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We present a complete evaluation for the prompt ηc production at the LHC at next-to-leading order in αs
in nonrelativistic QCD. By assuming heavy-quark spin symmetry, the recently observed ηc production data
by LHCb results in a very strong constraint on the upper bound of the color-octet long-distance matrix
element hOJ=ψ ð1S½8�0 Þi of J=ψ . We find this upper bound is consistent with our previous study of the J=ψ
yield and polarization and can give good descriptions for the measurements, but the upper bound is
inconsistent with some other theoretical estimates. This may provide important information for under-
standing the nonrelativistic QCD factorization formalism.
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Introduction.—Significant improvements for under-
standing the heavy quarkonium production mechanism
have been achieved in recent years. While abundant data
of prompt heavy quarkonium production are accumulated
at the LHC, one of the main theoretical improvements is to
understand the yields and polarizations by including the
higher order QCD effects in the framework of nonrelativ-
istic QCD (NRQCD) factorization [1], where the inclusive
production cross section of a quarkonium state Q in pp
collisions can be expressed as

dσpp→QþX ¼
X

n

dσ̂pp→QQ̄½n�þXhOQðnÞi: ð1Þ

Here dσ̂pp→QQ̄½n�þX are the short-distance coefficients
(SDCs) for producing a heavy quark pairQQ̄with quantum
number n, and hOQðnÞi are the long-distance matrix
elements (LDMEs) for Q. The SDCs can be computed
in perturbative QCD as partonic cross sections convoluted
with parton distributions. At large transverse mom-
entum pT , they behave roughly as some powers of
1=pT . The nonperturbative LDMEs can be arranged as a
series in powers of v (the relative velocity of the heavy
quark Q and antiquark Q̄) [1]. For example, for the J=ψ
production, the sum over n can be truncated at order v4, and

the LDMEs are hOJ=ψ ð3S½1�1 Þi, hOJ=ψð1S½8�0 Þi, hOJ=ψð3S½8�1 Þi,
and hOJ=ψð3P½8�

0 Þi.
In the past few years, complete next-to-leading order

(NLO) QCD corrections for the J=ψ hadroproduction have
been calculated by three groups independently [2–4].
Though the three groups obtained consistent SDCs, they
had different philosophies on extracting the color-octet
(CO) LDMEs, then got different CO LDMEs, and gave
completely different predictions or descripctions for the

polarization of prompt J=ψ . Specifically, our group found
that the J=ψ polarization can be explained by NLO
NRQCD [5], whereas the other two groups concluded
that NRQCD cannot explain the polarization data [4,6].
More recently, two other groups performed independent
fits for the CO LDMEs [7,8], and concluded that the

J=ψ polarization can be understood by a 1S½8�0 channel
dominance mechanism, which was first proposed as one
possibility to explain the J=ψ polarization in Ref. [2] and
reemphasized in Ref. [5].
To further test the mechanism of quarkonium pro-

duction, it is crucial to have more measurements.
Recently, the LHCb Collaboration measured the pT

differential cross section of prompt ηc production via
ηc → pp̄ [9]. This measurement is not only significant
for ηc production, but also provides important informa-
tion for J=ψ production via heavy-quark spin symmetry
(HQSS) [1]. Leading order study of ηc hadroproduction
can be found in Refs. [10,11] and references therein. In
this letter, we will study the ηc hadroproduction at NLO
in αs within the framework of NRQCD factorization.
With HQSS, we find that the ηc production data are
compatible with our previous studies [2,5] and may
provide a further constraint on the possible values of
J=ψ LDMEs.
Relationship between J=ψ and ηc production.—Let us

first explain why ηc production can provide important clues
to J=ψ production.
For the J=ψ production, with a relatively large pT cutoff

(pT > 7 GeV), our group found that [2] only two linear
combinations of the three CO LDMEs can be well con-
strained by fitting the CDF data [12] of the yields of J=ψ
production, which gives
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M0 ¼ hOJ=ψð1S½8�0 Þi þ r0hOJ=ψ ð3P½8�
0 Þi=m2

c;

M1 ¼ hOJ=ψð3S½8�1 Þi þ r1hOJ=ψ ð3P½8�
0 Þi=m2

c; ð2Þ

where r0 ¼ 3.9 and r1 ¼ −0.56 for the CDF window, and
the corresponding values areM0¼ð7.4�1.9Þ×10−2GeV3

andM1 ¼ ð0.05� 0.02Þ × 10−2 GeV3. Roughly speaking,
the SDCs for the LDMEs M0 and M1 defined in Eq. (2)
have mainly p−6

T and p−4
T behaviors [2], respectively. These

two pT behaviors dominate the J=ψ production in the
region pT > 7 GeV. The coefficients r0 and r1 change
slightly with the rapidity interval but almost do not
change with the center-of-mass energy

ffiffiffi
S

p
(see Table I

in Ref. [13]). Thus, the CMS yield data [14] for J=ψ
production can be also well described by the same LDMEs
in Eq. (2) [2,15]. Importantly, we further found that [5]
the transversely polarized cross section for direct J=ψ
production at NLO is almost proportional to the combined
LDME,

M0
1 ¼ hOJ=ψ ð3S½8�1 Þi − 0.52hOJ=ψð3P½8�

0 Þi=m2
c; ð3Þ

for the CDF and CMS windows, which is very close to the
M1 in Eq. (2). Since the value of M1 is extremely small,
much smaller than that ofM0 in Eq. (2), one can expect that
the polarizations will be dominated by M0 at least in the
intermediate pT region, which tends to give unpolarized
results [5]. We emphasize here that the above expectation
is independent of the exact values of the three CO LDMEs
of J=ψ , as long as M0 and M1 are fixed by Eq. (2). This
can be seen from the fact that, by varying the value of

hOJ=ψ ð1S½8�0 Þi in Table I of Ref. [5], the resulting polar-
izations are similar and basically unpolarized [5]. Based
on Eq. (2), assuming all CO LDMEs to be positive, we
updated our results for the polarization of direct J=ψ
production together with that of the feeddown contributions
from χc and ψð2SÞ in Ref. [15], which are roughly
consistent with the LHC data.
The cross section for ηc production can also be expressed

as Eq. (1). Similar to the case for J=ψ, four LDMEs are
needed up to relative order v4 for the direct ηc production,

which are hOηcð1S½1�0 Þi, hOηcð3S½8�1 Þi, hOηcð1S½8�0 Þi, and

hOηcð1P½8�
1 Þi. The dominant feeddown contribution through

hc → ηcγ introduces two other LDMEs at relative order v2:

hOhcð1P½1�
1 Þi and hOhcð1S½8�0 Þi. Superficially, it appears that

six channels would be involved in the fit to data, but in fact,
some of them are not important. The relative importance of
these channels should depend on the power counting
both in v and in δ ¼ mQ=pT , where mQ is the mass of
the charmonium. The powers of v can be estimated by the
velocity scaling rules [1]. The powers of δ can be
determined by QCD factorization for quarkonium produc-
tion [16], which shows that all channels have a leading
power (LP), p−4

T , component at the current order in αs.

However, because of the relative importance of next-to-
leading power (NLP), p−6

T , contributions for some channels
[17], they will behave almost as p−6

T within a large range
of pT .
Especially, for the LHCb window, e.g., 6.5 GeV < pT <

14 GeV [9], effectively only the 3S½8�1 channel behaves as
p−4
T , while all other channels behave as p−6

T , as shown in

Table I. As a result, only the 1S½1�0 and the 3S½8�1 channels give
the leading contributions in the combined power counting.
By further applying the HQSS relation [1],

hOηcð3S½8�1 Þi ≈ hOJ=ψð1S½8�0 Þi; ð4Þ

which is valid up toOðv2Þ corrections, one may expect that

the LDME hOJ=ψð1S½8�0 Þi will be determined by the study
of ηc production. This will give the third independent
constraint on the three CO LDMEs for J=ψ production
other than those given in Eq. (2).
The ηc production.—Let us proceed to study the ηc

production numerically. We use the CTEQ6M parton
distribution functions [18] for NLO calculations, and use
HELAC-Onia [19] to calculate the hard noncollinear part
of real correction. The charm-quark mass is set to be
mc ¼ 1.5 GeV, the renormalization, factorization, and
NRQCD scales are μr¼μf¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
Tþ4m2

c

p
and μΛ ¼ mc.

Thanks to HQSS, the color-singlet (CS) LDMEs for both
J=ψ and ηc can be estimated by the potential model [20],

hOηcð1S½1�0 Þi ¼ hOJ=ψð3S½1�1 Þi=3 ¼ 0.39 GeV3: ð5Þ

The theoretical uncertainties by varying mc, μf, and μr
have been studied thoroughly in our earlier publications
[2,5,13,21], where one found that the uncertainties can be
estimated by a systematical error of about 30%.

As mentioned above, only the channels 1S½1�0 and 3S½8�1 are
essential to account for the ηc production in the LHCb

window. However, with the fixed value of hOηcð1S½1�0 Þi in
Eq. (5), we find that the LHCb data are almost saturated by
the contribution from the CS channel, which is denoted by
the solid lines in Fig. 1. Similar results have been found in
Ref. [11] with only the LO SDCs and a relatively smaller
CS LDME. The similarity occurs mainly because the NLO

calculation gives only a modest correction factor for 1S½1�0

channel. Therefore, the saturation can hardly be avoided if
one chooses the CS LDME as large as that in Eq. (5).

TABLE I. The power counting results in double expansions in
powers of v and δ ¼ mQ=pT for different channels n relevant to
the prompt ηc production for the LHCb window [9].

n ¼ 1S½1�0

3S½8�1

1P½8�
1

1S½8�0

1S½8�0 ðhcÞ 1P½1�
1 ðhcÞ

v0δ6 v3δ4 v4δ6 v4δ6 v2δ6 v2δ6
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However, the above result does not mean that there is no

contribution from the 3S½8�1 channel. On the one hand,
although there are large uncertainties of the data, one can
roughly find in Fig. 1 that the slope of data is different from

the contribution of the 1S½1�0 channel itself. On the other
hand, the value in Eq. (5) is not exact, but with at least an
uncertainty of order v2 ∼ 0.3 because of modeling of
potential, relativistic corrections, HQSS broken, and so

on. These uncertainties may leave some room for the 3S½8�1

channel to contribute.
Unfortunately, it is very hard at present to determine the

exact value of hOηcð3S½8�1 Þi due to the large uncertainties
from both data and theory. But we may give a safe upper

bound for hOηcð3S½8�1 Þi by letting the data be saturated by

the 3S½8�1 channel only, which gives hOηcð3S½8�1 Þi ¼ ð1.46�
0.20Þ × 10−2 GeV3. Since the value of hOηcð3S½8�1 Þi is
sufficiently amplified, we choose the central value as the
upper bound for the LDME. To give a lower bound, we

assume the hOηcð3S½8�1 Þi to be positive [15], which should be
acceptable for the following reason. Since the renormali-

zation dependence of LDME hOηcð3S½8�1 Þi is at higher order
in v2, hOηcð3S½8�1 Þi can be approximated as the probability

for the cc̄ pair in 3S½8�1 configuration to evolve into ηc, which
should be positive in general. We then get

0 < hOηcð3S½8�1 Þi < 1.46 × 10−2 GeV3: ð6Þ

By using the HQSS relation, the result in Eq. (6) can be
viewed as another constraint on the three CO LDMEs for
J=ψ other than Eq. (2). We thus constrain all three CO
LDMEs of J=ψ into a finite range.
As feedback, the other two CO LDMEs for direct

ηc production can be estimated by the HQSS relations

[1]: hOηcð1S½8�0 Þi ¼ hOJ=ψð3S½8�1 Þi=3 and hOηcð1P½8�
1 Þi ¼

3hOJ=ψð3P½8�
0 Þi. As for the feeddown contribution through

hc → ηcγ, the two relevant LDMEs can be estimated again

by the HQSS relations: hOhcð1S½8�0 Þi ¼ 3hOχc0ð3S½8�1 Þi and

hOhcð1P½1�
1 Þi ¼ 3hOχc0ð3P½1�

0 Þi, where the LDMEs for χc0
have been determined in Refs. [21,22]. Combining the
LDMEs estimated by the relations and the SDCs calculated
up to NLO in αs, we show the sizes of the contributions
from these channels in Fig. 1, all of which are smaller than
that for the CS channel by about 1 or 2 orders of magnitude,
as expected. Thus, the upper bound of the value of

hOηcð3S½8�1 Þi given in Eq. (6) will not be changed even
when these new contributions are taken into account. In
addition, to provide an order of magnitude estimation of the

contributions from the 3S½8�1 channel, we use a half of the

upper bound of hOηcð3S½8�1 Þi as its input, and the results are
shown as the middle-width dashed lines in Fig. 1. The
theoretical errors, which are indicated by the blue band in
Fig. 1, are mainly from the uncertainties of the LDME

hOηcð3S½8�1 Þi in Eq. (6).
Indications on the J=ψ production.—Let us go back to

the problem of the J=ψ production. Since the three CO
LDMEs for J=ψ can be constrained better by Eqs. (2) and
(6) using the HQSS relation in Eq. (4), we update our
predictions for both yields and polarizations of J=ψ prompt
production, which are shown in Fig. 2. The details for these
calculations have been explained in Ref. [15]. Compared
with the old results given in Ref. [15], the new predictions
for the CMS window are almost unchanged. This is
because, for the CMS window, the prediction for yield is
only sensitive to the LDMEsM0 andM1 defined in Eq. (2),
and for polarizations is only sensitive toM0

1, which is given
in Eq. (3) and very close to M1, as mentioned above. Thus,
these predictions can hardly be influenced by the extra
constraint in Eqs. (4) and (6). On the other hand, since r1 in
the forward rapidity interval is smaller than that in the
central rapidity interval [13], the relatively large and
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positive hOJ=ψ ð3P½8�
0 Þi, which is indicated by Eqs. (2), (4),

and (6), will imply that the transversely polarized compo-
nent of the cross section should be further reduced in the
forward rapidity interval, compared with that in the central
one. As a result, our new prediction of the polarization for
the LHCb window with the new constraint Eqs. (4) and (6)
tends to be more longitudinally polarized. This slightly
improves the consistency between the theoretical predic-
tions and the experimental measurements compared with
that in Ref. [15]. We list the χ2=degrees of freedom (DOF)
values for the polarization data: 13=10 and 22=10 for the
CMS data with 0 < jyj < 0.6 and 0.6 < jyj < 1.2, respec-
tively, and 1.2=2 for the LHCb data. Although the agree-
ment between our predictions and the CMS polarization
data in Fig. 2 is not very good, it is tolerable considering the
large experimental and theoretical uncertainties in this
stage. In particular, we note that the current CMS data
still suffer from large statistical fluctuations, such as in the
last bins in jyj < 0.6 and 0.6 < jyj < 1.2.
The above calculations and analysis indicate that the

new constraint in Eq. (6) can hardly change our previous
conclusions on the J=ψ production [2,5,15]. One should
note that the HQSS in Eq. (4) could be violated up to
relative order v2. But the violation at this level will not
change our conclusion qualitatively.

However, the upper bound of hOJ=ψð1S½8�0 Þi obtained in
Eq. (6) along with HQSS disagree with many other NLO
NRQCD fits in the literature [3,4,7,8]. In Refs. [3,4,7], the

hOJ=ψ ð1S½8�0 Þi is found to be well constrained, with the
value 0.0304� 0.0035 GeV3, 0.097� 0.009 GeV3, and
0.099� 0.022 GeV3, respectively. While in Ref. [8], the

authors argued that 1S½8�0 will dominate the J=ψ production,

and thus their hOJ=ψð1S½8�0 Þi should be at least larger than
0.07 GeV3. As we discussed above, Eq. (6) gives a very safe

upper bound for hOJ=ψð1S½8�0 Þi, so the contradiction with
these NLO NRQCD fits may indicate that either HQSS
is essentially broken or there are still some theoretical
problems to be clarified, if the LHCb data [9] are reliable.
Though both Refs. [3,4,8] and our works [2,13,15] are

based on complete NLO NRQCD calculations, there are
many differences in the fit procedures. For example, the
lower pT cutoff for experimental data is chosen to be 1 GeV
in Ref. [3] (for the photoproduction data), 7 GeV in
Refs. [2,4], and 3 times mass of J=ψ in Ref. [8]; feeddown
contributions are considered in Refs. [2,4], but not con-
sidered in Ref. [3]. So further studies are needed to uncover
the deep reason for the discrepancies of these fits and to
explore the best value of lower pT cutoff for experimental
data. It is interesting to compare the work of Ref. [7] with
ours. In addition to our complete NLO NRQCD results,
the crucial element that Ref. [7] includes is a partial LP
contribution at next-to-next-to-leading order (NNLO) in αs.
We conjecture that it is mainly this extra LP contribution

that changes the theoretical curve of the 3P½8�
J channel,

and results in a 1S½8�0 dominance conclusion in Ref. [7]. If
HQSS is good, a natural way to resolve the contradiction
could be that the NNLO correction for NLP contribution is
also significant. It is needed to perform complete calcu-
lations for both the LP and NLP contributions to the same
order in αs. Based on QCD factorization up to NLP [16]
and the method to calculate the partonic hard part at
NLP [27], the NNLO correction for the NLP contribution
may be achieved soon. Then the validation of HQSS for
charmonium production will be tested on a more rigor-
ous basis.
Summary.—Within NLO NRQCD, we demonstrate that

only 1S½1�0 and 3S½8�1 channels are essential for the ηc
production at LHC. By comparing with the LHCb data
[9], we find the ηc production tends to be saturated by
contributions from the CS channel. This strongly constrains

the CO LDME hOηcð3S½8�1 Þi for ηc, which can be related to

hOJ=ψ ð1S½8�0 Þi for J=ψ by the HQSS relation in Eq. (4). With
the help of this new information, all three CO LDMEs of
J=ψ can be well constrained into a finite range. We
conclude that the prompt production of ηc and J=ψ can
be understood in the same theoretical framework.
Moreover, we find some previous works [3,4,7,8] may

overestimate the value of hOJ=ψ ð1S½8�0 Þi unless HQSS is
broken. All these studies on ηc and J=ψ may provide
important information for understanding the mechanism of
charmonium production.

We thank V. Belyaev, Z. Yang, and S. Barsuk for
helpful discussions on the experiments of ηc production
at the LHCb. This work was supported in part by the
National Natural Science Foundation of China (Grants
No. 11075002 and No. 11475005) and the National
Key Basic Research Program of China (Grant
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Note added.—When our calculation was finished and the
manuscript was being prepared for publication, an inde-
pendent study of ηc production in NLO NRQCD was
reported in Ref. [28]. These authors conclude that, with
HQSS, the ηc data conflict with all NLO NRQCD fits to
J=ψ production data. This conclusion differs from ours,
and is due to their using the values of the first row of
Table I in Ref. [5] but not that of the second and third rows
of the same table. Indeed, we emphasized in Ref. [5] that
“As the yield and polarization share a common parameter
space, and the yield can only constrain two linear
combinations of CO LDMEs, the combined fit of both
yield and polarization may also not constrain three
independent CO LDMEs stringently. In fact, we find

for a wide range of given hOJ=ψð1S½8�0 Þi, one can fit both
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yield and polarization reasonably well” and we showed in
the second row of Table I that a possible value for

hOJ=ψ ð1S½8�0 Þi can be even as small as zero. We repeated
the conclusion again in our most recent paper [15] that
only the two linear combinations of CO LDMEs in Eq. (2)
can be well constrained.
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