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Measurement-induced entanglement transitions in many-body localized systems
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The resilience of quantum entanglement to a classicality-inducing environment is tied to fundamental aspects
of quantum many-body systems. The dynamics of entanglement has recently been studied in the context of
measurement-induced entanglement transitions, where the steady-state entanglement collapses from a volume
law to an area law at a critical measurement probability p.. Interestingly, there is a distinction in the value
of p. depending on how well the underlying unitary dynamics scramble quantum information. For strongly
chaotic systems, p. > 0, whereas for weakly chaotic systems, such as integrable models, p. = 0. In this
work, we investigate these measurement-induced entanglement transitions in a system where the underlying
unitary dynamics are many-body localized (MBL). We demonstrate that the emergent integrability in an MBL
system implies a qualitative difference in the nature of the measurement-induced transition depending on the
measurement basis, with p. > 0 when the measurement basis is scrambled and p. = 0 when it is not. This
feature is not found in Haar-random circuit models, where all local operators are scrambled in time. When the
transition occurs at p. > 0, we use finite-size scaling to obtain the critical exponent v = 1.3(2), close to the value
for (24-0)-dimensional percolation. We also find a dynamical critical exponent of z = 0.98(4) and logarithmic
scaling of the Rényi entropies at criticality, suggesting an underlying conformal symmetry at the critical point.
This work further demonstrates how the nature of the measurement-induced entanglement transition depends
on the scrambling nature of the underlying unitary dynamics. This leads to further questions on the control and

simulation of entangled quantum states by measurements in open quantum systems.
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I. INTRODUCTION

The environment plays a profound role in the dynamics of
quantum systems. The loss of coherence of the quantum sys-
tem is facilitated by the environment which ultimately leads to
the emergence of classical behavior at the macroscopic scale
[1]. While the dynamics of an isolated quantum system is
unitary, the coupling to the environment renders it nonuni-
tary. Dynamics of quantum entanglement due to nonunitary
dynamics is therefore crucial for the understanding of the
quantum to classical crossover. A particular framework in
which to explore nonunitary dynamics is in the context of
quantum measurements. The influence of measurements has
shed new light on the dynamics of information in quantum
many-body systems and provided potential mechanisms for
purification [2,3] and quantum error correction [4]. Exciting
experimental developments over the past decade in quantum
control and simulation of few and many-body systems have
shed light on the interplay between measurement, entangle-
ment, and decoherence [5-8].

“oliver.lunt.17 @ucl.ac.uk
Ta.pal@ucl.ac.uk

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2020/2(4)/043072(10) 043072-1

Measurement-induced dynamics has led to the unravelling
of a new class of entanglement phase transitions driven by
quantum measurements [9-31] in random unitary circuits,
which have served as effective models for quantum chaos
and thermalization. The study of these transitions has also
led to new insights into emergent quantum error correction
in many-body quantum systems [24,32,33], and to efficient
classical algorithms for the simulation of random shallow
(2+1)-dimensional (2+1D) quantum circuits [34]. The mea-
surements drive the system into a steady state which either
satisfies a volume law for entanglement or an area law, de-
pending on how frequently the quantum degrees of freedom
are being measured. The transition only occurs in an indi-
vidual quantum trajectory conditioned on the measurements:
averaging over the measurements washes out the distinct en-
tanglement structure in the steady states in the two phases.
Although in these toy models of the transition the measure-
ments are projective, analogous transitions are also realized
in continuously measured systems. These 141D quantum cir-
cuits can be mapped to a 240D classical statistical mechanical
model, which in the limit of large local Hilbert space dimen-
sion maps to a percolation model [10,11,13,22], explaining
the emergence of criticality at the transition, and critical ex-
ponents which are mostly those of 240D percolation.

Although not easily tractable, the study of the effect of
measurements on Hamiltonian dynamics has potentially di-
rect relevance to experiments. It is experimentally viable to
realize nonintegrable quantum Hamiltonians whose effective
dynamics is described by random unitary circuits [35-38].

Published by the American Physical Society


https://orcid.org/0000-0001-5385-8957
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.2.043072&domain=pdf&date_stamp=2020-10-14
https://doi.org/10.1103/PhysRevResearch.2.043072
https://creativecommons.org/licenses/by/4.0/

OLIVER LUNT AND ARIJEET PAL

PHYSICAL REVIEW RESEARCH 2, 043072 (2020)

@ Pg(—
p=0 p=1
pZ
p:O ) p:1

O R T T T T T T T

Uqe
el | ¢ | b o &

Uat (@) N4 N/4
tt el A B
Uqe Q’ y

[ N/4 N/4

FIG. 1. (a) Critical properties of the transition depend on the
measurement basis. Measurements in the X-basis result in a transition
from volume-law to area-law entanglement at nonzero p = p* > 0,
similar to chaotic systems, whereas measurements in the Z-basis re-
sult in area-law entanglement for any nonzero p, similar to integrable
systems. (b) Each stage of the dynamics consists of two steps. First
the system is evolved in time with the unitary Uy, = exp(—iH dt),
with H given in Eq. (1), and then for each spin we projectively
measure in a tensor-product basis with probability p (measurements
are represented by the red dots). (c) A schematic of the typical
support of an “/-bit” operator, localized at site i, in the fully MBL

phase. (d) A depiction of the geometry used to calculate the tripartite
information 5(A : B : C).

Systems whose dynamics are governed by an interacting
Hamiltonian exhibit two classes of dynamics. At one end are
chaotic systems, which can variously be characterized as those
systems which spread entanglement ballistically and saturate
to volume-law steady state entanglement, complying with
equilibrium thermodynamics [39]. At the other end are many-
body localized (MBL) systems, which violate equilibrium
thermodynamics [40—46], and can similarly be characterized
by their logarithmic spreading of entanglement in time and
also saturate to volume-law steady-state entanglement, albeit
lower than the thermodynamic entropy density [47-51].

In this work we study the dynamics of an MBL Hamil-
tonian subjected to projective measurements. Many-body
localized systems are characterized by a complete set of
quasilocal operators, also known as ““/-bits,” which are con-
served under the dynamics of the system’s Hamiltonian [see
Fig. 1(c)] [49,50,52,53]. Due to this robust integrability,
one might guess that the measurement-induced entanglement
transition in MBL systems is similar to that in integrable
systems. Although measurements in MBL and disorder-free
integrable models share certain similarities, here we show that
measurement-induced transitions performed in certain bases
[see Fig. 1(a)] can have distinct properties.

To illustrate this point, recall that in a chaotic quantum sys-
tem local operators spread ballistically, resulting in the rapid
scrambling of information with time which can be diagnosed
through the decay of out-of-time-order correlators (OTOCsS).
The implication of this for the measurement-induced

entanglement transition is that in chaotic systems the choice
of measurement basis does not matter, provided it is local
(i.e., close to a tensor product basis). However, in an MBL
system, only operators without any overlap with the [/-bits
are totally scrambled with their out-of-time ordered correla-
tors decaying to zero. For example, the late-time limit of the
disorder-averaged OTOC of an operator is set by its overlap
with the local integrals of motion of the MBL system [54-59].
For the model described by Eq. (1), in the strong-disorder
limit W > 1 the [-bits {z]} are close to the local spin oper-
ators {S7}, dressed by exponentially decaying tails [60-64], as
shown in Fig. 1(c). The [-bits are related to the physical spins
by a quasilocal unitary U via 17 = US?U", with U — 1 in
the strong-disorder limit. This means that the overlap of an
operator O with an [-bit 7} is given by Tr[O7]] = Tr[OS]] +
.-+, where the dots indicate terms which vanish in the limit
W — oo. As a result, the operator S7 is scrambled by the
MBL system, whereas the operator S; remains approximately
localized.

This has the consequence that there is a qualitative dif-
ference between the nature of the measurement-induced
entanglement transition in an MBL system depending on
whether the measurements are performed in the basis of S7
eigenstates (X basis) or the basis of S7 eigenstates (Z basis),
as shown in Fig. 1(a). With measurements in the X basis, the
transition from volume to area-law entanglement occurs at a
nonzero measurement probability p¥ > 0, similar to previ-
ously studied chaotic systems [9-16,18,19,21-25,32,33]. On
the other hand, with measurements in the Z basis, the volume
law is destroyed for any nonzero p, similar to previously
studied integrable systems [12,17,20].

This difference can also be related to the interplay be-
tween measurements and the phenomenology of entanglement
growth in MBL systems. As we discuss in Sec. IIB, in a
measurement-free MBL system, the steady-state entangle-
ment is governed by the diagonal entropy, which is constant
under Hamiltonian time evolution. Here we show that mea-
surements induce dynamics in the diagonal entropy which
qualitatively differ between X-basis measurements and Z-
basis measurements, where X-basis measurements tend to
maximize the diagonal entropy while Z-basis measurements
tend to minimize it. This then drives the steady state to
volume-law or area-law entanglement, depending on the mea-
surement basis.

In arecent work [65], the authors investigated the dynamics
of a finite-range /-bit model of MBL under local Clifford dy-
namics. We analyze the full /-bit Hamiltonian, which includes
infinite-range interactions between [-bits. It also provides a
picture of the measurement-induced entanglement transition
in a fully realistic model of MBL and our results are consistent
with results in Ref. [65], where they can be compared.

II. MODEL

We study a standard model of MBL, the disordered spin-%
Heisenberg chain, with a Hamiltonian given by

H=J

N
Si+Sj+ Y S, M
(ij) i=1
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where the h; are random variables drawn from the uniform
distribution on [—h, k] and the double sum runs over nearest
neighbors. We use periodic boundary conditions unless stated
otherwise. For sufficiently large disorder strength W = h/J
this model is many-body localized. Early studies of MBL
based on exact diagonalization estimated the critical disor-
der strength W, to be around W, ~ 3.6 [41,66], though more
recent studies have argued that W, has significant finite-size
corrections, and have suggested a figure of W, & 5 [67]. In this
paper we are interested in the region well into the localized
phase, and so will take W = 10, large enough to avoid issues
with finite-size drifts of W..

To study the effects of measurements on the entangling
properties of MBL dynamics, we consider a repeated two-
stage protocol, as illustrated in Fig. 1(b). Starting from an
initial Haar-random product state, we apply unitary dynamics
generated by the Hamiltonian for some time dt, i.e., |{) —
Ug |¥), where Uy, = exp(—iH dt). Unless otherwise specified
we take df = 1 in units of J, independent of N, to make the
situation comparable with random local circuit models. Then
for each spin we projectively measure in a local tensor-product
basis with probability p, where p can be interpreted as the
density of measurements in space-time. The measurement
outcomes are chosen according to the Born rule. To implement
a measurement on spin i with outcome A, the state is up-
dated via the usual rule |) — P,(A)|y)/|1Pi(M)|¥) (|2, where
P,(X) = |A)(A]; is the projector onto the eigenspace associated
with the measurement outcome A. This process is repeated
until the entanglement entropies reach a steady state.

A. Transition diagnostics

To study the measurement-induced entanglement transition
in this MBL system, we performed the time evolution using
exact diagonalization. We made use of the fact that the Hamil-
tonian H in Eq. (1) conserves total S, so in a basis ordered
by total S%, H is block-diagonal and one can diagonalize the
blocks separately.

To characterize the transition we focused on two quanti-
ties: the von Neumann entropy Sy = —Tr[px In px] and the
tripartite information

LA:B:C)=IA:B)+IA:C)—IA:BC), (2

where I(A : B) = S4 + Sgp — Sap is the mutual information.
We calculate (A : B: C) = I3 for the geometry shown in
Fig. 1(d). It is easy to show that, for a system partitioned into
four subsystems, the tripartite information of any three of the
subsystems does not depend on the choice of subsystems, so
once the partitioning is fixed there is no ambiguity in calling
this quantity /3.

As discussed in Refs. [18,33], the advantage of using the
tripartite information here is that it avoids any log N diver-
gences in the entanglement entropy at criticality, which have
been observed in hybrid Haar-random circuit models [18].
Instead, 75 is expected to scale as I3 &« —N in the volume-law
phase, reach an O(1) constant at criticality, and then vanish
in the area-law phase. This is especially important given the
limited system sizes accessible by exact diagonalization.

Throughout this paper we will mostly focus on the von
Neumann entropy and quantities defined in terms of it.

However, one can also consider the transitions in the broader
family of Rényi entropies, defined as

Su(p) = InTr[p"]. 3)

1—n
The Rényi-n entropy tends to the von Neumann entropy in
the limit n — 1. For n > 1, there is the inequality S, < S, <
5 So0, Which implies that all Rényi-n entropies with n > 1
must have the same scaling with system size. We consider the
transition in the Rényi entropies in Sec. I'V.

B. Diagonal entropy

The qualitative difference in the dynamics of the entan-
glement entropies with Z- or X-basis measurements can also
be related to the interplay of measurements with the phe-
nomenology of entanglement growth in MBL systems. In the
absence of measurements, the steady-state entanglement of an
MBL system is set by the diagonal entropy of the initial state
in the energy eigenbasis [47-51], S(t — 00) X Sgiag (| (0))),
with

Saag(W(O)) == " pilnpi,  pi=UE[YON, (4

where the {|E;)} are the eigenstates of H. This is a result of
dephasing between [-bits. For many classes of initial states,
such as random product states, the average diagonal entropy
is extensive in the strong disorder regime, thus giving rise to
volume-law steady-state entanglement in MBL systems.

It is worth noting that Sg;,, is constant under time evolution
by H, since it depends only on the magnitude of the am-
plitudes (E;|¥(¢)), which merely pick up a phase. However,
once measurements are introduced, the diagonal entropy is
no longer preserved in time. Instead, the measurements drive
the diagonal entropy to a new steady state, typically at an
exponential rate A & p. The choice of measurement basis
determines the nature of this new steady state. In the strong
disorder limit, the eigenstates of H are close to product states
of 7 eigenstates. Thus measurements in the Z basis tend to
drive the diagonal entropy close to zero (see Fig. 4), whereas
measurements in the X basis tend to drive it close to its
maximum value (see Fig. 6).

III. ENTANGLEMENT DYNAMICS
WITH Z-BASIS MEASUREMENTS

In this section we focus on unitary MBL dynamics inter-
spersed with random projective measurements in the Z basis,
and demonstrate the fact that there is a qualitative difference
once measurements are introduced with any arbitrarily small
probability p. That this transition occurs at pZ = 0 is similar
to previously studied integrable systems [12,17,20], which
is consistent with the picture of MBL as a form of quasi-
integrability robust to local perturbations.

Figure 2 shows a comparison of the dynamics of the tripar-
tite information Iz between p=0and p > 0. For p=0, L
grows in magnitude logarithmically in time before saturating
to a volume law, similar to the well-known behavior of the
half-chain entanglement entropy. On the other hand, for p > 0
the tripartite information initially grows at early times while
the diagonal entropy is still large, reaching an area-law peak
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FIG. 2. Comparison of the dynamics of the tripartite infor-
mation I3 for p =0 and p > 0 with Z-basis measurements, with
N =12. For p=0, I; grows logarithmically in time before sat-
urating to a volume law. For p > 0, [; initially grows in time,
reaching an area-law peak, before decaying to a constant which
decreases with system size. The inset shows that the dynamics can
be reasonably well described by the scaling form —IL(t, p, N) =
Ftp*/N7]/pPN°®, where F is a single-parameter scaling func-
tion and « = 0.77, B =0.80, y = 1.14, and § = 2.19. The inset
data correspond to 20 separate time series, with N = 12, 16 and
0.0005 < p < 0.005.

[see Fig. 3(b)], but eventually the measurements dominate
and /5 decays to a smaller area law. This area-law peak also
appears in the Bell pair model of Ref. [12], but there it occurs
atan O(1) time fpeax ~ 1/p. In this system, the peak time does
still scale as 1/p, but it also increases with system size [see
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FIG. 3. (a) Scaling of the von Neumann entropy at saturation
with subsystem size for a system of size N = 12. For p = 0 this
quantity obeys a volume law, but for p > 0 it saturates to an area
law. (b) Scaling of the time fyc,c and height I5"* of the intermediate
time peak in the tripartite information /5, as seen in Fig. 2. The
solid lines are power law fits, decaying approximately as p~'. With
increasing system size, the peak occurs at later times and is smaller
in magnitude, indicating that it is (sub)area law.
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FIG. 4. Dynamics of the diagonal entropy Sgi,e using the energy
eigenbasis, with Z-basis measurements and N = 12. Sy, is pre-
served by Hamiltonian evolution, so for p = 0 it remains constant
in time. For p > 0, projective Z-basis measurements cause it to
decay exponentially at a rate proportional to p. The inset shows the
dependence of the early-time decay rate A on p and N, with A = p,
independent of N.

top panel of Fig. 3(b)]. We expect that if measurements were
performed directly in the /-bit basis, then this peak would
be absent. The fact that our choice of basis differs from the
[-bit basis in its lack of exponential tails may give rise to this
intermediate-time peak.

The inset to Fig. 2 shows that the dynamics can be rea-
sonably well described by the scaling form —I(f, p, N) =
F[tp*/N7]/pPN°®, where F is a scaling function and o =
0.77, B=0.80, y =1.14, and é§ = 2.19. We also tested
scaling Iz by an exponential in N, so —L(t,p,N)=
F[tp®/N7]/p? exp(N§), which resulted in the exponents & =
0.77, B =0.77, 7 = 1.14, and § = 0.20. The quality of both
fits were qualitatively similar, so with the system sizes acces-
sible we were unable to rule out power law or exponential
scaling of the /5 peak height with N. Regardless, in either case
in the thermodynamic limit N — co we expect the steady-
state tripartite information to scale to zero with N for any
p > 0, indicating the instability of the volume-law phase to
measurements.

Focusing further on the transition in the steady state,
Fig. 3(a) shows the von Neumann entropy of contiguous
subsystems of different sizes in the steady state. Whereas
for p = 0 this quantity is extensive, for p > 0 it quickly be-
comes independent of the size of the subsystem, indicating
an area law. As discussed in Sec. I, this behavior can be
linked to the measurement-induced dynamics of the diagonal
entropy Sgiag, Which governs the steady-state entanglement in
the measurement-free system. Figure 4 shows that, for any
p > 0, the diagonal entropy decays exponentially in time,
before reaching a steady state which is independent of p.
The inset to Fig. 4 shows that the decay rate A scales ap-
proximately as A = p, independent of system size. We expect
this result to hold throughout the fully MBL regime as a
result of the strongly localized nature of the [-bits and the fact
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FIG. 5. Comparison of the dynamics of the tripartite information
I; with X-basis measurements for values of p below and above
the transition at p¥ ~ 0.014. For p = 0.0025, I; grows logarith-
mically in time before saturating to a volume law. By p = 0.06,
the system size scaling has reversed, indicating a transition to an
area law.

that the measurements are performed independently on each
site.

IV. ENTANGLEMENT DYNAMICS
WITH X-BASIS MEASUREMENTS

Having seen in Sec. III the collapse of the MBL steady-
state volume law when the dynamics are interspersed with
arbitrarily rare Z-basis measurements, we now demonstrate
that this volume law is more resilient to measurements in
the X basis. More precisely, we aim to show that there is
a nonzero critical measurement probability p¥ > 0, below
which the steady-state volume-law persists. This scenario
is similar to the case in previously studied chaotic systems
[9-16,18,19,21-25,32,33].

The top panel of Fig. 5 shows the dynamics of the tripar-
tite information /3 for nonzero p = 0.0025, which is below
the critical measurement probability p¥ ~ 0.014. Here the
dynamics are qualitatively similar to those for p = 0, shown
in the top panel of Fig. 2, where the magnitude of /5 grows
logarithmically in time before saturating to a steady-state
value which increases with system size. The bottom panel of
Fig. 5 shows that, above the transition p > p‘f , the magni-
tude of 15 still grows logarithmically in time, but no longer
saturates to an extensive steady state, indicating a transi-
tion to an area law. The growth of the diagonal entropy
is qualitatively similar for all nonzero p—it follows the
functional form Sgiae(f) = Saiag(0)e™ + Sgiag(00)(1 — ™),
with the growth rate A proportional to p, as shown in
Fig. 6. Interestingly, in contrast to the case with Z-basis

72r J

71r
. _
c;3570- N- 12 + p=0.005_
< 0.01}F / {—+— p=oo01
ool Sool” | p =0.015
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FIG. 6. Dynamics of the diagonal entropy Sgi,e using the energy
eigenbasis, with X-basis measurements and N = 12. Sy, is pre-
served by Hamiltonian evolution, so for p = 0 it remains constant in
time. For p > 0, projective X-basis measurements cause it to grow as
Saiag(1) = Saiag(0)e™ + Sging(00)(1 — e™) at a rate A proportional
to p. The inset shows the dependence of the early-time decay rate A
on p and N, with A = p, independent of N.

measurements, here Sgiae(00) decreases with p. This may
be a consequence of the finite disorder strength, which
means that the energy eigenstates are not exactly product
states.

It is also worth noting that, as a result of the increase
in diagonal entropy induced by X-basis measurements, it is
possible to boost the steady-state entanglement relative to
p = 0 for initial states with nonmaximal diagonal entropy,
contrary to the usual picture of measurements only destroying
entanglement. Of course, this effect is relevant only for fairly
small p, since for larger p the disentangling power of the indi-
vidual measurements overcomes the boost from the increased
diagonal entropy.

With the goal of studying the transition point between the
volume- and area-law phases, we show in Fig. 7 the steady-
state tripartite information /3 as a function of measurement
probability p and system size N. To estimate the properties
of the critical point, we assume a scaling function of the
form I(t — oo, p, N) = F[(p — p*)N'/"], and perform a fit
to minimize the least-squares distance between each scaled
point and the line obtained by a linear interpolation between
its neighbors (see the Supplemental Material of Ref. [18] for
more details). This yields the parameters pf = 0.014(2) and
v = 1.3(2), where the error bars correspond to the region
where the cost function from the fit is less than 1.3 times its
minimum. We expect pX to vary with the time step dz, so we
do not believe it will display universal behavior. However, the
critical exponent v is close to the value of v = % for 24-0D
percolation, similar to the results in random local unitary
circuits [18]. To test for the presence of conformal symmetry
at the critical point, we also extract the dynamical critical
exponent z using the method described in Refs. [15,18] of
using the entanglement entropy of a single ancilla qubit as
an order parameter for the transition. This yields z = 0.98(4),
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FIG. 7. Steady-state tripartite information /5 as a function of
measurement probability p and system size N. The inset shows a data
collapse with the fitted parameters p¥ = 0.014(2) and v = 1.3(2).

as shown in Fig. 8, close to the value of z = 1 for conformal
symmetry.

Finally, having obtained an estimate for the critical point,
we examine the scaling of the steady-state entanglement en-
tropy Si(p = p¥) with subsystem size [ at criticality, where
n indicates the Rényi index. In random circuit models with
interspersed measurements, S’ (p = p¥) was found to scale
logarithmically with /, suggesting an underlying conformal
field theory (CFT) description. In Fig. 9(b), we plot S,l,,(p =
p)c‘ ) as a function of In/, and find a similar logarithmic
scaling, albeit for fairly small subsystem sizes. The coeffi-
cient «(n) of the log term depends on the Rényi index n,
as shown in Fig. 9(c), with the dependence well described

021 ]
ﬂ
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_ (t - to)/NZ
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N =16
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t—1p

FIG. 8. Extracting the dynamical critical exponent z = 0.98(4)
using the entanglement entropy of an ancilla qubit as an order pa-
rameter for the transition [15,18]. The ancilla is maximally entangled
with the bulk system at the saturation time #, determined by the
dynamics of /5, and then we continue with the dynamics described
in Sec. II (acting only on the original spins). In performing the data
collapse, we exclude times shortly after 7, because the scaling only
occurs after an intermediate timescale.
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FIG. 9. (a) Scaling of the steady-state von Neumann entropy with
subsystem size /. The transition from volume to area-law occurs
at p* ~ 0.014. (b) The steady-state Rényi-n entropies at criticality
as a function of In/. The straight lines are fits to S'(p = p¥) =
a(n)lnl + B(n). (c) The dependence of the log coefficient «(n)
on the Rényi index n. The solid line is a fit to the form a(n) =
a(00)(1 + 1/n), where a(00) = 0.34.

by a(n) = a(co)(1 4+ 1/n), which is the behavior expected
for unitary CFTs [68]. Interestingly, in Ref. [18] the au-
thors found for spin-% Haar-random circuits that a(n) was
not quite described by a fit of this form, but rather required
an offset, a(n) = a(l 4+ 1/n) + b. This departure from the
behavior of unitary CFTs could be seen as consistent with
the fact that, in the analytically solvable limit of infinite
local Hilbert space dimension g — oo, the measurement-
induced transition in a Haar-random circuit is described by
a nonunitary CFT [13], though there may be important dif-
ferences between ¢ — oo and finite ¢. Still, that a(n) in
this spin—% hybrid-MBL system is instead well described
by the formula for a unitary CFT suggests that the tran-
sition in this system is quite distinct in character from
that in Haar-random circuits. Finally, we note in passing
that the value of «(oco) = 0.34 in this system is far from
the value of a(occ) ~ 0.49 observed numerically in spin-
% Haar-random circuits [18,69], but close to the value of
a(n) = % for all n > 1 predicted in Ref. [13] for the g —
oo Haar-random circuit model with periodic boundary con-
ditions, though as emphasized this limit is far from the

system considered here. It is also somewhat close to the

value of In2 x *2 & 0.38 for 2-+0D percolation with periodic

boundary condi{irons [10,69-71], but, at least in hybrid Haar-
random circuits, this value is correct only for the Rényi-0

entropy [13].
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V. DISCUSSION

Measurement-induced entanglement transitions represent
an interesting new class of phase transition which shine
light on the resilience of quantum entanglement against a
classicality-inducing environment. They were initially ex-
plored for systems at opposite ends of the spectrum of many-
body quantum dynamics: chaotic random unitary circuits and
integrable models. In this work we have demonstrated that the
nature of the measurement-induced transition in many-body
localized (MBL) systems can interpolate between these two
extremes, in a way which is consistent with the standard
phenomenology of MBL. If the measurements are made in
a basis which is scrambled by the MBL dynamics, then the
transition from volume- to area-law entanglement occurs at
a nonzero measurement probability p, similar to previously
studied chaotic systems. On the other hand, if the mea-
surements are made in a basis which remains localized by
the MBL dynamics, then the volume-law collapses for any
nonzero p. This distinction does not appear with random
unitary circuits, since all local operators are scrambled in
time. In MBL systems, the existence of an extensive number
of local integrals of motion, the “I-bits,” means that not all
local operators are scrambled. Instead, only those operators
which have low overlap with the /-bits are scrambled, and
it is for these operators that the volume law will persist for
0 < p < p. if measurements are made in the basis of their
eigenstates.

One obvious question is how the measurement-induced
entanglement transition (MIT) intersects with the MBL tran-
sition. At sufficiently low disorder strength W < W,, the
Hamiltonian in Eq. (1) is chaotic [41,67], i.e., it satisfies
the eigenstate thermalization hypothesis [39,72]. One might
expect the MIT in this chaotic Hamiltonian system with short-
range interactions to be in the same universality class as the
MIT in random local unitary circuits with the same local
Hilbert space dimension. But, from the analysis of the scaling
of the critical Rényi entropies in Sec. IV, it appears that the
MIT in the MBL phase may be in a distinct universality class
to that in Haar-random local unitary circuits. This begs the
question of how the conformal field theory describing the MIT
critical point changes as one sweeps the disorder strength W
across the MBL transition.

It is worth noting that one key difference between the
model considered in this paper and random-circuit models is
that here there is quenched (spatial) disorder in the unitary
part of the dynamics. This is noteworthy because the critical
exponent v = 1.3(2) we extract violates a naive application
of the Harris criterion v > 2/d with d = 1 [73,74]. This is
despite the fact that we observe z ~ 1 at the critical point.
We speculate two possible reasons for this violation. The first
is that the randomness of the measurements in both space
and time means that the overall “disorder” in this problem is
no longer quenched, so the Harris criterion may not apply.
The second is based on the recent conjecture by Li ef al.
[22] that the critical points of these hybrid quantum circuits
are described by Euclidean CFTs, where the physical time
coordinate essentially acts as a second spatial coordinate. In

that sense, the Harris criterion may still apply, but with d = 2
rather thand = 1.

We also discussed in Sec. IV how X-basis measurements
with small but nonzero p can actually increase the steady-state
entanglement relative to p = 0 for initial states with non-
maximal diagonal entropy, as a consequence of the increase
in diagonal entropy induced by X-basis measurements. This
may be somewhat counterintuitive, given the usual picture
of measurements destroying entanglement, but suggests the
possibility that measurements could be used as a tool to
produce states with desirable properties [75], such as high
entanglement, in systems where simply evolving with random
unitaries is not feasible.

More broadly, there is also the question of how mea-
surements affect the characteristics of phases of pure-unitary
dynamics. We have seen, such as in Fig. 5, that at least
some of the aspects of MBL phenomenology remain pre-
served in the volume-law phase even for nonzero p, such as
the monotonic logarithmic growth of entanglement in time.
However, it has also been argued [12] that a steady-state
volume law stable to p > 0 necessarily implies the exis-
tence of a subleading logarithmic correction to the volume
law, S(A) ~ «a In|A| 4 s|A|. This has been observed in ran-
dom Clifford models [16] and appears analytically as an
entropic contribution to the free-energy cost of an “entan-
glement domain wall” [76], so this is one aspect which is
qualitatively modified by the presence of measurements. It
would be enlightening to see if such a subleading correc-
tion is also present in the steady state of this hybrid MBL
system, but this is likely out of reach of the small system
sizes accessible by exact diagonalization. This may there-
fore be an opportunity for NISQ-era [77] quantum simulators
to probe new physics out of the reach of numerics. Direct
measurement of the entanglement entropy associated with a
single quantum trajectory may be difficult, owing to the need
to perform the exponentially many experimental repetitions
associated with the postselection of measurement outcomes
[11] and the complexity of measuring an entropy [78,79].
However, there have been proposals for more experimentally
feasible probes of the entanglement transition based on the
Fisher information [11] and coupled ancilla qubits [15]. It
would be interesting to see if these or new techniques could
be developed to allow for experimental detection of novel
physics, such as the subleading logarithmic corrections to the
entanglement entropy, induced by measurements of quantum
systems.
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