 1/ξ2 = 2.86. The angle oscillates inside
the 1/γ cone; Fig. 2(c). The radiation is similar to the case
of the electron motion in the ξ2 beam with a renormalized
energy due to the influence of the ξ1 [Fig. 2(f)]. The typical
energy of the emitted photon derived from ψ ∼ 1 is ω =
2γ 2ω2 ≈ 4γ 2ω0.

Most interesting is the case of the intermediate energy
ε = 16.9m∗. Both beams influence the dynamics as χ1 and χ2

are comparable. The ratio tL
f /tc oscillates in time and is larger

than unity, which indicates the deviation from LCFA. This can
be seen from Fig. 2(b), where more than one tc period con-
tributes to the radiation during the electron oscillation within
the 1/γ cone; see the schematic trajectory in Fig. 1(a). The
spectrum [Fig. 2(e)] reveals the qualitative deviations from
LCFA, as well as from those in single ξ1 or ξ2 beams. This
evidences that even in a strong field (ξ1 � 1), the LCFA may
yield severe errors due to the presence of other weak waves,
in contradiction to the LCFA hypothesis.

High-ξ2 case. The LCFA violation can also be demon-
strated with both lasers as strong as ξ1 = 300 and ξ2 = 2.
Since nontrivial radiation spectra are found when χ1 ∼ χ2 as
in Fig. 2(e), we choose ε = 6.57m∗ here so that χ1 ∼ χ2 ∼
0.025. From Fig. 3(a) one can see that tL

f /tc is far above unity
in the vicinity of the smallest χ (t ) regime. This corresponds
to the appearance of the smallest typical time scale in the
trajectory [t3 = χmin/(χ2ω2) � 1/ω2 = t2] as illustrated in
Fig. 1(b) and leads to deviation from the LCFA predictions
in the entire spectrum [Fig. 3(b)]. Note that the emission in a
single wave ξ1 (gray) or ξ2 (red) here can be described rather
well with the LCFA.

FIG. 3. (a) Instantaneous χ (t ) and t L
f /tc vs time t ; (b) radiation

spectrum. The spectra corresponding to ξ1 (gray) and ξ2 (red) are
both smaller than the total spectrum (black); (c) the relative dif-
ference (Diff) between the BK spectrum and the LCFA one. The
electron energy is ε = 6.57m∗. The field intensities are ξ1 = 300 and
ξ2 = 2, and the color code is like that in Fig. 2. The triangles χmax,
χmid, and χmin indicate the maximum, middle, and minimum values
of the quantum parameter.

We analyze the deviation from the LCFA results in detail
for three different directions of emission (see Fig. 4). For clar-
ity, we avoid the interference by only looking at the emission
from one cycle of ξ1. From Figs. 4(a) and 4(d) one notes that
in the vicinity of χmax the time-dependent angle θ (t ) and the
spectrum agree well with the LCFA prediction, because at this
point tL

f /tc = 0.28 [cf. the emission at t2 in Fig. 1(b)]. Around
χmid, however, the particle oscillates in the 1/γ cone; see
Fig. 4(b). Accordingly, the emitted spectrum does not agree
with LCFA results but rather features a harmonic structure
[Fig. 4(e)].

FIG. 4. (a)–(c)The magnitude of θ (t ) for different χ in time as
shown in Fig. 3(a), with tc = 0.15T (a), tc = 0.08T (b), and tc =
0.01T (c). (d)–(f) angular-resolved spectra along the emitting direc-
tions corresponding to the same χ values. All the other parameters
and the color code are like those in Fig. 3.
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FIG. 5. Results for ξ1 = 300 and ξ2 = 10 with three different
transverse momentum spreadings of the electron beam: �⊥ = 0 [(a),
(b), (e), and (f)], �⊥ = 4m [(c) and (g)], and �⊥ = 9m [(d) and
(h)], respectively. (a)–(d) Radiation spectra: black dots (blue lines)
are the BK (LCFA) spectra based on the numerical trajectory. (e)–
(h) The relative difference between the BK spectrum and the LCFA
one. The electron energy is ε = 875m. While a plane wave for the
two laser pulses is used in (a) and (e), a realistic pulse shape with
sin2 envelope in time is employed for the others. The pulse duration
is 4 cycles for ξ1 and 20 cycles for ξ2. The waist size is 5λ0 for both
laser pulses.

An unusual behavior emerges near χmin. The angle θ (t )
[Fig. 4(c)] increases more rapidly than θL(t ). Namely, the de-
viation stems from the fact that the particle exits the 1/γ -cone
much quicker than LCFA predicts [cf. the emission at t3 in
Fig. 1(b)], consequently, the spectrum in Fig. 4(f) is broad
and smooth, as opposed to the harmonic structure in Fig. 4(e).
This anomalous LCFA violation is qualitatively distinct from
the one observed in a monochromatic plane wave and is de-
termined by the condition t f � tL

f ; see Fig. 3(a). Due to the
smallness of t f , the typical energy of the emitted photons ωc

in Fig. 4(f) is considerably larger than in LCFA. We estimate
it from the condition ψ ∼ 1:

ωc  2mγ 2

mt f �/2 + 2γ
≈ 2mγ 2

mt f + 2γ
, (29)

with � = 1 + (γ 2/t f )
∫

t f
θ2(t ′)dt ′ ≈ 2, which provides ωc ≈

0.08ε for the applied parameters, in agreement with Fig. 4(f).
Furthermore, the spectra shown in Figs. 4(d)–4(f) have similar
amplitudes, explaining the high-energy deviations in Fig. 3(b).

The described deviation from LCFA predictions persists
even at higher laser intensities, as shown in the case of ξ1 =
300 and ξ2 = 10 in Fig. 5, albeit the emission of each single
beam can be well represented with the LCFA. Here, the real-
istic electron beam has a transverse momentum spread up to
�⊥/p ≈ 10−2 with also a realistic Gaussian laser pulse shape
except for Figs. 5(a) and 5(e). By comparing Figs. 5(a) and
5(e) with Figs. 5(b) and 5(f), we can see that the deviation with
respect to LCFA results is even enhanced in a realistic setup.
In particular, the deviation is larger with increased spreading
of the electron momentum, and the relative difference in the
high-energy domain can be around 30% [Figs. 5(f)–5(h)].

The increase in the relative difference in the high-energy
domain has a simple explanation. In this anomalous LCFA
violation, tL

f > t f , which means that the typical emitted fre-
quencies are smaller in the LCFA case ωL

c < ωc, or the peak

FIG. 6. The radiation of an electron trapped in a CPW with ξ1 =
100 and ξ2 = 50: (a) radiation spectrum (blue line is the result via the
LCFA, while dots represent the results according to the numerical
trajectory); (b) relative difference between the precise numerical
spectrum and that via the LCFA; (c) quantum parameter χ (t ) as a
function of time; and (d) t L

f /tc as a function of time. The average
energy ε equals 54m.

of the LCFA spectrum is at lower frequencies. From another
side, in the high-frequency domain the spectrum is exponen-
tially damped dI

dωd�
∝ exp[−t f /tcoh(ω)], with the coherence

time tcoh(ω) ≡ π/(ω − k · v) [57]. This means that for small
ω, LCFA overestimates the emission, while for large ω, LCFA
underestimates it, and the relative difference will first decrease
with the increase in the radiation energy and then increase
after the frequency of the emitted photon exceeds ωc.

The intensity of the laser pulses and the energy of the
electrons in the calculations are chosen such that the quantum
parameter regarding each laser pulse χ1 and χ2 are of the
same order of magnitude and that the maximal value of χ (t )
is of the order of ∼0.01–0.1. The emitted photon energy can
reach ∼10–20% of the electron energy, indicating the quan-
tum regime of interaction, and the radiation reaction is not
very significant, when the energy emitted during a laser cycle
(estimated via R = αξχ � 0.2 [3]) is small but not negligible.
However, the role of radiation reaction is not essential for
the deviation of the BK spectra with respect to those with
the LCFA, because the LCFA results are also disturbed by
radiation reaction.

Trapping case. Next, we consider two laser fields with
comparable amplitudes ξ1 = 100 and ξ2 = 50. In this setup,
the electron can be trapped in a certain region provided the
initial energy is smaller than the potential well created by
the two lasers. Accordingly, β̄z = 0, so the analytical solution
employed above is not valid, and we rely on numerical cal-
culations. However, the qualitative picture remains the same,
i.e., χ is oscillating as shown in Fig. 6(c), and near its minima
the LCFA condition is violated; see Fig. 6(d). As a result, this
anomalous LCFA violation appears in the spectrum [Figs. 6(a)
and 6(b)], similar to those demonstrated for the intermediate-
and high-ξ2 calculations. However, as opposed to these cases,
the LCFA deviation shows only weak sensitivity to the elec-
tron momentum, as long as it is not energetic enough to escape
the trapping. Therefore the violation in this scenario is rather
robust.

Ultrashort pulse. An analogous deviation from LCFA pre-
dictions due to the emergence of a small characteristic time
scale in the electron trajectory can also happen in a simpler
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FIG. 7. Radiation in an ultrashort laser pulse: (a) The spectrum
with LCFA (blue) and BK method (black). (b) The relative difference
between the BK result and the LCFA one. (c) Angular-resolved spec-
trum with a fixed azimuthal direction ϕ = 3π/4 and for ω = 10m;
the inset is a zoom-in between ϑ = 0 and 30/γ . (d) The magnitude
of θ (t ) for t0 = −0.65T corresponding to γϑ = 1.25 in (c). The
ultrashort laser pulse has a Gaussian profile with a standard deviation
σ = π and ξ = 50 at t = 0. The waist size is w0 = 3λ0. The electron
with energy of 100m counterpropagates with the laser pulse.

field configuration. We have analyzed the radiation emitted by
an ultrarelativistic electron colliding with a single ultrashort
laser pulse, where the characteristic time scale of the electron
trajectory is shaped not only by the central frequency of the
laser wave but also by the time envelope of the laser pulse.
A comparison of the BK radiation spectra calculated numeri-
cally with those via the LCFA is presented in Fig. 7.

Surprisingly, even though ξ = 50 � 1, a difference be-
tween the LCFA prediction and the BK result exists through
the entire spectrum, including for high energies [see Figs. 7(a)
and 7(b)]. To seek the reason for the deviation, the angular-
resolved spectrum with a fixed azimuthal direction ϕ =
3π/4 for the emitted energy ω = 0.1ε = 10m is displayed in
Fig. 7(c). One can see that the main difference corresponds
to a low ϑ value [see the inset of Fig. 7(c)], namely, at the
beginning and the end of the trajectory, where the direction of
motion is changing rapidly [see Fig. 7(d)], in accordance with
this anomalous violation. The corresponding characteristic
time tc = 0.0613T for γϑ = 1.25 in Fig. 7(c) is rather small
compared with the laser period, and thus tL

f /tc = 1.59 > 1, as
Ḟ is large and F is small at the beginning and the end of the
ultrashort pulse (tc = |F|/|Ḟ|). Therefore, similar to the CPW
case of Fig. 4(f), the rise and the fall of the ultrashort laser
pulse can influence the emission in the whole spectral range,
even though the quantum parameter χ (t ) is relatively small
but the ratio tL

f /tc � 1 in this region is large.

IV. CONCLUSION

The state-of-the-art numerical modeling widely used to
account for realistic laser-plasma scenarios [particle-in-cell
(PIC)-QED codes] commonly relies on the LCFA, which

assumes that in strong fields with field parameter ξ � 1, the
radiation and other QED process probabilities coincide with
those in a constant crossed field. The justification of its valid-
ity is simply deduced from an idealized plane-wave case. As
a result, one usually considers the strongest field taking part
in the interaction in the kinematic calculation. For example,
in the interaction of a high-intensity laser pulse with plasma,
numerous electromagnetic modes are expected to arise (var-
ious plasma waves as well as reflected waves). Nevertheless,
the applicability of the LCFA (as understood in the PIC-QED
community) is not affected by these waves but is determined
according to the strong driving laser only. The main aim of this
paper is to challenge this hypothesis in a multibeam setup, and
we have shown explicitly in our simulations (see Fig. 2) that
in this situation, even with a strong incident laser with ξ � 1,
the LCFA predictions can be far from the exact results based
on the BK method both qualitatively and quantitatively.

Moreover, our findings imply that the widely accepted
paradigm regarding the spectrum corresponding to LCFA
violation should be revised. All deviations from LCFA ex-
plored in the literature, to the best of our knowledge, originate
from oscillations of the particle within the formation length
[28,32,52–54]. This will induce an additional low-harmonic
structure in the infrared tail of the spectrum. However, we
have demonstrated a type of LCFA violation featuring broad
and smooth corrections to the spectrum with an enhancement
in the high-energy domain compared with the LCFA one. This
is due to the fact that the electron turns sharply and leaves
the formation zone much earlier than in the LCFA estimation,
resulting in the appearance of an extremely small tc in the
electron dynamics.

Furthermore, we provide an intuitive condition where this
anomalous violation may be encountered. Namely, in the re-
gion where χ (t ) becomes small and changes rapidly, this will
cause a decrease in tc and t f . We explicitly showed above that
even though the local χ is low, the contribution to the emission
is important (see the angle-resolved spectra in Fig. 4). This
condition may occur in various scenarios, as demonstrated in
this paper: short pulses, multibeam configurations, and laser-
plasma wave interactions (where the particle is accelerated in
the direction of the laser pulse and collides with the plasma
wave). The combination of the validity criterion in Eq. (23)
with the intuitive picture will allow the PIC community to
quantitatively estimate the possible impact on full-size sim-
ulations.
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