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Decoherence is all around us. Every quantum system that interacts with the environment is doomed to
decohere. While preserving quantum coherence is a major challenge faced in quantum technologies, the
potential benefits for information processing are very promising since coherence can lead to various operational
advantages, such as in quantum algorithms. Hence, much work has been devoted in recent years to quantify the
coherence present in a system. In the present paper, we formulate the quantum resource theory of dynamical
coherence. The underlying physical principle we follow is that the free dynamical objects are those that neither
store nor output coherence. This leads us to identify classical channels as the free elements in this theory.
Consequently, even the quantum identity channel is not free as all physical systems undergo decoherence and
hence, the preservation of coherence should be considered a resource. The maximally coherent channel is then
the quantum Fourier transform because of its abillity to preserve entanglement and generate maximal coherence
from nothing. In our work, we introduce four different types of free superchannels (analogous to MIO, DIO, 1O,
and SIO) and discuss in detail two of them, namely, dephasing-covariant incoherent superchannels (DISC),
maximally incoherent superchannels (MISC). The latter consists of all superchannels that do not generate
non-classical channels from classical ones. We quantify dynamical coherence using channel-divergence-based
monotones for MISC and DISC. We show that some of these monotones have operational interpretations as
the exact, the approximate, and the liberal coherence cost of a quantum channel. Moreover, we prove that the
liberal asymptotic cost of a channel is equal to a new type of regularized relative entropy. Finally, we show that
the conversion distance between two channels under MISC and DISC can be computed using a semidefinite

program (SDP).
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I. INTRODUCTION

All physical systems undergo decoherence. It is an irre-
versible process, and it can be viewed as the reduction of a
general quantum state to an incoherent mixed state due to
coupling with the environment [1-3]. Mathematically, deco-
herence is represented as the vanishing of the off-diagonal
terms of a density matrix. It is because of decoherence that
we do not observe quantum mechanical behavior in everyday
macroscopic objects, and in the context of quantum informa-
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tion, it can be viewed as the loss of information from a system
into the environment [4].

During the past two decades, interest in quantum informa-
tion science has shifted towards using quantum mechanical
phenomena (like entanglement, nonlocality, coherence, etc.)
as resources to achieve something that is otherwise not pos-
sible through classical physics (e.g., quantum teleportation)
[5-14]. Quantum resource theories (QRTSs) use this resource-
theoretic approach to exploit the operational advantage of
such phenomena and to assess their resource character sys-
tematically [15]. The preservation of quantum coherence is
crucial for building quantum information devices, since the
loss of quantum superposition due to decoherence negates
any nonclassical effect in a quantum system [1,16,17]. Hence,
from a technological perspective, there is increasing inter-
est in developing a resource theory of coherence [15]. In
addition, the resource-theoretic study of quantum coherence
can provide new operational and quantitative insights into
the differences between classical and quantum physics. Some
other examples of quantum resource theories include the
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QRT of entanglement, thermodynamics, magic states, Bell
nonlocality, etc.

Most quantum resource theories are governed by the con-
straints arising from physical or practical settings. These
constraints then lead to the operations that can be freely
performed. For instance, in the static resource theory of
quantum entanglement, for any two spatially separated but
possibly entangled systems, the spatial separation puts the
restriction that only local operations along with classical com-
munications (LOCC) can be performed [5,6,18-20]. Given
this restriction, only separable states can be generated using
LOCC, which makes them the free states of the theory. But
unlike entanglement, whose free states (i.e., separable states)
are determined from the a priori fixed set of operations (i.e.,
LOCC), coherence theory typically begins by fixing a set
of free states. In this case, the free states are the physically
motivated objects, and the free operations are not unique,
only being required to satisfy the basic golden rule of a
QRT, that the free operations should be completely resource
nongenerating (CRNG) [15].

In the static (or state-based) resource theory of quantum
coherence there is a fixed basis, the so-called classical or
incoherent basis, and the set of density matrices that are
diagonal in this basis form the free states of the theory. Such
states are called incoherent states. The free operations are then
some set of quantum channels that map the set of incoherent
states to itself. The most well-studied classes of free opera-
tions are the maximally incoherent operations (MIO), the in-
coherent operations (IO), the dephasing-covariant incoherent
operations (DIO), and the strictly incoherent operations (SIO)
[21-26]. However, all of these operations cost coherence to be
physically implemented in the sense that they do not always
admit a free dilation [23-26]. Therefore, it can be questioned
in what sense these operations are truly “free” [23]. However,
as argued in Ref. [27], detecting the presence of resource in
a given state should be possible using the free operations,
and often this detection requires the consumption of resource.
If such a detection is not possible, then both resource and
nonresource states are equally useful (or useless) to the exper-
imenter since the two cannot be distinguished, thus begging
the question in what sense the former is truly a resource. In
general then, having free operations with a nonzero resource
cost can still lead to an insightful static resource theory.
Indeed, even though MIO/DIO/IO/SIO consume coherence
in their implementation, they are still useful for comparing the
coherence in two different states based on their convertibility
using the given operations. A large amount of fruitful work
has been devoted to developing the theory of static coherence
under these operations [28].

A consequence of these observations is that the principles
for assessing the resourcefulness of quantum states should not
necessarily be applied when assessing the resourcefulness of
quantum operations. In particular, the well-known approaches
to quantifying the resourcefulness of a quantum channel in
terms of its resource cost [29,30] or its resource-generating
power [31-35] can fall short of fully characterizing its utility
in a resource theory. The ability for a channel to generate “re-
source detectability” is typically something not captured by its
resource cost or resource-generation power [27]. Restricting
to the resource theory of coherence, a POVM {P,}, can
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FIG. 1. A cloud quantum computer offers no computational re-
source if the upload and download channels are completely dephas-
ing (D). Channels having the form D o N o D are thus identified as
free dynamical objects in the resource theory studied here.

detect the coherence in a state p if Tr[I1,,0] # Tr[I1,,D(p)]
for some outcome m, where D(p) = Z?:l |i)(i|p|i)(i] is the
completely dephasing map in the incoherent basis {|i)}¢_,.
Since a POVM {P,},, is unable to detect coherence in some
state if (and only if) it is incoherent, i.e., D(P,,) = P,, for all
m, a channel  fails to generate a detection of coherence if its

dual maps any incoherent POVM to an incoherent POVM:
N oDP,) =D oN oDPB,) V{Puln. (1)

Maps satisfying Eq. (1) have been called detection incoherent
in Ref. [27] and nonactivating in Ref. [36], and any map not
of this form is a dynamical resource from the coherence-
detection perspective. It is not difficult to find channels that
satisfy Eq. (1) while having a nonzero coherence cost and
coherence-generating power (for instance, consider any re-
placement channel that outputs a coherent state for any input).
A full resource theory can then be worked out on the level of
channels in which maps having the form of Eq. (1) are free
and the allowed operations are certain superchannels that act
invariantly on the set of detection incoherent channels [27].

In this paper, we identify another coherence property of
quantum channels that is not captured by coherence cost,
coherence-generating power, or coherence detection. We are
motivated by the interpretation of a quantum channel as a
quantum memory that transmits quantum information from
one point in spacetime to another [37-39]. As a concrete
pragmatic scenario, we consider a cloud quantum computer
in which a client uploads and downloads quantum information
to a quantum computing processor and memory (see Fig. 1).
Ideally, both the upload and download links are noiseless, and
if p is the quantum state sent to the cloud computer to perform
operation N, the state returned to the client will be N (p).
However, in practice the channels connecting client to cloud
will be noisy. In the extreme cases, a completely dephasing
upload channel has the form A" =N o D and can be inter-
preted as a cloud process N in which the coherences of the
input state are not registered and stored, while a completely
dephasing download channel has the form /' =D o N and
can be interpreted as a cloud process that fails to output
any coherence. Here we consider the worst-case scenario
in which both channels channels are completely dephasing.
More precisely, we identify a channel N, with input/output
space Ag/A; to be free if

Ny =Dy, o Ny 0 Dy,, (2)
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TABLE I. Different classes of free channels in dynamical re-
source theories of coherence.

Channel type Definition

DoN =DoNoD
NoD=DoNoD

Detection Incoherent [27,36]
Creation Incoherent (MIO) [21]

Detection and Creation DoN=NoD
Incoherent (DIO) [23,26]

Incoherent Storage N=NoD
Incoherent Output N=DoN
Classical [studied here] N=DoNoD

where Dy, and Dy, are completely dephasing channels for
systems Ag and A, in their respective incoherent bases. Note
the similarity between the dynamical free objects defined in
Eq. (2) and the static free objects in coherence theory. On the
level of states, a density operator p is incoherent with respect
to the fixed basis if

p = D4, (p). 3

In fact, this can be seen as a special case of Eq. (2) when
system Ag is one-dimensional.

Channels satisfying Eq. (2) we refer to as classical channels
since their action is described entirely by transition probabili-
ties p(i|j) from incoherent states |j)(j|4, to incoherent states
[7)(il4,. We will denote the set of classical channels that take
system Ag to A} by €(Ag — A1),

Ny € €Ag = Ay) < Ny =Dy, o NyoDy,. (4)

In particular, the identity channel ids,_ 4, is not classical
as it does not satisfy the above condition (here, Ag and A,
correspond to the same system in two different temporal or
spatial locations and so, |Ag| = |A;|). Physically, the identity
channel corresponds to the preservation of coherence for a
certain given amount of time. Even though we refer to the
our free channels as being “classical,” they are still quantum
objects. That is, they represent physical processes acting on
quantum systems. A summary of different types of channels
relevant to different dynamical QRTs of coherence are given
in Table L.

Why study a resource theory of classical channels? Here
we describe three different motivations. First, some of the
most basic nonclassical channels are true resources for quan-
tum information processing. For instance, diagonal unitaries
such as the T-gate are essential for universal quantum com-
puting. Even the identity channel can be considered as a
resource since all physical systems undergo decoherence, and
the preservation of coherence in a quantum memory (for some
given time or some specified distance [40]) should thus be
considered a resource. While both the T gate and the identity
are detection incoherent, they are identified as dynamical
resources when limiting the free channels to be classical. In
this regard, all the nonclassical channels form the dynami-
cal resources of our theory. The quantum Fourier transform
(QFT) channel that can generate maximal coherence from
free states (due to its unitarity) and preserve entanglement
is the maximally coherent channel. (We have shown this
analytically in Appendix C by proving that the QFT channel
attains the upper bound of log-robustness of coherence of
channels which is a monotone in our resource theory.)

Second, quantum cloud computing scenarios like that de-
picted in Fig. 1 are soon to be physically realized [41]. Having
large amounts of noise between the client and cloud computer
is to be expected, especially as the spatial separation increases.
A highly practical question is then what advantages are pos-
sible in the very noisy regime. From this perspective all but
the completely dephasing upload/download channels should
be deemed as yielding a potential resource for quantum cloud
computing. The dynamical QRT we propose here embodies
this perspective.

Third, a resource theory in which classical channels consti-
tute the free objects is simple enough that entropic resource-
theoretic measures can be analytically derived. Compared to
static resource theories, a plethora of new resource measures
arise in dynamical theories, and the abstract theory of these
measures has been recently developed [27,29,30,35,37,39,42—
51]. Unfortunately, the application of this abstract theory to
concrete resource theories is usually quite challenging. Here
we provide a rare example of a physically motivated resource
theory in which, for example, channel-divergence resource
measures can actually be computed.

It may be challenged that since the set of classical channels
is so small, almost all quantum channels are resources and
thus the resource theory considered here offers little physical
insight into coherence. However, almost all quantum states
are not diagonal in the incoherent basis, and so the same
argument could be alleged toward the static resource theory
of coherence. Arguably some insight into static quantum
coherence has been gained by its recent resource-theoretic
development, and so we initiate an effort to attain a similar
insight into dynamical quantum coherence. With the free
dynamical “states” identified in this resource theory, we now
turn to the free operations. This will be some collection of
superchannels, which are linear maps that map a quantum
channel to another quantum channel even if acting on part
of the channel. A superchannel can be realized using a pre-
and a post-processing channel. The details of supermaps and
superchannels have been presented in preliminary Sec. II B.
For the case of dynamical coherence considered here, the set
of free superchannels must map the set of classical channels
to itself. Since there are many different superchannels hav-
ing this property, which ones should be identified as being
free? In previous works on dynamical coherence [27,35],
the free superchannels were constructed by concatenation of
free channels in series or in parallel. In general, this is the
most common approach for constructing free superchannels
[27,29,30,35,49,52-54]. However, as argued above in the case
of static coherence, a free implementation of the allowed
operations should not necessarily be required to detect or learn
about the resource contained in a state. We now apply this
principle on the level of superchannels.

For example, like MIO in the QRT of static coherence, we
define as one class of free superchannels the set of maximally
incoherent superchannels (MISC), which is the entirety of
all superchannnels that do not generate nonclassical chan-
nels from classical ones. Similar to MIO in the static case,
MISC cannot be implemented without coherence-generating
channels. Indeed, if we take the preprocessing channel to be
any detection-incoherent channel [as defined in Eq. (1)] and
the post-processing channel to be any maximally incoherent
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FIG. 2. MISC.

channel, then we obtain a superchannel that belongs to MISC
but its pre- and post-processing channels are nonclassical.
Nonetheless, much like the argument in static coherence, since
we are interested in quantifying the coherence of a channel
(as opposed to the coherence of a superchannel), we can
use such superchannels as they cannot generate coherence
at the channel level, even if it is tensored with the identity
superchannel(i.e., it is CRNG).

The bulk of this paper is devoted to developing a resource
theory of dynamical coherence based on the ideas just
described. This requires borrowing a few mathematical tools,
like the concept of log-robustness, the concept of channel
divergence, liberal smoothing, etc., from references like
Refs. [44,45] that establish the formal structure of dynamical
QRTs. Since our work presented here is more mathematical
in nature, we would now like to briefly summarize the broad
ideas and problems addressed in various sections of this
article. This will also serve to highlight the main results of
our work.

In Sec. III, we define four different sets of free su-
perchannels: maximally incoherent superchannels (MISC),
dephasing-covariant incoherent superchannels (DISC), inco-
herent superchannels (ISC), and strictly incoherent super-
channel (SISC), which are the analog of MIO, DIO, IO, and
SIO, in the static case. We focus specifically on the QRTs of
MISC and DISC. Similar to how MIO is defined with respect
to the dephasing channel, we define MISC with respect to
dephasing superchannel, A (whose pre- and post-processing
channels are dephasing channels) in the following way:

® e MISC(A — B) < Apo®u.,po Ay =0, 50 Ay,
®)
where MISC(A — B) means that the superchannel ® converts
a quantum channel that takes system Ay to A; to another
quantum channel that takes system By to Bj. Its illustration
is given in Fig. 2.
DISC is defined analogously to how DIO is defined in static
coherence, i.e.,

® € DISC(A - B) <= ApoOs_p=0s_.p0o A, (6)

and its illustration is given in Fig. 3. In our work, we provide
simple characterization of MISC and DISC in terms of their

In Sec. IV, we study the quantification of dynamical co-
herence using techniques from QRT of quantum processes
[35,45,53] and Sec. V is dedicated to the study the inter-
conversion of channels (i.e., simulation of one channel with
another) under MISC and DISC.

In Sec. IV, we first discuss a complete family of monotones
under MISC and DISC, and show that these functions can
be computed using a semidefinite program. A semidefinite
program or an SDP is a subfield of convex optimization. These
optimization problems require the variable to be a symmetric
matrix which is positive-semidefinite. Section IV B discusses
the relative entropies for the quantification of dynamical co-
herence, which are relevant information quantities to consider
for quantum information tasks. Section IV C talks about the
montones that have an operational interpretation when we
discuss the interconversion of quantum channels. We now list
below a few key definitions used in the paper. First, we define
the relative entropy of dynamical coherence under MISC to be
[for any quantum channel Ny € CPTP(4g — A})]

C(Ny):=  min )D(NA”MA)

Me€(Ag—A

= min max DI|N,
MeC(Ag—Ar) peD (RoAo) [Nav (@00

“ MA0—>A1 (¢R0A0)] s @)

where €(Ay) — A) denotes the set of all classical channels,
D(RoAp) denotes the set of density matrices on system RyA,
and D(p|lo) = Tr[plog p — plog o] is the quantum relative
entropy. This monotone is faithful, i.e., zero iff Ny € €4y —
A1), and does not increase under MISC. For DISC, we define
the relative entropy of dynamical coherence to be the function
D, given by

Da(Na) = DN AsINAD). ®)

We show that it is a faithful monotone under DISC.
Similarly, the log-robustness of dynamical coherence is
defined as

LR¢(Ny) := min
EeC(Ag—Ay)

Dmax(NA”gA) (9)

and the dephasing log-robustness of dynamical coherence as

LRA(NA) = Dinax(NallAAINaD) Y N € CPTP(4) — Ay),

Choi matrices in Egs. (76) and (84), respectively. (10)
Superchannel (_.) Superchannel (,_)
B B Pf‘m: ) E ‘LF‘ Pre- IJ Post-
s B rocessing ' - B - B I 3” Processing Processing B
Dy, Fl A o P = —1 £ AMfp, A Ap Y e T
(8] 1
FIG. 3. DISC.
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where Do (E4]|F4) is the max-relative entropy between two
CP maps &4 and F, and is discussed in detail in the prelimi-
nary Sec. II D. We prove that both these quantities are additive
under tensor product and have operational interpretations as
the exact dynamical coherence costs in the MISC and DISC
cases, respectively. We also compute numerically the log-
robustness of coherence for qubit channels and show that in
the qubit case, the Hadamard channel attains the maximum
value.

In Sec. V, the first subsection, Sec. V A, discusses
the general conditions of conversion of one channel
using another. This is done by constructing functions
called conversion distance such that if the conversion
distance from a channel, say A, to another channel,
say Mp, is zero, then one can perfectly simulate Mg,
using A and the free superchannels. Moreover, we use
a diamond norm to define the interconversion distance,
dg(Ny = Mp) = mineczu—s) 3 1Ossp [Na] — Mgl
between two quantum channels, N € CPTP(4q —
A1) and Mp € CPTP(By — B;p) and show that if the set of
free superchannels § = MISC or DISC, then dg(Ny — M)
can be computed using a semidefinite program (SDP). The
diamond norm [see Eq. (56)] used in the equation of the
interconversion distance is used to measure the closeness
or the distance between two quantum channels. We use this
function to find the interconversion distance in the qubit case,
numerically. We find that a maximally coherent replacement
channel (a channel that outputs the maximally coherent
state d)l}:) can be simulated by a Hadamard channel using
the maximally incoherent superchannels. This was expected
because any coherent channel can be simulated using the
maximally coherent channel and the free superchannels. More
interestingly, we also found that we can simulate a Hadamard
channel using two maximal replacement channels. Apart from
these numerical calculations, we show in Appendix C that the
ratio between the log-robustness of coherence of a maximally
coherent channel and the log-robustness of coherence of
maximally coherent replacement channel for any dimension
is always 2, i.e., using two maximally replacement channels
and the free superchannels, we can simulate the maximally
coherent channel which is the quantum Fourier transform
channel. Using this fact that we just need two copies of the
maximal replacement channel (or two maximally coherent
states) to simulate the maximally coherent channel, we can
find the coherence cost of a channel using the maximally
coherent state. Sections VB, VC, and VD discuss various
types of coherence costs of channels. We define the coherence
cost of a channel as the minimum amount of the maximally
coherent state to be used to simulate the given channel. In
Sec. V B, we calculate the exact coherence cost of a channel
under MISC and DISC, i.e., when the free superchannel acts
on the maximally coherent state the output is the desired
channel. Similarly, in Sec. V C, we consider the problem of
finding the approximate coherence cost of a channel (which
we also refer to as the coherence cost of a channel), i.e., the
amount of the maximally coherent state used to convert it
to a channel that is very close to the desired channel. This
is interesting because experimentally it is extremely difficult
to convert one channel into another perfectly. We then, in
Sec. VD, compute the liberal asymptotic cost of dynamical

coherence (which is the dynamical coherence cost of a
channel when the smoothing is “liberal” [45]) under MISC,
and show that it is equal to a variant of the regularized relative
entropy given by

.1 .
D(€°°)(J\/A) = lim — sup min
=00 N 4e®(RAg) EeC(Aj—AT)

X DING o, (i) | Enay (05,)]- (1D

Last, in Sec. VE, we formulate the one-shot distillable
dynamical coherence and compute its value for a few specific
channels.

II. PRELIMINARIES
A. Notations

In this article, we will denote all the dynamical systems
and their corresponding Hilbert spaces by A, B, C, etc., and
all the static systems and their corresponding Hilbert spaces
by A1, By, Cy, etc. In this setting, the notation for a dynamical
system, say A, indicates a pair of systems such that A =
(Ap, A1) = (Ap — A;) where Ay and A; represent the input
and output systems, respectively. The choice of notation for
the static systems is because all the states can be viewed
as channels with trivial input. For a composite system, the
notation like A; By will be used to mean A; ® B;. To represent
the dimension of a system, two vertical lines will be used.
For example, the dimension of system A is |A;|. A replica
of the same system would be represented by using a tilde
symbol. For instance, system A is a replica of system A, and
system A\ B is areplica of system A B, i.e., |A;| = |A;| and
|A1B1| = |A1By].

The set of bounded operators, Hermitian operators, positive
operators and density matrices on system A; would be de-
noted by B(A;), Herm(A,), Pos(A;), and ®(A)), respectively.
Note that ©(A;) C Pos(A;) C Herm(A|) C B(A)). Density
matrices would be represented by lowercase Greek letters p,
o, T, etc. We will denote the maximally coherent state (or
the plus state) by ¢;1 for a system B; and the unnormalized
maximally entangled states by d):{] p, for a bipartite system
A1B; (note the subscripts in both). The maximally mixed
state for a system B; will be denoted by up,. The set of
all linear maps from B(Ap) to B(A;) would be denoted by
L£(Ag — Ay), the set of all completely positive maps from
B(Ag) — B(A;) would be denoted by CP(Ag — A;) and the
set of quantum channels would be denoted by CPTP(4¢g —
Ay) with CPTP(Ag — A;) C CP(Ag — A1) C £(49 — Ay).
Throughout this article, we would use calligraphic letters
like £, F, M, N, etc., to represent quantum channels. For
simplicity, we will denote a quantum channel with a subscript
A, like &4, to denote an element of CPTP(Ag — A;). The
identity map in £(Ag — Ap) will be denoted by idy, .

The notation £(A — B) will be used to denote the set of
all maps from £(Ag — A;) to £(By — B)). Similarly, the set
of all maps from Herm(Ay — A;) to Herm(By — B;) would
be denoted by Herm(A — B) C £(A — B). All linear maps
in £(A — B) and Herm(A — B) are known as supermaps.
We will use capital Greek letters like ®, X, €2, etc., to denote
supermaps. Square brackets will be used to denote the action
of supermaps on linear maps. For instance, ®s_ g[€4] is
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a linear map in £(By — B;) obtained by the action of a
supermap © € £(A — B) on a map &£ € £(Ayp — A;). The
set of supermaps that map quantum channels to quantum
channels (even when tensored with the identity supermap, i.e.,
even when acting on part of quantum channels) are called
superchannels [44,55] and would be represented by G(A —
B). Identity superchannel in G(A — A) would be denoted by
14. Last, we reserve the symbol A to represent a dephasing
superchannel. Such a superchannel converts any channel to a
classical channel, and has the dephasing channels as its pre-
and post-processing channels. More detailed description of
supermaps and superchannels is provided in the next subsec-
tion.

B. Supermaps and superchannels

The space £(Ap — A) is equipped with the following
inner product:

(Na, My) = Z(J\Ca(li) (J1ag)s Mal)(jlaus — (12)
ij

where (X, Y)yg := Tr[X*Y] is the Hilbert-Schmidt inner
product between the matrices X, Y € *B(A;). The above inner
product is independent of the choice of the orthonormal basis
{15)(JI} € B(Ag), and can be expressed in terms of Choi
matrices. The Choi matrix of a channel N} is given by

Ia, = Nipon, (852), (13)

where ¢+ - = [¢1)(@"|s,4, is an unnormalized maximally

entangled state where |¢pT), odo = = 2 1i)a,. i)z, With this
notation, the inner product of two channels Ny and M, can
be expressed as the inner product of their Choi matrices, i.e.,

Nay Ma) = (I, M) =

The canonical orthonormal basis of £(A) (relative to the above
inner product) is given by {£1*'}, where

E0 (Pao) = (ileagli) ) (Ua, ¥ pa, € BAo).  (15)

The space £(A — B) [where A = (Ag,A;)and B =
(Bo, B1)] is equipped with the following inner product:

(Oa-p, Qa-p) = Z (©ass[E7M]. @amp[€77]). (16)
ikl

Aol li)

Te[() M) a4

where ®4_p, Q4_p € £(A — B) and the inner product on
the right-hand side is the inner product between maps as
defined in Eq. (12). The dual of a linear map ® € £(A — B)
is a linear map ®* € £(B — A) with the property

(NB, O[Mal) = (O"[Np], Ma), A7)

for all M4 € £(A) and for all N} € £(B).

Similar to how we can express the inner product of two
maps by the inner product of their Choi matrices, we can
define the inner product of two supermaps as the inner product
of their Choi matrices as well. The Choi matrix of a supermap
©O4_ p is defined as [44]

51/Al ® gijkl
Y= 05" @, (18)
i,j,k,l

ik oreijkl
where J&7 and J91€") are the Choi matrices of £/* and

Oy, B[E/ij kl], respectively. With this notation, the inner prod-
uct between two supermaps ®4_.p and Q4.5 can be ex-
pressed as

(©a-p, S2a—B) :( AB> JAB)HS = Tr[(J ) JEXZB] (19)

We now give three alternate expressions of the Choi matrix
of the supermap ® € £(A — B) [44]. First, from its defini-
tion, the Choi matrix of a supermap uses the CP map analog
of entangled states which we represent as 79 and is given by

+ ijkl z ijkl
PAA - Z €A0—>Al Ao—>A1 (20)
i,j.k,l
Similar to the properties of the maximally entangled state,
the channel P:A satisfies the following relation for any ® €
L£(A — B):

O 5lP 1 =0) [Pl @n

where ®7 € £(B — A) is the transpose of the supermap ©
which is defined by its components,

CRNCHCAS)
— (ggj’k’l” ®[g/ijk1]> Vi, kL, 7, j’, K1, (22)

where {Eijkl} and {5;’-/1"1/} are the canonical orthonormal basis
of £(A) and £(B), respectively. Then, the Choi matrix of a
superchannel ® € £(A — B) can be expressed as

39 = OIP (0], ® 1 ,). (23)

The second way of defining the Choi matrix of a supermap
is by noticing its action on the Choi matrices of channels. Lets
consider a linear map ®4_p € £(A — B) such that Ny =
O4_.g[My] for some M, € £(A) and Nz € £(B). Then the
Choi matrices of M, and N are related via

I = T35 ®15)]. 24)

From the above equation, the Choi matrix of the supermap ®
can be interpreted as the Choi matrix of a linear map RS ,
that takes J to J', i.e.,

R (1) = 73" (25)

For the last representation of the Choi matrix of a su-
permap, we can view it as a linear map Q° : B(A;By) —
B(ApB;) which is defined by the map satisfying

®
s = O byonon, (811, @ Dp5,)- (26)

We will see that the three representations play a useful role in
our study of dynamical resource theory of coherence.

Now let us define a superchannel. A superchannel is a
supermap that takes quantum channels to quantum channels
even when tensored with identity supermap [44,55-60]. For
a linear map ® € £(A — B), the following are equivalent
[44,55]:

(1) ® is a superchannel

(2) The Choi matrix J$

Jf}Bo = [Mibo. J&O = JAG?)BO ® uy,, 27)

> 0 with marginals

L . . .
2;:‘ is the maximally mixed state for system A;.

where us, = ;

023298-6



DYNAMICAL RESOURCE THEORY OF QUANTUM ...

PHYSICAL REVIEW RESEARCH 2, 023298 (2020)

Output Channel M = O [N]

Superchannel @

E
Pre-Processing Post-Processing
Channel Channel
Bg Bl
A Input
F % channel =13 E

FIG. 4. Realization of a superchannel in terms of pre- and post-
processing channels and its action on an input channel A/

(3) The map RY ., in Eq. (25) is CP, and there exists a
unital CP map Rf ;. such that the map RY  , = Trp, o
RS satisfies

R .5, = R 5, © Tra,. (28)

(4) There exists a Hilbert space E, with |E| < |A¢Bol,
and two CPTP maps F € CPTP(By — A¢pE) and & €
CPTP(A|E — B;) such that for all M} € £(4¢ — A)),

O[NA]l = EaE—B, 0 Nay—sa, © FBy—aoE (29)
(see Fig. 4).

C. QRT of static coherence

Coherence of a state is a basis-dependent concept. Hence,
a basis is fixed first in the resource theory of static coherence.
The density matrices that are diagonal in this basis form the
free states of the theory. These states are also called incoherent
states. Let us denote this set by 7, C ®B(A;) for any system
A;. Hence, all the incoherent density operators ps, € Z4, have
the following form:

|Ar|—1

pa = Y pili)ila,. (30)
i=0

with probabilities p; and obey

Da, (pa,) = pa, (31)

where Dy, is the dephasing channel for the system A; and is
defined as

[Ar]—1

Da,(oa,) = Y, li)ilon, )il (32)

i=0

for any o4, € ®(A;). For multipartite systems, the preferred
basis is the tensor product of the preferred basis of each
subsystem [61-63].

From the golden rule of QRT, the free operations are
the set of channels that take the set of incoherent states to
itself in the complete sense, i.e., they are completely resource
nongenerating. Such operations are called incoherent oper-
ations. In literature, several types of incoherent operations
have been studied. The largest set of incoherent operations is
known as the maximally incoherent operations (MIO) [21].
Other incoherent operations include incoherent operations
(IO) [22], dephasing-covariant incoherent operations (DIO)

[23-26], strictly incoherent operations (SIO) [63,64], phys-
ically incoherent operations (PIO) [23-25], translationally
invariant operations (TIO) [65], genuinely incoherent opera-
tions (GIO) [66], fully incoherent operations (FIO) [66], etc.
In this section, we will briefly discuss about MIO, DIO, 10,
and SIO, as we will be defining four sets of free superchannels
in the next section taking their analogy.

The maximally incoherent operations (or MIO) [21] are de-
fined as the set of CPTP and nonselective maps £ € £(4¢ —
Ay) such that

E(pa,) € I,

Let us denote the set of all channels that follow the above
property by MIO(A¢g — A;). Any CPTP map My, 4, €
MIO(Ag — A;) can be characterized using the dephasing
channels in the following way

Mag—a,
€ MIO(Ay — A))
= Dy, 0 Myya, 0 Day = Maya, 0Da,.  (34)

Y pa, € Zn,- (33)

Despite the fact that MIO cannot create coherence, these
operations do not have a free dilation, i.e., they cost coherence
to be implemented [23-26].

A smaller class of free operations, the incoherent oper-
ations (or I0) [22] are defined as the set of CPTP maps
& € CPTP(Ap — A;) having a Kraus operator representation
{K,} such that

KnpAoK,I

——— e,
TKopnki]

Vnand py, € Ty, (35)

This class of operations also do not have a free dilation
[23-26].

The next class of free operations, the strictly incoherent op-
erations (or SIO) [63,64] are defined as the set of CPTP maps
& € CPTP(Ay — A)) having a Kraus operator representation
{K,} such that

K, Da, (pa,) K} = Da, (Kupa,Kf) V. (36)

n

This class of operations also do not have a free dilation
[23-25].

The last class of free operations that is useful to us is the
dephasing-covariant incoherent operations (or DIO) [23-26].
A CPTP map &, is said to be DIO if

[D, €41 =0, 37)
which is equivalent to

Da, [Eng—ni (Pay)] = Eag—ni[Pay(pay)] Y £a, € D(Ap).
(38)

D. Max-relative entropy for channels

The max-relative entropy is defined on a pair (p, o) with
p € D(A)) and o € Pos(A) of a state p with respect to a
positive operator ¢ is given by

Dyax(pllo) :=logmin{z : to > p}, (39)

where the inequality sign means that the difference between
the left-hand side (l.h.s.) and right-hand side (r.h.s.) is a

023298-7



SAXENA, CHITAMBAR, AND GOUR

PHYSICAL REVIEW RESEARCH 2, 023298 (2020)

positive operator. Similarly for channels, the maximum rel-
ative entropy between two CP maps N and £ is given by

Dmax(NA”gA) = logmin {t: lgA = /\/:4}» (40)

where the inequality sign means that the difference between
Lh.s. and r.h.s. is a CP map. Denoting the Choi matrix of &4
by J f and that of A/, by Jf(\/ , Eq. (40) can be rewritten as

Dinax(NallE4) = logmin {t : tJ§ > JY, t > 0}. (4D

The channel max-relative entropy [Dmax(Nall€4)] can be
expressed in a simple closed form as a function of the Choi
matrices of the maps Ny and &, [48,67]. This implies that it
is also additive under tensor products. For completeness, we
give the following proof.

Lemma 1. The max-relative entropy for channels is addi-
tive under tensor product, i.e.,

Dmax(j\/A ® MA’”‘E'A ® -FA’)
= Dmax(NA||€A) + Dmax(MA’ ”]:A’) (42)

Proof. For the proof of the inequality Dpax(Na ®
MullEx ® Fa) < Dinax(Nall€a) + Dinax (M || Far), let

Dinax(Nall€x) = logfty : 11E4 = Na}, (43)

Diax(Muy || Far) = loglty : b Fa = My} (44)

J

We can rewrite Dy (Vg @ My ||E4 ® Far) as
Diax(Na @ My lIE4 ® Fu)
= logmin{t : t(Es @ Fa) = Ny @ My}

t
= log min {t : F(tl& QhFa) 2 Na® MA’}- (45)
1t

From this, we can clearly see
logmin {t : t(E4 @ Fa) = Ny @ My} <log(tity). (46)
Hence,
Dinax(Nx @ My llE4 ® Fur)
< Dinax Nall€x) + Dinax (M| Fa).- 47

For the proof of DpyyWNa @ MullEs ® Fu) >
Dmax(/\/;x ”gA) + Dmax (M | Far), note that Dy in Egs. (40)
and (41) can be computed using an SDP and its dual is given
by

Dmax(NA||£A)
= log max {Tr[,BAJj,v] :Tr[,BAJAS] <1, Baz O}. (48)

Now let ﬂj and ﬂj, be optimal for D (Nall€4) and
Dinax (M || Fa), respectively. Therefore,

2 Dmax Nall€4) — Tr[ﬁ),fiv I @
2Dmax(MA/ 1 Fa) = Tr[ﬂi’JA/}/[]' (50)

Using Eq. (48), we can express 2PmsWa@My €8 Fy) a5

2Dmax(NA®MA/||8A®FA') — max {Tr[ﬂAA,(JX\/@)J%)] . TT[ﬂAA'(Jf ®JA7-’-)] <1, Ban > 1}‘ (51)

Since the choice of Baa = Bi ® ﬁi, satisfies the above con-
straint, we can say

9D Na @My 1EAF 1) > Tr[ﬂ/lj,{«v] Tr[lBi,JA/\,/l]

> 2PnaxNallEn D (M IFx) (5

which implies

Dmax(NA b2 MA’”gA ® ]:A’)

> Dinax(Nall€a) + Dinax (M | Fa). (53)
From Egs. (47) and (53), we can conclude that
the max rel-entropy for channels is additive under
tensor  products, ie., Dpax(Na @ Mu||Es @ Far) =
Dmax(/\/’A ”gA) + Dmax(MA’ ”]:A’) u
Last, we would be using e-smooth max-relative entropy
in our work which is discussed in detail in [30,53,68] and

is defined as (explain the equation below in words) in the
following way:

Dy NI My) = N igf(N )Dmax(A/X”MA)s (54)

where
B.(Ny) = {N} € CPTP(4g — A)) : LIN} — Nallo < €}
(55)

(

The diamond norm measures the distance between two quan-
tum channels and for any two given channels £, and Fj, it is
defined as

||5A - ]:A”o = m/?'x ||SAO—>A| (pAoA~0) - ]:A~o—>A| (pAoffo) Hl’

(56)
where || - ||; represents the trace norm.

III. THE SET OF FREE SUPERCHANNELS

As discussed in the introduction, the set of free channels
in the theory of dynamical coherence are classical channels.
Therefore, a free superchannel consists of a preprocessing
classical channel and a post-processing classical channel (see
Fig. 5). However, such a free superchannel always destroy
completely any resource; that is, it converts all channels (even
coherent ones) into classical channels. This means that the
resource theory is in a sense “degenerate” and no interesting
consequences can be concluded from such a theory.

This above type of degeneracy also occurs with the re-
source theory of coherence in the state domain. There, the
only free operations that are physically consistent are PIO
[23], which are very restricted and cannot provide much in-
sight into the phenomenon of coherence in quantum systems.
Therefore, almost all the enormous amount of work in recent
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FIG. 5. The action of a classical superchannel on a quantum
channel.

years on the QRT of coherence was devoted to the study
of coherence under much larger sets of operations, such as
MIO, DIO, 10, and SIO. While these larger sets of operations
cannot be implemented without a coherence cost, they do not
generate coherence, and as such they can be used for the study
of coherence of states. However, since MIO, DIO, 10, and
SIO, all have a coherence cost, they cannot be used as the
“free operations” in a resource theory that aims to quantify
the coherence of quantum channels.

Instead, for a dynamical QRT of coherence, one can define
free superchannels that form a larger set than classical super-
channels. Similar to what happens in the state domain, there
is a coherent cost to implement such superchannels; however,
they do not generate dynamical coherence, and therefore can
be used in a dynamical resource theory of coherence. As it
happens in the state domain, there are several natural sets of
free superchannels that we can define.

A. Maximally incoherent superchannels (MISC)

In any quantum resource theory, free operations cannot
generate a resource. Taking this principle to the level of su-
perchannels, we define the maximal incoherent superchannels
(MISC) as follows.

Definition. Given two dynamical systems A and B, a su-
perchannel ® € G(A — B) is said to be MISC if

Oa-plNal € €Bo — Bi) VYN € €(Ag — Ay).  (5T)

In other words, a superchannel is said to be MISC if for every
input classical channel, the output is also a classical channel.
We denote the set of all superchannels that have the above
property by MISC(A — B).

Remark. Similar to the characterization of MIO chan-
nels with the dephasing channel, the condition that ® is
in MISC(A — B) can be characterized with the dephasing
superchannels A4 and Ap. (A dephasing superchannel can be
realized using dephasing channels as pre- and post-processing
channels.) Specifically, we have that

® e MISC(A —> B) <= Apo®y oAy =0, 50 A4.

(58)
That is, for any input quantum channel £, € CPTP(Ag —
Ay), if a superchannel ®4_,5 obeys the equation on rh.s.
(Apo®y_po As[Ea] = Oa_po Aal€4]) then, that super-
channel belongs to MISC and vice-versa. Refer to Fig. 2
for an illustrative diagram. To explain it further, notice that
the dephasing superchannel converts any input to a classical
channel. So, for any input quantum channel, say &, the
dephasing superchannel A4 first converts it to a classical

Maximally Incoherent Superchannel (-)

Detection Maximally
Incoherent ) Incoherent
By Operation lo Ay Operation B

FIG. 6. An example of realization of maximally incoherent su-
perchannel (MISC).

channel, Ay[E4] = Ny € €(Ag — A) which goes as input to
the superchannel ®. So for a classical channel Ay, the r.h.s.
of the above condition can be written as Ag 0 @4_,g[N4] =
®4_p[N4]. The Lhs. of this equation again has a dephasing
channel which implies that whatever the output is after the
action of the superchannel ® on the classical channel N, the
output would still be classical.

As stated earlier, the maximally incoherent superchannel
need not be realized using classical pre- and post-processing
channel. For instance, if we use the detection incoherent
channels (as defined in Ref. [27]) and maximally incoherent
operations (MIO) as the pre- and post-processing channels,
then the resultant superchannel is a maximally incoherent
superchannel or MISC. Refer to Fig. 6 below as an illustration.

To show that the above realization is really a MISC, we
use the fact that an operation £, € CPTP(49 — A;) is called
detection incoherent operation iff Dy, 0 E4 = Dy, 0 E4 0 Dy,
[27] where D is the completely dephasing channel for the
given system. Recall that an operation F4 € CPTP(A9 — A})
is called maximally incoherent operation if it follows Eq. (34).
Using these definitions, we can see that the above realization
follows Eq. (58) as illustrated in Fig. 7. One of the key
properties of any resource theory is that the free operations
are “completely free.” This is a physical requirement that
a free channel (or superchannel) can act on a subsystem.
In the following theorem we show that MISC(A — B) is
completely free. That is, in the QRT we consider here, there is
no difference between RNG and completely RNG.

Theorem 1. Let A and B be two dynamical systems, and
let ® € MISC(A — B). Then, for any dynamical system R,
the superchannel 1z ® O is free; i.e. 1z ® ® € MISC(RA —
RB).

Proof. Let Ny € €(RgAg — R1A}) be a classical channel
satisfying

AralNgal = Ag @ Ap[Ngal = Npa. (59)
Then,

Agg o (1g ® Opp)[Ngal

= Ar ® (Ap 0 Opp)[Ngal (60)
=1z ® (Ap 0 Oy_p)[Nral (61)
=1z ® (Ap o Opp o Ay)[Ngal (62)
=1z ® (Oa-p 0 Ap)[Nral (63)
=1z ® Opp[Nral, (64)

where the first equality follows from the equality Ags =
AR ® Ay, the second equality from the fact that Np4 is
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FIG. 7. Illustration to show that this particular realization is a maximally incoherent superchannel (MISC).

classical and in particular Ag[Nz4a] = Nza, the third equality
from the similar equality As[Nga]l = Nga, the fourth equal-
ity from Eq. (58), and the last equality follows again from
As[Nral = Nga.Hence, 1x ® ©4_, g[Nralis classical so that
1z ® ® € MISC(RA — RB). This completes the proof. N

The theorem above indicates that MISC can be viewed as
the set of completely resource nongenerating superchannels in
the theory of dynamical coherence. We next consider the char-
acterization of the set MISC. Recall that in the state domain,
we can determine if a channel &4 belongs to MIO(Ayg — A1)
simply by checking if all the states £4(|x)(x|4,) are diagonal
for all x = 1, ..., |Ap|. This simplicity of MIO implies that all
state conversions in the single-shot regime can be determined
with SDP. In the channel domain, however, the characteriza-
tion of MISC is slightly more complex.

The Choi matrix of any classical channel N, €
CPTP(Ap — A;) can be expressed as a column stochastic
matrix. Recall that the action of this classical channel N, on
any input quantum state ps, can be viewed as the action of
this column stochastic matrix on a vector whose components
are the diagonal entries of the input quantum state p4,. The
output vector’s components then form the diagonal entries
of the output state and the off-diagonal entries of this output
state are zero. The set of all extreme points of the set of
|Ag| x |A1| column stochastic matrices consists of matrices
that in each column has |Ag| — 1 zeros and 1 one. Therefore,
the number of extreme points is given by |Ag|!. This may
give the impression that to check if ® € MISC(4yg — A;)
one has to check if the channel ®[&,] is classical for all
the |Ag|"1! extreme classical channels. Since the number of
conditions is exponential in |A|| it may give the impression
that the problem of deciding if a superchannel belongs to
MISC cannot be solved with SDP. However, we show now
that this problem can be solved with polynomial (in |ApA/|)
number of constraints. It can be seen from the relationship
between the Choi matrix of ®4_.p and that of ®4_,p0 Ay
and A BO (S A—>B-

Lemma 2. Let A and B be two dynamical systems, ® €
G(A — B) be a superchannel, and Ay € G(A — A) and
Ap € G(B — B) be the completely dephasing superchannels.
Then, the Choi matrices of ©®4_,p5, Os,p0 Ay, and Ago
®4_ p, satisfy the relations

JOOAA

Da(J5s) and J42°© = Dp(ISy). (65)

Proof. The Choi matrix of a superchannel ® can be ex-
pressed as the Choi matrix of the bipartite channel ®;_, B[PZA]
[44]. Similarly, the Choi matrix of the superchannel ® o Ay
can be expressed as the Choi matrix of the bipartite channel
Oip0 A [73+ ] and that of the superchannel Ag o ® as the

Choi matrix of Apo ®A—>B[PXA]-

Denoting ®ff—>B[PZA] as Myp, the Choi matrix of the

superchannel Ap o ®4_, 5 can be written as

JABO® — AB[NAB]

(66)
= DBI ONA’()BO*)A[B[ © DBQ( AoAg ® ¢;B )s (67)

where the second equality follows from the definition of the
Choi matrix of a channel. Now using the fact that for a given

channel M € CPTP(Ry — R;), we have My . p |¢R R0>

R1—>Ro |¢R R, ), we can rewrite Eq. (67) as

Y250 = (Ds, ® Dy,) 0 Naygyon (8,1 ® 6, 5) (68)
= Dp(J5p)- (69)

To find J9°%4, note that for any superchannel 2 € G(A — B)
we have [44]

14 ® Q5P =), @ 15[PF,].

From this, it can be calculated that for the dephasing super-
channel, AT = A. Therefore, we have

(70)

®ip o AP = 0450 ALIP] (71)
= 0450 AalP}] (72)
= Ax 004 4P] (73)
= As o Nag, (74

where the third equality arises because the superchannels ®
and A are acting on different subsystems (notice the subscripts
with and without tilde). So, the Choi matrix of ®;_ ;0
AA[P+] is equal to finding the Choi matrix of Ay o Njyp.
From the calculation of the Choi matrix of Ap o Ny above,
we can conclude that

J )OAA

|
With this lemma at hand we get the following characteri-
zation for the set MISC(A — B).
Theorem 2. Let A and B be two dynamical systems, and
® € G(A — B) be a superchannel. Then, ® € MISC(A —
B) if and only if

Das(I55) = Da ® ids(Ip)- (76)

Proof. The characterization of MISC in Eq. (58) can be
equivalently written in terms of the Choi matrices of the
channels in Lh.s. and r.h.s. Using this property and the lemma
above we have that

JABOOOAA J()OAA

Dy ® ids(JS5).
Similarly, using both results from Lemma 2, we can write

ids ® Dp(J5°) = Dap(J5s).  (78)

(77

JABo@)oAA _
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Equating Eqgs. (77) and (78), we get
Das (JIE;)B) =D, ®idp (JfB) (79)

This completes the proof. |
Note that for any Hermitian matrix Z4p € Herm(AB) we
have

Tr[(Das(J5s) — Da ® idp(J55))Zas]
= Tr[J5(Dap(Zag) — Da ® ids(Zap))]-  (80)

Therefore, the theorem above implies that ® € MISC(A —
B) if and only if

Tr[JsXas] =0 VXap € Ryusc, 81)
where Rysc is a subspace of Herm(AB) defined as

Amisc = {Dap(Zap) — Da Q@ idp(Zsp) : Zsp € Herm(AB)}.
(82)
Since the dimension of the subspace Kysc is |AB|(|B| — 1),
it is sufficient to restrict X4p in Eq. (81) to the |AB|(|B] — 1)
elements of some fixed basis of Kysc. Note also that the con-
dition above is equivalent to the inclusion Jf?b, € ﬁf\;ﬂSC, where
ﬁl%/lISC is the orthogonal complement of Kyysc in Herm(AB).

B. Dephasing incoherent superchannels (DISC)

In the QRT of static coherence, the dephasing channel
plays a major role, and in particular, leading to the defini-
tion of DIO. Here, the dephasing superchannel defined by
AA[N4] = D4, o Nj o Dy, plays a similar role, as we have
already seen in the definition of MISC. We use here the de-
phasing superchannel to define the set of dephasing incoherent
superchannels.

Definition. Let A and B be two dynamical systems, and let
® € G(A — B) be a superchannel. Then, ® is said to be a
dephasing incoherent superchannel (DISC) if and only if

Apo®y_p=04_p0A,4. (83)

Moreover, the set of all such superchannels that satisfy the
above relation is denoted by DISC(A — B).

Clearly, from its definition DISC(A — B) is a subset of
MISC(A — B), and in particular, it is completely free. Now,
from Lemma 2 it follows that a superchannel ® € DISC(A —
B) if and only if

Dy ® ids(J5) = ida ® D5(I5)- (84)

Moreover, similar to the considerations above, since the map
Dy ®idp —idy ® Dp is self adjoint, it follows that © €
DISC(A — B) if and only if

Tr[J?BYAB] =0 VY € Rpisc, (85)
where
fpisc = {ids ® D(Zag) — Da @ idp(Zyp)
: Zap € Herm(AB)}. (86)

Since the dimension of the subspace Rpjsc is |[AB|(JA| + |B|] —
1) it is sufficient to restrict Y55 in Eq. (85) to the |AB|(|A| +
|B] — 1) elements of some fixed basis of Rpisc. Note also

that the condition above is equivalent to the inclusion J$j €
ﬁﬁlsc» where ﬁﬁlsc is the orthogonal complement of Rpysc in
Herm(AB).

C. Incoherent superchannels (ISC) and strictly
incoherent superchannels (SISC)

Any superchannel ® € G(A — B) has a Kraus decompo-
sition, i.e., an operator sum representation,

Ousp =Y _ O} (87)
x=1

where the Choi matrix of each ®}_, , € £(A — B) has rank
one. We use this property to define two other sets of free
operations that we call incoherent superchannels (ISC) and
strictly incoherent superchannels (SISC).

Definition. Let A and B be two dynamical systems, and let
® € G(A — B) be a superchannel. Then, ® is said to be an
incoherent superchannel (ISC) if and only if it has a Kraus
decomposition {O_, z}7_, as in Eq. (87) that satisfies

Ago® oAy =0 oA, Vx=1,....,n. (88)

Moreover, the set of all such superchannels that satisfy the
above relation is denoted by ISC(A — B).

Definition. Let A and B be two dynamical systems, and let
® € G(A — B) be a superchannel. Then, © is said to be a
strictly incoherent superchannel (SISC) if and only if it has a
Kraus decomposition {®}_, ;}7_; as in Eq. (87) that satisfies

Ago®) ,=0) golAs Vx=1,...,n (89)

Moreover, the set of all such superchannels that satisfy the
above relation is denoted by SISC(A — B).

IV. QUANTIFICATION OF DYNAMICAL COHERENCE

Before we discuss the conversion of one quantum channel
into another using free superchannels, it is important to talk
quantitatively about the coherence present in quantum chan-
nels. This is done by defining functions on quantum channels
that map a channel to a real number. A function is called a
monotone if it follows the condition of monotonicity which
means that the value of the channel should not increase after
the channel is acted upon by a free superchannel. To make this
function meaningful one more condition is added such that the
free channels have the least value. This condition is faithful-
ness, i.e., the value of such a function should be zero iff the
input is a free channel (in our case, the value should be zero
for all classical channels). In the problem of interconversion
of two resources (using the free superchannels), a resource
monotone is specifically useful to tell if one resource can or
cannot be converted to another.

Many types of monotones have been defined in literature
[15], including general distance-based monotones, entropic
monotones, etc. In this section we find the set of monotones
to quantify the coherence present in quantum channels. Our
work is confined to the case of MISC and DISC. We have
divided this section into three subsections. The first subsection
gives a complete family of monotones, i.e., to check for the
convertibility of one channel to another, it is sufficient to
check if the value obtained from all the monotones of this set
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is greater for one channel than other. The second subsection
is based on the relative entropies for channels that form a
monotone under the free superchannels of our theory. We
show that, of the six relative entropies for channels mentioned
in [45], only three relative entropies form a monotone in the
case of dynamical coherence. The last subsection is dedicated
to the monotones that have an operational interpretation in the
resource theory of dynamical coherence, i.e., these monotones
become meaningful when we find the coherence cost of a
channel. One such monotone is known as the log-robustness
of coherence of quantum channels. We show that this function
can be formulated as an SDP. Using this SDP formulation, we
find the upper bound of the log-robustness of coherence of
channels in Appendix C and show that it is achieved by the
quantum Fourier transform channel.

A. A complete family of monotones

In recent works [35,42,44,47,49,51,53,69], various re-
source measures have been formulated for a general resource
theory of channels and for the dynamical resource theory
of entanglement. A complete set of monotones for both the
general resource theory of channels and the resource theory
of entanglement of channels was presented in Ref. [51]. For
the conversion of one quantum channel to another using the
free superchannels of the theory, it is sufficient to check
if all the monotones of this (complete) set acting on one
channel are greater than the other. It was shown that the
complete family of monotones for the dynamical resource
theory of NPT entanglement can be computed using an SDP
(which otherwise for LOCC-based entanglement is known to
be NP-hard [70]). In general, for a given quantum resource
theory, it is not obvious if these functions are computable.
In our work, we find a complete set of monotones under the
free superchannels MISC and DISC, and show that for the
dynamical resource theory of coherence, these functions can
be computed using an SDP.

For a general convex quantum resource theory, we can
define the following complete set of nonnegative resource
measures using any quantum channel P € CPTP(By — Bj)
such that these measures take the value zero on free channels
[51],

Gp(Na)
= max  (Pg, O[N4])
©EFREE(A— B)
— max (Pg, Mp) VY N, € CPTP(A) — A)),

Mpe®(By—B,)
90

where &(By — B;) denotes the set of free channels for
the given resource theory. Recall that using the free super-
channels, one can transform a free channel to any other
free channel. Therefore, using some free superchannel ® €
FREE(A — B), a given free channel N, can be converted
to the optimal free channel M} that gives the maximum
value for the inner product (Pg, Mj) and, hence, the value
of Gp(Ny) is zero for all free channels.

To construct the complete set of resource monotones for
the dynamical resource theory of coherence, we first de-
fine a function fp(M,) using a quantum channel Py €

CPTP(By — B;) and superchannel ® € §(A — B) where
§ = MISC or DISC, as

fr(My)

= max
OeF(A—B)

(Pg, O[M3gl) VY My e CPTP(Ay — A)).
On

Note that Eq. (91) can be expressed as an SDP for a given
channel M, € CPTP(4yp — A)) in the following manner:

frMy) = max {Tr[J3 (UMD @I} 92)

where the maximum is subject to

Jap =0, Jop =Top ®uay,  Jop = las, (93)
Tr[JOs X =0Vi=1,....n. (94)

The conditions in Eq. (93) are the conditions on the Choi
matrix of the linear map ® to be a superchannel. The set of
matrices {XXB}L] in Eq. (94) denote the basis of the subspace
Rz as defined in Eqgs. (82) and (86) for § = MISC and DISC,
respectively. Accordingly, for MISC, n = |AB|(|B| — 1) and
for DISC, n = |AB|(|A| + |B| — 1).

Similar to Eq. (90) and using any channel Pp e
CPTP(By — B)), we can define the complete family of mono-
tones for dynamical coherence in the following way:

Gp(Ny) := max Tr[Jf;)B((Jg\[)T ®JI;P)] — maxTr[JéVlJ;J],
95)

where we have expressed the inner product between channels
as the inner product of the Choi matrices of the respective
channels. The first maximum in Eq. (95) is subject to the con-
straints given in Egs. (93) and (94) and the second maximum
is over all classical channels Mg € €(By — Bj). The family
{Gp} over all P € CPTP(By — B;) form a complete set of
monotones, that is, there exists a ® € §(A — B) where § =
MISC or DISC, that can convert a channel £, € CPTP(Aq —
A)) to another channel Fz € CPTP(By — B)) if and only if

Gp(&a) =2 Gp(Fp). (96)

Remark 1. For the qubit case we calculated the values of
the monotone Gp(Nj) under MISC for a few channels (or
a class of channels) by plugging into CVX. This required
construction of 48 basis elements [Eq. (82)]. The value of
Gp(Ny) for all classical channels is O for all Pg. We found
that for a fixed Pg, the value of all unitary channels is the
same and they attain the maximum value of 2 when Py is the
identity channel. If we fix Pg to be the identity channel, then
we see that for a replacement channel that outputs a plus state
(+) = Ln Z;:OI i), the value of Gig(Ny) is equal to 2. For
any other replacement channel and any depolarizing channel,
Gig(Ny) is less than 2.

Remark 2. Since there are an infinite number of monotones
in the above complete set Gp, it might give an impression that
the conversion of a channel N, € CPTP(Ay — A;) to another
channel Mp € CPTP(By — Bj) using a superchannel ® €
MISC or DISC, is very hard or impractical, but in Sec. V
we show that the problem of interconversion of two quantum
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channels using a superchannel belonging to MISC or DISC
can be computed using an SDP.

B. Relative entropies of dynamical coherence

A measure of distinguishability or divergence D(-|-) of
two states is a function D : D(A;) x D(B;) — R such that
it obeys data-processing inequality and is zero on the set
of free states. One example of such a function is Rényi
divergence [71]. Its two generalizations which have been
given an operational interpretation are “Sandwiched” Rényi
relative entropy (also known as quantum Rényi divergence)
and Petz-Rényi relative entropy. “Sandwiched” Rényi relative
entropy (or quantum Rényi divergence) was introduced and
discussed in Refs. [72-75]. It is based on a parameter o €
[0, oc] and reduces to the relative von Neumann entropy for
a =1, to the relative max entropy for « = oo, and closely
related to the fidelity Tr(o'/2po/2)""* for & = 1/2, where p
and o are two density matrices which are input to the entropy
function. Also, the “Sandwiched” Rényi relative entropy is a
monotone under quantum operations, i.e., satisfies the data-
processing inequality for o € [1/2, oo] [75]. The Petz-Rényi
relative entropy was introduced and studied in Refs. [76-78]
and it finds an operational interpretation in the context of
quantum hypothesis testing. Therefore, these two are relevant
information quantities to consider for quantum information
theory. Other generalizations of the Rényi divergence and the
quantum Rényi relative entropies are discussed in Ref. [79]
but their operational meaning is not clear.

For the channel case (i.e., dynamical resources), the rel-
ative entropies and divergence have been generalized from
the state case (i.e., static resources) and were discussed

J

Ci(O[N4]) =  min

M'e&(By—B) ¢ (RoBo)

<

< min max

Me@(Ag—A;) peD(RyBy)

< min
Me@(Ag—A;) peD(RoAg)

= Ci(Ny),

where the first inequality follows because the relative entropy
of the channel ®[N}] is the minimum taken over all classical
channels in system B and the second inequality follows be-
cause of the data-processing inequality. Note that the relative
entropies C;(Ny) and C,(Ny) are faithful, i.e., they take the
value zero iff Ny € €(Ag — A). The relative entropy C3(Ny)
is a state-based relative entropy and involves no optimization
over the classical channels.

In Ref. [45], there are three other relative entropies that are
defined similar to Cj, C;, and C3, where the optimization is
taken over the set of free states instead of all density matrices.
There, the proof relies on the preprocessing channel to be
completely resource nongenerating. Since, we cannot make
this assumption (because in the dynamical resource theory of
quantum coherence, such a channel would completely destroy
any resource), hence, we cannot say anything about the mono-

in Refs. [35,44,45,48,53,80,81]. The channel divergence for
two given channels N, My € CPTP(Ag — A)) is defined as
Refs. [44,80,81],

DN IIMy) = pomax | D[Ny, (Broto) | Mag—a, (Droao )]
Cn)

where D(p||o) = Tr[p log p — plog o] is the relative entropy.
We take the relative entropies listed in [45] and find the
following three relative entropies to be clearly forming a
monotone under MISC

Ci(My)=  min max
MeC(Ag—A1) $€D (RoAo)

% D[Nag—sa, (Drono) [Mag—a, (Sroa0) ] (98)

GNy) = Meg(lg?—m,) p,aess;lgevo)D[NA (PRoo ) || M (0Roa0) ]
— D(proto || TRo0) - (99)

C:(Ny) = ) max D[Ny (proao)] — D(orony),  (100)

€D (RoAo)

where D(p) = minps)=» D(p|lo’). The proof that the above
relative entropies form a monotone under MISC is similar
to the proof for relative entropies forming a monotone for
a general resource theory of quantum processes as given in
Ref. [45] and are quite straightforward. For completeness,
we give the proof of monotonicity for one of the above
monotones C; and the proof for the other two follows likewise.
Let ®4_.p € MISC(A — B). Then the relative entropy of the
channel ®[N,] € CPTP(By — B;) for some channel N, €
CPTP(A — B) can be written as

max_ D[Ox_ g[Nal(dr,5,) | M3, 5, (¢ro5,) ]
D[©45INA1(re5, ) | ©a— 1M Al (Ro5,) ]

max  D[Ni(proa,) | Ma(proo) ]

(101)

(

tonicity of the relative entropies where the optimization is over
the incoherent states.

To define the resource monotones for DISC, we first define
the function D, : CPTP — R, as follows for any channel
divergence D:

DA(Na) := DN AsINAD), (102)

and for the choice D = Dy,,x we call it the dephasing log-
robustness and denote it by D = LR,

Lemma 3. The function D, is a dynamical resource mono-
tones under DISC.

Proof. Lets © € DISC(A — B) and N € CPTP(4g —
Ay). Then,

DA(Oap[Ns1) = D(Oag[N41| Ag 0 Op_g[Nal)
= D(O 4 p[Na1l1O®ap 0 As[N4])
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< D(Na | A4[NAD)
= Da(Na). (103)

This completes the proof. |

For the case that D(p|lo) = Tr[plog p] — Tr[plogo] is
the relative entropy, we call D, the dephasing relative entropy
of coherence.

C. Operational monotones

This subsection is dedicated to the discussion of the op-
erationally relevant monotones for the resource theory of
dynamical coherence. The monotones discussed here are op-
erationally meaningful in a sense that these monotones are
useful for calculating various costs of coherent channels.
Hence, this subsection can be treated as a preliminary to the
next section where we talk about the interconversion of two
coherent channels. We will see that the monotones which are
based on Dy, like various types of log-robustness, play a
major role in the calculation of coherence cost of channels.

The log-robustness of entanglement for states was intro-
duced and investigated in [82-85]. It was shown that it is an
entanglement monotone and its operational significance for
the manipulation of entanglement was also discussed. The
log-robustness of coherence for states was similarly defined
in [86] and it was shown that it is a measure of coherence. For
a state p4, € D(A}), it is defined as follows:

LRI(,OA,) ;= min Dmax(pA| ||UA]), (104)
o4, €Za,
where 7y, is the set of incoherent states for system A;. The
log-robustness of channels for a general resource theory was
introduced and discussed in Refs. [35,45,53]. It was shown
that the log-robustness of channels satisfy necessary condi-
tions for the resource measure of channels, i.e., it is both
faithful (means, it gives the value zero for free channels, and is
greater than zero otherwise) and a monotone under tensoring,
and left and right compositions with free channels [53]. Like-
wise, we can define the log-robustness of coherence of chan-
nels, which is a monotone under MISC, in the following way:

LR¢(Ny) = )Dmax(NA“gA)v (105)

min
EeC(Ag—A;
where the minimum is taken over all the classical channels.
The proof that it is a monotone is very similar to the proof
presented for the relative entropy C; [see Eq. (101)] and
follows easily using the data-processing inequality. Besides,
it can be computed with an SDP. To see why, note that

LR¢(Ny) = logmin{t >0 : tE4 > Na,

AA[SA] = SA, £ e CPTP(A() — Al)}, (106)

where the first condition arises from the definition of D,,x for
channels, and the second and third arise from the requirement
of £ to be a classical channel. Denoting by w, the Choi matrix
of t&€4 we get that (recall that we are using u to denote the
maximally mixed state)

1
LR¢(Ny) = log miﬂ{mTr[wA] cwp = JY, Dalwal = wa,
0

wa, = Trlwalus,, wa 2 0}, (107)

which is an SDP optimization problem. As such it has a dual
given by (see the Appendix for details)

LRe¢(N3) = logmax{Tr[naJ3] : Da(ia) = Day(1a,) ® ua,,
Da,[na) =Ia,, na > 0}. (108)

Remark. For the qubit case, we calculated the log-
robustness of coherence of few channels. For any classical
channel, the log-robustness of coherence is equal to 0. For the
identity channel it is equal to 1. For any replacement channel
and depolarizing channel, its value is between O and 1. If
the replacement channel is the one that outputs the plus state
(+) =L Z::ol |7)), then the log-robustness is equal to 1. For

any unitary channel, we found that the value of log-robustness

of coherence is between 1 and 2. We found that the value
obtained for the Hadamard gate is the maximum and is equal
to 2. In these examples, we can see that a quantum channel
can have the ability to preserve and/or generate coherence.
For instance, replacement channels cannot preserve coherence
but can only generate coherence whereas the identity channel
can only preserve coherence but not generate coherence. The
unitary channels can do both, i.e., they can preserve coherence
as well as they can generate coherence. This fact explains the
higher value of the log-robustness of coherence of the unitary
channels as compared to the replacement channels. Also, as
calculated in Appendix C, the quantum Fourier transform
channel has the maximum value for this monotone. This can
be explained from the fact that a QFT channel can generate the
maximally coherent state from a free state and has the ability
to preserve entanglement. (Note that the replacement channels
are entanglement-breaking channels.)

Next, we show the additivity of log-robustness of coher-
ence of channels under tensor products. This result is useful
when we go to the asymptotic limit.

Lemma 4. The log-robustness of coherence of a channel is
additive under tensor products, i.e.,

LRg(Nx ® My) = LR¢(Ny) + LRe(My). (109)

Proof. For the proof of the inequality LRy (N @ Ma/) <
LR¢(Ny) 4+ LRe¢(My), let LRe(Ny) = Diax(Nall€4) and
LRs(My) = Diax(Ma||E4r) for some optimal 4 and Eu.
Then, we have

LRe(Na ® My) < Dinax(Ny @ My |1E4 ® En) (110)
= Dinax(Nall€4) + Dimax(Mar[|E4) (111)
= LR¢(Na) + LRe(My). (112)

The first inequality follows trivially from the definition of log-
robustness and the second equality follows from the additivity
of Dpax.-

To prove the converse, ie., LReNy® My)>
LRy (Ny) + LRg(My), we will use the dual of the
log-robustness as given in Eq. (108). Let n4 and n4 be
the optimal matrices for the dual of LR¢(Ny) and LR¢ (M),
respectively. Then we have

2LR¢(/\/A) — TT[UAJXVA], 2LR¢(MA') — Tr[TIA’JMA/]. (113)
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Since, LR¢ (Ny ® My) = log max Tr[n),, (JAAX@M”“ )] where
the maximum is over all n,,, > 0, satisfying

Daa(Mya) = DAOA;)(TIAOAE)) Q upay, Daya [TI,;,A/I] = Ipa;.
(114)
For the particular choice of n44 = 14 ® na, itis easy to verify
that it satisfies the above conditions and therefore for this
choice of ng4 we have

LR (NA® M) > TT[TIAA/ (JAJX,@MA/)] — JLRe(Na)gLRe(My)
(115)

In the above equation, the first inequality follows from
the dual of the log-robustness of channels and the sec-
ond equality is because 74 and 154 are optimal for
LRs(Ny) and LRg(My). Hence, the above equation
implies

LR¢(Na ® My) = LRe(Na) + LRe(My). (116)

This establishes the additivity of the log-robustness of
a quantum channel, ie., LRg(Ny ® My ) = LRe(Ny) +
LRs(My). u

Another type of log-robustness, the dephasing log-
robustness, which will be used to find the exact cost under
DISC, is defined by

LRA(N4) := Dinax(NallA4[N4]) VN € CPTP(Ay — A)).
(117)
The dephasing log-robustness is a monotone under DISC
which is easy to show using Eq. (83) and data-processing in-
equality. While the log-robustness behaves monotonically un-
der any superchannel in MISC, the dephasing log-robustness
is in general not monotonic under MISC. Instead, it is mono-
tonic under DISC.
Lemma 5. For any N € CPTP(A49 — A;) and O €
DISC(A — B) we have

LRA(®a—5[N4]l) < LRA(NY). (118)

Proof.

LRA(®4-5[NA]D) = Dinax(®a— s[NaTAs 0 Op—5[Na])
= Dmax(GAHB[NA]”@A»B o AA[J\/A])
< Dmax(/\[A”AA[NA])

= LRA(N2), (119)

where the second equality follows from the commutativity of
® and A, and the inequality follows from the data processing
inequality of the channel divergence Dy, [44]. [ |

We prove here that the dephasing log-robustness is also
additive.

Lemma 6. Let N € CPTP(A4g — A;) and Me€
CPTP(By — B;) be two channels. Then,
LRA(N3 ® Mp) = LRA(Ny) 4 LRA(Mp). (120)
Proof.
LRA(Ny ® M)

= Dinax(Na ® Mpl|Asg[Na @ Mg])
= Dinax(Ny ® Mpl|AA[NA] ® Ap[M3p])

= Dinax(Na | Aa[NA])
+ Diax (M|l Ag[Mp])

= LRA(N,) + LRA(Mp), (121)

where the third equality follows from the additivity of Dy«
for channels. |

We also define smoothed log-robustness and asymptotic
log-robustness which would be useful in finding the approxi-
mate and liberal coherence costs of a channel whose meanings
are discussed in detail in the next section. From Ref. [45],
we know that smoothing maintains monotonicity. Thus, the
smoothed log-robustness which is defined below is also a
monotone

LR (Ny) := min  LRe¢(N}), 122
¢ (Na) o in e(WNy) (122)

where the minima is taken over the log-robustness of all
channels that lie within the e-ball given by the diamond norm.
This e-ball, B.(N}), around the channel N is defined as

B:(Na) = {N" € CPTP(4g — A1) : 3N} = Nalle <€}
(123)

To obtain the asymptotic log-robustness, we first regularize
the smoothed log-robustness and then take the limit € — 0.
Thus, the asymptotic log-robustness is defined as

1
LRE(N4) = lim liminf —LRG (N2").

e—>0t n—oo pn

(124)

Similarly we define the smoothed dephasing log-
robustness and asymptotic dephasing log-robustness, both of
which are monotones under DISC. The smoothed dephasing
log-robustness is defined by

LR = i LR . 125
SN o lin AN (125)
and the asymptotic dephasing log-robustness as
1
LRY(Ny) = El_i§)1+ lim ZLRGA (V2. (126)

Now we define the log-robustness with “liberal” smoothing
[45] which we find to have an operational meaning. Let

LRZ?(Ny) == min  LRe(N)), (127)
N'eB{(Ny)
where
B?(Ny) := {N' € CP(4y — A)) :
”NX(‘pRAO) _/\/;\(‘pRAO)||| <e}, (128
and consider its “liberal” smoothing
LRG(N,y) = ¢enDl(aI§10)Lsz(M)' (129)
Define also
LRS"(Ny) = %we%%o)LRgW@" (N (130)
and
LRI (N) = Jim lim inf LR (Ny). (131)
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In Ref. [45], a new type of regularized relative entropy of a
resource given by

1
D(Qoo)(./\/;;) := lim — sup min
n—oon (/JECD(RA())SEC(AS*)A?)

x D[NﬁiA] (wl?xlo) H SAS_’A? (‘pl%d\no)] - (132
The quantity D(¢°°)(N 1) behaves monotonically under com-
pletely RNG superchannels and satisfies the following asymp-
totic equipartition property (AEP),

LR (Ny) = DEV(Ny). (133)

V. INTERCONVERSIONS

As the name suggests, in this section we discuss the
conversion of one channel into another. Conversion of one
resource to another using the set of free operations is one
of the major tasks of resource theory [15]. This conversion
can be of various types like single shot (exact or approxi-
mate) interconversion, asymptotic interconversion, catalytic
interconversion, etc. Addressing this leads to two very in-
teresting questions. The first is the problem of finding the
cost, i.e., minimum amount of maximal resource necessary
to output a given resource using free operations, and the
second is distillation which is the inverse problem of cost, i.e.,
asking how much maximal resource can be extracted from
a given resource using the free operations. We answer these
questions in this section for the resource theory of dynamical
coherence. Note that since we just require two copies of
the maximally coherent replacement channel to simulate the
maximally coherent channel (refer to Appendix C), we use the
maximally coherent replacement channel to compute the cost
and distillation.

This section is broadly divided into three parts namely, the
conversion distance of coherence, cost of a channel, and the
problem of distilling an arbitrary channel into pure-state co-
herence. The first part is discussed in Sec. V A where we take
up the task of conversion of one channel into another using
MISC or DISC. For this task, we form a function called the
conversion distance, and claim that if the conversion distance
is very small, then, we can simulate one channel using the
other with the help of free superchannels. We show that for
the dynamical resource theory of coherence, the conversion
distance dg(Ny — M) for two given channels NV and Mp
can be computed with an SDP. We then take up the problem
of finding various costs of coherence which are discussed
in Secs. VB, VC, and VD. In these three subsections, we
calculate the exact, approximate and “liberal” coherence cost
of a channel and show that the “liberal” cost of coherence is
equal to a variant of the regularized relative entropy. In the last
Sec. VE, we calculate one-shot distillable rates and end the
subsection by providing examples of the distillable rates for
partial depolarizing channel and partial dephasing channel.

A. The conversion distance of coherence

The conversion distance from a channel N, €
CPTP(Ay — Ay) to a channel Mp € CPTP(By — Bj) is
defined as (with § standing for either one of the four

operations MISC, DISC, ISC, and SISC)

dz(Ny — Mg):= min
OeF(A—B)

5104 8INA] — Mg,

(134)
Recall that the diamond norm is used to measure the distance
of two quantum channels and is defined in Eq. (56). Therefore,
if the conversion distance from a channel N, to another
channel My is very small, then ®4_,g[N4] is very close to
My, which implies that N, can be used to simulate My
using free superchannels. We now show that for § = MISC
or § = DISC, this conversion distance can be computed with
a semidefinite program (SDP).

Theorem 3. Let {Xip}", be the basis of the subspace Rz
as defined in (82) where n = |AB|(|B| — 1) for the case § =
MISC and n = |AB|(|A| + |B] — 1) for the case § = DISC.
Let asp denote the Choi matrix of the superchannel ®. Then,
ds:(NA — Mp), can be expressed as the following SDP:

dz(Ny — Mp) = min A, (135)
where the minimum is subject to
Mp, > wg,, wp >0, asp >0,
wp > TrA[aAB((JXV)T ® IB)] —JM, (136)
OlAB, = Qa,B, @ Ua,, OA,B, = Ia,B,, (137)
Tr[ousXiy] =0V i=1,....n. (138)

Proof. The proof of the above theorem depends on the fact
that the diamond norm can be expressed as an SDP [87] and
is presented in detail in Appendix B. ]

Remark 1. The code to calculate the interconversion dis-
tance from one channel to another is given in Ref. [88].

Remark 2. For MISC, the interconversion distance from
the Hadamard channel to the maximal replacement channel
(i.e., the channel that outputs a maximally coherent state ¢;§l
for any input) is 0, i.e., it is possible to construct a protocol
to convert the Hadamard channel to maximal replacement
channel using the maximally incoherent superchannel. We
also found that the interconversion distance from two maximal
replacement channels to a Hadamard channel is also 0 which
was expected from the results of Appendix C.

B. Exact asymptotic coherence cost

The exact single-shot coherence cost of a channel Ny €
CPTP(Ay — A)) is defined as the log of the minimum dimen-
sion of the maximally coherent state which can be used to
convert to the given channel using a free superchannel and
can be expressed as

CI(N3) := min {log|R| : 30 € F(R; — A) s.t.
Or, -4l ] = Na}. (139)

where the zero on the superscript of C on L.h.s. means that the
conversion is exact. In our work, we consider the two cases of
§ = MISC and § = DISC. The exact asymptotic coherence
cost is defined by regularizing the exact single-shot cost which
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is given as

X : 1 n
C$(Na) = lim EC% (V2. (140)

We now compute this exact coherence cost for both MISC and
DISC.

1. Exact cost under MISC

Theorem 4. The exact coherence cost of a channel N €
CPTP(A¢p — Aj) under § = MISC is given by

C3*"(Na) = LRe(Nay). (141)

Proof. To prove the above theorem we first prove that

LRe(Ny) < CI(N) < LReNa) + 1, (142)

and then we regularize the above condition and use the
additivity of LR¢(N}) to find the exact asymptotic cost of a
channel.

For the proof of LR¢(N) < CY(N), let ©® € MISC(R; —
A) be an optimal superchannel satisfying Og, . 4[¢ 1 = Na
such that Cysc(Na) = log, |R;|. Therefore,

LR¢(Ny) = Dmax(Na| 1) (143)
= Dinax (Or, 407 ][ €4) (144)
< Dunax (O, -4 [ 04 ][O, -4 [D(94)]) (145
< Diax ¢z, [ D(#4,)) (146)
= log, |R| (147)
= CI(\), (148)

where the first equality follows from the definition of log-
robustness of a channel [see Eq. (105)] for some optimal
classical channel £4. The first inequality above arises because
we have chosen the optimal &, such that Dy (Na|E4) is
minimum. The second inequality, i.e., Eq. (146) follows from
the data-processing inequality. The equality in Eq. (147) can
be be easily computed following Eq. (39).
To prove Cg(./\fA) < LRe(Ny) + 1, first let

LR¢(N4) = Dinax (N || €4) = log, t (149)

for some optimal ¢ satisfying tE4 > Ny. Also, let m = [t],
so that m&, > Ny still holds. Let R be a static system such
that |R;| = m. We now define the following supermap. For
any state pg, € D(R)),

1
Qr—a[or ] == %(TF[W{, PR ] — Z)NA

m

+m—1

(1 —Tr[of or,])6a.  (150)

Note that the supermap Qg4 € F(R; — A) as it can be
expressed as

$2Ri—~a ['ORI] = Tr[¢;{] PRI]NA
1
+ m— 1 (1 - Tf[¢1Jer,PR,])(m€A —MNy),
(151)

where m&Ey — N > 0. Also observe that Qg, 4 (¢IJ{1) = Nj.
Hence, such a superchannel implies that

CI(Ny) = log, m =log,[t] <log,t + 1 = LRe(Ny) + 1.

(152)
This completes the proof of LRe(N3) < C%(./\fA) <
LRe(Ny) + 1.

Therefore, using regularization and the additivity of
LRs(Ny), we can conclude

C5 (Na) = LRe(Ny). (153)

2. Exact cost under DISC
The dephasing log-robustness is given by Eq. (117),

LRA(NY) := Dimnax (V4[| A4INAD) Y N € CPTP(4¢ — A)).
(154)
By definition we have LRs (N3) < LRA(NY).
Theorem 5. The exact coherence cost of a channel N, €
CPTP(Ayp — A;) under § = DISC is given by

CE™ (N) = LRA(N), (155)
Proof. We first prove that
LRA(NA) < CprscWNa) < LRAWND) + 1, (156)

and then we use the additivity of LRx.

For the proof of LRA(N,) < CSc(Na), let © €
DISC(R; — A) be an optimal superchannel satisfying
Or, -l 1 = Na such that Clgc(Na) = log, |R;|. There-
fore,

LRA(N) = Drnax(NA I AAINA]D (157)
= Dinax (Or,—a[05 ]| Aa 0 Or,ma[@f ) (158)
= Dinax (Or, -4 [05 ]| Ori—a[Dr (#7)]) (159)

< Duax (97, | Dr, (07,)) (160)
= log, |Ry| (161)
= ChiscNa). (162)

For the proof of C3gc(WNa) < LRA(Ny) + 1, first let

LRA(N) = DinaxNa || AATN4]) = log1? (163)

for some optimal ¢ that satisfies tA[N] > N. Also, let m =
[t] so that mA[N] > N still holds, and let R; be a static
system with dimension |R;| = m. We now construct the fol-
lowing supermap. For any state p € D(R)),

1
Qr,—a[pr, ] = %(Tr[(b]—; or ] — ;)N;\

* Ll(l — Te[op pr, ]) AalNA].  (164)

The supermap Qg4 has several properties. First, it sat-
isfies Ay 0 Qg 4 = Qg,—4 © Dg,. Indeed, for any density
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matrix p € ®(R;) we have

1
m% (Tr[@-; PR, | — Z) A4[NA]

Ay o Qpalpr | = 1

+ il(l — Tr[@F, pr, ]) AalNG]
= As[Nal, (165)

and

Qr,—a[Dr, (pr,)]

- <Tr[¢;, D, (pr,)] —

m —

.

+ —mni - (1= Tr[ &g, Dr, (or,) ]) AalN]

= (- a2 (1o s
—1 m 1 m

= AalNal,

so that Ay o Qp, .4 = Qg4 0 Dg,. Second, Qg4 is a su-
perchannel since the above map can be expressed as

3=

~—

(166)

1
Qr,—a[pr | = Tr[df or, N2 + ﬁ(l — Tr[¢z or,])

X (MAA[NA] — Na) (167)
and mA4[N4] — Ny > 0. Hence, Q € DISC(R; — A). Fi-

nally, observe that QR1_>A[¢R1] = N,. Hence, the existence of
such €2 implies that

CoiscWNa) < logt + 1 = LRA(NY) zrl 618)

This completes the proof. |

logm = log[t] <

C. Coherence cost of a channel

To find the approximate coherence cost (we will call it
coherence cost) of any N' € CPTP(4g — A;), we first define
the smoothed coherence cost as

Cs(Na) = NmmN CI(N}). (169)

where
Bc(Na) = {N" € CPTP(A4g — A1) : 5IIN; — Nalls < €}.
(170)

The coherence cost of the channel N is then given by the
regularization of the smoothed coherence cost and taking the
limit of € — O

. N "
Below we find the coherence cost under MISC and DISC.

1. The cost under MISC
Theorem 6. For § = MISC,

C3(Na) = LRF (Na). (172)
Proof. First, note that from Eq. (142) it follows that
LRg(Nyx) < C5(Ny) < LRG(Na) + 1. (173)

Hence,
1 1
~LRg (WP < C?(N 2 < LRG (V) + - (74
and the limit n — oo concludes the proof. |
2. The cost under DISC
Theorem 7. For § = DISC,
Cs(Na) = LRY (Ny). (175)

Proof. First, note that from Eq. (156) it follows that

LR, (Na) < C5(Na) < LRL(Na) + 1. (176)
Hence,
1 € N®n € N®n 1 € N®n 1
;LRA( A )< _CS( A )g ZLRA( A )"‘;’ (77
and the limit n — oo concludes the proof. ]

The lack of AEP for channels motivates us to consider a
more liberal method for smoothing.

D. Liberal coherence cost of a channel

We define the liberal one-shot e-approximate coherence-
cost as

Cs(Na) = %IZTDI?R?;U)C;’W(NA), (178)
where
C5"Na) = NA?&%I(INA)C%(M)’ (179)
and
B?(Ny) := {N' € CP(Ag > Ay) : N, (¢ra,)
— Na(ora,) Il < €}. (180)

The liberal coherence cost is defined by regularizing the
liberal one-shot e-approximate coherence cost and then taking
the limit of € — 07 as follows:

®n

C(oo)(J\/;\) = lim lim max Cew (V&)

e—0t n—00 pe®D(RA) N

= lim lim max min —CS(N’H_)Bn)
€—>0F n—=>00 peD(RA) zri¢ Bw®” (Nen) n

(181)
One can interpret the above cost in the following way. For any
pure state ¢ € D(RAp) (with |R| = |Ag| and ¢ is full Schmidt
rank) we define a ¢-norm

I€ally = || €a(@ran) |- (182)
Then the liberal cost can also be expressed as
CYO(Ny) = lim i N
Na) = LI{)IJ’ "an}o (ﬂenﬁl?%%) N7 N®"”¢®n <en 3( —B )-
(183)

That is, we smooth with the go
over all such norms.

,,-norm and then maximizing
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Theorem 8. For § = MISC,
CEP (N = D (N). (184)

Proof. From Eq. (142) it follows that that for any fixed ¢ €
D (RA() we have

LRG?(Na) < C5%(Na) < LRGY (Na) + 1. (185)

From Eq. (185) it follows that CY”'(N3) = LRE”(N) so that
the theorem follows from the AEP relation Eq. (133). |

E. One-shot distillable coherence

We now consider the problem of distilling an arbitrary
channel into pure-state coherence using MISC and DISC. Let
® € §(A — B;) where § = MISC or DISC, such that for any
input channel &,, the output is a state preparation channel
Fp € CPTP(By — Bj) where By is a trivial system. For € > 0
and n = |B,|, define

DISTILLS(N,) = logmax {n : (¢f |O[Nal|¢f ) > 1 —e,
© € F(A — B}, (186)

which represents the largest coherence attainable by MISC or
DISC within e-error. For all N' € CPTP(Ay — A;), we can
write

(04, |OIV1|¢,) = (05, | (Tra[355, (U2 @ 1) ])[b4,)
= Te[J5, ((U2)" @ ¢5)]. (187)

Note that the space of all operators that are invariant under
any permutation in the classical basis, is a linear combination
of maximally mixed state, #4, and maximally coherent state,
¢;Ll . Any operator is permutation invariant if

I, o Hi = o V permutation matrices IT,. (188)

The permutation-twirling operation can be expressed in the
following way (see, for example, Ref. [89]):
1
)= — sl
TO)=— > MO VL, (189)
X

where m is the dimension of the input system. Observe that
the output of the above permutation-twirling operation on any
state is permutation invariant and so can always be represented

as a linear combination of qﬁ;; and uy, . Hence, we can express
the second equality in Eq. (187) as

Tr[3%, (V) © ¢;)]
= T35, (1) © T(94))]

loss of generality we can express the Choi matrix JE)B] in
following way

® 1
Jip, = s ® ¢ + P lﬂA ® (Is, — ¢5,) (191)

where n = |By| and a4, B4 € Herm(A) such that Jg, >0,

Jf?l‘ =1I,,, and J,? = J/(;)o ® uy,. In terms of oy and B4, we can
write these conditions as

as, Ba 20, (192)
Tr(as + Ba) = A1, (193)
ag + Ba =Tra (s + Ba) Qug,. (194)

From the MISC condition of DAB(JX’B =Ds® idB(Jg)B), we
get

D(ap)(n — 1) = D(Ba).

Defining B4 = pa, ® I, — s where pu, = ﬁTrA](otA +
Ba). Since Tr[pa,] = 1, pa, is a density matrix. So, we can
rewrite these constraints as

(195)

ay =0, (196)
Pay @Iy, = oy, (197)

1
~D(pa,) @ I, = D(@a), (198)
Pa, € D(Ao). (199)

We can also consider imposing the additional DISC constraint
of idy ® Ds(J%,) = Dy @ ids(J,) which gives

o4+ ﬂA = D(O(A + ,BA)
This amounts to replacing Eq. (197) with the condition

(200)

nD(ay) > agu. (201)

Next notice that we can always write as = Da(a) + ya
for some y, with zeros on the diagonal. Then, since

Tra, [(J)'] = I, we can write
Trfa (/1) ]
= Te[(Da(en) +14) (1) ]
= Tr[Da(ea) (2) ]+ Te[a ()]

= TI[GD(pAO) ®IA1>(JXV)T} + Te[ya(1)"]

1
=+ Teln()'] (202)

Hence, we have the following one-shot distillable rates.
Theorem 9. For § = MISC or DISC,

- S T
= Tr[(ids ® T(I55,)) () ® ¢4)].  (190)
where the second equality follows from the fact that 7 is self- DISTILLS (N) = log max n, (203)
adjoint in the Hilbert-Schmidt inner product. Hence, without such that
|
1
T[a(N) 121 - e, (204)
n
Da(ya) =0, (205)
P4, € D(Ao), (206)
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1
|::0A0 - r_zDAO (,OA(,)] Qs = ¥a

n—1
Dyy(pay) @ 1a, = ya

Remark 1. The first condition in the above theorem,
ie., Eq. (204) follows by substituting Eq. (191) in
Tr[JAB] (T ® ¢3,)] and using the fact that Tr[¢; ¢ | =
Tr[d)Al] and then plugging the result in Eq. (202). The Lh.s.
of Eq. (207) is a consequence of Eq. (197) and (198) whereas
the r.h.s. is a consequence of Egs. (196) and (198). Similarly,
for DISC, the Lh.s. of Eq. (208) is a consequence of Eqs. (198)
and (201) whereas the r.h.s. of Eq. (208) is a consequence of
Egs. (196) and (198).

Remark 2. Note that D§;;s(N) = D§c(N) when |Aq| =
1, and their common rate matches that given in Refs. [90,91]
for distilling coherence from static resources (i.e., states).
However for channels, the MISC and DISC distillable coher-
ence can possibly differ. We leave it as an open problem to
find channels that have such a property.

Example 1. Let us consider the partially depolarizing
channel ./\fxd’e; :B(A) — BA)),

NP0 = A + (1= W)Trlxua,, (209)

where d = |A||. The Choi matrix of this channel is given by

dep 1—A

L =hel s+ — i, (210)
We exploit the symmetry by noting that both ¢:‘: i and I, 7,
are U* ® U invariant. We restrict our twirling to an average
over the group of incoherent unitaries, i.e., each U involves
a permutation and/or a change in relative phase. Note that
dephasing commutes with this operation so if Eq. (198) holds
before the twirl, it will also hold after. The action of twirling
will convert pa, ® I3, — ua, ® Iz, while converting a4 into
an operator of the form

s =py_lij) l]|+6]Z|ll (il +r Y i) (j I
i#j i#]
=py_lij) lJ|+(q—r)Z|n Wiil +r¢y . (211)
i#]
The eigenvalues of a, 4, are easily seen to be {p,q —r,q —
r + rd}, and so Egs. (196) and (197) require that p,g —r > 0

and p,q —r +rd < . From Eq. (198), we must also have

p=gq = —. With these constraints in place, our goal is to
maximize n such that

dep (d ) 1
Tr[oy 5 705 ] = (1= 1) — +<@_V)

x [Ad + (1 = 1)) + r[rd?

+(1 =)
212)

This function is strictly increasing w.r.t. r, and the constraints

necessitate that » < min{(’}—j%, ﬁ}. So when n < d, we take

1
> —r—lDAO (oa,) ® I,

1
> _;DAO (0ay) ® I,

(specifically for § = MISC), (207)
(specifically for § = DISC). (208)
[
r= %% and obtain
Tefal SV = (1 — 2L Ad 4 (1 —
[AIAIAIAI] - )nd + nd(d — )[ + 1 —=A)]
n—1
— [A? 1—A
+nd(d—1)[ + ( )]
=(1 —A)—+A. (213)
n

Notice that when A = 1 we obtain Tr[ozZ A ]Xv:ep] = 1. This

says that logn bits can be perfectly d1st111ed Wthh is ex-
pected: the free superchannel just consists of inputting (;5:‘”1 i
into the given channel and then as post-processing performs
a MIO map that converts ¢:} 4, into ¢35, However, if n > d,

then we take r = ﬁ and Eq. (213) becomes

1 d
T gN®PY _
Trfoy ; Tz ] = (1 - M)+ —h.

(214)

Notice also that in this case our optimizer p,, is completely
dephased, which means our solution for MISC is also the
solution for DISC. We summarize our findings as follows.

Lemma 7. For the partial depolarizing channel A, ﬁ 3’ and
0<e <,

DISTILL{ g (V) = DISTILL{ 0 (NVF)
log| o2 | ife < (d—l;(l—)»)
log | =424 | ife > —(d_lzi(l_k).
(215)

Example 2. We next consider the partial dephasing chan-
nel : B(A) — B(A)),

N2OO = x4+ (1= DGO (216)
The Choi matrix of this channel is given by
d
Jj\]/;ip =) +(1 —2) Y li)iil. (217)
i=1

By the same argument as before, we can assume without loss
of generality that o4 has the form

p Y I+ (g - r)Zm Wil + 1} ;. (218)

i#]

0g4 =

However, this time the fidelity with ¢;§1 is given by

1
Tr[o) 4 Jae ] = (E - r)ci Frad? + (1= 2)d]. (219)
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Again, the constraints of the problem demand r <
min{2=t-L L} ‘When n < d, it holds that
d—n n—1
T NA&T _
Tr[OlAlA,JAIA,] Tad=-1 " nd- 1)[)»51 + (1= A)]
1 — DA
_lte=Dr (220)
n
However, when n > d, we take r = ﬁ to obtain
Ad+(1—=2X)
T A
Trle 4,904, = ——,— (221)

These are the same maximum fidelities as the depolarizing
channel, and we therefore have the following conclusion.

Lemma 8. For the partial dephasing channel ./\&A,d and 0 <
€ <1,

DISTILLY; g (N?,) = DISTILL ¢ (NY,)

_ log |_ ll;ie

- log [ 152

ife < —(dflil(lfx)
ife> (dflii(lf)\)'

(222)

VI. OUTLOOK AND CONCLUSIONS

In this paper, we have developed the resource theory of
dynamical coherence using the classical channels as free
channels. In previous works on the quantum resource theory
of dynamical coherence [27,29,30,35,43], the free channels
were taken to be the free operations from the QRT of static
coherence, like MIO, IO, etc. However, if we consider dis-
tributed quantum computing scenarios, then one encounters
channels with noisy pre- and post-processing links. In this
case, a natural candidate for free channels are those with com-
pletely dephasing pre- and post- processing. What emerges
is a resource theory in which the free objects are the set
of classical channels. Note that in such a theory, the T-gate
(crucial for quantum computation) is not free and even the
quantum identity channel is not free as the preservation of
coherence should be considered a resource.

Similar to the static QRT of coherence where the free oper-
ations can have a nonfree dilation, in our work on dynamical
QRT of coherence, the free superchannels can have a nonfree
realization. That means, the pre- and post-processing channels
need not be classical. The only requirement on the set of free
superchannels comes from the golden rule of QRT. This im-
plies that the free superchannels must never generate coherent
channels when the input channels are classical, even when
tensored with identity, i.e., even when the free superchannel
acts on a part of the input classical channel. This enlargement
of the set of free superchannels is necessary for a meaningful
resource theory of coherence. Take for example the set of free
superchannels which can be realized only by classical pre- and
post-processing channels. In this case, the output channel is
always classical irrespective of the input channel, eliminating
all the advantage offered by a quantum channel. Thus, such
free superchannels cannot be used to study the resource theory
of quantum coherence.

In Sec. III, we start by defining four sets of free super-
channels. We name them as maximally incoherent superchan-
nels (MISC), dephasing-covariant incoherent superchannels

(DISC), incoherent superchannels (ISC), and strictly inco-
herent superchannels (SISC). We show that the set of free
superchannels in the dynamical resource theory of coherence
can be characterized analogous to the free channels in the
static resource theory of coherence. We also show that MISC
and DISC can be characterized just on the basis of their Choi
matrices and dephasing channels which is given in Egs. (76)
and (84) for MISC and DISC, respectively.

Section IV then deals with the quantification of dynamical
coherence. In Sec. IV A, we find the complete set of mono-
tones for MISC and DISC. That means, to see if we can
convert from one quantum channel to another, it is sufficient
to check if all the monotones of this (complete) set acting
on one channel are greater than the other. A complete family
of monotones for a general resource theory of processes was
presented in [51]. It is, in general, a hard problem to compute
these functions and in some cases like LOCC-based entan-
glement, it is even NP-hard. We show that for the resource
theory of dynamical coherence, these functions (under MISC
and DISC) can be computed using an SDP [Eq. (92)]. Next,
in Sec. IV B, we also find monotones that are based on the
relative entropy. In Ref. [45], Gour and Winter showed that
the generalization of relative entropy from states to channels
is not unique. In their work, they listed six relative entropies
as measures of dynamical resources. They also introduced a
new type of smoothing called “liberal” smoothing. We show
in Sec. IV B that out of these relative entropies defined in
Ref. [45], three relative entropies clearly form a monotone
under MISC. For the case of DISC, we show that the channel
divergence for a given channel and the same channel acted
on by the dephasing superchannel forms a resource mono-
tone under DISC. We then discuss various types of channel
log-robustness of coherence, which are based on the max-
relative entropy of channels Dy, and we show that it can
be computed with an SDP [Eq. (107)]. For the qubit case,
we calculated the log-robustness of coherence for classical
channels, identity channel, replacement channel, depolarizing
channels, and unitary channels. We also show that the log-
robustness of coherence of channels is additive under tensor
product (Lemma 4). We then define a “liberally” smoothed
log-robustness of coherence which when regularized is equal
to a regularized relative entropy introduced in [45] (i.e., it
satisfies AEP), and behaves monotonically under completely
resource nongenerating superchannels..

The next section is dedicated to the problem of interconver-
sion of one resource into another. In Sec. V A, we define a con-
version distance between two channels [Eq. (134)]. A given
channel can be simulated using another if the interconversion
distance is very small. For MISC and DISC, we showed that
the interconversion distance can be computed using an SDP
(Theorem 3). We then calculated the exact, asymptotic, and
liberal cost of coherence of a channel and found that the liberal
cost of coherence is equal to a variant of regularized relative
entropy. Last, in this section, we also define the one-shot
distillable coherence for MISC and DISC, and calculate it for
partial depolarizing and partial dephasing channels.

Due to the realization of a superchannel as a pre- and post-
processing channel, there are added complexities in the gen-
eralization of a quantum resource theory of states to channels
as mentioned in Ref. [51]. In our case, we see that the simple
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generalizations do not work. For example, while calculating
coherence costs, we had to introduce the concept of liberal
cost (based on liberal smoothing as defined in Ref. [45]) to
show it to be equal to a relative entropy.

Clearly, our work is just a start of a whole unexplored
field of the quantum resource theory of dynamical coherence.
For instance, one can solve for interconversion, cost, etc., for
ISC and SISC. One can define more sets of superchannels
analogous to how various free operations are defined in the
static case. We also leave as open the problem of finding an
example of a channel where the MISC and DISC distillable
coherence are different. In Sec. VE, we worked out the
distillable coherence for the partial depolarizing channel and
the partial dephasing channel and found no difference for
MISC and DISC case.

Note added. Recently, we became aware of the work [92]
which considers resource preserving channels as a resource in
a general resource theory.
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APPENDIX A: PROOF OF DUAL OF THE
LOG-ROBUSTNESS

Finding the dual of the log-robustness [LR¢ (N4)] is equiv-
alent to finding the dual of 2L8¢ VW) From Eq. (107), we can
write 2LRe VA g

min { LTr[a)A] :

ws = JX\/, Dalwal = wa,
|Aol

wp, = Trlwalua,, ws = 0}, (Al)

I . .
where uy, = ﬁ. The primal problem of the above conic
linear program can be stated as

min {ﬁTr[a)AIA] P D(wp)—Hy € Ry, 02 0}, (A2)
0

where I'(ws) is a linear map and is expressed as a
3-tuple such that I'(wa) = {wa, — Trlwa, ua,, @4, @wa —
D(wa)}. The separation of elements in the tuple can be
understood as a direct sum between the subspaces in a
larger vector space. Likewise, H, is also expressed as a 3-
tuple such that Hy = (0O4,, J/{v ,04). The cone K, can be ex-
pressed as a 3-tuple as £ = {(04,, {4, 04) : 4 > 0}. Hence,
the dual cone 85 = {(Z4,, Ba, Wa) : Z4, € Herm(Ay), Ba =
0, W4 € Herm(A)}.

Therefore, it is easy to see that the dual to the above primal
problem is

1 " .
e mTr[,BAJA | ¢ Ia = T*(Zay. Ba- Wa) = 0,
0

Zy, € Herm(Ap), Wy € Herm(A), B = O}. (A3)

To find I'*(Z4,, Ba, Wa), we need to equate
Tr[(Zay, Ba, Wa)T(wa)] = Tr[T*(Zs,, Bas Wa)wa].  (A4)
From the Lh.s. of Eq. (A4), we find
Tr[(Za,. Ba. Wa)T(@a)]
= Tr[Z4, (w4, — Trlwa,lua,)]

+Tr[Bs wal + Tr[Wy (wa — D(wa))].  (AS5)
Therefore,
T*(Za,» Bas Wa) = Zay ® In, — Tx[Zn, |ua, ® In, + Ba
+ Wi — DWy). (A6)

So, we can rewrite the first constraint in the dual problem as

Iy
_— = ZAO X IA] =+ TI‘[ZAO]MAO
Aol

®ls, — Ba —Wa+DWy) 2 0. (A7)

Now let n4 > 0 obey the following conditions:
Da(na) = Day(n4,) @ uta,, Da,[na ] =1In,. (A8)
Any such matrix can be expressed as

(Upy — Za, + Tr[Zy,lua,) @ I, — Wa +D(W,4). Hence, we
can express Eq. (A7) as

na = Ba = 0.

Since J/{‘[ > 0, therefore from the above equation we get

Te[nady'] = Te[Bad? ] (A10)

(A9)

Hence, we can recast the dual problem in the following form:
max {Tr[naJi'] © Da(na) = Da,(1a,) ® s,
Da,[na,] = I,, ma > 0}.
Therefore,
LR¢(Ny) = logmax{Tr[naJ3' ] : Da(na) = Da, (na,) ® ua,.
Dy, [na,] =Ia,, ma =0}, (A12)
which is Eq. (108).

(Al1)

APPENDIX B: PROOF OF THEOREM 3 AND THE DUAL
OF THE CONVERSION DISTANCE FOR MISC AND DISC

In Ref. [87], it was shown that the diamond norm can be
expressed as the following SDP:

1€ — Falls

= w}O;IE;I},f*f lwp,lloc ¥ €, F € CPTP(By — B;). (Bl)
Note that Eq. (B1) can be rewritten as [45]
31€p — Fallo = min{x : 1Qp > & — Fp;
Qp € CPTP(By — B))}. (B2)

Taking EB = ®A—>B[-/V:4] and .7:3 = MB, dg(./\/A —> MB) in
Eq. (134) becomes

dz(Ny - Mp) =min{r : 1Qp > O g[N4] — Mp,
Qp € CPTP(By — B;), ® € §(A — B)}.
(B3)
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For the case § = MISC, let us start by denoting wp as the
Choi matrix of L Qp and a4p as the Choi matrix of ®, we can
express dg(Ny — Mp) as

dg(./\/:q — Mp) =minA,

subject to: (1) Alp, > wp,, (2) wp =0,
(3) wp > Tra[aus(() ®15)] — I3,
(4) aap = 0, (5) aap, = aa,p, @ ua,, (B4)
(6) ax,8, = Ia,B,

(7) Tr[aapXsp] =0Vi=1,....n,

T

YA\

where n = |AB|(|B| — 1) and {Xj;B};?:l are the bases of the
subspace Rz defined in Eq. (82). Here, constraints (1-3)
are due to diamond norm, constraints (4-6) follow from the
requirement of ® to be a superchannel, and constraint (7) is
due to the requirement that ® € §.

Now consider a linear map L :R @ Herm(B)®
Herm(AB) — Herm(By) @ Herm(B) & Herm(ABy) &
Herm(ABy) ®" R, where @"R denotes R & ... ® R.

————

n
Its action on a generic element w = (A, wp, ®ap) of R &
Herm(B) & Herm(AB) such that A € Ry, wp > 0, aap =0
is

L) = (Mg, — oy, 0p — Trlaas((7Y)" ® Is)],

1
OAB, — Q4uB, @ UA,, OlAB,> TT[OlABXAB} RN

Tr[onsX]s])- (BS)
Taking a generic element v = (Bp,, VB, Tas,> {A,By>
H,yoooyty) of Herm(By) ® Herm(B) & Herm(ABy) &

Herm(ABy) @" R such that 85, > 0, yg > 0, we have

L*(v) = <Tr[/330], Y8 — Bp, ® Ip,, Tap, ® Ip, — (J/?/)T

Q Y8 — TapB, @ Ua, @ Ip, + Ta,8, ® IayB,

+ Yy ). (B6)

J

Following Ref. [93], the dual is given by

dz(Ny — Mp) = max {—Tr[J3"yp] + Tr[tas, ]}, BT
where the maximum is subject to

Be, ® I, > vp >0, 1> Tr[Bs].
EAIBO € Herm(ABy), TAB, € Herm(ABy), t1, ..
JA\/ ® YB + ‘CA()B() ® uA] ® IB] - TAB() ® IB] - TA]B(] ® IA(]B]

> tXjg > 0. (B8)

Lt €R,

For the case of § = DISC, note that the only distinction is
in the choice of basis of the subspace £5. So, in this case, the
dual is given by

dz(Nx — Mp) = max {=Tr[J3"yp] + Tr[¢an ]}, (BY)
where the maximum is subject to

Bs, ® I, = yp >0, 1> Tr[Bs].

Ca,B, € Herm(ABy), tap, € Herm(ABy), t, ..

I ® v + Tags, ® ta, ® In, — Tap, ® I, — Tayp, ® Lags,

— > ¥y >0. (B10)
Therefore, we see that dgz(Ny — Mp) is an SDP in the

dynamical resource theory of quantum coherence if the free
superchannels belong to MISC or DISC.

Lt €R,

APPENDIX C: UPPER BOUND ON THE
LOG-ROBUSTNESS OF COHERENCE AND THE
LOG-ROBUSTNESS OF QUANTUM FOURIER
TRANSFORM CHANNEL AND THE MAXIMALLY
COHERENT REPLACEMENT CHANNEL

The log-robustness of a channel N4 can be expressed as

LRe(Ny) = logmax {Tt[naJi'] © Da(na) = Da,(na,) ® ta,. Day[na,] = La,. 14 =0} (el)
= log max {|A0A1|Tr|:%%:| i Da(na) = DAU(nAO) ® ua,, Da, [ﬂA,] =1y, N4 = 0}- (C2)

Let py := ﬁ, = %4%', and observing that p4, 04 € D(A), we can rewrite the above expression as
LR¢(Ny) = log max {|A0A1|TF[PAGA] : Da(pa) = Da,(pa,) ® %, Dy, [pa] = ua,, pa = 0}- (C3)

Recall that the maximum of the trace of the product of two
density matrices is 1 and can be obtained if the two den-
sity matrices are same and pure, i.e., p4 = 04 and Tr[oj] =
Tr[oa] = 1. Therefore, for any channel Ny,

LRe(Ny) < log|ApAil, (C4)

with |Ag| = |A1| = d, the upper bound on the log-robustness
of coherence becomes

[
LR¢(Ny) < logd®. (C5)

To achieve this upper bound of the log-robustness of coher-
ence, we require

A _J/{\/

= (Co)
|Ail Ao
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N
and o4 = \J/?_ol to be pure. Thus, for o4 to be pure, N4 has to be

a unitary channel, i.e.,
B =" moleumolu’, (C7)
X,y

Since for a unitary channel Jf{\/ = na (JAg| = |A;| for a unitary
channel), Jf{v has to follow the constraints in Eq. (C1) which
can be expressed as

DA(I) = Day () @ . ©8)
Dy Y] = I, (C9)
V= o. (C10)

Constraint in Eq. (C10) follows from the definition of a Choi
matrix of a channel and Eq. (C9) follows trivially for the Choi
matrix of any unitary channel U. From constraint in Eq. (C8),
we can find the condition on the unitary matrix to achieve the
upper bound of the log-robustness of coherence of channels in
the following way. First, we can write the L.h.s. of Eq. (C8) as

Da(J) = Da (Z %) (¥l ® U x) <y|m>

X,y

(C11)

= Z 8eidy j1i (il ® (JIU ) (YU TIH1N Gl (C12)

X0,

=Y Iyl ® GIUL U1 G (C13)

i,j
=D lu P 1) @ 1), (C14)
iJj

where u;; = (j|U|i). Simplifying the r.h.s. of constraint in
Eq. (C8) we get

Day (1) @ ta, = In, ® ua,. (C15)
Now equating Egs. (C14) and (C15) we get
Yol 1 @ 1)l =Ty @ us,s  (C16)
ij
which implies that
2 1 |
luij|” = Al d Vi, j (C17)

of a unitary channel that achieves the upper bound of the log-
robustness of coherence.

1. Log-robustness of coherence of QFT channel

The action of a quantum Fourier transform (QFT) on a
basis vector is given by

d-1
1 ‘
Filiy = —= "k, (C18)
Vil
where d denotes the dimension of the system the QFT is
acting on and w is the complex root of unity. Therefore, a
general element of the QFT matrix can be written as
. . IJ
(J1Fali) = —=.

CI19
Nz (C19)

It is trivial to check that it follows the condition required to
achieve the upper bound of the log-robustness of coherence,
ie.,

2

ij
iyl )> = | — C20
[(j|Fali)]| ‘ﬁ (C20)
1
= (C21)

Therefore, the log-robustness of quantum Fourier transform
channel (\/}*) is

LRe¢(N}*) = logd® = 2logd. (C22)

2. Log-robustness of maximal replacement channels
The Choi matrix of a maximal replacement channels N} is
given by
N _ i +
Jy =ide e, , (C23)

where the density matrix of the maximally coherent state in
dimension d is given by

1 1 1 - 1

—_ —

1
+ _ 1 1 1
P4 = d oo : 9
P r -,
Using Eq. (C1), we can find the log-robustness of Jf{\/ as
follows:

LR¢(N,) = log max Tr[nAJ/f‘v] (C25)
= log max Tr[n4(ida, ® ¢7 )] (C26)
= log, max Tlr[nA1 qu"l ], (C27)

where n,4 follows the following conditions:

Da(na) = Da,(n4a,) @ ua,, Da,[na ]l =1, na =0.

(C28)
Equation (C27) suggests that the Choi matrix of the maximal
replacement channel is the log of the max of the sum of all
the elements of 1,4, divided by d. And from the constraints
on 14, we know that the diagonal elements of n,4, are all 1’s.
Hence, the maximum value would be obtained when all the
elements of 14, are equal to 1. If any off-diagonal element
(and so its diagonally opposite element) are greater than 1,
then the determinant of the leading principal minor will be
negative which contradicts the positive semidefinite constraint
imposed on 14. Hence, the log-robustness of a maximally
coherent replacement channel, i.e., a channel A that replaces
any input by the maximally coherent state of dimension d is
given by

LRs(Ny) = logd. (C29)

In conclusion, we find that the ratio between the log-
robustness of coherence of QFT channel and the maximal
coherent replacement channels is always 2 implying that two
maximal replacement channels are required to simulate a
QFT channel. One interpretation of this finding can be given
by combining the resources of entanglement and coherence.
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As noted above, a distinguishing feature between the QFT
and the maximal replacement channel is that the latter is
entanglement-breaking. Hence, even though it can generate
maximal coherence, in the process of doing so it will destroy
any entanglement the primary system may have with an exter-
nal one. For example, when acting on the first subsystem in
the entangled state /T/2(]00) + |11)), the qubit replacement
channel will yield p; = ¢ ® I/2, while the QFT will yield
W) = IJ2(104) + [1-)), where |£) = /T/2(10) £ |1)).
A combined resource theory of entanglement and coher-
ence was studied in Ref. [43]. In particular, the asymptotic

convertibility of states using local incoherent operations was
considered, and for a given state 048, one can define the
optimal rate sum R¢ + Rg of coherent bits (R¢) and entangled
bits (Rg) needed to asymptotically prepare the state p45.
It turns out that state |y,) has twice the resource cost as
state p;, when resource cost is measured in terms of the
smallest rate sum R¢ + Rg. Here, Rc and Rp are the asymp-
totic rates of coherence and entanglement used to build the
state. Hence, the greater resource power of the QFT versus
the replacement channel becomes operationally manifest in
this way.
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