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We consider a general Einstein-scalar-Gauss-Bonnet theory with a coupling function f(¢). We
demonstrate that black-hole solutions appear as a generic feature of this theory since a regular horizon
and an asymptotically flat solution may be easily constructed under mild assumptions for f(¢). We show
that the existing no-hair theorems are easily evaded, and a large number of regular black-hole solutions with
scalar hair are then presented for a plethora of coupling functions f(¢).
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Introduction.—The existence or not of black holes
associated with a nontrivial scalar field in the exterior
region has attracted the attention of researchers over a
period of many decades. Early on, a no-hair theorem [1]
appeared that excluded static black holes with a scalar field,
but this was soon outdated by the discovery of black holes
with Yang-Mills [2] or Skyrme fields [3]. The emergence of
additional solutions where the scalar field had a conformal
coupling to gravity [4] led to the formulation of a novel no-
hair theorem [5] (for a review, see [6]). Recently, this
argument was extended to the case of standard scalar-tensor
theories [7], and a new form was proposed that covers the
case of Galileon fields [8].

However, both novel forms of the no-hair theorem [5,8]
were shown to be evaded: the former in the context of the
Einstein-dilaton-Gauss-Bonnet theory [9] and the latter in a
special case of shift-symmetric Galileon theories [10—12].
A common feature of the above theories was the presence
of the quadratic Gauss-Bonnet (GB) term defined
as Rip = R,,,,R"" — 4R, ,R* + R?, in terms of the
Riemann tensor R,,,, the Ricci tensor R, and the
Ricci scalar R. In both cases, basic requirements of
the no-hair theorems were invalidated, and this paved
the way for the construction of the counterexamples.

Here, we consider a general class of scalar-GB theories,
of which the cases [9,11] constitute particular examples.
We demonstrate that black-hole solutions, with a regular
horizon and an asymptotically flat limit, may in fact be
constructed for a large class of such theories under mild
only constraints on the coupling function f(¢) between the
scalar field and the GB term. We address the requirements
of both the old and novel no-hair theorems, and we show
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that they are not applicable for this specific class of
theories. In accordance with the above, we then present
a large number of exact, regular black-hole solutions with
scalar hair for a variety of forms for the coupling function.

The Einstein-scalar-GB theory.—We first consider the
following action functional

S=—
167z

P/ |R= 50,009 + F@Re . (1)
which describes a generalized gravitational theory contain-
ing the Ricci scalar curvature R, a scalar field ¢, and the
quadratic Gauss-Bonnet term RZ. The latter, being a total
derivative in four dimensions, is coupled to ¢ through a
coupling function f(¢). The form of the latter quantity may
be inspired from either string theory [13] or Horndeski
theory [14]. Note that, in this work, we employ units in
which G = ¢ = 1.

By varying the action (1) with respect to the metric
tensor g,, and the scalar field ¢, we derive the gravitational
field equations and the equation for the scalar field,
respectively. These have the covariant form
G,=T (2)

7% A
Vi + f(d)Res = 0. (3)

where G,w is the Einstein tensor, and a dot denotes the
derivative with respect to the scalar field. Also,

1 1
T/,w = - Zgyvap¢ap¢ =+ 5 8y¢av¢

1 -
- E (g/)ﬂglly + g/l,ug/w)nKﬁaﬂpra/}vyaKfv (4)

where R/’V,,ﬁ = 10" Ryrap = €77 Ryrqpl\/—g- Note that the
energy-momentum tensor 7', receives contributions from
both the scalar field and the Gauss-Bonnet term.
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In the context of the above theory, we will seek spheri-
cally symmetric solutions, with a line element

ds® = —e*di? + B dr? + r2(d6? + sin0de?),  (5)

which describes regular, static, asymptotically flat black
holes. Our analysis will also investigate the general con-
straints that the coupling function f(¢) needs to obey in
order for these solutions to arise.

By employing the line element (5), Einstein’s equations
take the explicit form

4eB(ef 4+ rB — 1) = ¢*[r?e® + 16f(e? — 1)]

— 8f[B'¢/(e” =3) = 2¢" (P — 1),
(6)

4¢P (B —rA' — 1) = —¢*r?eP +8(ef = 3)fA'Y, (7)

eP[rA® —2B'+ A'(2 = rB') + 2rA"]
= —¢"re® + 847 fA' +Af[¢) (A7 + 24")
A4~ 3B, (8)

while the scalar equation reads

2rd" +(4+rA —rB') ¢

+—4fi_8 [(e” =3)A'B'—(e” ~1)(24" +A7)] =0.  (9)

In the above, the prime denotes differentiation with respect
to r; throughout this work, we assume that the scalar field
shares the symmetries of the spacetime.

Equation (7) may take the form of a second-order
polynomial with respect to e®, which can then be solved

to give e® = (= & \/p* — 4y)/2, where

r2¢/2 . .
p= ) - 2f¢ +r)A -1, y=6fyA. (10)

Then, eliminating B from the set of the remaining equa-
tions (6), (8), and (9), we may form a system of two
independent ordinary differential equations of second order
for the functions A and ¢,

P Q
Al — ==
¢ S

g (11)

where the functions P, Q, and S are lengthy expressions
of (i",(ﬁ/,A/,f,f‘).

We will now demonstrate that our set of equations, with a
general coupling function f(¢), allows for the construction
of a black-hole solution with a regular horizon, provided
that f satisfies certain constraints. For a spherically
symmetric spacetime, the presence of a horizon is realized

for e — 0, as r — r;,, or equivalently for A’ — oco: the
latter will be used in our analysis as an assumption, but it
will be shown to follow from the former. On the other hand,
the regularity of the horizon amounts to demanding that ¢,
¢, and ¢" remain finite in the limit » — r,. Then, assuming
that A’ — oo while ¢’ remains finite [15], Egs. (11) take the
approximate forms

AR AR - 2412 n L
208 f - 48f ’

(2¢'f + r)(rP¢ + 12f + 2r*¢”f)

¢// — _ _ _
2P f - 48f2

A+ (13)

Focusing on the second of the above equations, we observe
that ¢ diverges at the horizon if f(¢) is either zero or left
unconstrained. However, ¢” may be rendered finite if either
one of the two expressions in the numerator of Eq. (13) is
zero close to the horizon.

If we assume that (2¢/f + r) = 0 close to the horizon,
then a careful inspection of our equations reveals that, in that
case, ¢ ~ VA . Thus, for ¢” to remain finite, we must
demand that f — =4-co, near the horizon. This may be easily
shown to lead to either a divergent or a trivial scalar field near
the horizon, for every elementary form of f(¢) we have tried.
Therefore, for the construction of a regular horizon in the
presence of anontrivial scalar field, we are led to consider the
second choice: 3¢ + 12f +2r2¢*f = 0. This may be
easily solved to yield

h = ol I
af Ty

(14)

where all quantities have been evaluated at r;,. To ensure that
¢, is real, we must impose the following constraint on the
coupling function
. r4
fi< %. (15)
Turning now to Eq. (12), and using the constraint (14),
we find that the coefficient of A”> simplifies to —1. Then,
upon integration with respect to r, we obtain A’ =
(r —r,)~' + O(1), which, in accordance with our initial
assumption, diverges close to the horizon. Integrating once
more and putting everything together, we may write the

near-horizon solution as
eA=a(r—ry)+-, (16)
e B=bi(r—ry)+---, (17)

b=¢n+g(r—ry) +¢"(r=r))* +---. (18
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The above describes a regular black-hole horizon in the
presence of a scalar field provided that ¢’ and the coupling
function f satisfy the constraints (14) and (15).

We will now show that a general coupling function f(¢)
for the scalar field does not interfere with the requirement
for the existence of an asymptotically flat limit for the
spacetime (5). We will assume the following power-law
expressions for the metric functions and scalar field, in the
limit » = oo,

(5] (&8 d
e(A,B) _ 1 + E (pn’ QH) , ¢ _ ¢oo + E _n 19
n=1 n=1 r ( )

r

Upon substitution in the field equations, we may determine
the arbitrary coefficients (p,,q,,d,). In fact, p; and d,
remain arbitrary, and we associate them with the Arnowitt-
Deser-Misner mass and scalar charge, respectively: p; =
—2M and d; = D. Then, the asymptotic solutions for the
metric functions and scalar field read

A__2M MD* 24MD f+ M?D?
et =1—-—— ,
r 1253 6r*
R 2M  16M% —D? 32M3 — 5MD?
el =1+—+ 3 3
r 4r 4r
16M(48M3 — 13MD? — 24Df) + 3D*
+ : + -,
48r
b= +D+MD+32M2D—D3
STy 2 243

3 2 3

+12MD 241:/If MD . (20)

6r
It is in order O(1/r*) that the explicit form of the coupling
function f(¢) first makes its appearance—indeed, the
higher-curvature GB term is expected to have a minor
contribution at large distances where the curvature is small.
It is in the near-horizon regime that the GB term mainly
works to support a nontrivial scalar field and thus a charge
D, which then modifies the metric compared to the
Schwarzschild case.

Let us now turn our attention to the no-hair theorems that
forbid the existence of black-hole solutions in the presence
of a scalar field, i.e., the existence of solutions that
smoothly connect the near-horizon and far-away asymp-
totic solutions found above. We will start with the “novel”
no-hair theorem developed by Bekenstein [5]. Assuming
positivity and conservation of energy, he demonstrated that
the asymptotic forms of the 77 component of the energy-
momentum tensor near the horizon and at infinity could
never be smoothly matched. That argument proved beyond
doubt that there were no black-hole solutions in the context
of a large class of minimally coupled-to-gravity scalar field
theories. Here, we will show that the coupling of the scalar
field to the quadratic GB term causes the complete evasion

of Bekenstein’s theorem. This may be in fact realized for a
large class of scalar field theories, with the previously
studied exponential [9] and linear [11] GB couplings
comprising special cases of our present argument.

The energy-momentum tensor 7', satisfies the equation
of conservation DﬂTi‘ = 0 due to the invariance of the
action (1) under coordinate transformations. Its » compo-
nent may take the explicit form

!

(ryy =S @-T) 4 2@g-1). @)
where the relation TZ =T}, has been used due to the
spherical symmetry. The nontrivial components of the
energy-momentum tensor 7, for our theory (1) with a
generic coupling function f are

28 .
T, = _W{(b/z[rzeg +16f (e’ = 1)]
—8f[B'¢/(f =3) = 24"(e" - )]}, (22)
- e By & Se‘B(eBz— 3)fA’ ’ (23)
4 r

e—2B .
T§ = = —{#"(re® - 8fA)
— 4F[g/ (A7 + 24") + A (24" =3B'Y)]}. (24)

We will first investigate the profile of 77 at infinity: using
the asymptotic expansions (19), we easily find that
—Tt =T~ Ty~ ¢?/4 + O(1/r%). Since the metric func-
tion e! there adopts a constant value (e* — 1), the
dominant contribution to the right-hand side of Eq. (21) is

(ryy <2 (=T gt (29
Therefore, at asymptotic infinity, the 7, component is
positive and decreasing, in agreement with [5], since the
GB term is insignificant in this regime.

In the near-horizon regime, r — r,, the T} component
(23) takes the approximate form

-B
2 T AT+ O(r—ry). (26)

Tr = —
r r2

The above combination is finite but not negative definite as
in [5]. In fact, the 77 component is positive definite, since
close to the black-hole horizon, A’ >0, and f¢' <0
according to Eq. (14). Therefore, the existence of a regular
black-hole horizon in the context of the theory (1) auto-
matically evades one of the two requirements of the novel
no-hair theorem.

Turning finally to the expression for (77)" and employing
the energy-momentum components (22)—(24) in Eq. (21),
we obtain the following expression, in the limit r — ry,
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1y — e[ 10% 209 )
v 47 rZ

+

/
4{? (% - e_BB'>] +O(r—ry), (27)
where we have defined Z = r + 2f¢'. Close to the black-
hole horizon, Eq. (14) guarantees that f¢' < 0, while
Z > 0. Employing also the metric functions behavior
A’ > 0 and B’ <0, we conclude that (77)" is negative in
the near-horizon regime if a sole additional constraint,

namely, f¢?> + f¢" > 0, is satisfied. This may be alter-
natively written as ,(f¢') |, > 0 and merely demands that
the negative value of the quantity (f¢') »,» necessary for the
existence of a regular black-hole solution, should be
constrained away from the horizon. This is in fact the
only way for the matching of the two asymptotic solu-
tions (16)—(18) and (19) to be realized. Therefore, for
o.(fe' )|, > 0, the T} component is positive and decreas-
ing also near the horizon regime. As a result, both require-
ments of the novel no-hair theorem [5] do not apply in this
theory, and thus it can be evaded.

The older version of the no-hair theorem for scalar fields
[1], which employs the scalar equation of motion, also fails
to exclude the existence of black-hole solutions in our
theory (1): multiplying the scalar equation (3) by f(¢) and
integrating over the black-hole exterior region, we obtain
the integral constraint

[ @+ F R =0, (8)

Integrating by parts the first term, the above becomes

/ /=G (D)0,00"h — F(B)RZs) = 0. (29)

The boundary term [\/=gf(¢)0" @] vanishes both at the
horizon (due to the (4~5)2 factor) and at infinity (due to the
O ¢ factor). Since ¢ = ¢(r), the first term in Eq. (29) gives
0,00"$p = g7 (9,¢)* > 0 throughout the exterior region.
Also, for the metric (5), the GB term has the explicit form

2e—23

Ry =
GB r2

(€8 = 3)A'B' — (¢8 — 1)(24" + A?)]. (30)

Employing the asymptotic solutions near the horizon (16)
and (17) and at infinity (19), we may easily see that the GB
term takes on a positive value at both regimes. Therefore, in
the simplest possible case where both f(¢) and Ry are
sign definite, Eq. (29) allows for black-hole solutions with
scalar hair for every choice of the coupling function that
merely satisfies f(¢) > 0.

In order to demonstrate the validity of the aforemen-
tioned arguments, we have numerically solved the system

of equations (11) and produced a large number of black-
hole solutions with scalar hair. The solutions for the scalar
field are depicted in Fig. 1 for a variety of forms of the
coupling function f(¢): exponential, odd and even power
law, and odd and even inverse power law. These forms are
all simple, natural choices to keep the GB term in the four-
dimensional theory. For easy comparison, the coupling
constant in all cases has been set to « = 0.01 and the near-
horizon value of the field to ¢, = 1. For f(¢) = (ae?,
ag?, a¢p®), which all have f} > 0, our constraint (14) leads
to a negative ¢); for f(¢p) = (ae™?, ap™", ag™), which
have f} < 0, Eq. (14) demands a positive ¢); the decreas-
ing and increasing, respectively, profiles are clearly
depicted in Fig. 1. In all cases, for a given value of ¢,
Eq. (14) uniquely determines the quantity ¢). The inte-
gration of the system (11) with initial conditions (¢, ¢},)
then leads to the presented solutions. The positivity and
decreasing profile of the T} component, necessary features
for the evasion of the novel no-hair theorem, are clearly
seen in Fig. 2. It is worth mentioning that the second
constraint, J,(f¢’ ), >0, is automatically satisfied for
every solution found and does not need any further action
or fine tuning of the free parameters. We finally note that,
for ¢ > 0, all the above forms of f(¢) satisfy also the
constraint f(¢) > 0, derived above for the evasion of the
old no-hair theorem.

For a given coupling function f(¢) and fixed (a, ¢;,), the
constraint (15) dictates that there is a lower bound for the
horizon radius of the derived black-hole solutions given by

r7 > 4+/6|f,| and thus a lower bound on their mass. This
characteristic has been noted in the exponential-coupling
case [9,16] and comprises a generic feature of all the GB
black holes found here, which distinguishes them from
their General Relativity (GR) analogues. Thus, in the small-
mass limit, observable effects may include deviations from
standard GR in the calculation of the bending angle of light,
the precession observed in near-horizon orbits, and the
spectrum from their accretion disks [17]. The emission of
scalar radiation strongly depends on the existing coupling

..............
"
ol

500 1000

FIG. 1. The scalar field ¢ for different coupling functions f(¢),
for a =0.01 and ¢, = 1.
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FIG. 2. The 7 component for different coupling functions
f(¢), for a =0.01 and ¢, = 1.

of the scalar field to ordinary matter, while the measure-
ment of the characteristic frequencies of the quasinormal
modes (especially the polar sector) will also help to
distinguish these solutions from their GR analogues
[18]. Finally, the detection of gravitational waves from
black-hole or neutron-star mergers may also help to impose
bounds on the parameters of the theory, provided that the
scalar charge is significant and their physical distance
is small.

The scalar-GB theory.—Finally, we investigate whether
a regular black-hole solution can arise as the result of the
synergy between only the scalar field ¢ and the GB term.
To this end, we ignore all terms in the field equations
coming from the Ricci scalar and attempt to construct
a near-horizon, regular solution similar to that of Egs. (16)—
(18). In the absence of all R-related terms in the field
equations, the components of T,, should vanish. If we
assume again that, as r — r;,, ¢’ remains finite while A’
diverges, Eq. (23) yields e ~3 + O(1/A"); this clearly
does not describe a black hole. Alternatively, demanding
that e — oo, as r — r,, Eq. (23) may be solved for A’ to
give A’ ~ r2¢//8f + O(e~B). Using this, Egs. (22) and (24)
form a system of two differential equations for B and ¢. In
the limit » — r;,, we find the behavior

B/:—%eB—&—O(e_B), (31)
o8
) )

Equation (31) leads to the solution e=8 = 21n (#/r;), which
does point toward the existence of a horizon. However, for
this horizon to be regular, Eq. (32) demands that
@'(ry) = 0. But then, ¢"(r,) is also zero, leading to a
constant scalar field outside the horizon. In this case, the
GB term does not contribute to the field equations and the
above solution disappears.

Conclusions.—In the context of a general Einstein-
scalar-GB theory with an arbitrary coupling function
f(¢), we have demonstrated that the emergence of regular

black-hole solutions is a generic feature: the explicit form
of f(¢) affects very little the asymptotically flat limit at
infinity, while a regular horizon is formed provided that ¢,
and f(¢) satisfy the constraints (14) and (15).

The existing no-hair theorems were shown to be evaded
under mild assumptions on f(¢). The old no-hair theorem
[1] is easily evaded for f(¢) > 0, while the novel no-hair
theorem [5] is nonapplicable if the same constraint (14)
holds. Based on this, we have produced a large number of
regular black-hole solutions with nontrivial scalar hair for
arbitrary forms of the coupling function f(¢). They are all
characterized by a minimum black-hole radius and mass,
and their near-horizon strong dynamics is expected to leave
its imprint on a number of observables. The obtained
solutions survive only when the synergy of ¢ with the GB
term is supplemented by the linear Ricci term.

Note added.—Recently, two more works appeared [19,20]
that studied the emergence of black-hole solutions with
scalar hair in the context of the same theory.
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