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Five-dimensional Myers-Perry black holes cannot be overspun
in gedanken experiments
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We apply the new version of a gedanken experiment designed recently by Sorce and Wald to overspin
the five-dimensional Myers-Perry black holes. As a result, the extremal black holes cannot be overspun at
the linear order. On the other hand, although the nearly extremal black holes could be overspun at the linear
order, this process is shown to be prohibited by the quadratic order correction. Thus, no violation of the
weak cosmic censorship conjecture occurs around the five-dimensional Myers-Perry black holes.
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I. INTRODUCTION

When a singularity is not hidden behind a black hole
horizon, so as to be seen by a distant observer, then it is
called a naked singularity. The weak cosmic censorship
conjecture (WCC) claims that a naked singularity cannot
be formed generically through gravitational collapse with
physically reasonable matter [1]. Even though there is
still no general proof for this conjecture for the four-
dimensional asymptotically flat spacetime, the supporting
evidence has been accumulated and discussed for a few
decades [2]. Particularly, in 1974, Wald suggested a
gedanken experiment to test WCC by examining whether
the black hole horizon could be destroyed by injecting a
point particle [3]. As a result, such a gedanken experiment
turns out to be in favor of WCC.

However, there are two crucial assumptions underlying the
aforementioned gedanken experiment. First, the black hole
in consideration is extremal in its initial state. Second, the
analysis is performed only at linear order of the point
particle’s energy, angular moment, and charge. The violation
of WCC occurs when one releases either of these two
assumptions. In particular, as initiated by Hubeny in 1999
[4], one can show that a nearly extremal Kerr-Newman
black hole can be both over charged and overspun [5-9].
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In addition, when one takes into account the higher order
terms in the energy, angular momentum, and charge of the
test particle, an extremal Kerr-Newman black hole can even
be destroyed [10]. Nevertheless, these results may not
indicate a true violation of WCC. Instead, in all of these
situations, the test particle assumption may not be valid any
more, so WCC may be restored when one carefully takes into
consideration the self-force and finite-size effects [11-15].
Motivated by this, Sorce and Wald have recently
designed a new version of this gedanken experiment
[16]. Rather than analyzing the motion of the particle
matter to obtain the condition for it to be absorbed by the
black hole, they apply Iyer-Wald formalism to completely
general matter and obtain the first order variational inequal-
ity for the mass of the black hole by simply requiring the
null energy condition on the horizon for the general matter,
which reduces to that obtained in the old version of the
gedanken experiment when one regards the particle matter
as the limiting case of the general matter.' Moreover, when
the initial black hole is nonextremal, they also obtain a
lower bound for the second order variation of the mass of
the black hole, which somehow incorporates both the self-
force and finite-size effects and can be used to prove that no
violation of the Hubeny type can ever occur. This result
further strengthens the belief in the validity of WCC in
four-dimensional asymptotically flat spacetime.
Nevertheless, four-dimensional black holes have a lot
of remarkable properties. It is natural to ask whether these
properties are general features of black holes or whether
they are unique to the world being four dimensional. For
example, neither the uniqueness theorem nor the spherical
topology of the horizon persists for black holes in higher

"The similar first order variational inequality is also obtained
in [17].
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dimensions [18-20]. Regarding WCC, fully nonlinear
numerical simulation has indicated that not only the
five-dimensional black strings and black rings but also
the six-dimensional Myers-Perry black holes can be
destroyed by perturbations, with the horizons pinching
into a generic formation of a naked singularity [21-23].
However, to the best of our knowledge, so far there has
been no numerical evidence for the similar formation of a
naked singularity by the perturbation of five-dimensional
Myers-Perry black holes. This leads naturally to a restricted
version of WCC in five-dimensional asymptotically flat
spacetime, namely that the generic perturbations around
five-dimensional Myers-Perry black holes give rise to no
formation of a naked singularity. Note that the gedanken
experiment, no matter whether it is the new version or the
old one, does not appeal to the sophisticated full-blown
numerical relativity, so it is rewarding to check the validity
of our restricted version of WCC by gedanken experiments.
Indeed, it has been shown in [24] that five-dimensional
Myers-Perry black holes can not be overspun in the old
gedanken experiment. But to obtain the above result
analytically, not only does the scenario considered in
[24] restrict into either singly rotating or equally rotating
black holes, but it also focuses exclusively on the test
particle falling in along the equator. As alluded to before,
compared to the old experiment, the new gedanken experi-
ment does not require us to analyze the motion of bodies to
determine what kind of trajectories will or will not be
captured by the black hole horizon, so it is desirable to
check the validity of such a WCC around five-dimensional
Myers-Perry black holes in a more general circumstance
by performing a new gedanken experiment. This is the
purpose of the current paper. As a result, five-dimensional
general Myers-Perry black holes cannot be overspun by
a generic matter perturbation; thus, our restricted version
of WCC holds in five-dimensional asymptotically flat
spacetime.

The structure of this paper is organized as follows. In
Sec. II, we shall review the well-established Iyer-Wald
formalism for any diffeomorphism covariant theory in any
dimension, in particular, the first and second order varia-
tional identities. In Sec. III, we restrict ourselves to the
five-dimensional Einstein theory and introduce five-
dimensional Myers-Perry black holes. Here, taking into
account that the relevant quantities for five-dimensional
Myers-Perry black holes are presented in the previous
literature without an explicit derivation, we relegate such a
derivation to Appendixes A and B. In addition, we also
rewrite these quantities in a convenient way for later
calculation. Then, in Sec. IV, we follow the idea in [16] to
present the setup for the new version of the gedanken
experiment, in particular, the first order perturbation inequal-
ity, as well as the second order perturbation inequality for the
optimal first order perturbation of nonextremal black holes.
With the above preparation, we conduct such a gedanken

experiment to overspin the extremal and nearly extremal five-
dimensional Myers-Perry black holes in Sec. V. We conclude
our paper in the last section with some discussions.

II. IYER-WALD FORMALISM AND
VARIATIONAL IDENTITIES

Compared to the ordinary Lagrangian scalar L con-
structed locally out of the metric g,,, its Riemann curva-
ture, and other matter fields y as well as their symmetrized
covariant derivatives, we prefer to start from a diffeo-
morphism covariant theory in an n-dimensional spacetime
M with a Lagrangian n form L = Le,,, ., Where
€4,ay...a, 18 the canonical volume element associated with
the metric g,, [25]. If we denote ¢ = (g,,,y) as all
dynamical fields, then the variation of the Lagrangian
gives rise to

SL = E8¢ + dO(¢, 5¢), (1)

where the equations of motion read E = 0, and the (n — 1)
form @ is called the symplectic potential form. The
symplectic current (n — 1) form is defined in terms of a
second variation of @ as

O(), 514, 6,) = 5,0(¢, 6,0) — 6,0(9,5,¢).  (2)

Associated with an arbitrary vector field y“ on the space-
time M, one can further define a Noether current (n — 1)
form as

J)( :®(¢’£X¢)_1L (3)
A straightforward calculation gives
d), = —EL,¢, (4)

which indicates J, is closed when the equations of motion
are satisfied. Furthermore, it is shown in [26] that the
Noether current can always be expressed as

J,=dQ,+C,, (5)

where Q, is called the Noether charge and C, = “C,, is
called the constraint of the theory, which vanishes when the
equations of motion are satisfied.

Now, by keeping y“ fixed and comparing the variations
of (3) and (5), we end up with
d[(sQ)( —X ®(¢’ 6¢)] = 0)(¢, 6¢’ ﬁ){ ) —X E5¢ - 5C}(

(6)

In what follows, we shall focus exclusively on the case in
which ¢ represents the exterior solution of a stationary
black hole with & the horizon Killing field,

e=(a) o) o

satisfying L:¢p = 0, where (0{%,)” are Killing vector fields
with closed orbits and Q' are the corresponding angular
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velocities of the horizon. Then the variation of (6) gives
rise to

d[5*°Q; — £-60(¢.5¢)]
— @(, 56, L:54) — E- SESp —3°C.. (8)

Suppose that 2 is a hypersurface with a cross section B of
the horizon and the spacial infinity as its boundaries, then it
follows from (6) that

v - /st = [ 15Q:—¢- 0.9 - [oCe (9

where we have resorted to the fact that the variation of the
Amowitt-Deser-Misner (ADM) conserved quantity H,

conjugate to an asymptotic Killing vector field y* if it
exists is given by
ott, = [ 160, 1050 (10)

with M the ADM mass conjugate to (2)4 and J; the ADM
angular momenta conjugate to (52, )
from (8) that

Similarly, it follows

M - QT = A 62Q; — & 50(¢h, 5)] — /X & SES¢
(11)

where we have used the definition of the canonical energy
of the perturbation §¢p on X,

_/252(:5 + Ex(¢h. 69),

Ex(.50) = /E (. 5. L:50). (12)

III. FIVE-DIMENSIONAL EINSTEIN THEORY
AND MYERS-PERRY BLACK HOLES

For our purpose, we now specialize to the five-
dimensional Einstein theory, i.e.,
1

L = —Re.

167 (13)

Whence we have

Eab - Gabe

167

with G Einstein tensor, and the symplectic potential
4-form

(14)

1

Oupca = Eeeabcdgefghi(viégfh - vf59hi)- (15)
The corresponding symplectic current reads
1
€eahcdwev (16)

Dabed = 167

where

w = Pbede (8,0,.V 181 Gor = 8195cVabager) (17)

with

: > 1 a e fc 1 ab cd e
Pahcdef — gaegfhgcd _Eg dgh gf _Eg hg dg f

1. |
_ _gbcgaegfd + _gbcgudgef. (18)
2 2
Taking £,9., = Vaxs + Viy, into consideration and by a
straightforward calculation, we can further obtain the

Noether current as

1 1
(J)()ubcd = geeabcdvf(v[fxe]) + geeabchefo‘ (19)

By comparing it with (5), one can readily identify the
Noether charge

1
(Q)()abc - E €abcdevd)(e ’ (20)
and
1 e
(Cf)abcd = geeabch f- (21)

As to a five-dimensional spacetime which is asymptoti-
cally flat in the sense that in a Lorentzian coordinate system
{x} of flat metric 7,,, the metric behaves as

1 1
G =M + O (p) 0y = O (p) (22)

near the spatial infinity, one can show there exists a 4-form
B such that the ADM mass is given by

ve [

17z

1
1671’

dSrké”(a hk] 8khlj)

dSr (Oihy! = Oh), (23)
where r¢ = (—) and h;; is the spatial metric with the index
raised and the tensor traced both by the background
Euclidean metric 6;;. On the other hand, it is easy to see
that the ADM angular momentum is given simply by

J; Qo.

o

(24)

The higher dimensional generalization of the asymptoti-
cally flat stationary Kerr black hole solution to the vacuum
Einstein equation was first obtained by Myers and Perry
[27], and its five-dimensional version reads
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ds®> = —df* + ﬁ (dt — a, sin® dg' — a, cos? Odg?)?

r2

[1]

o P dr* + Ed6* + (r* + a?) sin® 0(de')?

+ (r* 4 a3) cos? 0(d¢?)? (25)
with
2 = r? + ajcos’0 + a3sin’0),
0= (r*+a})(r*+d3), (26)
where ¢’ € [0,2x] and @ € [0,%]. As shown in Appendix A,

the parameters y and a; are related to the ADM mass and

angular momenta, respectively, as

3z mpa

_ﬂ’ J, = Hay
8 4

Without loss of generality, we shall constrain a; to be non-
negative in later discussions.

The spacetime singularity is located at Z =0 as the
squared Riemann tensor is given by

2447
=6

M =

27)

RupeaR?* = (42 = 3E)(4° —E).  (28)

abc

At the same time, IT — ur> = 0 is simply the coordinate
singularity, and its roots can be expressed as follows

_ jE\//4— (a1 +ay)* £ Vp = (a1 — @)’
2 b

which are real if and only if

p=(ar +a)?, (30)

where the largest root ry designates the black hole event
horizon with the area

A =272ury. (31)
As calculated out in Appendix B, the corresponding

angular velocity and surface gravity of the horizon are
given by

r

(29)

2 2., 2
o —__ Y K:2'"H+a1+az—ﬂ
i+ aj Hry

In particular,

(32)

p=(ay +a)? (33)

corresponds to the extremal Myers-Perry black holes.”
On the other hand, for

u<(a; +a)?, (34)

the Myers-Perry metric describes a naked singularity.

For our later convenience, we would like to rewrite the
condition for the existence of the horizon in terms of the
ADM mass and angular momenta as

2When one of the angular momenta vanishes, then the horizon
disappears and the resulting spacetime is a naked singularity [28].

32M3 = 277(J, +J,)? > 0. (35)

By the same token, the relevant quantities associated with
the horizon can be expressed as

va(a+p)

A=Y T8
3V3
, 722MJ,

" (a+p)? + 10873

i
- 8M*(a+p)’

K

(36)

where

a=\/32M% = 272(J, + 1)

ﬁ: \/32M3—277T(J1 —J2)2: \/(12+1087T.]1J2. (37)

Obviously, @ — 0 corresponds to the near extremal limit.

IV. NULL ENERGY CONDITION AND
PERTURBATION INEQUALITIES

As in the new gedanken experiment designed in [16],
the situation we plan to investigate is what happens to the
above Myers-Perry black holes when they are perturbed by
a one-parameter family of the matter source according to
Einstein equation

Gab (’1) = 877Tab (’1) (38)

around A = 0 with 7', (0) = 0. Without loss of generality
but for simplicity, we shall assume all the matter goes into
the black hole through a finite portion of the future horizon.
With this in mind, we can always choose a hypersurface
Y~ ="H U Z; such that it starts from the very early cross
section of the unperturbed horizon B; where the perturba-
tion vanishes, continues up the horizon through the portion
‘H till the very late cross section B, where the matter source
vanishes, then becomes spacelike as X; to approach the
spatial infinity. In addition, we would like to work with the
Gaussian null coordinates near the unperturbed horizon as

Gap(A) = 2(du) ,[(dv) ) = v*p(A)(dut) ) + 0703 ()] + G (2),
(39)

where v =0 denotes the location of the unperturbed
horizon, u is the affine parameter of future directed null

geodesic generators of » = 0 surface for any metric in the
family, and z, and ¢, are orthogonal to k* = ((%)“ and
1* = (£)9. As one can show, this choice of coordinates

follows [29]

K

[ Qu(2) = g (40)
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if we further choose the bifurcate surface of the unperturbed
horizon as B; in what follows when the black hole in
consideration is nonextremal.

With the above preparation, (9) reduces to

M — Q5] = —/505
z

= _/ eeabcd(sTeféf
H
= / €8T o, kEP, (41)
H
where € is the induced volume element on the horizon,
satisfying €.qpcq = —5k[c€apcq- Now if the null energy

condition is satisfied such that 6T,,k“k?|;, > 0, we have
the first order perturbation inequality as

SM —QI5], > 0. (42)

When the first order perturbation is optimal, namely
saturating the above inequality, it obviously requires
6T kKb = 0.> Whence the first order perturbation of
the Raychaudhuri equation
dy(4 1
) L8R — 0,00 (1)~ R (A)kk?
du 3
tells us that 59 = 0 on the horizon if we choose a gauge in
which the first order perturbed horizon coincides with the
unperturbed one. Then it follows from (11) that

(43)

M —QI&], = — /H £-SES¢ — A 8Ce+ En(,60) + Ex, (. 50)

_ L E2T k2 + E1y (. 60) + Es, (.50)

1 1
= / EPT k&> +— / €66,,66°EN U+ ——
H A H 16z

1
— [ @ Takee b [ oot eV €5, (.69) > Es, (450,
H 4z Jn

Here &,,,, = k9€ 4. is the induced area volume on the cross
section of the horizon. In addition, we have employed
k,oq°" |, = 0 in the second step, borrowed the result from
[29] for E4/(¢h, 5¢) in the third step, and used the reasonable
assumption that our black hole is linearly stable in the
fourth step [30], such that the first order perturbation will
drive the system towards another Myers-Perry black hole at
sufficiently late times, leading to the vanishing o, at B.
In the last step, we have again resorted to the null energy
condition for the second order perturbation of the matter
source on the horizon. Now we are left out to calculate
Es, (¢, 6¢). To achieve this, we follow the trick invented in
[16], and write Ex, (¢, 5¢) = Es, (. 5pMP), where 5pMP is
induced by the variation of a family of Myers-Perry black
holes,

MMP()) =M +asM,  JMP(A) = J, + 287,

( / 060°150,4EV 11— / éégcdaacd:“vau>+le ($.5¢)
B, B,

(44)

|
with 0M and 6J; chosen to be in agreement with the
first order variation of the above optimal perturbation by
the matter source. Note that for this family, we have
M = 8J; = 5E = 8*°C: = Ey(¢p. 5¢™MP) = 0. Thus, ap-
plying (11) to this family, we have

&, (0.5 =~ [ [9Qe=¢- 60559 (46)
1

Note that &* =0 at the bifurcation surface B; of a

nonextremal black hole; thus, we can further employ

(40) to obtain

X = 96M{277TM(J1 +J2)(5Jl + 5.]2)5M - 97TM2(5J1 +5.’2)2 —|— [8M3 - 2777.'(]1 +12)2](5M)2},

Ex,(§.59"") = — o FAYF. (47)
where
(45)  with
|
(49)

Y = 96M{277TM(J1 - Jz)(éjl - 5]2)5M bl 97[M2(5J1 - 5]2)2 + {SM3 - 27ﬂ'(]1 - Jz)z](éM)z}

3As pointed out in [16], this optimal first order perturbation is achievable, for instance, by lowering the matter to the horizon. In
particular, it is easy to see that the first order perturbation is always optimal for Klein-Gordon and Maxwell fields.
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Therefore, we end up with our second order perturbation

inequality
1 Xﬂ Xp Ya Ya
8M(a+p) )

(50)

2 12 K o, mp_
FM = Q15 2~ AP =

which, as demonstrated in [16], has incorporated the
self-force and finite-size effects.

V. GEDANKEN EXPERIMENTS TO
OVERSPIN A FIVE-DIMENSIONAL
MYERS-PERRY BLACK HOLE

In this section, we will explore the gedanken experiments
to overspin both an extremal black hole and a nearly extremal
black hole by the physical process described above.

For an extremal black hole, the inequality (35) is
saturated, i.e.,

32M3 = 27x(J; + J,)> = 0. (51)

Equation (35) will be violated if we can perturb the black
hole so that
|

97[(.]1 + J2)

M —
16M?

(8J, +6J,) < 0. (52)

However, when the black hole is extremal, the angular
velocity becomes

XM 9x(Jy +J,)
3, +4,)  16M2

Then our first order perturbation inequality tells us that (52)
cannot be satisfied; thus, an extremal five-dimensional
Myers-Perry black hole cannot be overspun in our
gedanken experiment.

Now let us turn to the nearly extremal Myers-Perry black
hole, which is characterized by the small @ compared to

V32M3. To proceed, we define a function of 4 as
J(A) =32M(2)° =27x[J,(2) + L,(ADPP (54)

for the aforementioned one-parameter family of perturba-
tion by our gedanken experiment with £(0) = a?. If we can
find an appropriate small value of A so that f(1) < 0, then
our nearly extremal black hole will be overspun. We shall
assume the first order perturbation is optimal, i.e.,

Q=Q=

(53)

ald J J
M = QI61; = Q8] +8],) — —==— | [S200) + (|01, | + O(a?), 55
1 ( 1 2) 3\/5(.,] +J2) ( J] 1 J2 2 ( ) ( )
and expand f(4) to the quadratic order in both 1 and a as
f(A) =@ +y 1A+ 142+ 023, 2%, 4d?, &), (56)
where
8la(Jy +J
= 96M25M — 54n(J, + J1,) (8], + 8J,) = 96M*5M — 81z(J1 + /o) + )’ 2L T Q8T + 6T5)
81z(J) + J2)? J
= - 1 +oJ;, =- 1+ 2 Ja+
D) s s, + 60 vz (2250, + [ Dos O(a 57
M Ji J
and

v2 = 48M2[*M — Q(8%J | + 8%J,)] + 96M (6M)?
= 48M>*(5°M — QI 8J ;) + 96MQ* (5] + 6J,)?

—277(8J; +8J,)* + O(a?)
—277(8J, + 6J,)* + O(a)

= 48M2(8°M — QI82],) + 9n (5, + 8J,)* + O(a)

48M%k

> — g 52AMP +9n(8J, +6J,)% +
T

+9ﬂ(511+6J2) +0(a _277z<,/ 6]1+1/ 512) + 0(a (58)

If the O(4%) term is ignored, then it is not hard to see that it is possible to make f(1)

< 0 such that our black hole can be

overspun. However, if we take into account the O(4?) term, then miraculously we have

f) > la 3\/_<\/525J1 + \/Z%)

+ 0(23, 2%a, Aa?, o) (59)
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for the optimal first order perturbation. Thus we can
conclude that when the second order correction is taken
into consideration, a nearly extremal five-dimensional
Myers-Perry black hole cannot be overspun either.

VI. CONCLUSION

We have performed the new version of a gedanken
experiment to check the restricted version of WCC in five-
dimensional asymptotically flat spacetime by trying to
overspin the five-dimensional Myers-Perry black holes.
As a result, no violation of such a WCC is found at the
linear order for an extremal five-dimensional Myers-Perry
black hole. While for a nearly extremal five-dimensional
Myers-Perry black hole, we find that a violation of Hubeny
type occurs most dangerously under the optimal first order
perturbation, but our WCC is restored miraculously by the
second order perturbation inequality. Our result indicates
that five-dimensional Myers-Perry black holes, once
formed, will never be overspun classically.
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APPENDIX A: ADM MASS AND ANGULAR
MOMENTA FOR FIVE-DIMENSIONAL
MYERS-PERRY BLACK HOLES

In this appendix, we would like to calculate the
ADM mass and angular momenta explicitly for our five-
dimensional Meyers-Perry black holes.

First, in order to obtain the ADM mass in an efficient
way, we can think of the ordinary derivative in the
Lorentzian coordinate system as the covariant derivative
compatible with the background flat metric, where the

spatial derivative can also be regarded as the covariant
derivative compatible with the background Euclidean
metric. With this in mind, now we can proceed to calculate
the ADM mass directly in the same coordinate system as
that used in (25), where the Euclidean metric reads

dst = dr? + r*do* + r*sin? 0(dg")* + r* cos? 0(dg?)>.
(Al)

The nonvanishing components of the corresponding
Christoffel symbols can be obtained as follows:

[gg=—r., TV, = —rsin?6, I = —rcos26,
0 _ 1 _ 2 _ 1
[ =T7 =7 o =,
Y =17 = —sinfcosf
oo = Pt = SINoCcosdu,
1 2
7, =cotd, I'?,.=rtand. (A2)

A straightforward calculation further gives

) 3 2(a? — d? 26 1
o o) = P EAAZGI0 o (L),

r- r

(A3)

Note that  the three-sphere ~ volume ds =
73 sin @ cos 0dOdg' dg?*; then (23) follows the ADM mass

3

M
8

(A4)
On the other hand, according to (24), one can write the
ADM angular momenta as

Iy = dS(9" 0,91y + 97 0,9,0,)-  (AS)

167 )

By plugging the involved metric components into the above
expression, we arrive at
N Tuay

J, ="
=y

(A6)

APPENDIX B: ANGULAR VELOCITY AND
SURFACE GRAVITY OF FIVE-DIMENSIONAL
MYERS-PERRY BLACK HOLES

In this appendix, we shall provide an explicit calculation
for the angular velocity and surface gravity of our five-
dimensional Myers-Perry black hole horizon.

The strategy to calculate the angular velocity of the
horizon is first to choose a new coordinate system

9" =¢" + o (r.0)t (B1)
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with the other coordinates unchanged such that the metric
has no spatial-temporal cross component. This gives us a
pair of algebraic equations for o’ as
Gig! + g¢1¢1w1 =0. (B2)
Then the angular velocity of the horizon can be obtained by

plugging the involved metric components into the above
equations and solving @’ at the horizon as

ap

—_—. B3
rh+a: (B3)

Q' =aoly = _(g_l)(/)legt(p’|H =
A few lines of algebra reveal

£al" = gup?E®
=9y’ (0 =Q)(0’ - Q') + gy ~Gry! (g7 )w,wjgz(pf
E(M—ur?)
—=q. I _ QI J _QJ _ ( ,
g(/’ !/lj(w )(CU ) E(H—ﬂr2)+nﬂ
(B4)

which means that our horizon is a Killing horizon. The
surface gravity of the horizon can be calculated by the
following formula:

E(IT — 2ur)

—2ké, =V, (£,E0) = — in (dr), (BS)

on the horizon. To obtain the surface gravity, we are
obviously required to write down &, explicitly. But the
coordinate system used in (25) is ill-defined on the horizon.

So we would like to choose an ingoing coordinate system
such that

IT
dt = dt — sdr,
I —pr
all—I
do' = do'" — dr,
(=) + a)
Cle
dg? = do” — dr. (B6)
(=) (7 + )

In this new coordinate system, the metric reads

ds? = =di” + £ (df - aysin®0dy/" — arcos*0dg”)?

+2(dt’ — a;sin*0dg’" — aycos*0dg?)dr
+ Ed6* + (r* + a?)sin’0(d¢'")?

+ (r* 4 a3)cos?0(dg'?)?, (B7)
which is well behaved on the horizon, and yields
IT— /’trz / () /1
fa = I [_(dt )u + ap sm H(d(ll )a
2 2 r25
+ a, cos” 0(dg?),] + i (dr),. (B8)

Plugging its value on the horizon into (B5), we end up with

I —2ur :2ri,+a%+a%—,u

2

B9
2urt |y Urg (B9)
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