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This Letter shows that in the mean-field approximation spin-glasses must be described
by an infinite number of order parameters in the framework of the replica theory.

From the theoretical point of view, spin-glass-
es are very important because they describe one
of the most simple cases of amorphous material.
A good framework to study spin-glasses is the
replica theory': One introduces an order param-
eter Q 6 which is the limit, for n going to zero,
of ann x n matrix, zero on the diagonal. In the
mean-field approximation the statistical expecta-
tion value is diferent from zero only in the spin-
glass phase, at zero magnetic external field. In
the Sherrington-Kirkpatrick (S-K) model the
mean-field approximation is exact in the thermo-
dynamic limit.

An intriguing feature of this scheme is the ne-
cessity of reaching the limit n =0 as analytic con-
tinuation in n from positive integer n. In the
standard treatment of the S-K model one assumes
that

Here q is the Edwards-Anderson' order param-
eter and it is understood that Eq. (1) does not

hold for n = P in which case Q„„is identically
zero.

This Ansatz [Eq. (1)] gives results at variance
with the computer simulations3 of the S-K model;
moreover, one obtains a negative entropy at zero
temperature, i.e., S(0) = —0.17 (the entropy of the
model must be nonnegative by definition). It has
been suggested that the wrong result is due to the
fact that the true value of Q & is not symmetric
under permutations of the indices~: The param-
etrization Ec(. (1) is not valid and the replica sym-
metry is broken. Various patterns of symmetry
breaking have been proposed"; in a previous
paper' it has been noticed that the pattern of sym-
metry breaking depends on a continuous variable
which must be treated as a variational parameter.

If the matrix Q„s is parametrized as a function
of three variables, quite good results have been
obtained for the S-K model'. The agreement with
the computer simulations is excellent and the
zero-temperature entropy is quite small, with
8(0) = —0.01. If we generalize this approach, the
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matrix Q„s becomes a function of many param-
eters: The three-variable case is only the first
step toward this direction.

To clarify this issue it is convenient to study
the S-K model, where the matrix Q 8 is a func-
tion of 1, 3, 5, . . . parameters, and to study if
this sequence of approximations converges. In
this note, I have studied the cases with 1, 3,
5, . . . parameters near the critical temperature
T, where notable simplifications are present. In-
deed, near T, the order parameter Q„B is small
and a Taylor expansion in Q is allowed; one finds
that the free energy F(~) is given by

The maximation of the free energy with respect
to some of the parameters (and not the minimiza-
tion as usual) is a notable feature of the replica
approach' and it is connected to the analytic con-
tinuation inn up to v =0.

The matrix Q„ t) belongs to a zero-dimensional
space, so that it is not evident how to write down
the generical matrix of this space. The only
known procedure consists in using a simple An-
satz for integer n which are analytically continued
in n up n = 0. One possibility is the following:

Q„,=q„ f(e/m, ) =f(P/m, };

F(~)=F(Q.)[»/s Q]Q=Q,
=

FIQ) = limn '[w TrQ'- & TrQ'+4+Q„B~]
n~0

(2)

Q„,= q„s(~/m, ) ~ I(P/m, ),
f(~/m, ) =f(P/m, );

Q„,=q„ f(n/m, ) ~ f(P/m, ),
f(n/m, ) ~ f(P/m, );

(4)

with the condition that the Hessian matrix of sec-
ond derivatives of E has nonnegative eigenvalues.
The variable & is proportional to 7.', —T. Other
terms proportional to the fourth power of Q could
be added without qualitatively changing the re-
sults: The term of fourth degree, which we have
retained, is the only one which is responsible for
the breaking of the replica symmetry.

If we use the Ansatz that the matrix Q„s belongs
to the subspace of matrices for which n 'TrQ' is
negative definite [if Q satisfies Eq. (1) n 'TrQ'
=(n —1}q'], E(I. (2), restricted to this subspace,
becomes

F(7') = max[E(Q)].

where m „m» m, /m» and n/m, are all integers.
E(x) is an integer valued function: Its value is the
smallest integer greater or equal to x [e.g. , I(0.4)
=1].

The matrix Q„a depends on five parameters.
If m, =n, then Q is independent of q, and we re-
cover the case studied in Ref. 7; if m, =~,=~,
then only q0 is relevant and the replica symmetry
is unbroken. It is evident how to generalize Eq.
(3) by writing the matrix Q„& as a function of q;,
i = 0, . . ., N, and of m;, i =1, . . .,N (the total num-
ber of parameters being 2N+1). The free energy
F(Q) can be obtained by substituting E(I. (3) in
E(I. (2}; after some algebra one gets, in the lim-
it e-0,

N S N

F(q;, m, ) = Q (m; -m;„)[-~q 4q;+ ,'(2m-; -m;„-)q ]+ Z Z (m) -m;„)(mq -m;„)q;qq',
5=0 &= 0 J= 1+&

where m, =1 and m~„=0, and no restriction is
put on the values of the m;, which are now real
numbers. We must look for the stationary point
of F(q;, m;) as a function of 7'; for small w, one
finds, after some lengthy algebra,

q, =~+ c(N) v'+ o(~'),

should be according to the previous discussion
(L (N) )L (N))

Using E(ls. (5) and (6) to compute the free ener-
gy, we find

F(~) = —,
' ~'+ F,74+ F,7'+ O(~'),

q,. =a,(")~+o(~'}, m, =f.,(N)~+o(~'),

where

(6)
where E~ is independent of N (F, =4) while F, de-
pends one such that

C( ' =-'-(2N+ 1)-', a,.(")=[2(V-i)+ I]/(2N+1),

L (") =6i/(2N+ 1). (7)
+ (w)

20 5(2N + 1)

If m, =m, „, TrQ /n is positive definite. An If we increase N, the convergence is very fast
explicit computation shows that F(q;, m;) is a max- and the bulk of the corrections are obtained for
imum with respect to all the variables, as it N as small as 1. The smallness of the correc-
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tions going from N =1 to higher values of N ex-
plains why excellent results have been obtained
in Ref. 7, where only the case¹1has been con-
sidered. For N =1, one finds agreement with the
prediction of Thouless, Anderson, and Palmer'
(TAP) for T greater than 0.2 (T, =1), the comput-
ed values of the zero-temperature entropy and
the internal energy being, respectively, S(0)
= —0.01 and U(0) = —0.7652. For N =2, one finds
agreement with the TAP predictions' for T great-
er than 0.1 [S(0)=-0.003, U(0) = —0.7636]. A

simple argument shows that the approximation of
keeping' small deteriorates as one goes toward
zero temperature. "

A check of the consistency of this approach
would be the computation of the eigenvalues of
the Hessian matrix. According to the suggestion
of Ref. 6, at least one eigenvalue should be zero,
corresponding to infinite "replicon susceptibility":
All other eigenvalues should be nonnegative.

A simple way to code the information contained
in the parameters q; and m; consists in defining
the function q(x) as

q(x) =q;, m; &x&m;+, . (10)

For finite N, q(x) is a piecewice constant func-
tion; in the limits- ~, we find

q(x) =-,'x+O(~'), x &3~;

q(x) =~+ O(~'), x) 3~.

The infinite number of order parameters that
we have introduced is equivalent to a function on
the interval 0-1. Replica symmetry is unbroken
only if this function is a constant. The physical
interpretation of this function is unclear at the
present moment and it should be the subject of
further investigations. An elementary computa-
tion in the Sherrington-Kirkpatrick model shows

that the magnetic susceptibility X and the internal
energy U are given, respectively, by

X
= J,'a[1 —q(x)]dx,

U = f,'$a [q'(x) —1]i2]ex.

The correct identification of the Edwards-Ander-
son order parameter qpz=((S)') is problematic in
this approach: It has been suggested that

qzh
= max[q(x)].

x
If this identification is correct, the breaking of
the replica symmetry implies that the Fischer
relation, " y= /[1 —qzz], does not hold. In the
framework of the TAP' approach serious doubts
have also been case on the validity of the Fischer
relation. " Recent Monte Carlo simulations of
the S-K model strongly suggest that the Fischer
relation is not satisfied. "
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