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The decay of Λþ
c into πþπ0Λð1405Þ with the Λð1405Þ decay into π0Σ0 through a triangle diagram is

studied. This process is initiated by Λþ
c → πþK̄�N, and then the K̄� decays into K̄π and K̄N produce the

Λð1405Þ through a triangle loop containing K̄�NK̄ which develops a singularity around 1890 MeV.
This process is prohibited by the isospin symmetry, but the decay into this channel is enhanced by the
contribution of the triangle diagram, which is sensitive to the mass of the internal particles. We find a
narrow peak in the π0Σ0 invariant mass distribution, which originates from the Λð1405Þ amplitude, but is
tied to the mass differences between the charged and neutral K̄ or N states. The observation of the
unavoidable peak of the triangle singularity in the isospin-violating Λð1405Þ production would provide
further support for the hadronic molecular picture of the Λð1405Þ and further information on the K̄N
interaction.
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I. INTRODUCTION

The possible role of a triangle singularity (TS) in
hadronic reactions has been studied for a long time.
The TS appears from a loop contribution in the decay
of particle 1 into two particles 2 and 3 through the
following process: at first particle 1 decays into particles
A and B, and particle A subsequently decays into particles
2 and C, and finally particles B and C merge and form
particle 3 in the final state. The TS was originally studied
in Ref. [1], and it was found in Ref. [2] that the TS appears
when the loop process has a classical counterpart; i.e., all
the momenta of the particles in the loop (particles A, B,
and C in the above reaction) can be placed on-shell and the
momenta of particles 2 and B are antiparallel. A refined
formulation based on Feynman diagrams and a simple
formula for the position of the TS were given in Ref. [3].
One should note that the singularity would be smeared by
the width of hadrons and appear as a broad peak in actual
reactions. This peak purely comes from a kinematical

effect, and then we cannot associate this peak with a
resonant state. In Refs. [4–6], it was found that the
“a1ð1420Þ” peak in the πf0ð980Þ invariant mass distri-
bution with a p-wave pion observed by COMPASS
Collaboration [7] can be understood as a peak of a TS.
In this process, the triangle diagram is formed by the
a1ð1260Þ decaying into KK̄� (K�K̄) with a subsequent
K̄� → πK̄ (K� → πK) decay and merging KK̄ to form
f0ð980Þ. The a1ð1260Þ and the f0ð980Þ have sizable
couplings to the KK̄� þ c:c: and the KK̄ channels,
respectively, because they are dynamically generated
through the coupled-channel effect of hadrons as studied
in Refs. [8–10] and [11–17] for the a1ð1260Þ and the
f0ð980Þ, respectively. Actually, the large coupling of the
internal particles and the final-state hadron is crucial to
have a prominent peak of the TS. Nowadays, many
hadronic molecular states have been studied as summa-
rized in Ref. [18]. Because these states tend to have a large
coupling to their constituent hadrons, the observation of
the inevitable peak from the TS would provide further
clues to clarify the nature of the hadronic molecules. Other
than the “a1ð1420Þ” the interpretation of the “f1ð1420Þ”
and “f2ð1810Þ” in the PDG [19] as a peak of the triangle
singularity was proposed in Refs. [20,21], respectively.
Furthermore, possible manifestations of the TS in the
heavy sector were investigated in Refs. [5,22–27].
On the other hand, it was found that the TS gives a

significant contribution to the isospin-violating process.
In Refs. [28–30], the role of the triangle diagram in the
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unusually large isospin-violating π0f0ð980Þ production
from ηð1405Þ observed in BESIII [31] was studied. The
triangular diagrams formed by K�−KþK− and K̄�0K0K̄0

contribute to this process because of the sensitivity of the
triangle singularity to the masses of the particles in the
loop diagram, and the TS can have a sizable contribution
in the isospin-violating process. It is noteworthy that the
shape of the f0ð980Þ resonance appears narrower than
observed in other processes because the resonance shape
is modified by the amplitude of the triangle diagram,
which gives the width with the order of the charged- and
neutral-kaon mass difference. Also, the line shape of the
ππ invariant mass distribution calculated with the triangle
diagram agrees with what was observed experimentally
[31]. Following these studies, the isospin-violating
f0ð980Þ productions enhanced by the TS in the Dþ

s →
πþπ0f0ð980Þ and B̄0

s → J=ψπ0f0ð980Þ processes were
studied in Refs. [32,33], respectively.
In this paper, we focus on the isospin-violating Λþ

c →
πþπ0Λð1405Þ process with the Λð1405Þ decay into π0Σ0

from the triangle diagram. The triangle diagram is formed
by the decay of Λþ

c into πþK�−p ðπþK̄�0nÞ followed by
the decay of K�− → π0K− ðK̄�0 → π0K̄0Þ and the fusion of
the K−p ðK̄0nÞ to form Λð1405Þ. From the formula of
Eq. (18) in Ref. [3], a singularity from the triangle
diagram would appear around 1890 MeV in the
π0Λð1405Þ invariant mass distribution. The Λð1405Þ is
successfully described as a hadronic molecule [34–42]
and has a large coupling to the K̄N and the πΣ channels
(see also Refs. [43,44] and references therein for details).
The decay of heavy hadrons containing a charm or bottom
quark is an exciting field in hadron physics as summarized
in Ref. [45], and particularly the Λð1405Þ production in
the Λþ

c , χc0ð1PÞ, and Ξb decays was studied in
Refs. [46,47], [48], and [49], respectively, where the
Λð1405Þ affects the πΣ or K̄N mass distribution through
the final-state rescattering. Considering the external Wþ

emission for the transition of Λþ
c into πþK̄�N, which

would give the main contribution to this process, the
Λð1405Þ production is isospin forbidden. Indeed the W
produces the πþ in one vertex and in the other one
includes a cs transition. We have thus πþ and sud, with

ud in I ¼ 0, because there these quarks are spectators.
Thus the sud final state has I ¼ 0 and hadronizes in K̄�N
(see Fig. 3 below). Meanwhile, the possible effect of
the TS on the Λð1405Þ production was studied in
Refs. [50–52]. Now, as found in Refs. [28–30,32,33]
for the f0ð980Þ production, we expect that the isospin-
violating Λð1405Þ production is enhanced by the TS
around 1890 MeV in the π0Λð1405Þ mass distribution,
where the triangle singularity would appear from the
formula in Ref. [3], and that a narrow peak around the
Λð1405Þ energy in the π0Σ0 mass distribution would
appear. The observation of the TS in this isospin-violating
Λð1405Þ production would give further support to the
hadronic molecular picture of the Λð1405Þ resonance and
provide us better understanding on the triangle singularity.

II. FORMALISM

In the present study, we investigate the Λþ
c → πþπ0π0Σ0

decays via Λð1405Þ formation. The process of Λþ
c →

πþK�−p followed by the K�− decay into π0K− and the
merging of the K−p into Λð1405Þ [see Fig. 1(a)] or Λþ

c →
πþK̄�0n followed by the K̄�0 decay into π0K̄0 and the
merging of the K̄0n into Λð1405Þ [see Fig. 1(b)] generate a
singularity, and we will see a signal for the Λð1405Þ around
1420 MeV because it comes from K̄N which couples to the
second pole at 1420 MeV in the invariant mass of π0Σ0.
In the study of Ref. [38], the Λð1405Þ appears as the
dynamically generated state of K−p, K̄0n, π0Λ, π0Σ0, ηΛ,
ηΣ0, πþΣ−, π−Σþ, KþΞ−, and K0Ξ0 in the coupled-
channels calculation.
We will analyze the effect of triangle singularities in the

decay of Λþ
c → πþπ0π0Σ0. In this study, we focus on the

decay channel of π0Σ0 from Λð1405Þ, which does not
contain the I ¼ 1 contribution and has a small I ¼ 2 one, to
focus on the isospin violation. The complete Feynman
diagram for the decay with the triangle mechanism through
the Λð1405Þ baryon is shown in Fig. 1, and the momenta
assignment for the decay process is given in Fig. 2. In the
hadronization of Fig. 3(b) we shall see in the next
subsection that K̄�N is produced. The K̄� will decay into
πK̄, and thus the triangular mechanisms of Fig. 1 appear.

(a) (b)

FIG. 1. Diagram for the decay of Λþ
c → πþπ0π0Σ0. (a) The process of Λþ

c → πþK�−p followed by the K�− decay into π0K− and the
merging of the K−p into Λð1405Þ; (b) Λþ

c → πþK̄�0n followed by the K̄�0 decay into π0K̄0 and the merging of the K̄0n into Λð1405Þ.
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Now we would like to evaluate the Λþ
c → πþπ0R with

the R → π0Σ0 process which produces the triangle diagram
shown in Fig. 1, where R stands for theΛð1405Þ resonance.
First, let us consider the T matrix element t for the

triangle loop process shown in Fig. 1(a), which, following
Feynman rules (see also Ref. [3] for further details), is
given by

t¼ i
X

polofK�
2Mp

Z
d4q
ð2πÞ4

tK−p→π0Σ0

q2−M2
pþ iϵ

×
tK�−→π0K−

ðP−qÞ2−m2
K�− þ iϵ

tΛþ
c →πþK�−p

ðP−q−kÞ2−m2
K− þ iϵ

; ð1Þ

where we use the field normalization of Mandl and Shaw
[53]. The amplitude in Eq. (1) is evaluated in the center-of-
mass (CM) frame of π0R. Thus we need to calculate the three
vertices, tΛþ

c →πþK�−p, tK�−→π0K− , and tK−p→π0Σ0 , in Eq. (1).

A. Decay mechanism at quark level

Looking at theΛþ
c decay mechanism depicted in Fig. 3(a),

at the quark level the Cabibbo-allowed vertex is formed
through an external emission of a W boson [54], which is
also color-favored, producing a ud̄ pair that forms the πþ.
Note that ud in the Λþ

c are in I ¼ 0, and since they are
spectators in the reaction they also have I ¼ 0 in the final
state of Fig. 3(a). This, added to the s quark that has no
isospin, gives us I ¼ 0 for the final baryon before the
hadronization, and this continues to be the case after
the hadronization which is based on strong interaction.
The hadronization proceeds via ūuþ d̄dþ s̄s pair creation
with the quantum numbers of the vacuum on top of the sud
state [see Fig. 3(b)]. The resulting meson and baryon from
the hadronization of Fig. 3(b) are easily obtained by writing

H ¼
X3
i¼1

sq̄iqi
1ffiffiffi
2

p ðud − duÞ ¼
X3
i¼1

M3iqi
1ffiffiffi
2

p ðud − duÞ;

whereMij are the components of the SUð3Þf qq̄matrix with
the u, d, s quarks,

M ¼

0
B@

uū ud̄ us̄

dū dd̄ ds̄

sū sd̄ ss̄

1
CA: ð2Þ

However, as we are interested in K̄�N production for the
triangle singularity, we are only concerned at this point
about the weights of the different flavor states. To imple-
ment that we write the flavor composition of the vector
states:

ρ0 ¼ 1ffiffiffi
2

p ðuū − dd̄Þ; ω ¼ 1ffiffiffi
2

p ðuūþ dd̄Þ;

ρþ ¼ ud̄; ρ− ¼ dū; K�0 ¼ ds̄;

K�− ¼ sū; K�þ ¼ us̄; K̄�0 ¼ sd̄;

ϕ ¼ ss̄: ð3Þ

Thus we can write the SUð3Þf qq̄ matrix in terms of
physical vector mesons as

M → V ¼

0
BB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCA: ð4Þ

Then we get

H ¼ K�−u
1ffiffiffi
2

p ðud − duÞ þ K̄�0d
1ffiffiffi
2

p ðud − duÞ

þ ϕs
1ffiffiffi
2

p ðud − duÞ: ð5Þ

By looking at the quark content of the octet baryons in
Ref. [55] (see Table III of that work), we see that, in terms
of three quarks, the mixed antisymmetric representation of

FIG. 2. The momenta assignment for the decay process.

(a) (b)

FIG. 3. (a) Diagram for Λþ
c → πþπ0π0Σ0 decay. (b) Hadronization through q̄q creation with vacuum quantum numbers.
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the baryons, with phases compatible with the structure of
the chiral Lagrangians gives

p ¼ 1ffiffiffi
2

p uðud − duÞ;

n ¼ 1ffiffiffi
2

p dðud − duÞ;

Λ ¼ 1

2
ffiffiffi
3

p ½uðds − sdÞ þ dðsu − usÞ − 2sðud − duÞ�;

Σ0 ¼ 1

2
½uðds − sdÞ − dðsu − usÞ�: ð6Þ

Hence, we can write the flavor content of H as

H ¼ K�−pþ K̄�0n −
ffiffiffi
2

3

r
ϕΛ: ð7Þ

However, we will neglect the ϕΛ component since this does
not contribute to our triangle singularity mechanism. Note
that s 1ffiffi

2
p ðud − duÞ has zero overlap with Σ0 and thus the

ϕΣ0 component does not appear, as it should be, since this
has I ¼ 1.

B. Calculation of the three vertices

1. First vertex

As usual, we take the structure for the transitions that
involves the lowest orbital angular momentum, and since
the Λþ

c → πþK�−p process can proceed via s-wave, the
amplitude for tΛþ

c →πþK�−p is given by

tΛþ
c →πþK�−p ¼ Aσ⃗ · ϵ⃗; ð8Þ

where a scalar function is made between the spin and the
polarization of the K̄�, since it cannot depend on momen-
tum in the s-wave.
The K�−p invariant mass distribution of the Λþ

c →
πþK�−p decay is easily obtained in this case as

dΓΛþ
c →πþK�−p

dMinvðK�−pÞ ¼
1

ð2πÞ3
2MΛþ

c
2Mp

4M2
Λþ
c

pπþ p̃K�−

×
XX

jtΛþ
c →πþK�−pj2; ð9Þ

where pπþ is the momentum of πþ in theΛþ
c rest frame, and

p̃K�− is the momentum of K�− in the K�−p rest frame,

pπþ ¼
λ1=2ðM2

Λþ
c
; m2

π;M2
invðK�−pÞÞ

2MΛc

; ð10aÞ

p̃K�− ¼ λ1=2ðM2
invðK�−pÞ; m2

K�− ;M2
pÞ

2MinvðK�−pÞ ; ð10bÞ

with λðx; y; zÞ the ordinary Källen function.
PP jtj2

symbolizes the average over the initial polarizations and
sum over the final polarizations of jtj2, which, using
Eq. (8), is given by

XX
jtΛþ

c →πþK�−pj2 ¼ 3jAj2: ð11Þ

Since
P̄ P jtj2 has no angular structure, one can follow

the steps of Ref. [53] for μ → νμe−ν̄e decay to write the
differential decay width as given by Eq. (9) (see also
Ref. [16]).
By integrating Eq. (9) over MinvðK�−pÞ and using

Eq. (11) we obtain

jAj2
ΓΛþ

c

¼ BrðΛþ
c → πþK�−pÞRMΛþc

−mπþ
mK�−þMp

3
ð2πÞ3

Mp

MΛþc
pπþ p̃K�−dMinvðK�−pÞ

: ð12Þ

By calculating the width of this decay, using the exper-
imental branching ratio of this decay BrðΛþ

c →
πþK�−pÞ ¼ ð1.5� 0.5Þ × 10−2 [19], we can determine
the value of the constant jAj.

2. Second vertex

Now we calculate the contribution of the vertex K�− →
π0K− by using the chiral invariant Lagrangian with local
hidden symmetry given in Refs. [56–59], which is

LVPP ¼ −ighVμ½P; ∂μP�i: ð13Þ

The brackets h� � �i mean the trace over the SU(3) flavor
matrices, and the coupling is given by g ¼ mV=2fπ in
the local hidden gauge, with mV ¼ 780 MeV and fπ ¼
93 MeV. The SUð3Þf qq̄ matrix written in terms of
pseudoscalar mesons is given by

M → P ¼

0
BBB@

π0ffiffi
2

p þ ηffiffi
3

p þ η0ffiffi
6

p πþ Kþ

π− − π0ffiffi
2

p þ ηffiffi
3

p þ η0ffiffi
6

p K0

K− K̄0 − ηffiffi
3

p þ η0ffiffi
6

p

1
CCCA;

ð14Þ

where the standard mixing of η and η0 has been assumed
[60]. Performing the matrix operations and the trace we get
for K�− → π0K−,

LK�−π0K− ¼ −ig
1ffiffiffi
2

p K�−μðπ0∂μKþ − ∂μπ
0KþÞ: ð15Þ

Applying the Feynman rules derived from the Lagrangian
of Eq. (15), for the T matrix element we get
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−itK�−→π0K− ¼ ig
1ffiffiffi
2

p ϵμK�−ðpK− − pπ0Þμ

≃ ig
1ffiffiffi
2

p ϵ⃗K�− · ðp⃗π0 − p⃗K−Þ; ð16Þ

with p⃗K− and p⃗π0 calculated in the CM frame of π0R. At the
energy where the triangle singularity appears, the momen-
tum of K�− is small enough, and one can omit the zeroth
component of the polarization vector in Eq. (16). This is
shown in detail in Appendix A of Ref. [27] where keeping
the ϵ0 term of the vector polarization of the vector meson
gives a correction of order ðpv

mv
Þ2 with a coefficient that

renders this term really small. In our case if we take
MinvðK�−pÞ ∼ 1850 MeV, where the singularity appears,
we get an effect of 0.5%. If we take MinvðK�−pÞ ¼
1900 MeV, the correction amounts to 2%.
Similarly we get

−itK�0→π0K̄0 ≃ −ig
1ffiffiffi
2

p ϵ⃗K�0 · ðp⃗π0 − p⃗K̄0Þ; ð17Þ

which has opposite sign to Eq. (16).

3. Third vertex

The third vertex corresponds to the mechanism for
the production of the π0Σ0 pair in the final state, after
the rescattering of the K−p that dynamically generates the
Λð1405Þ resonance as an intermediate state. We will write
the vertex as

t3 ≡ tK−p→π0Σ0 ; ð18Þ
where ti→f is the scattering matrix element between the
initial state i and the final state f in the coupled channel
calculation with the channels K−p (1), K̄0n (2), π0Λ
(3), π0Σ0 (4), ηΛ (5), ηΣ0 (6), πþΣ− (7), π−Σþ

(8), KþΞ− (9), and K0Ξ0 (10). We have i ¼ 1 for the
diagrams of Fig. 1(a), while the index f stands for channel
4. The T matrix is obtained using the Bethe-Salpeter
equation, with the tree level potentials given in Ref. [38],

T ¼ ½1 − VG�−1V; ð19Þ
where Vij are the potentials given in [38] and Gl is the
meson-baryon loop function for the intermediate states,
which is diagonal. The loop functions Gl for the inter-
mediate states are regularized using the cutoff method, and
the peak of theΛð1405Þ is well reproduced using a cutoff of
630 MeV. We will need this cutoff parameter for the next
steps of the calculation, being necessary in order to evaluate
the loop integral in the diagram of Fig. 1. We also need the
amplitude t3 ≡ tK̄0n→π0Σ0 which corresponds to the matrix
element t24 of the coupled channel problem. In Fig. 4 we
show amplitudes of tK−p→π0Σ0 and tK̄0n→π0Σ0 as a function of
the K̄N invariant mass.

C. The total amplitude

Now we obtain the final amplitude of Λþ
c → πþπ0π0Σ0

for Fig. 1(a), which makes more explicit the amplitude of
Eq. (1),

tΛþ
c →πþπ0π0Σ0 ¼ −A

1ffiffiffi
2

p gσ⃗ · k⃗tK−p→π0Σ0tT; ð20Þ

where for simplicity we use tT ≡ tTðmK�− ;Mp;mK−Þ for
the triangle loop function for the decay shown in Fig. 1(a),
defined as

tT ¼ i
Z

d4q
ð2πÞ4

2Mp

q2 −M2
p þ iϵ

1

ðP − qÞ2 −m2
K�− þ iϵ

×
1

ðP − q − kÞ2 −m2
K− þ iϵ

�
2þ q⃗ · k⃗

k⃗2

�
; ð21Þ

where the term q⃗ · k⃗=k⃗2 comes from the term proportional
to q⃗ in the integrand. Indeed, Eq. (1) by means of Eqs. (8)
and (17) gives the factor σiϵiϵjðpπ0 − pK−Þj, which upon
summing over the K�− intermediate polarizations leads to
σiðpπ0 − pK−Þi. According to Fig. 2, this gives us the factor
σi½k⃗ − ðP⃗ − q⃗ − k⃗Þ�i ¼ σið2k⃗þ q⃗Þi since P⃗ ¼ 0 in the π0R

rest frame where we evaluate the amplitude. k⃗ is external,
i.e., is not integrated over, and goes out of integrand, and
for the q⃗ term we use (after performing the q0 integral
analytically)

Z
d3qqi � � � � � � ¼ Bki; ð22Þ

since the integral behaves as a vector under rotations, and
after the q⃗ integrations the only vector that remains is k⃗.
Multiplying by ki we get

R
d3qqiki � � � � � � ¼

R
d3qq⃗·

k⃗ � � � � � � ¼ Bk⃗2, which gives us the coefficient B in
Eq. (22). The analytical integration of tT over q0 leads
to [3,61]

FIG. 4. tK−p→π0Σ0ðt14Þ and tK̄0n→π0Σ0ðt24Þ evaluated with ten
channels of Ref. [38]; dashed lines: real part; solid lines:
imaginary part.
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tT ¼
Z

d3q
ð2πÞ3

2Mp

8ωK�−ωpωK−

1

k0−ωK− −ωK�− þ iΓK�−
2

×
1

P0þωpþωK− −k0

�
2þ q⃗ · k⃗

k⃗2

�

×
1

P0−ωp−ωK− −k0þ iϵ

×
2P0ωpþ2k0ωK− −2ðωpþωK−ÞðωpþωK− þωK�−Þ

P0−ωK�− −ωpþ iΓK�−
2

;

ð23Þ

with P0 ¼ Minvðπ0Λð1405ÞÞ, ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þM2

p

q
, ωK− ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðq⃗þ k⃗Þ2 þm2
K−

q
, and ωK�− ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q⃗2 þm2
K�−

p
. The energy

k0 and momentum jk⃗j of π0 emitted from K̄� are given by

k0 ¼ M2
invðπ0Λð1405ÞÞ þm2

π0
−M2

invðπ0Σ0Þ
2Minvðπ0Λð1405ÞÞ

; ð24Þ

jk⃗j ¼ λ1=2ðM2
invðπ0Λð1405ÞÞ; m2

π0
;M2

invðπ0Σ0ÞÞ
2Minvðπ0Λð1405ÞÞ

: ð25Þ

Following the method of Ref. [25], we obtain the final
differential distribution for four particles in the final state,

1

ΓΛþ
c

d2Γ
dMinvðπ0Λð1405ÞÞdMinvðπ0Σ0Þ

¼ 1

ð2πÞ5
MΣ0

MΛþ
c

p̃πþ p̃π0 q̃Σ0

1

2
g2

A2

ΓΛþ
c

jk⃗j2jtT j2

× jtK−p→π0Σ0 j2; ð26Þ
with

p̃πþ ¼
λ1=2ðM2

Λþ
c
;M2

invðπ0Λð1405ÞÞ; m2
πþÞ

2MΛþ
c

; ð27aÞ

p̃π0 ¼ jk⃗j ¼ λ1=2ðM2
invðπ0Λð1405ÞÞ; m2

π0
;M2

invðπ0Σ0Þ
2Minvðπ0Λð1405ÞÞ

;

ð27bÞ

q̃Σ0 ¼ λ1=2ðM2
invðπ0Σ0Þ; m2

π0
;M2

Σ0Þ
2Minvðπ0Σ0Þ : ð27cÞ

To regularize the integral in Eq. (23) we use the same
cutoff of the meson loop that is used to calculate tK−p→π0Σ0

in Eq. (18) with θðqmax − jq⃗�jÞ, where q⃗� is the q⃗
momentum in the R rest frame (see Ref. [3]).

D. Isospin-breaking effect

If we use the same masses for K−, K̄0, for K�−, K̄�0, and
for p and n with isospin conservation, we find that the

contributions from Figs. 1(a) and 1(b) will cancel each
other. Indeed, as we discussed earlier the K�−p and K̄�0n,
coming from an original state of s and ud with I ¼ 0, have
I ¼ 0. Using Clebsch-Gordan coefficients the vertices for
K�−p or K̄�0n have opposite signs, but K�− is the isospin
state −j1=21=2i and then the vertices are equal in con-
sistency with Eq. (7). We also saw in Eqs. (16) and (17) that
the K�− → π0K− and K̄�0 → π0K̄0 vertices have opposite
signs. Finally, since the chiral Lagrangians are isospin
symmetric, the scattering matrices are also isospin sym-
metric if the masses of mesons and baryons in the same
isospin multiplets are equal. Then K̄N → π0Σ0 has only
I ¼ 0, and once again the pK− → π0Σ0 and nK̄0 → π0Σ0

amplitudes have the same sign under isospin invariance
once the phase of K− ≡ −j1=21=2i is considered. This
shows technically how the two diagrams of Fig. 1 cancel
with exact isospin symmetry, and this should be the case
because for π0 þ Σ0 one has I ¼ 1, but we started from an
I ¼ 0 state. In the chiral unitary approach there is isospin
violation due to the different masses of particles within the
same isospin multiplets [38] and in studies of f0 − a0
mixing in J=ψ → ϕπ0η, it is again the difference of mass
between K0 and Kþ in the loops that leads to the isospin
violation [62–65].
Therefore, it is interesting to investigate the isospin-

breaking effect. That means, for the first time, we will
precisely look at the Λð1405Þ formation in an isospin
forbidden mode. We expect that the formation will be
driven by a triangle singularity and the shape will be
narrower than usual, because it will be tied to the different
masses of K̄N. Therefore, in the following, we will use
different masses for K−p or K̄0n, and also for K�− and K̄�0.
Now we consider Fig. 1(b), for the Λþ

c → πþK̄�0n
followed by K̄�0 → π0K̄0 decay and K̄0n → π0Σ0 to see
the Λð1405Þ formation. We also need to calculate the three
vertices, tΛþ

c →πþK̄�0n, tK̄�0→π0K̄0 , and tK̄0n→π0Σ0 .
The triangle amplitude for the K̄�0nK̄0 loop,

tT ¼ tTðmK̄�0 ;Mn;mK̄0Þ, is obtained with Eq. (23) replac-
ing the masses and width of the internal particles.
Hence, for the isospin-breaking effect, we get the final

differential distributions,

1

ΓΛþ
c

d2Γ
dMinvðπ0Λð1405ÞÞdMinvðπ0Σ0Þ

¼ 1

ð2πÞ5
MΣ0

MΛþ
c

p̃πþ q̃Σ0

1

2
g2

A2

ΓΛþ
c

jk⃗j3

× jtTðmK�− ;Mp;mK−ÞtK−p→π0Σ0 − tT

× ðmK̄�0 ;Mn;mK̄0ÞtK̄0n→π0Σ0 j2: ð28Þ

III. RESULTS

Let us begin by showing in Fig. 5 the contribution of the
triangle loop defined in Eq. (23). We plot the real and
imaginary parts of tTðmK�− ;Mp;mK−Þ, as well as the
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absolute value with MinvðRÞ≡Minvðπ0Σ0Þ fixed at
1420 MeV. It can be observed that ReðtTÞ has a peak
around 1838 MeV, ImðtTÞ has a peak around 1908 MeV,
and there is a peak for jtT j around 1868 MeV. As discussed
in Ref. [27], the peak of the real part is related to the K�−p
threshold while the peak of the imaginary part, dominating
for the larger invariant masses for π0R, is due to the triangle
singularity.
In Fig. 6 we plot the normalized double differential rate

given by Eq. (28) for Λþ
c → πþπ0π0Σ0 by fixing

Minvðπ0RÞ ¼ 1850 MeV, 1890 MeV, and 1930 MeV and
varying MinvðRÞ. We can see that the distribution is highest
nearMinvðπ0RÞ ¼ 1890 MeV. For the three differentmasses
of Minvðπ0RÞ, we can also see a strong peak around
1432 MeV. Consequently, we see that most of the contribu-
tion to our width Γ will come from MinvðRÞ ≃MR, con-
cretely in the rangeMinvðπ0Σ0Þ ∈ ½1390 MeV; 1450 MeV�.
The conclusion is that when we calculate the mass distribu-
tion dΓ

dMinvðπ0Λð1405ÞÞ, we can restrict the integral in MinvðRÞ
[Minvðπ0Σ0Þ in Eq. (28)] to the limits mentioned above.
By integrating over MinvðRÞ, we obtain 1

ΓΛþc

dΓ
dMinvðπ0RÞ

which is shown in Fig. 7. We see a clear peak of the
distribution around 1880 MeV for Λð1405Þ production.
Integrating now 1

ΓΛþc

dΓ
dMinvðπ0Λð1405ÞÞ over Minvðπ0Λ

ð1405ÞÞ ∈ ½1800 MeV; 2050 MeV� in Fig. 7, we obtain
the branching fraction

BrðΛþ
c → πþπ0Λð1405Þ;Λð1405Þ → π0Σ0Þ

¼ ð4.17� 1.39Þ × 10−6: ð29Þ

This number is within a measurable range. The errors come
from the experimental errors in the branching ratio of
BrðΛþ

c → πþK�−pÞ.
One should stress the most remarkable feature in the

distributions shown in Fig. 6: the width of the Λð1405Þ

produced is a mere 6.5 MeV, remarkably smaller than the
nominal widths for the Λð1405Þ at 1420 MeVof the order
of 30 MeV. As mentioned before, this narrow width is tied
basically to the different masses of the K−; K̄0 or p, n. This
exceptionally narrow shape has been observed in all the
isospin forbidden f0ð980Þ production mode. The present
reaction would be the first one where the narrowΛð1405Þ is
seen in an isospin forbidden mode.
In order to see which are the most important ingredients

in the isospin violation, in Fig. 8 we separate the effects.
First we show the result for Fig. 6(b) where we introduce

FIG. 5. Triangle amplitude tT for the decay in Fig. 1(a), here
taking MinvðRÞ ¼ 1420 MeV.

(a)

(b)

(c)

FIG. 6. Double differential width of Λþ
c → πþπ0π0Σ0, keeping

Minvðπ0RÞ (R≡ π0Σ0) fixed to three values, plotted versus
Minvðπ0Σ0Þ. (a), (b), and (c) stand for 1850 MeV, 1890 MeV
and 1930 MeV, respectively.
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isospin violation in the scattering matrix elements tK−p→π0Σ0 ,
tK̄0n→π0Σ0 , by doing the calculation of Ref. [38] with the
actual masses of all the particles, but keeping mK̄0 ¼ mK−

and Mp ¼ Mn in the triangle loop. Next we assume isospin
symmetry in these amplitudes by performing the calculation
with average masses of particles within the same multiplet
and take the physical masses for p; n; K−; K̄0 in the triangle
loop. Third, we take the scattering amplitudes isospin
symmetric and keep mK̄0 ¼ mK− while considering actual
masses for p and n in the triangle loop. Finally, we take the
tK−p→π0Σ0 , tK̄0n→π0Σ0 isospin symmetric, and take Mp ¼ Mn

but use the physical masses of mK− and mK̄0 in the triangle
loop. The masses of the K�− and K̄�0 are reasonably similar
and we take the same for the two. By comparing with
Fig. 6(b) we see that the most important ingredient in the
isospin violation comes from the K̄0 andK− mass difference.
In Fig. 8, the solid line refers to Fig. 6(b).

(a) (b)

(c) (d)

FIG. 8. Double differential width of Λþ
c → πþπ0π0Σ0, keepingMinvðπ0RÞ (R≡ π0Σ0) fixed at 1890 MeVas a function ofMinvðπ0Σ0Þ,

where full shows the result for Fig. 6(b); (a) corresponds to taking tK−p→π0Σ0 , tK̄0n→π0Σ0 with the physical masses of the particles but
Mp ¼ Mn, mK̄0 ¼ mK− ; (b) corresponds to taking tK−p→π0Σ0 , tK̄0n→π0Σ0 isospin symmetric (equal) and physical masses for p; n; K−; K̄0;
(c) stands for the scattering amplitude isospin symmetric, mK̄0 ¼ mK− , but Mp and Mn with their physical values. (d) stands for the
scattering amplitude isospin symmetric, Mp ¼ Mn, but mK̄0 and mK− with their physical values.

FIG. 7. The mass distribution of Λþ
c → πþπ0π0Σ0 as a function

of Minvðπ0RÞ with R≡ π0Σ0.
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IV. CONCLUSIONS

The triangle singularities have shown to be very effec-
tive, enhancing the production of f0ð980Þ or a0ð980Þ in
isospin suppressed modes. These reactions have played a
double role. On the first hand, they have provided clear
examples of triangle singularities, and on the second hand,
the rates and shapes obtained for the isospin suppressed
modes are closely tied to the nature of these resonances and
offer extra support to their dynamical origin from the
interaction of mesons in coupled channels.
The two states of the Λð1405Þ, now already official in

the PDG, are another example of dynamical generation
from the interaction of meson baryon in this case. Yet, the
resonance has not been observed in an isospin-violating
reaction so far. The present work provides the first
evaluation of the Λð1405Þ production in an isospin
forbidden reaction. We devised one such reaction, which,
as in the case of the f0ð980Þ or a0ð980Þ, can be enhanced
by a triangle singularity. We found such an example in
the decay of Λþ

c into πþπ0Λð1405Þ. The mechanism for
the production is given by a first decay of the Λþ

c into
πþK̄�N, and then the K̄� decays into K̄π and the K̄N
merge to produce the Λð1405Þ through a triangle loop
containing K̄�NK̄, which develops a singularity around
1890 MeV.
The remarkable observation is that a peak tied to the

Λð1405Þ state of higher energy (around 1420 MeV)
appears in the final π0Σ0 mass spectrum, but peaking even
at higher energy, close to the K̄N threshold of 1432 MeV.
It is also remarkably narrow, of the order of 6–7 MeV, and
is tied to the difference of masses between the K− and K̄0

and p, n, but mostly to the K− and K̄0 mass difference,
although there is also a small effect from isospin violation
in the tK−p→π0Σ0 and tK̄0n→π0Σ0 amplitudes.
We have shown that the amount of Λð1405Þ production

has its largest strength at a π0Λð1405Þ invariant mass of
around 1890 MeV, where the mechanism suggested devel-
ops a triangle singularity. The shape and strength obtained
are intimately tied to the nature of the Λð1405Þ as a
dynamically generated resonance from the meson baryon
interaction, and in the present case, to its large coupling to
the K̄N component. We found that the strength of the
calculated decay width falls within a measurable range. The
implementation of the reaction would thus bring valuable
information on the nature of this resonance, the mecha-
nisms of triangle singularities, plus extra information on the
continuously searched for K̄N interaction.
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