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Using scattering amplitudes, we obtain the potential contributions to conservative binary dynamics in
general relativity at fourth post-Minkowskian order O(G*). As in previous lower-order calculations, we
harness powerful tools from the modern scattering amplitudes program including generalized unitarity, the
double copy, and advanced multiloop integration methods, in combination with effective field theory. The
classical amplitude involves polylogarithms with up to transcendental weight two and elliptic integrals. We
derive the radial action directly from the amplitude, and determine the corresponding Hamiltonian in
isotropic gauge. Our results are in agreement with known overlapping terms up to sixth post-Newtonian
order, and with the probe limit. We also determine the post-Minkowskian energy loss from radiation

emission at O(G?) via its relation to the tail effect.
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Introduction.—The emergence of gravitational-wave sci-
ence [1] has dramatically underscored the scientific value of
observing the Universe through an entirely new lens, and
will continue to fundamentally transform key areas in
astronomy, cosmology, and particle physics. This calls for
invigorating the theoretical framework necessary for inter-
preting signals at current and future detectors [2], and has
thus galvanized new work in this direction. This includes a
new program [3-5] for understanding the nature of gravi-
tational-wave sources based on tools from scattering ampli-
tudes and effective field theory (EFT). The connection of
scattering amplitudes to general relativity corrections to
Newton’s potential has long been known [6-8]. Starting
from foundational ideas from EFT applied to gravitational-
wave physics [9], this new effort has integrated generalized
unitarity [10], double-copy relations between gauge and
gravity theories [11,12], EFT [3,8], and advanced multiloop
integration [13—15]. These ideas culminated with advancing
the state of the art by obtaining the O(G?) conservative
Hamiltonian for spinless compact binaries [4,5], whose
various aspects have now been confirmed in multiple studies

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007/21/126(17)/171601(8)

171601-1

[16-20]. In this Letter, we extend previous methods and take
the next step to obtain the contributions to conservative
binary dynamics at O(G*).

We focus here on the inspiral phase of conservative
binary dynamics. Traditionally, this is approached using
effective one-body [21], numerical relativity [22], gravita-
tional self-force [23,24], and perturbation theory in the
post-Newtonian (PN) [25-28], post-Minkowskian (PM)
[29,30], and nonrelativistic general relativity (NRGR)
[9,31] frameworks. The PM approach has recently
risen in prominence due to increased analytic control
[3-5,30,32-36]. We work in this context given the natural
fit with relativistic amplitudes.

The new amplitudes-based approach has, of course, ben-
efited immensely from traditional methods, both in guidance
and for confirming calculations. In turn, it has revealed
connections between scattering amplitudes, classical observ-
ables, and gravitational self-force, inspiring new methods for
obtaining perturbative corrections [19,20,36-39].

In this work we develop a new way to combine the
techniques of Refs. [3-5], with advanced loop integration
methods for classical integrals introduced in Ref. [40], and
a link between the gauge-invariant amplitude and classical
radial action, which further streamline the amplitudes
approach and demonstrate its scalability. We derive the
scattering amplitude in the classical limit for two massive
scalars interacting via potential gravitons at O(G*) and all
orders in velocity. We also obtain the corresponding
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conservative two-body Hamiltonian and radial action, and
determine the energy loss due to graviton emission at
O(G?) through its relation [28,39,41] to the O(G*) tail
effect [42,43]. This order in perturbation theory presents
new features from the tail effect, which manifests an
infrared (IR) divergence due to the overlap between the
momentum regions [44] of potential and radiation gravitons
[45]. We also encounter a class of elliptic integrals, which
complicates the analysis.

Scattering amplitudes are independent of gauge or
coordinate choices, while EFT exposes universality in
physical systems. These features greatly help identify
emergent structures that can enhance our understanding
of basic phenomena and lead to new tools that will further
the cycle of innovation. Here, we present a remarkably
simple gauge-invariant relation between the conservative
scattering amplitude and the radial action based on a
reorganization of the amplitude into classical and iteration
pieces, distinct from that of Refs. [3-5,36]. It is well known
that the radial action is also gauge invariant and encodes the
dynamics of both bound and unbound orbits (see, e.g.,
Refs. [36,39,46]).

Classical dynamics from scattering amplitudes.—We
focus on conservative two-body dynamics for spinless
compact objects, described by the four-point amplitude
M(q) of gravitationally interacting minimally coupled
massive scalars. The two incoming particles of momenta
p1, p» have masses m;, m,, and we define o= p, -
p>/mm, in mostly minus signature. We work in the
center-of-mass (COM) frame where the momentum transfer
¢" = (0,q) is purely spatial. Following Refs. [40,47], we
decompose p;, p, into components orthogonal and along
g, i.e., py = p1—q/2, p» = py+q/2 with p;q =0.

As described in Refs. [3-5], major simplifications are
obtained by taking the classical limit early at the level of the
integrand. This is achieved by an expansion in large angular
momentum J > A. We implement this by rescaling g
¢ — Aq, A¢, where ¢ is any graviton momentum, and then
expanding in small A.

The classical limit therefore identifies the soft region,
defined by the loop momentum scaling ¢ = (w,€)~
(1,4), as encoding classical dynamics. In the spirit of
EFT [9], we simplify the analysis, especially in the
presence of the tail effect at O(G*), by focusing on the
potential and (ultrasoft) radiation subregions defined by the
scalings ~(v4,4) and ~(vd,vd), respectively. Here and
below we use v to denote the typical velocity of the binary
constituents, corresponding to the small velocity that
defines the PN expansion.

In the present work, we focus on the conservative part
described by the potential contribution, and do not include
radiation. This is sufficient for completely specifying the
conservative dynamics through O(G?) [4,5]. However, at
O(G*), radiative effects contribute to conservative dynam-
ics via the tail effect [42]. Since the potential and radiation

contributions overlap, this introduces scheme dependence
and IR divergence [45]. We use conventional dimensional
regularization, where the amplitudes, including graviton
polarizations, are uniformly continued into D =4 —2¢
dimensions.

Amplitude-action relation.—Conservative binary dyna-
mics is fully encoded in the four-point amplitude M/(q),
truncated to the classical order. There exists another scalar
gauge-invariant function which encodes the same dynam-
ics, namely the radial action, which is defined as the
integral of the radial momentum p, along the scattering
trajectory, I,(J) = [ p,dr, with appropriate regularization
of the long-distance contribution. Here, we present a simple
relation between these two gauge-invariant quantities,
exposed through the EFT introduced in Ref. [3].

In the classical limit, the amplitude at O(G") contains a
classical contribution that scales as 1"~ and iteration
contributions that scale as A"2, A"~! ...,172. The latter
correspond to iterations of lower-order amplitudes, are IR
divergent, and cancel in physical observables. Although the
full amplitude is invariant, the choice of pole structure of
the iterations is not unique and the classical part is modified
accordingly. Previously this was chosen to align with the
matter energy poles in the EFT for direct cancellation
without explicit evaluation [3]. This choice also revealed a
connection between the classical amplitude and the local
COM momentum in isotropic gauge, first observed in [4,5]
and later proven in [32,36].

In the present analysis, we instead expand the matter
poles about the momentum component along Z, the
direction of the spatial component of p;. Inspired by the
eikonal approximation [48], this prescription reveals a
gauge-invariant “amplitude-action relation”

iMig) = [ (e -1, m

between the amplitude M (q) and the radial action I,(J).
The classical part of the amplitude then corresponds to the
term linear in 7,(J), given by

ia) = [ 1) =4El [ wdsent o). @

where p is the spatial momentum, E is the total energy,
|b| = J/|p| is the impact parameter in the COM frame, and
u is the renormalization scale. As will be shown elsewhere
[49], terms higher order in /,(/) in the relation (1) have the
following structure under our prescription:

[ _ . 1), . ()
L=

n! Zl?""Zn—l
Z; = —4Ep|[(¢1 + €2+ ---+€;) -2 +i0], (3)
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where [,=[T]\,[d"~'¢;/(2x)P~"](27)P~"8( Ci—q)
and we only keep the leading classical expansion in the
numerator of Eq. (3). Crucially, we manifest the pole
structure in Z; when computing the amplitude such that
the classical part can be isolated and iterations can be safely
dropped without explicitly evaluating them, following the
path of Ref. [3]. With our prescription, we avoid tracking
such terms, which is necessary in standard eikonal expo-
nentiation [48].

This amplitude-action relation then dictates the iteration
structure in the amplitude when expanded in G. To
illustrate, Egs. (1) and (3) with the expansions M(q) =

> M,(g) and I,(q) =, 1,.,(q) yield

: L,
Mg =Tala) + [ 0
14 1

i B, L
MM%ﬂAw+é J+L*1ﬁ (4)

AVA) Z

where the sum over permutations of distinct 7, , is implicit;
for instance, I,,1,2 =1,1(€1)1,2(€2) +1,2(€1)1,.1(Z2)
while 12| =1,,(€1)1,,(£2)1,1(€3). As we can see, the
classical part of the amplitude with this pole choice is
directly the radial action, in contrast to Refs. [3-5]. We
have explicitly verified Egs. (1) and (3) through O(G*) by
comparing the amplitude calculation in EFT to the radial
action from classical mechanics [49]. With some care, the
relation (1) can be established more generally to higher
orders in G [49].

Constructing the integrand.—The calculation of the
amplitude through O(G*) begins with the construction
of the classical limit of the three-loop integrand. We use
generalized unitarity, as described in Ref. [5], which builds
gravitational loop integrands directly from on-shell tree
amplitudes of scalars and gravitons. The maximal-cut
version [50] of generalized unitarity adopted here organizes
the cuts hierarchically.

As explained in Ref. [5], potential contributions come
from cuts with at least one matter line per loop and with no
gravitons beginning and ending on the same matter line. We
drop contributions not of this type, such as self-energy
loops and matter contact diagrams. The eight distinct
contributing generalized cuts are shown in Fig. 1, with
the others given by simple relabelings.

We use the D-dimensional tree-level BCJ double copy
[12] to obtain the gravitational tree amplitudes from
corresponding gauge-theory ones. The dilaton and anti-
symmetric tensor which naturally appear as intermediate
states are straightforwardly eliminated by including grav-
iton physical-state projectors on the cut legs. Conveniently,
the reference light-cone momentum in their definition

YR
/ST agh ). e

FIG. 1. Generalized unitarity cuts encoding potential-region
contributions to binary dynamics. Ovals represent tree amplitudes
while exposed lines depict on-shell states. Thin and thick lines
denote gravitons and massive scalars, respectively.

cancels automatically, by organizing the tree amplitudes
so that they obey generalized Ward identities, following
Ref. [51]. A similar strategy was used earlier for simpler
one- and two-loop calculations [4,5,35].

The resulting integrand is then organized in terms of 51
distinct cubic-vertex Feynman-like diagrams, of which
three are shown in Fig. 2. All remaining diagrams are
obtained by relabeling the external momenta. The integrals
are then further reduced to a basis using integration by parts
[13] implemented through FIRE6 [15], and graph sym-
metries. We isolate iteration integrals, which cancel in the
EFT matching prior to explicit integration.

Throughout, we work with rescaled variables u; =
Pi/|pil, following Ref. [40], so that the integrals depend
on the single variable y = u; - u,, enormously simplifying
the analysis. This also factors out the mass dependence,
clearly exposing the overlap between PM gravity and
gravitational self-force [37,38,52,53].

Evaluating the integrals.—Our strategy for integration
combines the nonrelativistic method of Refs. [3—5] and the
method of differential equations following Ref. [40]. The
two methods complement each other to systematically
determine the analytic result to all orders in velocity,
and have been applied to multiple examples [17,18,54-56].

The nonrelativistic method evaluates integrals as an
expansion in powers of v, where the leading term serves
as the boundary value for solving the differential equations.
This also efficiently isolates the iterations in Eq. (3), which
cancel directly in the EFT matching. The first step is to
perform energy loop integration by localizing to residues

ng | - |
1 4 1 4 1 4
FIG. 2. Sample diagrams at O(G*). From left to right: a
contribution in the probe limit, a nonplanar diagram that contains

iteration terms, and a diagram that contains contributions related
to the tail effect.
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TABLE I. Functions specifying the amplitude in Eq. (6).

ho— 1151 — 333606 + 314862 — 91263 + 3396* — 5526° + 2106°

! 12(6*> = 1)
1
hy = E(5 — 766 + 15067 — 606> — 3564),
—3 4262
hy = 3 H20 )(11—3002+3564),

4(c*>-1)
1
h =V
YT 144(0% - 1)%67

)

(=45 4+ 2076% — 14716* 4 133496° — 3756607 + 1047536% — 123126° — 10275950

— 1054986 + 13474562 + 838446'3 — 1019796'* + 136446'5 + 1080005'9),

1

hs = m(1759 — 47686 + 34076% — 13166° + 9576* — 6726° + 3416° + 10067 ),
.
s = 57—y (123747959 = 2518367 4 129150 + 181026" ~ 121050° — 95720° + 297307 + 58160° — 20460°).
e
852 — 2830% — 1406* + 750°
h7:20'( 85 8302 00" + 56)’
3(6*—1)
hy = 8(+1)2 (=304 — 996 + 67202 + 4026° — 1926* — 7196° — 4166° + 54067 + 2406° — 1400°),
=

1
hg = 3 (52 — 5326 + 35167 — 4206° + 306" — 256°),

hl() = 2(27 + 9002 + 350’4),
hyy =20+ 11162 + 306* — 2565,
834 + 20956 + 120002

2 2(62 - 1) ’
.. — _ 1183 429296 + 26600” + 12000°
B 2(62 - 1) ’
7(169 4 3800°)
hl4 =T - _ 1N
4(c—-1)

given by matter poles in the potential region. For a given
integral Z the result of energy integration is

3
dw.
/H 20;,I(a)1,a)2,w3) = Z:SiResiI(a’lva’szﬁ, (5)

where the sum runs over triplets of matter poles on which
the residues are evaluated. The symmetry factors S; are
determined from the cuts in Fig. 1, building upon the
prescription in Ref. [5]. The remaining three-dimensional
integrals are then expanded in v, and reduced to master
integrals via integration by parts [13] using FIRE6 [15].
Iterations are identified by the pole structure in Eq. (3), and
the final integrals are the same as in NRGR [9].
Following Ref. [40], we use differential equations to
analytically solve integrals, or to obtain solutions expanded

in v to very high orders. The boundary conditions for the
univariate differential equations are imposed in the leading
PN expansion. A new feature at O(G*) is the appearance of
elliptic integrals, which precludes a canonical basis [57].
This complicates the structure of the differential equations.
We solve part of the system exactly in terms of classical
polylogarithms up to weight three and complete elliptic
integrals. The remaining contribution to the amplitude is
determined by constructing an ansatz as a linear combi-
nation of a subset of the known functions with rational
coefficients, whose parameters we fix using a series
solution to the differential equations up to O(v%°). In this
way we obtain the full velocity dependence, which can be
checked, for instance, by obtaining a series solution up to
O(v*), finding perfect agreement. Details will be pre-
sented in Ref. [49].
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Amplitude.—Performing this calculation, we obtain the following 4PM classical amplitude in the potential region:

2 -3¢ t 74 72 j 7 7 72

q 4 f rl r,1tr2 r14r3 r2
M,y(q)=G*M"1|q ( - > 7’ |:MP+U(—+M' )] +/ +/ +/ +/ ,
+0) 4 415352 ! € ! e 21227y Je 22, " Je Zy  Je Z4

35(1-186%+330*) c+1

Mj =~

82-1) 2:h1+hzlog<

+1
M4f:h4+h510g <GT> +h6

2

arccosh(o)

Vo2 -1

[(1=0\ =° . (1—-0c .
+I’l10 |:L12 <2 > —6:| +hll |:L12 <1—|—G> —L12<

Vor—1

1
+2log (G—;

where M = m, + m, is the total mass, v = m;m,/M? is
the symmetric mass ratio, fi> = 4zu’e™"¢ is the renormal-
ization scale in MS scheme. Li, is the dilogarithm, and K
and E are the complete elliptic integrals of the first and
second kind, respectively. The coefficient functions #; are
collected in Table I.

We emphasize that Eq. (6) uses dimensional regulari-
zation with D =4 —2¢ and that I, , I,,, and I, 5 are
expanded to the classical limit. The tail effect manifests as a
1/e IR divergence in the classical term, due to the overlap
between potential and radiation contributions [45].
Including the latter, which is not done here, would cancel
this divergence and the associated scheme dependence,
replace i with a physical scale, and also add finite terms.
Note that the scheme dependence starts at 4PN and enters
only through the coefficient functions hy, hs, and hg.

The amplitude naturally exposes the simple dependence
in the symmetric mass ratio v, consistent with Ref. [37].
The leading term MY agrees with the result obtained using
the Schwarzschild solution [58,59]. The next-to-leading
terms M, and /\/lf overlap with first-order self-force [37].

As for the O(G?) case, the ultrarelativistic limit of the
conservative result in Eq. (6) does not smoothly match onto
the massless case. The amplitude has a leading power
discontinuity of the form ~G*p®|q|(m; + m,)/(mm,),
consistent with dimensional analysis. One can expect this
to cancel with radiative effects [56,60].

Given the relation in Eq. (1), it is straightforward to
derive the radial action from the classical term in Eq. (6) via
inverting Eq. (2)

G4M7l/2ﬂ'p2 4/226275.]2 4e
- 8EF ( P’ >

Ir,4(‘]) =

t
x [M{{ -1-1/(%-1—./\/1;{ - 14Mg>], (7)

27? h? 1- 1 1
+hylog (o) —h2%+hgw+h9 [Li2 <—”> +§log2 (iﬂ

D () e
c+1 o+1 14 c+1

arccosh
) o bl

Vor—1 ’

-1

o—1 +ﬂ'2 h 26(20°-3) Li o—1 Li o—1

A R 2020 70 5 A D N DY

o+1) " 3] (=12 P\ Ve+l U Vo+l

2hs ) > . 2 . c—1 ) c—1

+ Lip(1=0= /o>~ 1) =Liz(1 =0+ Vo = 1) 5L (/77 ) =5Lia (=7
o

-1
>arccosh(o)] +h,,K? <6—> +hl3K<
o+1

Q
|
p—
N———
—
(@)
=

which inherits the simple mass dependence from the
amplitude [19,37]. Moreover, we have checked that 7, ;,
I,,, and I, 5 obtained from the iteration terms in Eq. (6) are
consistent with the known results [36].

The scattering angle is then given by y = —0I,/0J. We
compare to the O(G*) scattering angle obtained from
potential contributions to the Hamiltonian up to 5PN,
given in Egs. (21)—(26) of [61] and Eq. (5) of [62]. We
find agreement including terms that depend on conven-
tional dimensional regularization, which first enter at 4PN.
(Since this work first appeared the authors have extended
their calculation to 6PN [63], finding agreement with our
results.) We also compare the regularization-scheme-inde-
pendent 7° terms with the 6PN result in Eq. (8.4) of
Ref. [20], and find agreement. Here, we have only focused
on potential-region contributions to the dynamics. A
comparison with the full 4PN Hamiltonian [26,27] and
remaining SPN and 6PN parts of the scattering angle
[19,20,39] would require radiation contributions, which
we have not pursued here.

As discussed in Refs. [28,39,41], the tail term M is
related to the energy loss AE from radiation emission, and
we thus identify

G3 M7l/3 Py 2
A= M ®
in the COM frame. We have compared this to the direct
calculation of the energy loss in Ref. [64] using the
formalism of Ref. [34], finding agreement. Additional
checks of AE are discussed in Ref. [64]. We can also
obtain other observables for bound orbits via analytic
continuation [36]; details will be presented elsewhere [49].

Hamiltonian.—Following the approach in Ref. [3], we
can construct the two-body Hamiltonian in isotropic gauge
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(}" M e2yE)ne

H* = E, +E2+Z - cn(p?).

©)

where r is the distance between bodies, and E; =

\/p* + m? are the energies of the incoming particles.
|

7,2 t 33 3 £3
S {MZ+1/<%+M£—10MQ>]+D3[ : }%—DZKE;’E 216

AZE?
4-1 2B°8

The O(e) corrections are relevant when ¢, (p?) is divergent,
which first occurs at O(G*) in isotropic gauge. The
coefficients c,(p?) are determined by matching as in
Refs. [3-5], but using the new pole choice in Eq. (3).
Upon accounting for this we find

)) - 2E*c3c, }

P 2

1
+ <D +1?) [EE(2cic3+ ¢3) + ( T o

where & = E|E,/E?, and D = d/dp” denotes differentia-
tion with respect to p. The lower-order coefficients ¢, c5,
and c¢3 can be found in Eq. (10) of Ref. [4]. The final
explicit result for ¢, is included in the ancillary file [65].
Note that the iteration terms in Eq. (6) cancel in this
matching, providing another nontrivial check.

Conclusions.—In this Letter we applied and extended
amplitudes and EFT-based methods to determine the
potential contribution to binary dynamics at O(G*), offer-
ing a first look at the PM tail effect. Radiation contributions
need to be added to completely determine the O(G*)
dynamics. It would be important to investigate the appli-
cation of our methods to this problem. It would also be
interesting to study closed-orbit observables at O(G*), as
was done for O(G?) [53], and via analytic continuation
[36]. The interplay with gravitational self-force
[23,24,37,38,52,66], the structure of long-distance loga-
rithms at higher orders via renormalization group tech-
niques [41,43,67], and the complete tail contribution in the
PM framework also deserve further study.

Aside from the obvious application to gravitational-wave
physics, our calculation elucidates emerging structures and
identifies new tools. The amplitude-action relation in
Eq. (1) greatly clarifies the link between scattering ampli-
tudes and classical mechanics. It is natural to expect that
this structure holds more generally. Obvious extensions
within the PM framework include spin [52,54,68], tidal
[55,59,69], and radiation [70,71] effects. Most excitingly,
the methods applied here are not close to being exhausted.
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