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A class of hybrid compact star equations of state is investigated that joins by a Maxwell construction a
low-density phase of hadronic matter, modeled by a relativistic mean-field approach with excluded nucleon
volume, with a high-density phase of color superconducting two-flavor quark matter, described within a
nonlocal covariant chiral quark model. It is found that the occurrence of a stable branch of hybrid compact
stars requires a nonvanishing vector meson coupling in the quark model that exceeds a minimal value which
depends on the presence of a diquark condensate. It is shown that these hybrid stars do not form a third
family disconnected from the second family of ordinary neutron stars unless additional (de)confining
effects are introduced with a density-dependent bag pressure. A suitably chosen density dependence of the
vector meson coupling assures that at the same time the 2M⊙ maximum mass constraint is fulfilled on the
hybrid star branch. A twofold interpolation method is realized which implements both the density
dependence of a confining bag pressure at the onset of the hadron-to-quark matter transition and the
stiffening of quark matter at higher densities by a density-dependent vector meson coupling. For three
parametrizations of this class of hybrid equation of state the properties of corresponding compact star
sequences are presented, including mass twins of neutron and hybrid stars at 2.00, 1.39 and 1.20 M⊙,
respectively, and the hybrid compact star (third) families. The sensitivity of the hybrid equation of state and
the corresponding compact star sequences to variations of the interpolation parameters at the 10% level is
investigated and it is found that the feature of third family solutions for compact stars is robust against such
a variation. This advanced description of hybrid star matter allows us to interpret GW170817 as a merger
not only of two neutron stars but also of a neutron star with a hybrid star or of two hybrid stars.

DOI: 10.1103/PhysRevD.99.063010

I. INTRODUCTION

Recently, in the context of the observation of pulsars
with high masses of about 2 M⊙ by Demorest et al. [1–3]
and Antoniadis et al. [4], the question of the possible

existence of a third family of compact stars was revived,
because of its relation to strong phase transitions in dense
matter [5]. The question was asked: could it be that stars at
this high mass appear as mass twins [6] or almost mass
twins like in the case above, where stars have about the
same mass but may have very different radii, pointing to a
very different structure of their interiors? In such a case, an
explanation would be that the larger star would be an
ordinary neutron star while the more compact one would
exhibit a core composed of high-density matter, e.g., quark
matter, with a large density jump at the border between the
inner core and outer core. The condition on the magnitude
of the jump in energy density for the instability of neutron
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star configurations to occur is given by the Seidov relation
[7]. In addition, the high-density matter has to be stiff
enough to allow for a stable hybrid star branch, the so-
called “third family” of compact stars. The observational
verification of the existence of mass twins would therefore
imply very important lessons for the properties of compact
star matter: the existence of a strong phase transition to a
new form of high-density matter and the necessity that this
matter obey a sufficiently stiff equation of state (EoS). It is
not only the case of high-mass twins which is interesting in
this context. Also the possibility of mass twins in the range
of typical neutron star masses around 1.4 M⊙ is very
interesting. In such a case, the onset of the phase transition
shall occur sufficiently early, at densities reached in the
center of a typical-mass neutron star. It shall be soft enough
at those densities to allow for a large enough density jump
and stiffen quickly at increasing density to prevent gravi-
tational collapse on the third family branch at least until the
mass constraint of about 2 M⊙ is reached without violating
the causality constraint, namely that the speed of sound
should not exceed the speed of light. If these constraints
could be fulfilled, the corresponding EoS could provide a
viable scenario for the recently observed [8] binary neutron
star merger event: at least one of the two stars could be a
hybrid star from the third family branch which is suffi-
ciently compact to make the binary system fulfill the
condition on the tidal deformabilities derived from the
observation of the inspiral in the LIGO gravitational wave
detector; see [9,10] for a recent discussion of this scenario.
Up to now, the third family case was investigated

with very schematic EoS for the high-density phase, like
the bag model [6], the constant-speed-of-sound (CSS)
model [9,11–17], the multipolytrope model [9,18,19],
but also dynamical models for interacting quark matter
like the Nambu–Jona-Lasinio (NJL) model with higher
order quark interactions in the Dirac vector channel [20,21]
or a relativistic density-functional model [10,22]. The
question arises whether the third family phenomenon could
be obtained also for EoS derived from dynamical quark
models which are closer to QCD in the sense that they take
into account the running of the dynamical quark masses
with 4-momentum and embody a (dynamical) confinement
mechanism. Such models are provided by QCD Dyson-
Schwinger equations in their generalization to finite tem-
perature and chemical potential [23] and have recently been
applied to study hybrid compact stars; see, e.g., [24,25] and
references therein. The dynamical model for the gluon
propagator mediating the nonperturbative quark inter-
actions is still quite schematic and more realistic ones
including a matching with perturbative QCD behavior at
large momentum transfer make applications at high den-
sities for compact star matter rather involved. Therefore, a
separable ansatz for the nonlocal dynamical interactions
has been suggested [26,27] and was used for the description
of hadron properties in the QCD vacuum; see [28–31] for

early works. This ansatz allows us to develop covariant
nonlocal chiral quark models for low-energy QCD at finite
temperatures and densities that share the running of the
quark mass function [26,32] and the wave function
renormalization of the quark propagator [33–37] with full
QCD as probed in lattice QCD simulations [38]. This
approach allowed a description of the QCD phase diagram
[39–42] and has been also applied to the description of
hybrid compact stars with quark matter cores [43].
For a recent discussion of the issues occurring in the

description of phases of dense matter in compact stars
under modern constraints see, e.g., Ref. [44]. Models with
the capability to address the occurrence of a third family of
compact stars shall fulfill these conditions [20]:

(i) Stiff hadronic EoS (to obtain a phase transition in the
observed mass range of compact stars),

(ii) Stiff high-density EoS (to generate a stable hybrid
star branch which should reach 2 M⊙),

(iii) Sufficient density jump at the phase transition (to
produce the instability as a necessary condition for
the existence of a third family branch).

Difficulties arise when one attempts to describe system-
atically a possible medium dependence of the interaction
model that would go beyond the covariant form-factor
ansatz and address Lorentz symmetry breaking effects [45].
Of particular importance for the description of cold
degenerate QCD matter as in compact stars, a medium
dependence of the vector meson interaction is a crucial
effect as it is directly related to the density dependence of
the stiffness of QCD matter between the deconfinement
transition and the perturbative QCD regime at asymptoti-
cally high densities. In order to capture such nonperturba-
tive medium effects on the basis of the nonlocal, covariant
form-factor model it has been suggested in Ref. [46] to
apply an interpolation technique similar in spirit to the one
introduced for a flexible description of the deconfinement
transition region in cold degenerate matter by Masuda et al.
[47,48] who followed earlier concepts of interpolation
for the description of lattice QCD thermodynamics in the
high-temperature region [49]. A recent discussion of this
interpolation technique can be found in [50] where also the
necessity to capture softening effects from quark confine-
ment has been pointed out.
In the present work we develop the interpolation tech-

nique for nonlocal covariant form-factor approaches further
in order to fulfill the above requirements on models of
compact star matter which would produce third family
solutions for hybrid stars with quark matter cores that at
the same time obey the constraints on their maximum mass
to exceed the present observational bound of 2.01�
0.04 M⊙ [4] and on their compactness to be in accord with
the bounds derived from the gravitational waves detected for
the inspiral phase of the binary compact star merger
GW170817 by the LIGO and Virgo Collaboration (LVC)
[8]. To this end we suggest here a twofold interpolation
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approach that captures the density dependence of both the
confining effects (the vanishing of a baglike negative
pressure of the nonperturbative QCD medium) and the
stiffness (the increase of the vector meson coupling
strength).

II. THEORETICAL FORMALISM

In the present work we use a two-phase description in
order to account for the transition from nuclear to quark
matter. In the following two subsections we explain the
theoretical approaches used to obtain the EoS for each of
these phases. Throughout this work we use natural units
with ℏ ¼ c ¼ kB ¼ G ¼ 1.

A. Nuclear matter equation of state

For the nuclear matter phase, we use the well-established
relativistic density-functional approach by Typel [51] based
on meson-exchange interactions and with the so-called
“DD2” parametrization given in Ref. [52]. It describes the
properties of nuclear matter at saturation density and below
very well, also in accordance with the chiral effective field
theory approach [53]; see also Ref. [54]. To improve the
higher-density behavior, a generalized excluded volume
effect is included according to Ref. [55]. The DD2_p40
EoS features this correction by considering the available
volume fraction ΦN for the motion of nucleons as density
dependent in a Gaussian form

ΦN ¼ exp ½−vjvjðn − n0Þ2=2�; for n > n0; ð1Þ

and ΦN ¼ 1 if n ≤ n0. Here, v ¼ 16πr3N=3 is the van der
Waals excluded volume for a nucleon with a hard-core
radius rN and n0 ¼ 0.15 fm3 is the saturation density of
infinite, symmetric nuclear matter. The index “p40” with
the DD2 parametrization denotes a positive excluded
volume parameter of v ¼ 4 fm3. This type of nuclear
EoS has recently been extensively used in systematic
studies of hybrid star models; see for instance [20,22,56].
In Fig. 1 we show these two EoS in the form pressure

P vs baryochemical potential μ (under conditions of
β-equilibrium and charge neutrality), which is suitable to
construct the phase transition to quark matter for the case of
local charge conservation. We show also the EoS “DD2F,”
for which the density dependence of the meson-nucleon
couplings at supersaturation densities is adjusted such that
the EoS in the isospin-symmetric case fulfills the so-called
“flow constraint” of Danielewicz et al. [57]. We note that
the stiffer the EoS, the flatter the curve in the P-μ diagram.
For comparison, we show the EoS of Akmal, Pandharipande
and Ravenhall (APR), case “A18þ δvþ UIX�” from
Ref. [58], which is soft at low densities and becomes very
stiff at higher densities. All these hadronic EoS fulfill the
constraint on the lower limit of the maximum mass of
neutron stars from PSR J0348+0432 [4]; see Fig. 3.

B. Quark matter equation of state

For the description of the quark matter phase we consider
a nonlocal chiral quark model (in the following abbreviated
as “nlNJL”), which includes scalar quark-antiquark inter-
action, antitriplet scalar diquark interactions and vector
quark-antiquark interactions, that was presented in detail in
Ref. [43]. Let us start by writing the corresponding
effective Euclidean action, that in the case of two light
flavors reads [43]

SE ¼
Z

d4x

�
ψ̄ðxÞð−i=∂ þmcÞψðxÞ −

GS

2
jfSðxÞjfSðxÞ

−
H
2
½jaDðxÞ�†jaDðxÞ −

GV

2
jμVðxÞjμVðxÞ

�
: ð2Þ

Here mc is the current quark mass, that we consider to be
equal for u and d quarks. The nonlocal currents jS;D;VðxÞ
are given in terms of operators based on a separable
approximation of the effective one gluon exchange model
(OGE) of QCD. These currents read

jfSðxÞ ¼
Z

d4zgðzÞψ̄
�
xþ z

2

�
Γfψ

�
x −

z
2

�
; ð3Þ
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FIG. 1. Quark matter EoS according to the nonlocal chiral
quark model with color superconductivity for different values
of the dimensionless vector meson coupling strength parameter
η ¼ 0.01; 0.02;…; 0.09 (black thin lines); η ¼ 0.12;…; 0.19
(magenta thin lines); and η ¼ 0.21;…; 0.26 (blue thin lines)
compared with four nuclear matter EoS ordered by increasing
stiffness: APR (violet solid line), DD2F (orange solid line), DD2
(black solid line) and DD2_p40 (magenta solid line). For a
detailed discussion, see text.
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jaDðxÞ ¼
Z

d4zgðzÞψ̄C

�
xþ z

2

�
ΓDψ

�
x −

z
2

�
ð4Þ

jμVðxÞ ¼
Z

d4zgðzÞψ̄
�
xþ z

2

�
iγμψ

�
x −

z
2

�
: ð5Þ

In the above equation we have used ψCðxÞ ¼ γ2γ4ψ̄
TðxÞ,

Γf ¼ ð1; iγ5τ⃗Þ and ΓD ¼ iγ5τ2λa, while τ⃗ and λa, with
a ¼ 2, 5, 7, stand for Pauli and Gell-Mann matrices acting
on flavor and color spaces, respectively. The function gðzÞ
in Eq. (5) is a covariant form factor characterizing the
nonlocality of the effective quark interaction [39].
The effective action in Eq. (2) might arise via Fierz

rearrangement from some underlying more fundamental
interactions, and it is understood to be used—at the mean-
field level—in the Hartree approximation. In general, the
ratios of coupling constantsH=GS, GV=GS depend on such
microscopic action. For example, for OGE interactions in
the vacuum Fierz transformation leads toH=GS ¼ 0.75 and
GV=GS ¼ 0.5. However, since the precise form of the
microscopic interaction cannot be derived directly from
QCD, this value is subject to rather large theoretical
uncertainties. In fact, thus far there is no strong phenom-
enological constraint on the ratio H=GS, except for the fact
that values larger than 1 are quite unlikely to be realized in
QCD since they might lead to color symmetry breaking in
the vacuum. We introduce η ¼ GV=GS for the dimension-
less vector coupling strength and use it as a free parameter
of the model responsible for the stiffness of the quark
matter EoS at nonzero densities. Details of the values used
in the present work will be given below.
To proceed it is convenient to perform a standard

bosonization of the theory. Thus, we introduce scalar,
vector and diquark bosonic fields and integrate out the
quark fields. In what follows we will work within the mean-
field approximation (MFA), in which these bosonic fields
are expanded around their vacuum expectation values and
the corresponding fluctuations are neglected. The only
nonvanishing mean-field values in the scalar and vector
sectors correspond to isospin zero fields, σ̄ and ω̄ respec-
tively. Concerning the diquark mean-field values, we will
assume that in the density region of interest only the two-
flavor color superconductivity (2SC) phase might be
relevant; thus, we adopt the ansatz Δ̄5 ¼ Δ̄7 ¼ 0, Δ̄2 ¼ Δ̄.
Next, we consider the Euclidean action at zero temper-

ature and finite baryon chemical potential μB. For such
purpose we introduce different chemical potentials μfc for
each flavor and color; then the corresponding mean-field
grand canonical thermodynamic potential per unit volume
can be written as

ΩMFA ¼ σ̄2

2GS
þ Δ̄2

2H
−

ω̄2

2GV

−
1

2

Z
d4p
ð2πÞ4 ln det ½S

−1ðσ̄; Δ̄; ω̄; μfcÞ�; ð6Þ

where we have introduced different chemical potentials μfc
for each flavor and color. The inverse propagator S−1 is a
48 × 48 matrix in Dirac, flavor, color and Nambu-Gorkov
spaces. A detailed description of the model and the explicit
expression for the thermodynamic potential after calculat-
ing the determinant of the inverse of the propagator can be
found in Ref. [43]. Then, the mean-field values σ̄, Δ̄ and ω̄
can be obtained by solving the coupled equations

dΩMFA

dΔ̄
¼ 0;

dΩMFA

dσ̄
¼ 0;

dΩMFA

dω̄
¼ 0: ð7Þ

In principle one has six different quark chemical poten-
tials, corresponding to quark flavors u and d and quark
colors r, g and b. However, there is a residual color
symmetry (between red and green colors due to the ansatz
we considered) arising from the direction of Δ̄ in color
space. Moreover, if we require the system to be in chemical
equilibrium, it can be seen that chemical potentials are not
independent from each other. In general, it is shown that all
μfc can be written in terms of three independent quantities:
the baryonic chemical potential μ, a quark electric chemical
potential μQq

and a color chemical potential μ8. The
corresponding relations read

μur ¼ μug ¼
μ

3
þ 2

3
μQq

þ 1

3
μ8; ð8Þ

μub ¼
μ

3
þ 2

3
μQq

−
2

3
μ8; ð9Þ

μdr ¼ μdg ¼
μ

3
−
1

3
μQq

þ 1

3
μ8; ð10Þ

μdb ¼
μ

3
−
1

3
μQq

−
2

3
μ8: ð11Þ

The chemical potential μQq
distinguishes between up and

down quarks, and the color chemical potential μ8 has to be
introduced to ensure color neutrality.
As we are interested in describing the behavior of quark

matter in the core of neutron stars we have to take into
account the presence of electrons and muons, in addition
to quark matter. We treat leptons as a free relativistic
Fermi gas and the corresponding thermodynamic potential
expression can be found in [43]. In addition, it is necessary
to take into account that quark matter has to be in β-
equilibrium with electrons and muons through the beta
decay reactions

d → uþ lþ ν̄l; uþ l → dþ νl; ð12Þ

for l ¼ e, μ. Thus, assuming that (anti)neutrinos escape
from the stellar core, we have an additional relation
between fermion chemical potentials, namely
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μdc − μuc ¼ −μQq
¼ μl ð13Þ

for c ¼ r, g, b, μe ¼ μμ ¼ μl.
Finally, in the core of neutron stars we also require the

system to be electric and color charge neutral; hence the
number of independent chemical potentials decreases
further. Indeed, μl and μ get fixed by the condition that
charge and color densities vanish,

ρQtot
¼ ρQq

−
X
l¼e;μ

ρl

¼
X

c¼r;g;b

�
2

3
ρuc −

1

3
ρdc

�
−

X
l¼e;μ

ρl ¼ 0; ð14Þ

ρ8 ¼
1ffiffiffi
3

p
X
f¼u;d

ðρfr þ ρfg − 2ρfbÞ ¼ 0; ð15Þ

where the expressions for the lepton densities ρl and the
quark densities ρfc can be found in the Appendix of [43]. In
summary, in the case of neutron star quark matter, for each
value of μ one can find the values of Δ̄, σ̄, μl and μ8 by
solving the gap equations (7), supplemented by the con-
straints of Eq. (13) for β-equilibrium and Eqs. (14) and (15)
for electric and color charge neutrality, respectively. This
allows us to obtain the quark matter EoS in the relevant
thermodynamic region as

PðμÞ ¼ Pðμ; ηðμÞ; BðμÞÞ ¼ −ΩMFAðηðμÞÞ − BðμÞ; ð16Þ

where for later use we allow for the possibility of a bag
pressure shift stemming, e.g., from a medium dependence
of the gluon sector, and both parameters η and B may
depend on the chemical potential.
Such a generalized form of the nonlocal chiral quark

model with a priori unknown μ-dependencies of the vector
coupling strength and the bag pressure shift are suitable for
Bayesian analyses of hybrid EoS to be constrained by sets
of experimental data from heavy-ion collisions and/or
compact star observations.

C. Phase transition

In the present work, we shall use a simple Maxwell
construction for the phase transition between the EoS for
the nuclear matter and quark matter phases described
above. They shall separately fulfill charge-neutrality and
β-equilibrium with electrons and muons. The two distinct
phases are then matched according to the Gibbs conditions
for phase equilibrium by requiring that temperatures,
chemical potentials and pressures of the two phases
coincide at the phase transition

TH ¼ TQ ¼ 0; ð17Þ
μH ¼ μQ ¼ μc; ð18Þ

PH ¼ PQ ¼ Pc: ð19Þ

Technically, we plot the T ¼ 0 isotherms of both phases in
pressure over baryon chemical potential and merge them at
the crossing point Pc ¼ PðμcÞ. Outside the phase transi-
tion, the phase with higher pressure (lower grand canonical
potential) is to be chosen as the physical one.
A more sophisticated construction of the phase transition

considers the occurrence of structures (so-called “pasta
phases”) with an interplay of surface tension, Coulomb
energy and charge-screening effects. For a recent work, see
e.g., Ref. [59] and references therein. It has been found that
for typical values of the surface tension the pasta phase
construction yields an EoS very similar to that of the
Maxwell construction [60].

1. Color superconducting quark matter

In Fig. 1 we show the results for the color super-
conducting, nonlocal chiral quark model EoS of the present
work for different values of the dimensionless vector meson
coupling parameter η ¼ 0.01;…; 0.26. Inspecting this fig-
ure we draw the following conclusions.

(i) For the soft hadronic EoS (APR and DD2F) no
reasonable Maxwell construction of a phase tran-
sition is possible: for η ≥ 0.15 quark and hadronic
matter EoS do not cross, while for η < 0.15 the
crossings do not describe a physically acceptable
case—at low density quark matter would be thermo-
dynamically favorable because of the larger pres-
sure, while at higher densities a transition to
hadronic matter would occur.

(ii) For the DD2 EoS, we observe the “masquerade”
situation: while for η > 0.17 there is no crossing of
quark and hadronic EoS, and for η ≤ 0.16 the
deconfinement transition would occur at unphysi-
cally low densities, for η ¼ 0.17 at μ ¼ 1050 MeV
the transition to a quark matter EoS occurs that is
indistinguishable from the hadronic one. Then one
would describe hybrid star matter that masquerades
as neutron star matter [61].

(iii) For the stiff hadronic EoS DD2_p40, one obtains
deconfinement transitions which for η ≤ 0.16 occur
at too low density, but for η ≥ 0.17 would result in
acceptable hybrid star EoS with the specifics that
for η ¼ 0.17 a masquerade with the DD2 EoS is
obtained.

The corresponding solutions of the Tolman-Oppenheimer-
Volkov (TOV) equations are discussed in Sec. II E below.

2. Without color superconductivity

Here we discuss the case when the effective coupling H
in the diquark interaction channel would be too small to
result in diquark condensation, so that no color super-
conducting phase would occur. Setting H ¼ 0 in Eq. (2),
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we obtain the set of quark matter EoS shown in Fig. 2
together with the four hadronic EoS discussed also in
Fig. 1. When comparing both figures, we observe that
for the soft hadronic EoS APR and DD2F no phase
transition occurs for the whole set of vector couplings
η > 0.02 and no reasonable phase transition construction
exists for η ≤ 0.02. For the stiffer hadronic EoS DD2 and
DD2_p40 the deconfinement transition is obtained by
Maxwell construction with all values of the vector coupling
η, albeit at rather low densities for values η ≤ 0.03. The
corresponding solutions of the TOV equations are also
discussed in Sec. II E below.

D. TOV equations, moment of inertia and tidal
deformability

In this subsection, we present the set of equations that are
to be solved for obtaining the numerical results on compact
star structure and global properties shown in the next
section, once the EoS is given.

1. TOV equations

In order to compute the internal energy density distri-
bution of compact stars and thus derive the mass-radius
(M-R) relation we utilize the TOVequations for a static and
spherical star in the framework of general relativity [62,63]:

dPðrÞ
dr

¼ −
ðεðrÞ þ PðrÞÞðmðrÞ þ 4πr3PðrÞÞ

rðr − 2mðrÞÞ ; ð20Þ

dmðrÞ
dr

¼ 4πr2εðrÞ: ð21Þ

By considering that Pðr ¼ RÞ ¼ 0, M ¼ mðr ¼ RÞ and
Pc ¼ Pðr ¼ 0Þ we have the necessary boundary and initial
conditions for a relativistic star with mass M and radius R,
respectively.
Once a central density ϵc is chosen, the TOV solutions

provide internal density profiles of a star. By increasing ϵc
(or equivalently Pc) for each star, the whole sequence up to
the maximum mass, the mass-radius relation can be
computed. A similar relation can be derived for the baryon
number NBðrÞ, enclosed in a distance r from the center of
the mass distribution,

dNBðrÞ
dr

¼ 4πr2
�
1 −

2mðrÞ
r

�
−1=2

nðrÞ: ð22Þ

Integrating this equation one obtains the baryon number
NB ¼ NBðRÞ of the star, from which its baryonic mass is
obtained as MB ¼ mNNB, where mN is the nucleon mass.

2. Moment of inertia

Another important stellar quantity is the moment of
inertia. We compute the relativistic moment of inertia based
on the approach presented in [64]:

I ≃
J

1þ 2J=R3
; ð23Þ

J ¼ 8π

3

Z
R

0

drr4
εðrÞ þ PðrÞ
1 − 2mðrÞ=r : ð24Þ

For a detailed discussion of the moment of inertia in the
slow-rotation approximation and for the hybrid star case
see, e.g., [21,65,66], and references therein.

3. Tidal Love number and deformability parameter Λ
In this section we briefly describe how to compute the

tidal deformability (TD) of a compact star, based on the
results of [67–71]. We start by considering the dimension-
less tidal deformability parameter Λ ¼ λ=M5 which is
computed for small tidal deformabilities. Here λ is the
stellar TD and M is the stellar gravitational mass as
introduced before. λ is related to the so-called Love number:

k2 ¼
3

2
λR−5: ð25Þ

The TD can be thought of a modification of the space-time
metric by a linear l ¼ 2 perturbation onto the spherically
symmetric star,
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FIG. 2. Quark matter EoS according to the nonlocal chiral
quark model without color superconductivity (diquark interaction
switched off) for different values of the dimensionless vector
meson coupling strength parameter η ¼ 0.01; 0.02;…; 0.09
(black thin lines); η ¼ 0.12;…; 0.19 (magenta thin lines); and
η ¼ 0.21;…; 0.26 (blue thin lines) compared with four nuclear
matter EoS ordered by increasing stiffness: APR (violet solid
line), DD2F (orange solid line), DD2 (black solid line) and
DD2_p40 (magenta solid line). For a detailed discussion, see text.
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ds2 ¼ −e2ΦðrÞ½1þHðrÞY20ðθ;φÞ�dt2
þ e2ΛðrÞ½1 −HðrÞY20ðθ;φÞ�dr2
þ r2½1 − KðrÞY20ðθ;φÞ�ðdθ2 þ sin2 θdφ2Þ; ð26Þ

where K0ðrÞ ¼ H0ðrÞ þ 2HðrÞΦ0ðrÞ, primes denoting
derivatives with respect to r. The functions HðrÞ, βðrÞ ¼
dH=dr obey

dH
dr

¼ β ð27Þ

dβ
dr

¼ 2

�
1 − 2

mðrÞ
r

�
−1

×H

�
−2π½5εðrÞ þ 9PðrÞ þ fðεðrÞ þ PðrÞÞ�

þ 3

r2
þ 2

�
1 − 2

mðrÞ
r

�
−1
�
mðrÞ
r2

þ 4πrPðrÞ
�

2
�

þ 2β

r

�
1 − 2

mðrÞ
r

�
−1

×

�
−1þmðrÞ

r
þ 2πr2ðεðrÞ − PðrÞÞ

�
; ð28Þ

where f ¼ dϵ=dp is the equation of state. The above
equations must be solved simultaneously with the TOV
equations. The system is to be integrated outward starting
near the center using the expansions HðrÞ ¼ a0r2 and
βðrÞ ¼ 2a0r as r → 0. a0 is a constant that determines
how much the star is deformed and turns out to be arbitrary

since it cancels in the expression for the Love number. With
the definition of

y ¼ RβðRÞ
HðRÞ ; ð29Þ

the l ¼ 2 Love number is found as

k2 ¼
8C5

5
ð1−2CÞ2½2þ2Cðy−1Þ−y�

×f2C½6−3yþ3Cð5y−8Þ�
þ4C3½13−11yþCð3y−2Þþ2C2ð1þyÞ�
þ3ð1−2CÞ2½2−yþ2Cðy−1Þ� lnð1−2CÞg−1; ð30Þ

where C ¼ M=R is the compactness of the star.

E. M −R relations for hybrid star EoS with
constant coupling strengths

In Fig. 3 we show the results for the compact star
sequences in the M − R diagram that result from the
integration of the TOV equations (20) and (21) with the
EoS of Fig. 1. In this figure we also show by the blue band
the lower limit Mlow

max ¼ 2.01� 0.04 M⊙ [4] for the maxi-
mum mass of a sequence that is fulfilled for all EoS. New
astrophysical constraints are derived from the recent
observation of the compact star merger GW170817 [8]
as a minimal radius at M ¼ 1.6 M⊙ of R1.6 ≥ 10.7 km
[72], a maximal radius at M ¼ 1.4 M⊙ of R1.4 ≤ 13.6 km
[73] and a possible upper limit on the maximum mass of
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FIG. 3. Mass-radius sequences for the class of hybrid EoS emerging from Maxwell constructions of standard nuclear EoS and the
color superconducting nonlocal chiral quark model EoS of the present work, as discussed in Sec. II C and in Fig. 1.
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nonrotating star configurations ofMup
max ¼ 2.16� 0.04 M⊙

[74]. While the radius constraints are fulfilled by all EoS
(R1.4 only marginally by DD2_p40), the new upper limit on
the maximum mass is violated by all EoS except DD2F.
Moreover, there are limiting masses above which the EoS
in the center of the star goes superluminal (indicated by
crosses in Fig. 3).
The main conclusion we want to draw in the context of

the present work is that the hybrid star sequences shown as
red and blue thin lines with different line styles are all
connected to their hadronic parent sequences. No third
families of hybrid stars are possible with the nonlocal chiral
quark model and constant coupling strengths. Therefore,
there are also no mass twin stars.
The same conclusion can be drawn for the case when

color superconductivity in quark matter is switched off; see
Fig. 4. However, here there are hybrid star sequences
possible that fulfill also the new constraint of the upper
limit for the maximum mass, namely for the vector
coupling strengths 0.05 < η < 0.07 with either the DD2
or the DD2_p40 hadronic EoS.

III. RECONSTRUCTION OF A TARGET EoS

In the previous section we have seen that for all para-
metrizations of the nonlocal chiral quarkmodelwith constant
coupling strengths, one does not obtain a third family of
hybrid stars (and thus twin stars). A reasonable Maxwell
construction is obtained only with stiffer hadronic EoS like
DD2 and DD2_p40 and results then in hybrid star branches
that are connected to the hadronic sequence; see Fig. 3.

In order to obtain twin stars and disconnected hybrid star
branches using the nonlocal chiral model, we will general-
ize it by allowing a medium dependence of the vector and
scalar meson coupling strength. This would be equivalent
to a formulation with medium dependent vector coupling
and pressure shift (bag pressure) for a constant scalar
coupling. As a strategy to fix these a priori unknown
density dependencies we suggest here to adjust them so as
to reproduce a target EoS with desired properties. The EoS
of our choice is that of the recently developed relativistic
string-flip model (SFM) [22] which produces stable dis-
connected hybrid star branches with an onset mass of the
phase transition that depends on the model parameter α that
regulates the screening of the string tension. We will
reconstruct the SFM EoS for the cases of α ¼ 0.2 and 0.3.
A third set is defined here by lowering the parameter μ<

for the onset of the deconfinement transition which results
in a still lower mass Mc ¼ 1.20 M⊙ for the onset of the
neutron star instability against formation of the hybrid star
sequence.

A. Reconstruction by interpolation

When asymptotic forms of the EoS are known, e.g., in
the low-density regime of nuclear matter and in the high-
density regime of quark matter, but they cannot readily be
trusted in the intermediate range of densities where a quark-
hadron phase transition is expected, it has been suggested
in Ref. [47] to use an interpolation technique (a corrected
version has been given in [48]). These works were inspired
by the earlier developed interpolation technique [49] for the
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FIG. 4. Mass-radius sequences for the class of hybrid EoS emerging from Maxwell constructions of standard nuclear EoS and the
nonlocal chiral quark model EoS of the present work, where the color superconducting diquark channel is switched off, as discussed in
Sec. II C and in Fig. 2.
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EoS in the vicinity of the crossover transition at finite
temperatures and vanishing baryon densities.
Such an interpolation technique has been used sub-

sequently for the nlNJL EoS ½Pðμ; ηÞ� which depends on an
a priori unknown value of the vector coupling strength
parameter η. Since this parameter may actually vary as a
function of the chemical potential, it has been suggested in
[46] to use the interpolation technique in order to model the
EoS with a varying vector coupling strength parameter
within certain limits and in a certain range of chemical
potentials.
In the present work we want to generalize this approach

by using it for two purposes:
(1) To model the unknown density dependence of the

confining mechanism by interpolating a bag pres-
sure contribution between zero and a finite value B at
low densities in the vicinity of the hadron-to-quark
matter transition, and

(2) To model a density-dependent stiffening of the quark
matter EoS at high density by interpolating between
EoS for two values of the vector coupling strength,
η< and η>.

The resulting doubly interpolated quark matter EoS reads

PðμÞ ¼ ½f<ðμÞPðμ; η<; BÞ þ f>ðμÞPðμ; η<; 0Þ�f≪ðμÞ
þ f≫ðμÞPðμ; η>; 0Þ; ð31Þ

where we have introduced two smooth switch-off func-
tions, one that changes from one to zero at a lower chemical
potential μ< with a width Γ<,

f<ðμÞ ¼
1

2

�
1 − tanh

�
μ − μ<
Γ<

��
; ð32Þ

and one that switches off at a higher chemical potential μ≪
with a width Γ≪,

f≪ðμÞ ¼
1

2

�
1 − tanh

�
μ − μ≪
Γ≪

��
; ð33Þ

whereby the corresponding switch-on functions are the
complementary ones,

f>ðμÞ ¼ 1 − f<ðμÞ; f≫ðμÞ ¼ 1 − f≪ðμÞ: ð34Þ

The input EoS differ in their η-values; we have taken for
those values at low (<) and high (>) chemical potentials η<
and η>. Moreover, B represents a bag constant introduced
to enforce confinement effects in the low chemical potential
quark EoS.
For more detailed discussions about the adoption of a bag

constant (or bag function) in addition to the chiral quark
model pressure see, e.g., Refs. [75–78]. Values of B ¼
10–50 MeV=fm3 are used in these references and will be
taken as a guidance for adjusting this parameter in the

present work. For a density-dependent bag constant in
hybrid compact star physics applications, see also Ref. [79].
Note that for B ¼ 0 one would not obtain third family

solutions within the nonlocal NJL model approach.

B. Equivalence of interpolation and
density-dependent parameters

1. Bag pressure shift

Here we prove that the interpolation between two EoS
that differ by a constant shift of the pressure can be
rewritten as a pressure with a μ-dependent shift that is
defined by the switch function

PðμÞ ¼ Pðμ; η; BÞf<ðμÞ þ Pðμ; η; 0Þf>ðμÞ
¼ Pðμ; η; 0Þ½f<ðμÞ þ f>ðμÞ� − Bf<ðμÞ
¼ Pðμ; η; BðμÞÞ; ð35Þ

where

BðμÞ ¼ Bf<ðμÞ ð36Þ

is the μ-dependent bag pressure. Numerical results for the
parametrizations defined in sets 1–3 are shown in Fig. 7.

2. Vector meson coupling

Here we prove that for small changes in the vector meson
coupling η, when a first order Taylor expansion will be a
sufficiently accurate approximation, the result of the
interpolation may again be reinterpreted as a μ-dependence
of the vector meson coupling, defined by the switch
functions f<ðμÞ and f>ðμÞ:

PðμÞ ¼ Pðμ; η<; BÞf≪ðμÞ þ Pðμ; η>; BÞf≫ðμÞ
¼ Pðμ; η<; BÞ½f≪ðμÞ þ f≫ðμÞ�

þ ðη> − η<Þf≫ðμÞ
dPðμ; η; BÞ

dη

				
η¼η<

¼ Pðμ; η<; BÞ

þ ½η>f≫ðμÞ þ η<f≪ðμÞ − η<�
dPðμ; η; BÞ

dη

				
η¼η<

;

¼ Pðμ; ηðμÞ; BÞ; ð37Þ

where

ηðμÞ ¼ η>f≫ðμÞ þ η<f≪ðμÞ ð38Þ

is the medium-dependent vector meson coupling strength
resulting from the pressure interpolation for the two values
η< and η> with the switch functions f≪ðμÞ and f≫ðμÞ.
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3. Combined effect on BðμÞ and ηðμÞ
in the twofold interpolation

We want to express the twofold interpolated EoS of
Eq. (31) in terms of the generalized nonlocal chiral quark
model (16) with μ-dependent parameters. To this end,
starting from (31) and applying the relations derived in
Secs. III B 1 and III B 2, we get

PðμÞ ¼ ½f<ðμÞPðμ; η<; BÞ þ f>ðμÞPðμ; η<; 0Þ�f≪ðμÞ
þ f≫ðμÞPðμ; η>; 0Þ;

¼ ½Pðμ; η<; 0Þ − Bf<ðμÞ�f≪ðμÞ þ Pðμ; η>; 0Þf≫ðμÞ
¼ Pðμ; ηðμÞ; 0Þ − BðμÞ; ð39Þ

where ηðμÞ is given by Eq. (38) and the bag function for the
twofold interpolation is

BðμÞ ¼ Bf<ðμÞf≪ðμÞ: ð40Þ

We note that this bag function differs from that of the
onefold interpolation (36), in particular when the regions of
the switches defined by the functions f<ðμÞ and f≪ðμÞ do
overlap.

IV. NUMERICAL RESULTS AND DISCUSSION

In the present work we consider the case of a Gaussian
form factor function gðzÞ which translates to a Gaussian
regulator function gðpÞ ¼ expð−p2=p2

0Þ in Euclidean
4-momentum space. The fixed parameters of the quark
model aremc ¼ 5.4869 MeV, p0 ¼ 782.16 MeV,GSp2

0 ¼
19.804 and H=GS ¼ 0.75. For a better overview of the
results reported below we introduce subsections.

A. Twofold interpolation and generalized nonlocal
chiral quark model

The dimensionless vector coupling η and the bag
pressure B are the two parameters that are used for
calculating the three quark matter EoS that enter the
twofold interpolation (31) which itself is determined by
the four parameters μ<, Γ< and μ≪, Γ≪ for the switch
functions f<ðμÞ and f≪ðμÞ given in Eqs. (32) and (33),
respectively. In Table I we give the values for three sets of
these seven parameters which will be used in the numerical
calculations of this work. Sets 1 and 2 are defined such that
they reproduce the two target EoS of Ref. [22] that produce
third family branches with twin star configurations in the
M-R diagram at high masses (α ¼ 0.2) and at low masses
(α ¼ 0.3) in their Fig. 15 for the corresponding EoS shown
in Fig. 13 of that work. Our set 3 is a new result,
representing an example from the class of hybrid star
EoS that can be generated with the generalization of the
nonlocal chiral quark model developed in this work. This
set is adjusted so as to have a still lower mass onset of the
hybrid star branch than set 2 so that the binary compact star

merger GW170817 could be explained as a merger of two
hybrid stars with quark matter cores.
In Fig. 5 we show for the example of parameter set 2 of

Table I the three quark matter EoS (in red thin lines)
generated by the nonlocal chiral quark model that are used
in the twofold interpolation procedure of Eq. (31) to obtain
the resulting quark matter EoS shown by the thick red
dashed-dotted line which can be reconstructed as an EoS of
the generalized nonlocal chiral quark model (31) with the
μ-dependent bag function BðμÞ from Eq. (40) and vector
coupling ηðμÞ from Eq. (38).

TABLE I. Parameter sets 1–3 for the interpolated nonlocal NJL
model.

Number Parameter Set 1 Set 2 Set 3

1 μ< (MeV) 1600 1150 1090
2 Γ< (MeV) 270 170 170
3 μ≪ (MeV) 1500 1700 1700
4 Γ≪ (MeV) 300 300 300
5 η< 0.09 0.05 0.05
6 η> 0.12 0.12 0.12
7 B (MeV=fm3) 35 35 35
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quark matter, interpolation
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FIG. 5. Hybrid star EoS (black solid line) obtained by a
Maxwell construction between the quark matter EoS for set 2
(red dashed-dotted line) and the density-dependent relativistic
mean-field EoS DD2_p40 for nuclear matter in β-equilibrium
with electrons and muons. The doubly interpolated quark matter
EoS is based on three parametrizations of the nonlocal NJL
model: a soft (low vector coupling η) one with confinement
(B ≠ 0) at low densities (red dashed line), a soft one without
confinement at intermediate densities (red dashed-double-dotted
line) and a stiff one (high η) at high densities (red double-dashed-
dotted line). The parameters of the switching functions are given
in Table I.
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The explicit formulas for this reconstruction are a main
result of this work, given in Sec. III B. This procedure
describes a stiffening of the EoS at high densities due to an
increase in the vector coupling strength ηðμÞ shown in
Fig. 6 and a softening due to the onset of confinement at
low densities as described by the bag pressure function
BðμÞ shown in Fig. 7.
A Maxwell construction is performed with the hadronic

EoS DD2_p40 from [55] shown by the blue dashed line
which results in the black solid line for the quark-hadron
hybrid EoS.

The three parameter sets given in Table I are adjusted
such that the onset massesMc for the deconfinement phase
transition in a compact star lie at 2.0, 1.39 and 1.20 M⊙ for
sets 1, 2 and 3, respectively, while the maximum mass on
the hybrid star branch exceeds the value of 2.01 M⊙
measured for PSR J0348+432 [4]. This is achieved by
minimal variations in the low-density value η< of the
vector coupling and the parameters of the switch functions
f<ðμÞ and f≪ðμÞ while keeping the bag constant B ¼
35 MeV=fm3 and η> ¼ 0.12 constant. See Table II for the
EoS parameters at the onset of the phase transition and the
mass parameters characterizing the corresponding compact
star sequences with a third family branch.

B. Hybrid EoS and third family in the M-R diagram

In Fig. 8 we show the hybrid EoS resulting from the
Maxwell construction between the hadronic DD2_p40 EoS
and the quark matter EoS of sets 1, 2 and 3.
Figure 9 shows the squared speed of sound c2s ¼ dP=dε

as a function of the energy density for sets 1, 2 and 3 which
exhibit the regions of the first-order phase transition where
c2s ¼ 0 and fulfills the condition of causality c2s < 1 (in
units of the speed of light squared).
In Fig. 10 we show a key result of this paper, the mass-

radius relationships for the three hybrid EoS of Fig. 8 as
obtained from the solution of the TOV equations. The
dotted lines denote the unstable configurations that should
not be realized in nature but guide the eye to the
corresponding stable hybrid star sequence (third family)
disconnected from the neutron star one (second family).
The blue and red horizontal bands denote the mass

FIG. 6. Medium dependence of the dimensionless vector meson
coupling ηðμÞ as defined by the parameters of the interpolation
procedure given in Table I for sets 1, 2 and 3.
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FIG. 7. Medium dependence of the bag pressure BðμÞ as
defined by the parameters of the interpolation procedure given
in Table I for sets 1, 2 and 3.

TABLE II. Results for a hybrid EoS with a first-order phase
transition from hadronic matter described by the DD2_p40 EoS
[55] to quark matter described by the interpolated nonlocal NJL
model (39) obtained by a Maxwell construction for the three
parametrizations of sets 1–3 given in Table I: the critical chemical
potential μc, the critical pressure pc, and the values of energy
density and baryon number density corresponding to the onset of
the first-order phase transition, εc and nc, respectively. Upon
solving the TOV equations with the hybrid EoS, the mass-radius
relation for compact stars is obtained which reveals a maximum
mass Mmax and a minimum mass Mmin of the hybrid star branch
as well as a mass Mc at the onset of the phase transition in the
center of the compact star.

Set 1 Set 2 Set 3

μc (MeV) 1214.06 1102.99 1077.29

pc (MeV=fm3) 67.5285 33.1236 26.0674

ϵc (MeV=fm3) 338.761 277.373 260.396

nc (fm−3) 0.334 568 0.281 437 0.265 871

Mc (M⊙) 2.00 1.39 1.20
Mmin (M⊙) 1.987 1.349 1.166
Mmax (M⊙) 2.058 2.041 2.058
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measurement for PSR J0348+432 [4] and PSR J1614-2230
[3], respectively. The grey and orange bands labeled
M1 and M2 are the mass ranges for the compact stars in
the binary merger GW170817 for which the authors of

Ref. [72] have excluded radii smaller than 10.68 km of
1.6 M⊙ stars and those of Ref. [73] excluded radii exceed-
ing 13.4 km at 1.4 M⊙. The green band denotes the mass
range 1.44� 0.07 M⊙ of PSR J0437-4715, the primary
target of the radius measurement by NICER [80]. In the
literature [74,81,82] a possible upper limit to the maximum
mass of nonrotating compact stars has been deduced from
the conjecture that GW170817 did not lead to a prompt
black hole formation after the merger. We indicate here the
value MTOV ¼ 2.16 M⊙ deduced in [74].

C. Sensitivity to interpolation parameters

In this subsection we explore the sensitivity of the hybrid
EoS for the generalized nonlocal NJL model against
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FIG. 8. The equation of state for pressure vs energy density
resulting from the twofold interpolation method and Maxwell
construction of the deconfinement phase transition illustrated in
Fig. 5 for the parameters of set 2. Results for sets 1, 2 and 3 are
shown as solid, dashed and dashed-dotted lines, respectively. For
comparison, the APR EoS is shown (orange dotted line) which is
a standard EoS for nuclear astrophysics applications.
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FIG. 9. The squared speed of sound c2s as a function of the
energy density for sets 1, 2 and 3 exhibits the regions of the first-
order phase transition where c2s ¼ 0 and fulfills the condition of
causality c2s < 1 (in units of the speed of light squared). Line
styles are as in Fig. 8. For comparison, the APR EoS is shown
(magenta dotted line) without the deconfinement phase transition.
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variations of the seven parameters of the twofold inter-
polation procedure given in Table I. To this end we examine
a 10% increase and decrease of each of these parameters
while keeping the others fixed. The results for the EoS and
mass-radius diagrams are shown in Figs. 11 and 12. In this
way we identify the onset of deconfinement μ<, the low-
density vector coupling η< and the bag parameter B
as those parameters which have a sufficiently strong
influence on the EoS to cause variations in the compact
star sequences; see Fig. 11. These parameters concern
the low-density part of the quark matter EoS and thus the
position of the deconfinement phase transition while the
high-density part is less affected. Therefore the maximum
mass of the hybrid star branch remains unaltered and fulfills
the maximum mass constraint.
We note that this study allows us to quantify the

ambiguity in fixing the parameters of the interpolation
method. For example, a 10% increase in the bag parameter
B may be largely compensated by a 20% decrease in the
value of the low-density vector coupling η< or a 3%
reduction in the onset of deconfinement μ<, or a suitable
combination of both. Exploiting this knowledge we could
generate the parameter set 3 with the aim to lower the onset
mass for deconfinement to 1.2 M⊙ while keeping the third
family branch and obeying the maximum mass constraint

just by lowering the parameter μ< for the onset of
deconfinement by 5% relative to set 2.
We also identify those parameters to which the inter-

polation is less sensitive; see Fig. 12. The �10% change of
the width parameters for the interpolation of the bag
melting (Γ<) and the vector coupling increase (Γ≪) do
not affect the results.
A change in the vector coupling constant at high

densities η> affects only the high-density EoS and thus
the maximummass of the third family branch while leaving
the onset mass of the deconfinement transition unchanged
for both set 1 and set 2. Changing the location of the
stiffening at high densities μ≪ affects both the maximum
mass of the third family branch and the onset of deconfine-
ment at high masses (set 2).
It is worthwhile to note that all those�10% variations of

the parameters in Table I do not spoil the existence of a
third family and thus of twin star configurations.

D. Further applications and their discussion

Figure 13 shows baryon mass vs radius for the compact
star sequences corresponding to sets 1, 2 and 3 para-
metrizations of the present EoS model. From this figure one
can read off what drop in radius can be expected when a
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transition from the maximum mass of the second family
branch to the third family branch takes place under baryon
number conservation, triggered for instance by mass
accretion from a companion star.
In Fig. 14 the mass vs central energy density as solutions

of the TOV equations for the three parameter sets given

in Table I is shown. Line styles are as in the previous
figures. The rising sections of the lines denote stable
sequences.
Figure 15 shows the moment of inertia vs mass for the

three hybrid EoS parametrizations introduced in this work.
Unstable configurations are shown by dotted lines. Note
that the relationship is multivalued in the mass twin ranges.
Hybrid stars on the third family branch have generally a
smaller moment of inertia. Measurements of the moment of
inertia of compact stars have the power to constrain the
existing EoS models. Consider for instance the system PSR
J0737-3039 [83] where both compact stars A and B have
been observed as pulsars at the time of their discovery. Due
to relativistic effects there exists a spin-orbit coupling that
could eventually lead to the determination of IA, the
moment of inertia of star A in the binary. Since the masses
of both A and B stars are already accurately determined to
MA ¼ 1.3381ð7Þ M⊙ and MB ¼ 1.2489ð7Þ M⊙ [84] and
the moment of inertia can be expressed in terms of only the
mass and radius and no other EoS parameters, the meas-
urement of IA is of great importance as it allows for the
simultaneous determination of mass and radius for the same
object, thus providing a datum of high discriminating
power among all EoS models for compact stars [85,86].
Therefore, we show in Fig. 15 the mass of PSR J0737-3039
(A) for which a measurement of IA at the expected 10%
level could well discriminate between a neutron star or
hybrid star case in our example of the set 3 EoS
parametrization.
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EoS model. From this figure one can read off what drop in radius
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baryon number conservation, triggered for instance by mass
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Figure 16 shows the dimensionless tidal deformability
parameter Λ vs compact star mass for the three sets of
hybrid EoS parametrizations introduced in this work. The
constraint Λ < 800 derived from GW170817 [8] for the
mass range 1.16 − 1.60 M⊙ is fulfilled for the third family

solutions of sets 2 and 3 while the second family sequence
of set 1 cannot fulfill this constraint.
The second key result obtained for the new class of

hybrid star EoS introduced in this work is shown in Fig. 17.
It is the plot of the tidal deformability parametersΛ1 andΛ2

of the high- and low-mass components of the binary
merger, constructed from the ΛðMÞ relation of Fig. 16
for the EoS given by sets 1–3 compared to the probability
contours for the low-spin prior of the LVC analysis of
GW170817 [8]. It shows that a stiff hadronic EoS like the
one used in this work would be excluded by the tidal
deformability constraint at the 90% confidence level when
it is to be used in a binary neutron star merger scenario. The
same EoS being part of the three sets of hybrid EoS
suggested in this work leads to acceptable scenarios when
at least one of the stars in the coalescing binary belongs to
the third family branch of hybrid stars.

V. CONCLUSIONS

We have investigated the question of whether it is
possible to obtain a third family of compact stars for an
equation of state resulting from the Maxwell construction
of a first-order phase transition between a relativistic mean-
field EoS of nuclear matter (DD2F_p40) and a nonlocal
chiral quark model EoS of color superconducting two-
flavor quark matter. For the standard quark model with
constant coupling strengths in the scalar, vector and diquark
channels we find stable hybrid star branches that fulfill
known constraints for stellar masses and radii. They are,
however, connected to the second family of purely nucle-
onic compact stars and do not form a third family. No third
family of compact stars is obtained in the standard nonlocal
chiral quark model.
Therefore, we have applied in this work an interpolation

procedure to reconstruct the thermodynamic behavior
of a class of hybrid compact star equations of state which
supports the existence of a third family of compact
stars [22].
To this end we had to generalize the nonlocal chiral

quark model by addition of a confining, density-dependent
bag pressure BðμÞ that vanishes at high densities but at low
densities leads to a sufficient softening of the EoS, resulting
in a large density jump at the deconfinement transition that
triggers the occurrence of an unstable branch. In order to
fulfill the constraint on the lower limit for the maximum
mass of compact stars at ∼2 M⊙, the vector meson
coupling ηðμÞ had to become a mildly increasing function
of the chemical potential. For the chemical potential
dependence of both the vector coupling and the bag
pressure, we have given analytic dependencies on the
smooth interpolation functions which themselves are well
constrained by causality and thermodynamic stability of the
resulting quark matter EoS.
We have presented results for this class of hybrid

equation of state and the corresponding properties of
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FIG. 16. Dimensionless tidal deformability parameter Λ vs
compact star mass for the three sets of hybrid EoS parametriza-
tions introduced in this work. The constraint Λ < 800 derived
from GW170817 [8] for the mass range 1.16 − 1.60 M⊙ is
fulfilled for the third family solutions of sets 2 and 3 while the
second family sequence of set 1 cannot fulfill this constraint
within a binary neutron star scenario.
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compact star sequences for three sets of parametrizations
which result in a maximum mass of the second family
(neutron star sequence) at 2.00, 1.39 and 1.20 M⊙, respec-
tively, and a third family of stable compact stars (hybrid star
sequence) separated from the second one by a sequence of
unstable configurations so that the phenomenon of mass
twin stars is obtained. The hybrid star sequences include
the observed maximum pulsar mass of 2.01 M⊙ as a
necessary constraint for compact star EoS. While sets 1
and 2 represent the reconstructed EoS of the string-flip
model [22] set 3 is an example of the class of EoS that can
be generated within the generalized nonlocal NJL model
and also corresponds to a third family branch of stable
hybrid star configurations.
Despite the relatively large number of seven parameters

in the twofold interpolation method we argue that it is
worthwhile to introduce this particular interpolation since
the parameters defined in this way have a physical mean-
ing. Therefore, this formulation allows for an interpretation
of the results of fitting those parameters as well as for
clarification of their partial ambiguity. We have investigated
the sensitivity of the interpolation scheme against changes
in the parameter values and demonstrated that only five
parameters are relevant, but their relation to the compact
star observables has a certain ambiguity that could be
quantified. A parametrization like this shall become a
powerful tool when applying it within a Bayesian analysis
of observational constraints on masses and radii of compact
stars [56,87] as well as tidal deformabilities [88] and further
observables from compact star mergers [89].

It is demonstrated that this advanced description of
hybrid star matter allows us to interpret GW170817 as a
merger not only of two neutron stars but also of a neutron
star with a hybrid star or of two hybrid stars. The latter two
scenarios can be in accordance with the constraints on
compactness from GW170817 when a binary neutron star
merger scenario would be ruled out because of a too stiff
hadronic equation of state. The NICER experiment on
board the International Space Station [80,90] has the
potential to rule out too soft hadronic equations of state
and thus support a merger scenario involving hybrid stars
from a third family which can be described with the new
class of EoS presented in this work.
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