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We demonstrate that the leading and next-to-leading finite-volume effects in the evaluation of leptonic
decay widths of pseudoscalar mesons at O(«) are universal, i.e. they are independent of the structure of the
meson. This is analogous to a similar result for the spectrum but with some fundamental differences, most
notably the presence of infrared divergences in decay amplitudes. The leading nonuniversal, structure-
dependent terms are of O(1/L?) [compared to the O(1/L%) leading nonuniversal corrections in the
spectrum]. We calculate the universal finite-volume effects, which requires an extension of previously

developed techniques to include a dependence on an external three-momentum (in our case, the momentum
of the final-state lepton). The result can be included in the strategy proposed in Ref. [N. Carrasco et al.,
Phys. Rev. D 91, 074506 (2015).] for using lattice simulations to compute the decay widths at O(a), with
the remaining finite-volume effects starting at order O(1/L?). The methods developed in this paper can be
generalized to other decay processes, most notably to semileptonic decays, and hence open the possibility

of a new era in precision flavor physics.
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I. INTRODUCTION

For many physical quantities relevant for studies of
flavor physics, recent improvements in lattice computations
have led to such a precision that electromagnetic effects
and isospin-breaking contributions cannot be neglected
anymore (see e.g. Ref. [1] and references therein). For
light-quark flavors, important examples include the calcu-
lations of the leptonic decay constants fx and f, and of the
form factor f7(0) in semileptonic K3 decays. These are
used to determine the Cabibbo-Kobayashi-Maskawa (CKM)
matrix element |V,,| and the ratio |V,|/|V,4| at high
precision. For such quantities, which have been computed
with a precision at the subpercent level, the uncertainty due
to the explicit breaking of isospin symmetry [of the order of
(my, —mg)/Agep ~ 0.01)] and to electromagnetic correc-
tions (of the order of @ ~ 0.007) is similar to, or even larger
than, the quoted QCD errors [1].

The question of how to include electromagnetic effects
in the hadron spectrum and in the determination of quark
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masses in ab initio lattice calculations was addressed for
the first time in [2]. Indeed, using a variety of different
methods, several collaborations have recently obtained
remarkably accurate results for the hadron spectrum, for
example in the determination of the charged-neutral mass
splittings of light pseudoscalar mesons and baryons [3—13]
(see [14—16] for reviews on the subject).

In a recent paper, a new proposal to include electro-
magnetic and isospin-breaking effects in the nonperturba-
tive calculation of hadronic decays was presented [17]. As
an example of the new method, the procedure to compute
O(a) corrections to leptonic decays of pseudoscalar
mesons was described in detail. This can then be used
to determine the corresponding CKM matrix elements.

There is an important point that needs to be stressed here.
Whereas in the computation of the hadron spectrum there
are no infrared divergences, in the calculation of the
electromagnetic corrections to the hadronic amplitudes
infrared divergences are present and only cancel for
well-defined, measurable physical quantities. This requires
diagrams containing different numbers of real and virtual
photons to be combined [18]. The presence of infrared
divergences in intermediate steps of the calculation requires
the development of a strategy which is different, and more
complicated, than the usual approaches followed to compute
the electromagnetic corrections to the spectrum. We
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proposed such a strategy in Ref. [17]. There we envisaged
that at O(a) the physical observable is the inclusive decay
rate of the pseudoscalar meson into a final state consisting of
either £~ v, or £~ v,y, with the energy of the emitted photon
in the rest frame of the pion smaller than an imposed cutoff
AE. Here ¢~ is a charged lepton and v, the corresponding
neutrino. The cutoff AE on the energy of the final-state (real)
photon should be sufficiently small that for photons with
such an energy we can neglect the structure of the meson and
treat it as an elementary pointlike particle, neglecting the
structure-dependent corrections of O(aAE/Aqgcp). At O(a)
the inclusive width can be written in the form

[(AE) = T§ + = lim (Ty(L) + TT(AE. L)), (1)
where the suffix O or 1 indicates the number of photons in the
final state; Ti° is the rate at O(a®) given in Eq. (7) below;
the superscript “pt” on I'; denotes pointlike and we have
exhibited the dependence on L, the spatial extent of the box in
which the lattice calculation is to be performed (V = L?).
It is now convenient to write

Jim (Fy(L) + T (AE. L)) = lim (Ty(L) = T3(L))
+ lim (T(L) +T™(AE, L)).
(2)

The second term on the right-hand side of Eq. (2),

IP(AE) = Jim (I0(L) + T (AE.L)).  (3)

can be evaluated in perturbation theory directly in infinite
volume and the result has been presented in Ref. [17].
I'P(AE) is infrared finite and independent of the scheme
used to regulate the divergences which are present separately
in T'(L) and T}'(AE, L); its explicit expression is repro-
duced in Eq. (13) below.

[y(L) is infrared divergent and depends on the infrared
regularization. Since all momentum modes of the virtual
photon contribute to I'y, it depends on the structure of the
meson and is necessarily nonperturbative. It should there-
fore be computed in a lattice simulation. In Ref. [17] we
stressed that the infrared divergence cancels in the differ-
ence I'y(L) —TP(L). In this paper we show that the 1/L
finite-volume (FV) corrections are also universal; that is,
they are independent of the structure of the pseudoscalar
meson and hence cancel in the difference T'y(L) — 5 (L).
We do this in the Appendix using the QED skeleton
expansion, in which the meson propagator and the vertices
to which the photon couples are defined in terms of QCD
correlation functions and then inserted into one-loop
diagrams. Combining the skeleton expansion with the
electromagnetic Ward identities of the full theory, we are
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able to demonstrate explicitly that the leading and next-to-
leading FV effects are universal. This allows us to calculate
I'5'(L) in perturbation theory with a pointlike pseudoscalar
meson up to and including the 1/L corrections and present
the result expanded in inverse powers of L

Ci(rs)

4

T8(L)=Cy(rs)+Co(rs)log(mpL) +

where r, = my/mp and mp and m, are the masses of
the pseudoscalar meson and the lepton respectively.
Throughout this paper we will refer to the first two terms
on the right-hand side of Eq. (4) as the leading FV effects,
and the third term, C,/mpL, as the next-to-leading
correction. The explicit expression for I (L) is given in

Egs. (97) and (98) below. The coefficients Cqo(r), Co(r,)
and C,(r,) are universal, although Cy(r,) and C(r,)
depend on the infrared regulator. 6’0(;’5) is universal and
does not depend on the regularization. Cy(r,), Co(r,) and
C,(r,) cancel the corresponding terms contained in I'o(L).
In this way Ty(L) — T (L) is infrared finite and indepen-
dent of the infrared regularization up to terms of O(1/L?).
Higher order FV terms are not universal and thus cannot be
corrected with an analytic computation. We do not discuss
them further, beyond showing in Sec. V that they are indeed
nonuniversal.

The discussion in the previous paragraph has parallels
in the calculation of the FV corrections to the spectrum
[3,4,6,8,11,12,19]. In that case there are no infrared
divergences and the O(1/L) and O(1/L?) FV corrections
are universal, but the O(1/L?) corrections are structure
dependent. For matrix elements the leading dependence
on the volume in th is an infrared divergence of the
form log(mpL) and the next-to-leading term is of O(1/L).
Both of these are universal.

Below we present the perturbative one-loop calculation
of th(L) on a finite volume using QEDy [8] as the infrared
regulator. We will describe in detail the method developed
for the calculation of the perturbative corrections to decay
amplitudes in a finite volume; these calculations are more
difficult than the corresponding evaluation of the correc-
tions to hadron masses. In addition to the presence of
infrared divergences, even in the rest frame of the meson
there is a dependence on the three-momentum of the final-
state lepton from the diagram in which the photon is
emitted from the meson and absorbed by the lepton. When
evaluating the FV corrections, the summand in the sum-

mation over the spatial momentum modes of the photon, £,

depends not only on |k| but also on p, - k, i.e. on the
direction of the final-state lepton’s momentum, p,, with
respect to the axes of the cubic lattice. This complicates
the calculation significantly and leads to results which
also depend on the direction of p,. We believe that the
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techniques developed in this paper, which extend those of
Ref. [20], have a wider applicability and will be useful for
many other processes.

Although our explicit discussion is limited to the
leptonic decay rates of pseudoscalar mesons, the method
is general and can be extended to many other processes
including, for example, semileptonic decays. We should
add however, that although the results presented in this
paper are valid in principle for both heavy and light
pseudoscalar mesons, there may be a practical limitation
in the case of the heavy D and B mesons. In that case it is
likely that in order to make experimental measurements
feasible, AE may have to be sufficiently large that the
structure dependence of the meson can no longer be
neglected and therefore that the emission of real “hard”
photons, with energies of E, > Agcp, should be imple-
mented in the lattice simulation. We do not discuss the
prospects for this further in this paper.

The plan for the remainder of this paper is the following.
In the following section (Sec. II) we present the decay rate
without electromagnetic corrections and introduce some
basic notation used in the subsequent sections. Section III
contains a discussion of the regularization of the ultraviolet
divergences and the W-renormalization scheme. Since the
ultraviolet divergent terms are unaffected by FV effects, we
simply sketch the renormalization procedure referring to
our previous paper for further details [17]. In Sec. IV we
review the method proposed in Ref. [17] for the cancella-
tion of infrared divergences and present an extended
discussion of the different proposals for their regulariza-
tion. The universality (or nonuniversality) of the infrared
divergences and FV corrections is explained in Sec. V. In
particular we sketch the demonstration that the leading and
next-to-leading FV effects are universal. The perturbative
calculation of the electromagnetic corrections to the lep-
tonic decay amplitude and meson mass on a FV, including
the O(1/L) corrections, is presented in full detail in
Sec. VI. All the results are expressed in terms of a few
master integrals. The evaluation of the one-loop master
integrals is performed in Sec. VII. The calculations
described in this section are of general use and can be
applied to many other cases of phenomenological interest.
Finally, in Sec. VIII we present our final result, our
conclusions and the outlook for the implementation of
our method. There is a single appendix in which the
universality of the leading and next-to-leading FV effects
is proved using the skeleton expansion.

II. THE DECAY RATE WITHOUT
ELECTROMAGNETIC CORRECTIONS

At lowest order in electromagnetic perturbation theory
[i.e. at O(a")], the process §;q, — £~U, can be written in
terms of the amplitude of an effective four-fermion local
Hamiltonian,
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<
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FIG. 1. Feynman diagram for the leptonic decay of a pseudo-
scalar meson (the z~ in this example) in pure QCD. The two
black filled circles represent the local current-current operator

(i} d)(€ykv,); the circles are displaced for convenience and the
index L represents “left.”

Hy = 5V oGl = 19)a) @ (= 75)ee). (5)

V2

where G is the Fermi constant; the subscripts i = 1, 2
on ¢g; denote the flavor of the quarks; and Vi, is the
corresponding element of the CKM matrix.

We illustrate the Feynman diagram for the leptonic decay
of a z7 meson in pure QCD in Fig. 1. In the absence of
electromagnetism the nonperturbative amplitude for the
decay of a pseudoscalar meson P~ is defined in terms of a
single number, the corresponding decay constant fp:

0lg17"r° 2P~ (p)) = ip*fp, (6)

where P~ is composed of the valence quarks g, and ¢,, and
the axial current in (6) is composed of the corresponding
quark fields. From Eqs. (5) and (6) one readily derives the
tree level decay rate

G2 m2 2
tree . F 212 2 ‘
[ = 8ﬂ|V12| meme<1 m%) . (7)
Since we aim to determine the width up to and including
O(a) contributions, mp in Eq. (7) is the physical mass of
the meson.

The calculation of electromagnetic corrections leads to
an immediate difficulty: Iy contains infrared divergences
and by itself is therefore unphysical. The well-known
solution to this problem is to include the contributions
from real photons. The physical, infrared safe, experimen-
tally measurable observable is then the partial width given
in Eq. (1) in the Introduction. I'(AE) is free from infrared
divergences, and will be computed following the procedure
proposed in Ref. [17] and briefly reviewed in Sec. IV
below. We start, however, with a brief discussion of the
renormalization of the ultraviolet divergences which arise
from virtual photon exchanges.

III. ULTRAVIOLET DIVERGENCES AND
THE W-RENORMALIZATION SCHEME

The standard method used in weak leptonic and semi-
leptonic decays to renormalize the theory is to work in
the so-called W-renormalization scheme [21]. We refer the
reader to Ref. [17] for more details of the applications to
the present case.
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When including the O(a) corrections, the ultraviolet
divergences are removed by defining the Fermi constant G
in the W-renormalization scheme. Its value is then given in
terms of the physical muon decay rate I', = 1/7,,, where 7,,
is the lifetime of the muon:

{1_

In the same scheme the effective Hamiltonian of Eq. (5)
gets a finite correction,

8m

e

1 _ Gim,,
19273

o)

2 2

T

u m

GF (04 MZ _
HY =Ly (14 Zlog 2 m(1 —yd
V=5 12( +ﬂogMW)(q1y( r’)q2)

X (€7,(1 =7 )vp). 9)

7)) (€r,(1 -
v>)v,) is also renormalized in the same scheme.

The renormalization of the weak Hamiltonian requires
the evaluation of the diagrams in Fig. 2 (shown for the
case P~ = n~) with the photon propagator defined in the

1

W-regularization scheme
) 1
T\ T e -M,)

Since we are not able to implement the W regularization
directly in present day lattice simulations in which the
inverse lattice spacing is much smaller than My, the
relation between the operator in Eq. (9) in the lattice
and W regularizations can be computed in perturbation
theory. For lattice actions in which chiral symmetry is
broken by the Wilson term (or for related actions), this
relation takes the form

where the four-fermion operator (g, y*(1 —

(10)

d
_ -< "
U Uy
d -
u Vg

(b)

U

(e)
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oy = <1 —|—4 (Yemloga?M3, + C, )) obare
a
+E (C, 055 +C505%° + C,05%° + C;0%*°),  (11)
where a/47xXxy,,, =a/4xx2 is the one-loop, regularization-

independent electromagnetic anomalous dimension of the
four-fermion operator and

01 = (@' (1 =7)a) (€ru(1 = 7)ve)

0y = (@' (1 +7°)q2) (Cr,(1 = 7))

03 = (i (1+ 7)) (¢(1 =7 )vp)
04:(611(1—7/)612)( (1=7)ve)

Os = (416" (1 = 7°)q2) (£0,,(1 =77 )vp). (12)

The numerical values of the coefficients C; ...Cs correspond-
ing to the Wilson action for both the quarks and gluons can be
found in Ref. [17]. This concludes the discussion of the
treatment of the ultraviolet divergences and of the definition
of a finite four-fermion operator in the W-renormalization
scheme.

IV. INFRARED DIVERGENCES AND
FINITE-VOLUME CORRECTIONS

Having performed the renormalization, all the expres-
sions for widths and amplitudes are explicitly free from
ultraviolet divergences. Moreover both terms appearing on
the right-hand side of Eq. (2) are separately infrared finite
and also independent of the infrared regularization. We will
demonstrate below that in the first term, [y(L) — I'5'(L) is
independent of the regularization up to terms of O(1/L?).
The independence of the last term from the infrared
regularization can be readily demonstrated in perturbation
theory; T?(AE) =T +T'|(AE) is a well-defined physical
quantity, corresponding to the decay rate of a pointlike
particle calculated at O(a) in infinite volume. It is given by
the following expression [17]:

- ; .
o <
U Uy
- d -
-
(f)

FIG. 2. Virtual diagrams contributing at O(a) to the renormalization of the four-fermion operator Eq. (5). The same diagrams enter in

the evaluation of I'°(L) for the decay 7~ — £~ 1.
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[ + - TP(AE) = T x (1

1 'p
{3 og(M
_|_
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+ log rf) 4log(r2 7)

2 — 1072 1472 1472 .
1 flg( 3) =2 flg( £)log(r7) — 45— Lip(1-13) =3
- e Ty
3+ rE 6rf +4rg(-1+r ) rg(4—rp—4r;)
log(1 —rg) + log(r2)
{ (1=r7)? . (1=rp)? ‘
-22+3 28 1
rg( + rEz—l; r2) 4 —l—rlez( ) , (13)
2(1-12) 17

where rp = 2AE/mp and 0 < rp < 1 — r2. Note that the
terms in square brackets in Eq. (13) vanish when ry goes
to zero; in this limit ™ (AE) is given by its eikonal
approximation.

Since TPY(AE) is itself independent of the infrared
regulator, it can be computed with a different regularization
from the one used in computing the difference I'y — th.
This implies that, provided that we use the same infrared
regulator for Iy and th, the infrared divergences, which are

universal, cancel in the difference I, —th, leaving an
O(a) finite term which is independent of the regulator.
We stress that the regulator-dependent finite terms also
cancel in the difference I'y — IS
We now discuss FV effects. Let V = L? be the spatial
volume and for simplicity we take the length L in each
direction to be the same. Whereas in QCD the FV
corrections are exponentially suppressed, for electromag-
netic corrections, because of the presence of a massless
photon, FV effects are particularly important since they
are only suppressed by inverse powers of the volume. The
1/k? term in the photon propagator in Eq. (10) implies the
presence of a zero mode in the finite-volume summation
over momenta. Several suggestions have been proposed
in the literature for the treatment of the zero mode of
FV QED:
(1) In the first proposal the four-momentum zero mode
of the photon field is removed, i.e. A,(k =0) = 0.
This is denoted as QEDyy [2].

(2) The second proposal, denoted by QED; , is to remove
the three-momentum zero modes of the photon field,
ie. to set A, (ko, k = 0) = 0 for all ko [8].

(3) A traditional way to regulate infrared divergences

in QED is to give the photon a small mass. This is
denoted by QED, [9].
Finally, the fourth proposal is to enforce C* boun-
dary conditions for all fields along the spatial
directions, i.e. to require that the fields are periodic
up to charge conjugation. In this theory, which
we refer to as QED¢, the zero modes of the gauge
field are absent by construction because A,(x) is
antiperiodic in space [19].

“

Although, at first sight, it may appear that regularizing
the theory by giving a mass to the photon is the safer
option, with presently available lattice volumes this
approach has several major drawbacks [16] and we prefer
to use the finite volume itself as the infrared regulator. For
the hadron spectrum, both the O(1/L) and the O(1/L?)
corrections are universal; that is, they are the same for
pointlike and composite hadrons [3,11,19] and can be
analytically computed (they do however depend on the
regulator). We have chosen to work in QED;. In this
regularization one finds for the electromagnetic mass shift
for a pseudoscalar meson of charge ¢ in a large, but finite,

volume [3]
K 2 1
mpL <1 +mPL> > o ((mPL)3>:| ’

(14)

(L) =y | 1-Pa

where k = 1.41865 is a universal constant. Equation (14) is
particularly useful in controlling the finite-volume effects
in the mass shift. The O(1/L) and O(1/L?) terms can be
subtracted explicitly and the remaining extrapolation of the
O(1/L?) and smaller terms to the infinite volume limit
is substantially milder, resulting in smaller extrapolation
uncertainties. To show that the FV corrections are univer-
sal, the authors of Ref. [11] used an approach based on
nonrelativistic effective field theories, whereas in Ref. [3]
an independent demonstration of the universality of the
corrections, based on the electromagnetic Ward identities
of the theory, was used. We will discuss this in more detail
in the following.

Using similar approaches we can demonstrate (see
Sec. V and the Appendix below) that for the amplitude
with the virtual photon, the coefficients Cy(r,), Co(r,) and
C,(ry) in Eq. (4) are universal so that the FV corrections
to the difference

ATy(L) = Ty(L) = T{(L) (15)
are of O(1/L?). This should be compared to the O(1/L?)
at which the structure-dependent FV corrections begin to
contribute in the spectrum; the difference, as explained in
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detail below, is due to the different behavior of the
integrands as the momentum of the photon goes to 0.

We note also that, since the sum of all the terms in Eq. (2)
is gauge invariant, as is the perturbative rate I'?'(AE), the
combination AT'y(L) is also gauge invariant, although each
of the two terms on the right-hand side of Eq. (15) in
general is not.

In the remainder of this paper, all the calculations are
performed using the QEDy prescription for handling the
zero mode.

V. UNIVERSALITY OF THE FINITE-VOLUME
CORRECTIONS TO MASSES
AND DECAY AMPLITUDES

Infrared singularities and FV effects which decrease
only as powers of the volume arise because the photon
is massless. Because of electromagnetic gauge symmetry,
however, the coefficients of the leading and next-to-leading
(NLO) power corrections are universal and can be com-
puted by treating the charged particles as pointlike objects.
In this section we discuss FV effects and the universality of
the leading and next-to-leading FV corrections to masses
and amplitudes at first order in a. For the spectrum we
follow the procedure of Ref. [3] and then generalize the
arguments to the evaluation of FV corrections to operator
matrix elements. A detailed demonstration of universality,
presented in the framework of the skeleton expansion
and based on the electromagnetic Ward identities, is given
in the Appendix. Here we sketch the main points, referring
the reader to the Appendix where appropriate.

If the photon were massive so that

1 1
% s
(K +ie) (K —m2+ ie)

(16)

then the FV corrections would be exponentially suppressed
in the mass of the photon. The power-law FV corrections
arise with a massless photon from the singularities of the
summand at £ = 0 in the sum over the momentum k of the
photon. The power of the corrections depends on the degree
of the singularity in k of the summand. Thus in order to
study the FV corrections we consider the soft region in
which k = 0.

We start by introducing our notation and some basic
definitions. Let & be the difference between the finite- and
infinite-volume result of some one-loop expression

- [T fam)won o
k#0

where k is the momentum of the photon, p represents
the external momentum or momenta and the prime on &
indicates that the contribution from the spatial zero mode

(% = 0) is absent from the sum. Although Eq. (17) includes
both summations and integrations, in the following we will

PHYSICAL REVIEW D 95, 034504 (2017)

-

refer to I(p, ko, k) in expressions for & as the integrand. A
practical rule summarizing the relation between the power
of the finite-volume corrections and the leading singularity
of the integrand at k = 0 is as follows:

() ()

(18)

or

L (1 S\ 1 (1
- (FZ‘/ (2ﬂ>3> 7 olm) ©

Thus for example, if the integrand / in Eq. (17) has a term
which behaves as O(1/k?) as k — 0, then the correspond-
ing FV corrections are of O(1/L). In Sec. VII we will
demonstrate the scaling rules in Egs. (18) and (19)
explicitly for the integrals which appear in the one-loop
graphs for the leptonic decays of pseudoscalar mesons.
This includes the extension of previous applications to
contributions which depend on external three-momenta
and in particular on their directions (in our case this is the
momentum of the final-state lepton in the rest frame of the
meson). Up to the next-to-leading order at which we work,
these scaling rules hold with k& being the momentum of
the photon. At higher orders, other regions of phase space
may contribute to power corrections in the volume;
these are still given by Eq. (18), but k is no longer the
momentum of the photon. An example is the contribution
to O(1/L?) corrections to the spectrum found by the BMW
Collaboration [12], which arises from the region of small k

-

where the photon’s momentum is written as (mp + kg, k).

It is convenient to discuss the different Feynman dia-
grams within the framework of the skeleton expansion and
in terms of hadronic vertices and propagators and these are
sketched in Fig. 3. The full propagators and vertices are
defined explicitly in terms of correlation functions in the
Appendix; for the purposes of this section we can view
them as one-particle irreducible subgraphs. The amplitude
itself is obtained from the lattice computation of correlation
functions in QCD + QED as described above. We now
discuss the strategy for the evaluation of the leading and
next-to-leading FV corrections; the detailed evaluation is
performed in Secs. VI and VII. The key observation,
already mentioned in the previous paragraph, is that (up
to this order) these effects are determined by the behavior of
the integrands as k — 0, where k is the momentum of the
photon. In order to calculate these FV effects, we need the
vertices in Fig. 3 for small photon-momenta k.

In their studies of the FV corrections to the hadronic
spectrum, the authors of Refs. [6,11,12] used the following
nonrelativistic effective theory of a charged (pseudo)scalar
particle interacting with soft photons:
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w
p
(a)
=@
p p
(c)
k
N w w
P p+k P
(d) (e)
k
ok P v
(f) (9)

FIG. 3. Skeleton diagrams contributing at O(a) to Iy for the
decay P~ — ¢~ 1. The thick black line represents the pseudo-
scalar meson and the broken green line represents the leptons.
The photon is represented by the wavy line. The vertices marked
I" and W represent the coupling of the photon(s) to the meson or
weak Hamiltonian respectively. Their definitions are given in the
Appendix. The diagrams (a)—(g) are discussed in detail in the text
and in the Appendix.

DI? 2
Ly= dﬂ-{iDo 4 IP0, etr)

V. E + 21ag|EP?
2y 6 + 2nag|E|

+ 27Bg|B]* + - - }gb. (20)

In Eq. (20) ¢ represents the field of the pseudoscalar meson
P using the nonrelativistic normalization, D, = 0, — ieA,

is the covariant derivative, (r?) is the mean squared charged

radius of P and ay and [} p are related to the electric and
magnetic polarizabilities of P. The terms proportional to

(r*), ap and Pz depend on the structure of P and so
additional information about these parameters is required if
the corresponding effects are to be included. These terms
all include two derivatives on the photon field, and hence
two powers of k in momentum space, and therefore only
enter at next-to-next-to-leading order at small £ and are
therefore suppressed by two powers of 1/L. In this paper
we do not attempt to evaluate these corrections analytically,
but can envisage fitting the behavior numerically if neces-
sary or appropriate. The key point to notice is that the first
two terms on the right-hand side of Eq. (20), which include
zero or one derivative on the photon field, are universal;
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i.e. they do not depend on the structure of P and can be
evaluated in perturbation theory for a pointlike charged
particle. A more formal discussion of this universality,
based on the QED Ward identities rather than relying on the
effective theory, is presented in the Appendix.

At this point we should stress the limitations of the
effective theory at O(1/L?). Consider a generic contribu-
tion which is nonsingular in the infrared. From the Poisson
summation formula one would expect the corresponding
FV effects to be suppressed exponentially in the volume.
In QED;, however, the contribution from the zero mode
is removed and this leads to a 1/L? effect which is not
captured by simple power counting. Since in this study
we limit our interest in FV corrections to O(1/L?) for the
spectrum and O(1/L) for matrix elements we are not
affected by this limitation.

We now illustrate the implications of the discussion in
this section, starting with the self-energy diagrams in
Figs. 3(b) and 3(c). In the discussion of the universality
of the FV corrections which follows, and in the explicit
calculations with a pointlike pseudoscalar meson, we will
always work in the Feynman gauge, although the results
are valid in any gauge.

A. FV corrections for the self-energy diagram

In order to set the context for our calculation of the FV
corrections to the decay amplitude we start with a discussion
of the electromagnetic effects in the mass mp given by the
diagrams in Figs. 3(b) and Fig. 3(c) using the Feynman rules
from the Lagrangian in Eq. (20). In order to determine the
leading and next-to-leading FV corrections, we need to
determine the corresponding behavior of the integrand as
k — 0in & of Eq. (18). Using the effective theory of Eq. (20),
we note that as k — 0 the scalar-photon vertex is O(1) and
the scalar propagator is O(1/k). Combining this with the
photon propagator which is O(1/k?) we see that n = 3 in
Eq. (18) so that the leading FV correction is of O(1/L).
Similarly the NLO terms, which are still calculable from the
universal terms in Eq. (20) are O(1/k?), leading to FV effects
of O(1/L?). The structure-dependent terms in Eq. (18) are
suppressed by two powers of k at small photon momenta and
hence lead to n = 1 in Eq. (18); their effects therefore only
appear at O(1/L?). The leading, O(1/L), and next-to-
leading, O(1/L?), FV corrections can therefore be calcu-
lated explicitly and for a (pseudo)scalar meson of charge ¢
give the result in Eq. (14).

In the Appendix we show explicitly that the Ward
identities of scalar QED are sufficient to demonstrate the
universality of the leading and next-to-leading FV correc-
tions. Once it is established that the two leading terms as
k — 0 are universal and independent of the structure of the
meson, they can be computed in one-loop perturbation
theory with a pointlike meson using relativistic scalar QED
or with the nonrelativistic theory. For the remainder of this
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paper we perform the calculations in scalar QED, restrict-
ing the results, of course, to the universal terms.

When evaluating the contribution to the decay amplitude
from the wave-function renormalization of the pseudosca-
lar meson P there is an additional consideration. At O(a)
this is obtained from the coefficient of p? of the one-loop
diagram in Fig. 3(b) evaluated on shell, i.e. at p*> = m3.

This requires differentiating the integrand

(2p +k)?
©+ie)((p+ k) =+ ie)’

with respect to p?, where p is the momentum of the
external pseudoscalar meson, and subsequently going on
shell. In this way we recover the well-known infrared
divergent behavior, i.e. the leading behavior as k — 0
corresponds to n =4 in Eq. (18). This behavior is
universal, as are the next-to-leading corrections of O(1/L).
The structure-dependent terms in the effective theory now
contribute at O(1/L?); this is a general feature in the
computation of decay amplitudes. The main result of this
paper is the evaluation of the universal corrections up to
and including the O(1/L) terms. Once these are subtracted
from the computed amplitudes, the remaining FV effects
are of O(1/L?).

Note that within the framework of the skeleton expan-
sion and electromagnetic Ward identities discussed in the
Appendix, the cancellation of the terms proportional to z;
in Secs. A 3 a and Secs. A 3 b demonstrates the universality
described in this section.

B. Universality of the FV corrections
to the remaining diagrams

The additional feature when evaluating the FV effects in
the remaining diagrams of Fig. 3 is the presence of the
hadronic weak vertex and hence the necessity to identify
the possible operators which can contribute to the current in
the scalar QED effective theory. The answer is particularly
simple; up to and including the O(1/L) corrections only
the operator D, ®p contributes. This can be deduced from
the observation in the Appendix that the terms proportional
to f; cancel [see Egs. (A27) and (A28)]. Alternatively, by
using the commutation relations of the covariant derivatives
and the equations of motion, it can be shown that other
operators which may contribute at O(a) all contain the
electromagnetic field-strength tensor F,,; one such oper-
ator is F,,D,®p(x). By power counting such operators
can be shown not to contribute up to, and including, the
O(1/L) corrections. Since the corresponding weak vertices
contain at least one photon, they can only contribute to
diagrams in Figs. 3(e)-3(g). But at small &, the photon
propagator ~1/k?, the meson or lepton propagator ~1/k
and there is a factor of k from the derivative in F . Thus the
leading behavior of the integrand at small k is O(1/k?),
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corresponding to O(1/L?) corrections which are beyond
the order we are studying in this paper. By the same power
counting we see that the diagram in Fig. 3(g) does not
contribute up to NLO.

We now have all the ingredients necessary to calculate
I'5'(L) and hence to determine the coefficients Cy(ry),
Co(ry), and C,(r,) of Eq. (4). We have shown that we need
to evaluate the diagrams of Fig. 3 using scalar QED for
the vertices I' and the propagators and the effective
weak Hamiltonian given in Eq. (21) below for the weak
vertices W. In the next section we calculate these diagrams,
presenting the results in terms of master integrals which are
subsequently evaluated in Sec. VIL

VI. CALCULATION OF I%'(L)
FOR THE DECAY P~ — £,

In this section we describe the calculation of the
second term on the right-hand side of Eq. (15), T (L),
at O(a). We start however, by briefly recalling the
calculation of th at O(a), i.e. without electromagnetism.
In the following p, p, and p, are the momenta of
the meson P, the charged lepton ¢ and the neutrino 7,
respectively.

A. Calculation of I'}" at O(a)

The effective Hamiltonian for the leptonic decay of a
charged pointlike pseudoscalar meson composed of
valence quarks with flavors i, j has the form

G
HPK’W =—i \I;gl:‘

+ Hermitian conjugate. (21)

Vi [(0 —ieA")®p| sy, (1 = vs)w,]

Here ®p represents the field of the meson and V;; is the
corresponding element of the CKM matrix. For compact-
ness of notation we have dropped the labels i, j from both
3 and the decay constant fpi.

Without electromagnetic corrections we need to
compute the Feynman diagram of Fig. 3 (a), which is a
standard calculation. Since the Ieptonic terms are
factorized from the hadronic ones, the amplitude is simply
given by

ree G f
Afee =i \F/EP
X [L_tf(pf)%/(l

= — G\F/];D V,-jp”[ﬁf(Pf)h(l - 7’5)”v/(pv/)]

=- G\F/J; Viimglig(pe)(1=7)v,,(py,)]. (23)

V;;(0[0*®p|P~(p))

= 7)., (py,)] (22)
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obtained by using the equations of motion and neglecting
the mass of the neutrino, so that

P lac(pe)r,(1 =)o, (p, )] =i (pe)p,(1=7)v,,(py,)]

=mglis(pe)(1=7)v,,(po, ).

The decay width is then readily obtained by squaring the
amplitude A, and integrating over the phase space,
leading to the result in Eq. (7).

PHYSICAL REVIEW D 95, 034504 (2017)

For later convenience we write

Grfp
V2

where XO = —l'l’}’lf[ljtf(pf)(l - YS)UW (pl/f)]'

_Agee =—i Vl/ X XO (24)

B. Calculation of I’ gt at O(a): The crossed diagram
We now consider the one-photon exchange contributions
to the decay P~ — ¢~ v, starting from the crossed diagram
in Fig. 3(d). In infinite volume this takes the form
(—lGFVU/\/E)Xl where

=gy [ Db 0O R~k mlp K- e )

22 (K2 1 ie)((p — k)2 — mb 1 ie)((py — )2 — 2+ i€) (25)

Using the equations of motion, the numerator N = [i,(p,)2p — k][p, —k+m,|[p—k](1—y°)v,,(p,,)] can be simplified
to Ny = Ny; + Ny, where

Ny =mgiis(pe)(1 =), (p,)2(p — k)* + (pr — k)* + m3]
=mgitg(pe)(1 = 7)v,,(po,) 2((p = k)* = m3p) + ((pr = k)> = m3) + 2(mp + m3)]
Nip = —iio(p)k(1 =) v, (p,, ) [((pr — k)* = m7) + 2m3]. (26)

In a finite volume the momentum integration is replaced by a summation over the momenta which are allowed by the
boundary conditions. We introduce an infrared cutoff A which will be useful in the intermediate steps of the calculation. We
envisage that A < 1/L, but otherwise the specific choice of 4 is immaterial since the final result in a finite volume is
independent of 4 in the limit A — 0. We then write

Ny + Ny

XN —1/ dko 5
fp LP) Qm) (i =2 +ie)(p = k)* = mp =2 +i€) ((pe = k) —m7 = 22 + ie)

(27)

The contribution from Ny, which we write as X!, can readily be written as a multiplicative correction to the lowest-order
amplitude,

XFV
ez}l = —i(S; + 28, +2(1 + r2)S3) x X, (28)
P
where r, = m,/mp and we have introduced the master integrals
1 dk 1
S] = F (2 O) Z 2 72 2 . 2 72 2 2 .
) i (kg — k™ — 2> +ie)(mp — ko)* — k™ —mp — A* + ic)

1 dk 1
=5 G2

o (B =K =2t ie)(Ep = ko) = (B = k)" = m = 22 + i)

k#0
L o2 2 1 ie)(mp— ko) — B — mB— 2+ i€)
k#0 0 P 0 P
X ! (29)

(Ep = ko) = (pr = k)" = m2 = 22+ ie)

In Eq. (29) and in the following the master integrals are all dimensionless.

The contribution of N, is more difficult to evaluate, but we do not need its explicit form when evaluating the rate.
Convoluting this term with the (complex conjugate) of the lowest-order contribution we obtain a contribution to the decay
rate which is proportional to
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imf/ dky ZTr[ﬁf(Pf)k(l —=75)00,(Py, )00, (P,) (1 +75)us(pe)[((pr — k)* — m2) 4 2m2]

L3 ] (2x) o (k2 =22 +ie)((p — k) —mp — 22 +ie)((py — k)? — m2 — 2% + ie)
2ir§ i
= S-S —— S, | 1Xo]%, 30
(2515 -5+ 154 ol (30)
where
1 1 [ dk 2p,, -k
$i= o [ G Y < (31)
P iz (ko — k" =22+ ie)((mp — ko)* — k" — mp — A° + i€)
|
By combining together the results in Egs. (28) and (30)  In this way one obtains
we obtain the effective correction to the lowest-order
amplitude XEV
2 .
=i[285 - Ss ) X Xo. 35
e .<1_3F§S+ 2 S 42014 2)8 “fr ( S 1-n 4> 0 >
= —1 r
ezfp l—ri ! l—rL%2 £/°3
We now consider the diagram of Fig. 3(e) in which the
1= r%; Sq | x Xo. (32) photon is emitted from the weak Hamiltonian and absorbed

The calculation and the explicit expressions of the
integrals S; can be found in Sec. VII. We now discuss

by the charged lepton ¢

d*k N3 +N3p
the remaining Feynman diagrams. X;=ef / - —, (36)
3 P ] @n)* (2 +ie)((p, — k)2 —m2 + i€)
C. The rainbow diagrams
In this subsection we evaluate the diagrams in Figs. 3(e) ~ Where
and 3(f). The expression for the diagram in Fig. 3(f), in
which the photon is emitted by the pion and absorbed by . _ 5
the weak Hamiltonian, is given by Nai = 2melae(pe)(1 =r)v,,(p,,)] and
) N3y =2l (pe)k(1 = 7)o, (p.,)]- (37)
d*k Ny + Ny
(22)* (K + ie)((p = k)* — mj + ie) One then readily obtains
where . )
3 .
B S = l<252 +—2S5> XXO, (38)
Noi = 2m[i(ps)(1 = 7°)v,,(p,,)]  and e fr I=r
Ny = =[as(pe)k(1 =), (py,))- (34)  where S5 is a new integral and sum defined by
|
5=737 7 = : — —.
L mp ] (2m) (k3 — k* = 22 + i€e)(E, — ko)? = (B — k)? = m2 = 22 + ic)
|
. o d*k (2p —k)?
D. Wave-function renormalization of the pseudoscalar X, — (2 / T 5 —. (40)
meson and charged lepton (2n)* (k* +ie)((p — k)* — mp + i€)

The wave-function renormalization constant of the
pseudoscalar meson, Zp, is determined from the diagram
in Fig. 3(b) which is given by the expression

The renormalization constant Zp is given by
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(41)

ap

After performing the integration over k,, the result is
particularly simple,

5Zp = £
: 2L3z (> +,12 32 42)

where for convenience we have introduced the infrared
cutoff 4 as in the previous cases. Here, as in the evaluation
of the master integrals in general [see Eqs. (51) and (52)]
we organize the calculation as follows:

Z __/ d3k 1 _ 62
L3 (k +/12%_ (27)* (& + 22 2L

%(L*Z /d3k>(ié2lx2)%

(43)
=6ZY — AZp + &p. (44)

The infinite-volume result §Z% is ultraviolet divergent
and must be regularized in the W-scheme

S T L E—
i 2n)* \(K2 +ie) (k* — M3, + ic)

(2p—k)?

. 45
(p ==y +ie) )
The result of the integration over k is
5z = @ (2109 M _3 (46)
P 4n 82 T2)

&p is defined as

e2 /1 1 Pk 1
fP—E(E%:@w)%‘/ e

Using the techniques of Ref. [20] we find

2

E = i+ (Qlog(L2R) = Kp), (48)
where the numerical value of Kp is Kp = 4.90754. The
explicit integral expression for &p is given in Sec. VIIE.
Note that the spatial zero mode is included in the sum in &p
whereas it is not included in the definition of 6Zp in
Eq. (42). We therefore subtract this contribution explicitly;
this is the term —AZp = —e?/(2L34%) on the right-hand
side of Eq. (43).
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Collecting all the terms together we obtain
5Zp =% (2l0g MBLY —Kp—2).  (49)
47 v 2

In spite of the title of this subsection we do not need
to evaluate the wave-function renormalization constant
of the charged lepton 7. As explained in Ref. [17], its
contribution simply cancels in the difference between the
perturbative and nonperturbative contributions to the
decay rate in Eq. (15).

VII. MASTER INTEGRALS IN A FINITE VOLUME

In this section we discuss the calculation of the master
integrals introduced in Sec. VI, including the universal
O(1/L) FV corrections. In the standard calculation of the
FV corrections to the mass for a particle at rest, the loop
diagrams are independent of any external momenta. For
decay amplitudes, however, the calculation is made tech-
nically more challenging by the fact that, even for the initial
hadron at rest, the integrand depends on the direction of the
outgoing particles with respect to the axes of the finite box.
This results in the 1/L corrections also depending on this
direction.

Before evaluating each integral in turn, we explain the
general treatment of the infrared divergent terms and of the
FV corrections. We have already anticipated this procedure
in the evaluation of the wave-function renormalization of
the meson P in Sec. VID. Using the Poisson summation
formula

1 - &k —
szi[ko’k] = Z/Wfi[ko’k]em"'k, (50)
% n

which is valid if the integrand f;[ko, } does not have
singularities in the limit L — oo, we decompose the master
integrals as follows:

dk
Si L3/ - Zfl kO’ = SIV AS + él (51)

-/ (d4)4f,[ o R

+3 / 2 ‘”lfl k. Kleit%. (52)

The three terms in Eq. (52) correspond to the three terms on
the right-hand side of Eq. (51). SIV is the infinite-volume
result which may have logarithmic ultraviolet or infrared
divergences. The ultraviolet divergences are eliminated
by the W regularization, as explained above, whereas the
infrared divergences are regulated by the introduction of 4.
The difference & for a general integrand 7 is defined as a
simple modification of & defined in Eq. (17) to include the
contribution from the spatial zero mode:
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= /d"‘)(yz [ o)kl 3

In this section we evaluate the &; (i = 1-5) corresponding to
the S; defined in Sec. VI. The term AS; accounts for the fact

that the spatial zero mode k = 0is included in the sum in the
Poisson summation formula (50) but not in Eq. (51). The
differences ¢; contain power divergences of the form 1/4",
where n is a positive integer, which cancel those in AS;,
whereas the logarithmic divergences of the form log A cancel
between ¢&; and SIV. Thus the final result does not depend
on / in the limit A — 0. The logarithmic infrared divergence
appears instead as a logarithm of the volume, namely as
log(mpL). There remain of course finite terms which depend
on the infrared regularization, i.e. on the definition of the
photon propagator in finite volume (e.g. whether we use
QEDyy, QEDy or some other definition). As was shown in
Sec. V however, these terms are universal, in that they are
the same in the pointlike perturbative calculation and in the
nonperturbative computation of the hadronic amplitude in a
numerical simulation of QCD. Thus the dependence on the
regularization cancels in the finite difference of Eq. (15) and
only remains in the power-suppressed, nonuniversal FV
terms which go to zero as 1/L? or faster, as L — co.

We now discuss the evaluation of the master integrals in
QED, , starting with the most complicated one, S3, which
has three different denominators.

A. Calculation of S;

We begin the discussion of the master integrals with S;,
defined in Eq. (29) of Sec. VI because it contains all the main
features and difficulties of the FV calculations. Since the
infinite-volume integrals are straightforward to evaluate, we
use the Poisson summation formula to evaluate the difference
between S3 and the corresponding integral; i.e. we evaluate

oo 5% )

X

(k(z)—k —/12—|—i€)((p—
x L (54)
((Ep = ko) = (P — k)" —m2 — A% + ie)

1- ey d*k
—2mPZ/ da/ /
iLik

k)? —m% — 2% + ie)

n#0

e

“k=ap—pp )= (ap+pp -7 +ie]

(55)

where a, f are Feynman parameters. Note that since we use
the Poisson formula, it is £3 and not & which we evaluate
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here; later we will subtract the spatial zero mode separately.
Changing integration variables, k - k + ap + fip,, and
performing the k integration we obtain

— 1-a 3
31mPZ/ da/ dp dk

n#0

oiL (B +k) i
X — (56)
(& + (ap + ppe)? + 27

%)

where we have taken the meson P to be at rest, p = 0. The
summation in Eq. (56) is over vectors of integers n, with
n # 0. We now observe explicitly the technical complication
mentioned above, namely the dependence of & on py.
We proceed by generalizing the techniques developed in
Ref. [20] to such a case, noting that for positive X

1 1 /00 3
—=—= [ dtte ™, (57)
X F(%) 0

and writing

lmP Z/ /-a
K +iLk-7i

R R S S 22 &Pk -
X dt pellPpeng=tllap+ppe)*+27] [ _Z =,
0 (2r)3

The integrand has been manipulated so that the integration

(58)

over k is Gaussian and can readily be performed to
obtain

_imp -fl
&=- 167122/ da/

X / dt eiLPPr it g=tl(ap+Bpe)*+2] p=L?i*/ (41) (59)
0

The next step is to recognize that the sum over 7 can be
written in terms of the Jacobi elliptic theta function 6;:

03(z.q) = 1+2> _q" cos(2nz), (60)
n=1

although we find it more convenient to present the calculation
and results in terms of

0(z,1) = 05(z,e7"). (61)

In terms of this @ function, &; is given by

— lmP / /1_ dﬂ/ dt e—t (ap+Bps)*+4%]
1622

e e
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= ""P L2 / da / T ap / dr e~ appp, )+ 2]
Lpp, =
: {H"(—z “3)-1) ®

where p’ is the ith component of p, (i =1, 2, 3) and in
the last line we have changed the integration variable to
7 = 4xt/L?. We aim to extract the L and A dependences and
to do this we consider three separate contributions to the
right-hand side of Eq. (63).
(i) We start by considering the region 7 <1,
which gives an infrared convergent contribution
531 = l/(16ﬂ'2) X K31 with

2 <) 1 1 lﬂz((l—/i)m%Jr/imz)
n:—@/ pdp/ dﬂ/ dr e~
4 Jo 0 0
> (pPp) @
o ==L 2 ) -1, 64
<[ e(*325) -] o)

up to exponentially small corrections in the volume.
In Eq. (64) we have introduced the variable
p = a+ p and then rescaled it by L to absorb the
factors of L? in Eq. (63) and finally set L — co. K3, is
a finite number, which can readily be evaluated
numerically. Note that it depends not only on the
masses mp and m, but also on the orientation of the
momentum p, with respect to the axes of the lattice.

(i) The region 7 > 1 is split further into two contribu-
tions, starting with

lmP 1— a
32 641 3L2/ da/
x/ dv e~ lap+Bp) +2 (65)
1

where we have taken the —1 term from the square
brackets in Eq. (63). It is possible to evaluate &3,
analytically and we obtain (up to terms which vanish
exponentially with the volume)

i 1 m2 L2
- - log”2 |y + log = | \,
Sa2 167:2{ 20-12) Em [Y+°g4 ”

(66)

where y =0.577216 is Euler’s constant and

ry = mg/mp.
(iii) Finally we have to evaluate £33, where

la
£y = ”"PLZ/ da/

L
X/ dre” 4n[(‘117+/317¢ HZ]HQ( ﬁzpf ;>

i=1

(67)
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Exploiting the Poisson summation formula for the
6-function

0(z.1) = (’—f) —Zz/m( ’t”z ”—j) (68)

and changing variables to ¢t = 1/7, &3 can be
rewritten as

Ey3 = — lmPLz/da/_a

X / dn—%e—i—mvfzﬁ%(anwpf)mﬂ
0

{ (f422) )

In writing Eq. (69) we have subtracted and added 1
on the second line. We will see that it is the first term
which contains the expected 1/4 contribution from
the spatial zero mode, whereas the second term is
finite and can be evaluated numerically. The first
term is

lmP 5 1- a
L d
$31 = 647: / 0’/

/ i 1 Jem AP+ @p+Bp, 4]

_—lmPLz/ pdp/ dp

x/ dt Be= 551 PP B (1=B)p+Bpo)?
1

(70)

where we have changed integration variables from ¢

to 1/t and from a, f to p = a+ f and [}:ﬁ/p.
The p integration can now be performed to give

o == 2 / ap [ et

1 — o= EIPB+(1=P)p+ppe)]
"R+ (( =B +Bps)l

where we have dropped the tilde on the integration
variable . The second term in the numerator of
Eq. (71) gives a contribution which is exponentially
suppressed in the volume, so that

Ei3) = — sz/ dﬂ/ dt e~

PR+ (- ﬂ)p +Bpe)*

The infrared cutoff A is needed in Eq. (72) to regulate
the integration over ¢ which can be performed to give

(71)

(72)
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(73)

X pry )
BPp%+ (1= pym3 + pm?

where we have noted that (p — p,)? = pz, =0.
The f integration can also be performed,

1 1 1
dp—= = , 4
[ PRy (= pis s pn Epmp” 1Y)

where E, is the energy of the charged lepton #, so
that finally

imp 1 imp

=——r - 4 TP 75
&1 8E, L33 ' 487°E, (75)

We now return to Eq. (69) and evaluate the second term

in the braces,
im2 1 1-a
Up 12
- L d d
64> A “ /) 4

1 -
X / dit%e LR+ (ap+hpe ) +7]
0

x <ﬁ9<—i%fif,§> - 1) (76)

- lmP L/ pdp/ dﬁ/ dtt 26 4m [/jzpf+ _ﬁ mP+ﬁmf]

) o

5332 =
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K32’ (78)

- 1672

where

KSZ___/ pdp/ dﬁ/ dtt~ Ze 4mVj2 s+ (1=p)ymy+pm3)
<H9< PﬁPﬁ_)_l)

The integral over ¢ is infrared finite and so we have set
A =01n Eq. (77) and have also taken L — oo in Eq. (78).
K3, can be evaluated numerically and again depends on the
direction of the lepton’s momentum. This completes our
calculation of 533 = 5331 + 5332.

This also completes our calculation of &;. Collecting
the results from Egs. (64), (66), (75) and (78) the
result is

(79)

& =831 + &+ &3 + &
imP 1 I mp
8E, L2} " 16x* \3E,

| " 22
—mlogm—% y+log—— | + Ky + Ksp
(80)

where the expressions for the L and 4 independent con-
stants K3; and K3, can be found in Eqgs. (64) and (79)
respectively.

In order to obtain S5, in addition to &3 we need to
determine S} and AS; [see Eq. (51)]. S} is the corre-
sponding IV integral which can be evaluated using standard
perturbative techniques:

d*k
SIV —
3= mp / (27)* [k?

Since S5 has no ultraviolet divergences, the terms obtained
by subtracting the 1/(k? — M%,) term in the W-regularized
photon propagator are suppressed by a factor of 1/M3%, and
can be neglected.

The contribution from the spatial zero mode only
requires an integration over k; and is

mp 1

AS .
3T T8E, L3

(82)

The sum S; is then given by

- 22 +iel[(p — k)> —m3 —

i 1 2 m2
= —1 2log —L +1
1672 {4(1 ) Ogmf [ 08 p Tt g

1
P T ellp, — B —m — P T 7]
2
m—’;H (81)
my
|
Sy = SV — AS; + &
o 2
162 |3(1 + 12)
1 L*m3
+mlog r§<2y+210g e + log r?)
+ K31 + Kaz}’ (83)

where we have replaced E, by mp(1 + r2)/2. The depend-
ence on A has disappeared as anticipated. The 1/ term in
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&; [see Eq. (80)] is simply the term from the spatial zero
mode and is indeed canceled by AS;, whereas the log 4>
terms cancel between &; and S%Y.

B. Calculation of S

In the calculation of S defined in Eq. (29) we follow the
same steps as for S3 in Sec. VII A with the simplification
that in this case we only have two propagators instead
of three. On the other hand, this integral is ultraviolet
divergent and must be regularized:

[ dky | ]
Ry -
A / (2x) % ((k2 -2 +ie) (K*-M3 + ie))

1
. 84
-0 —m— P17 (54
We find
i
AS] =

4mp),2L3
. M2
sWIV — <log W 1)
1 16 Te 2 %

i 1 1
& :m (L3/12 in L(Ku + K _3)> (85)

where K;; =0.0765331 and K, =0.0861695 are
mass-independent dimensionless constants which are
defined in Eq. (92). Collecting these terms together
we obtain

. M2
S = <1og;V+ 1+
mp

16,2 (K11+K12—3)>-

mpL
(86)

C. Calculation of S,

The calculation of §,, defined in Eq. (29), is similar to
that of §;. The integral is ultraviolet divergent and must be
regularized:

1 dk 1 1
SW I 0 —
> 713 ) 2 % <(k2 — X tie) (K-M+ ie)>

1
=k =P ¥ie) &7)

We find
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i
AS2 -

4E,)2L3
w.IV l M%V
v _ log—W 11
52 16n2(0g 2t )
i 1 E, 271' 27
- K, +K i
& 4Ef{L3/12 4’mpL (21+ 27, l—l—rﬁ)}’

(88)

where the constants K,; and K,,, which are dimensionless,
are given in Eq. (92). Note that K,; and K5, depend on the
direction of the lepton’s momentum p, with respect to the
axes of the lattice. Collecting together the terms in Eq. (88)
we obtain

I M? 1 2 2r
S, = log—~ Ky +Kpy—"—— )
27 1622 ( Ry ms mPL< 21+ 8Rn re l—l-r%))

(89)

D. Calculation of S; and S5

Finally we come to S, and S5 defined in Egs. (31)
and (39) respectively. The corresponding integrands
~1/k* as k— 0 and so by the rule in Eq. (18) we
deduce that the leading FV corrections are O(1/L?)
which we neglect in this paper because there are
nonuniversal corrections of the same order. Thus Sy
and S5 are simply given by the corresponding infinite-
volume integrals:

g l/d“k 2p,, -k
T my ) @a)t (R +ie)((p — k)2 = m} + ie)
(1= (1, My 1
=T ler 2% w4 (50)
s _L/ d*k 2p,, -k
> md ) @)t (R +ie)((pe — k)* = m2 + ie)
Ci(l=r2) (1. M} o1
= Tier 122 Taf O

We note from Egs. (32), (35) and (38) that S, and S;
enter in the expressions for the diagrams with a factor
of 1/(1—r%), canceling the corresponding factors in
Egs. (90) and (91).

E. The auxiliary constants K

We present here the explicit expressions for the real
constants K;; appearing in the expressions of the master
integrals S;—S5 [the O-function is defined in Egs. (60)
and (61)]:
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1 3 T
Ky _/ dtr‘z[@ <0 ?> - 1} =(0.0765331,
0
K, = / dtt™? [93 <0 7) - 1] = 0.0861695,

PHYSICAL REVIEW D 95, 034504 (2017)

o2 e o))

PE2

4 3
Kzz—/ dtt“/ dpe 4"’{1_[ (;iii’ﬁ)—l},

((1-5)
K31:——/ pdp/ dﬂ/ dte”

m2 +/3m ) 3 j
S )

j=1

K5 —__/ Pdﬂ/ dﬁ/ dtt~ ze 4m[/}2p/+ 1=p)mi+pm3)] <H9< pﬁpf,—> —1>- (92)

The separate appearance of K;; and K;; (i=1,2,3)is a
consequence of how we chose to organize the calculation;
for example in the evaluation of &; we split the integration
over 7 in Eq. (63) into contributions from z < 1 and 7 > 1
with K3; coming from the first region and K3, from the
second.

For illustration, and to enable further checks of our
conventions by the reader, in Table I we present the
values of the constants for mp = m, = 139.57018 MeV,
my = m, = 105.65837 MeV so that |p,| = 29.792 MeV.
We present the results for two different choices of the
direction of [_3”. The first choice corresponds to the muon
moving parallel to one of the axes of the finite box,
Py = 1,(0,0,1), and the second has it moving diagonally

across the box, p, = pﬂ(\/— L \/—)
For completeness we also give the expression for &p
from Eq. (48):

b= {a@ ~ 4(0) +ﬁ® } (93)

where we are using the notation of Ref. [20],

als) = /) dr(e 4o —1){e3<0,§>—1} and  (94)

(re + 1og[

|
B(s) = [ T dr e (95)

VIII. FINAL RESULT, SUMMARY
AND CONCLUSIONS

We start this section by presenting our final result for
5 (L) in QED, at O(a). This requires the evaluation of
XV 4+ X5V + X5V which, using Egs. (32), (35) and (38),
we write in terms of the master integrals S;—S5 computed in
Sec. VII:

1 + rf S] 2ir§2 s
1 f 1—-r

20
-7

2 X7V + X3V + X3V} =
fp

—2i(141r2)S; +

(96)

Writing the width in the pointlike theory up to O(a) and
including FV corrections as

(L) = rgee{l +2% Y(L)}, (97)

inserting the expressions for the master integrals from
Sec. VII into the result for XV + X5V + XEV in Eq. (96)
and adding the contribution from the wave-function
renormalization of P in Eq. (49) we find

|
Y(L) = (1+r}) {Z(Kn + K3,) +

(1-3r7)log[r7]
(1-r2)

P

1 2r
+— K21 +K22—27L'
mpL \1—r2

M3 1
—log {m—ﬂ + log[m3L? — = Kp +

o)) log[r2] | log?[r?] }

-7 a0-n)
1
2 12
1 (1 +7r2)
1+r§+r_f>)_(1—7rb%§([(“+1(12_3))’ (98)
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TABLE I. Table of constants from Eq. (92) with mp = m, =
139.57018 MeV and m, = m, = 105.65837 MeV. The magni-
tude of the muon’s momentum, Dys is 29.792 MeV. The results
are given for two choices of the direction of p,. All the constants
are dimensionless.

Z’f:(ovovp,u) i)t’:(%7%a%)
Ky 0.287604 0.284579
K> 0.386806 0.382743
K5 —0.0419072 —0.0416890
K —0.0674713 —0.0670583

which is the central analytic result of our paper. In writing
the expression in Eq. (98) we have replaced the energy E,
by mp(1 + r2)/2 (where r, = my/mp). Note that in this
expression we did not include the contribution of the lepton
wave-function renormalization which is also not computed
in Ty(L) since it cancels exactly in the difference
To(L) =T (L) [17].

The strategy for the nonperturbative evaluation of decay
widths including O(a) electromagnetic corrections which
was proposed in Ref. [17], combined with the new result
for T}y (L) in Eq. (98), can now be implemented to obtain
leptonic decay widths of pseudoscalar mesons in which the
leading FV corrections are of O(1/L?). (A demonstration
of the feasibility of the method in an exploratory numerical
simulation has recently been presented [22].) The terms
exhibited on the right-hand side of Eq. (4), i.e. those
proportional to log(mpL), the finite terms (which depend
on the choice of QED;, as the regulator of the momentum
zero mode) and the O(1/L) corrections, all cancel in the
difference T'y(L) —TH(L) in Eq. (2). The remaining,
nonuniversal, O(1/L?) FV effects are milder and can be
determined by performing simulations on different volumes
and fitting the observed volume dependence.

In order to get to this conclusion we have had to
demonstrate that the volume-dependent finite and the
O(1/L) contributions to Th (L) are universal and can
therefore be computed for a pointlike pseudoscalar meson
and with the effective weak Hamiltonian simply given by
Eq. (21). This demonstration was sketched in the context
of the effective theory in Sec. V and presented in detail
using the skeleton expansion in the Appendix.

Our work has close parallels to the studies of electro-
magnetic corrections to the spectrum [3,4,6,8,11,12,19]
where the leading [in that case O(1/L)] and next-to-leading
[O(1/L?)] FV corrections are universal. In our case it is the
coefficients Cy(r,), Co(r,), and Cy(r,) of Eq. (4) which are
universal and which are obtained from Eq. (98).

In addition to the electromagnetic corrections studied in
this paper, one also needs to account for comparable isospin-
breaking effects due to the difference in the up- and down-
quark masses. This is a technical complication, rather than a
conceptual issue and we have not discussed it in this paper.
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Although the explicit expression presented in Eq. (98)
corresponds to the leptonic decay of pseudoscalar mesons,
the methods developed in Ref. [17] for the handling of
infrared divergences and extended in this paper to evaluate
the leading and next-to-leading FV corrections can be
generalized to other decay processes, most notably to
semileptonic decays. We envisage that this will lead to a
significant improvement in the precision of flavor physics.
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APPENDIX: UNIVERSALITY AND THE
SKELETON EXPANSION

In this appendix we demonstrate the universality of the
leading and next-to-leading FV effects through the use of
the skeleton expansion and the Ward identities of electro-
magnetism. The discussion will also clarify the precise
meaning of the diagrams of Fig. 3. The discussion in this
appendix is presented in Euclidean space; the translation
between the Minkowski and Euclidean results is standard
and straightforward.

1. Elements of the skeleton expansion

We now discuss each of the elements of the skeleton
expansion as illustrated in Fig. 3, starting with the propa-
gator of the meson P. We stress that all the correlation
functions discussed in this subsection are defined in QCD
and only have exponentially suppressed FV corrections. It
is from these correlation functions that the meson propa-
gator and the vertices in Fig. 3 are defined. The finite-
volume effects at O(a) are then obtained from the diagrams
in Fig. 3 (see Sec. A 3 below). These diagrams, of course,
do include a photon propagator coupled to the vertices.

a. The meson propagator

We define the two-point correlation function

Crrlp) = / e P O T{dp()FHO)}0). (A1)

where ¢p is an interpolating operator for the meson P and T
represents time ordering. The propagator is then defined by

Cpp(p)
{01¢pp (0)[P(p)) >

Alp) = (A2)
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where |P(p)) is the state of the meson P with three-
momentum p. It is assumed that P is the lightest state which
can be created by ¢} The denominator on the right-hand
side of Eq. (A2) is obtained in the standard way from the
two-point correlation function in Eq. (Al) without inte-
grating over the time and at sufficiently large times so that
only the ground-state P contributes.

Inserting a complete set of states |n(p)) between the two
operators in Eq. (A1) and performing the integration over x
we obtain the following expression for the propagator,

Z(p)
Alp) ="
p+mp
_;{1 L pEmp
p* +mp |<0l¢p( )|P(p))I?
0 2
n#P p +
where for the excited state we have used

E2(p) = E2(0) + p2. In Eq. (A3) mp is the mass of the
meson in QCD; its phys1cal mass will be modified at O(«)
as explained in Sec. A 3 a below. The second term in the

braces in Eq. (A3) contains the effects of the excited states

and vanishes on shell, i.e. as p> - —m3.

b. The meson-photon vertex

The coupling of the charged meson to a single photon,
denoted by I" in diagrams (b), (d) and (f) of Fig. 3 is defined
in terms of the three-point correlation function

CW(P7k):=ij/a”xa”ye‘”y‘“*<0VT{¢P(y)ﬂTX)¢;(0)}K»
(Ad)
as follows:

C*(p, k)
(0[¢p(0)[P(p))?

In Eq. (A4) j* is the electromagnetic current.

Of particular importance in the following will be the
electromagnetic Ward identities. Under the infinitesimal
gauge transformation g ;(x) — e *Wgq,(x), Gs(x) -
g7(x)e~r**) on the quark fields of flavor f, the operators
in C* in Eq. (A4) transform as follows:

A™Y(p).

I(p.k) = A7 (p + k) (A5)

bp(y) = {1 +id(y)}p(y),

¢p(0) = {1-i2(0)}¢p(0) and j*(x) = j*(x), (A6)
and the QCD action transforms as S — S—
i [d*xA(x)(9,j#(x)). From the generic nonanomalous

Ward identity for a multilocal operator O:
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oir{ s 0fo =oir{ 2o @

we obtain

@wmwszWW%mmnww@mmm
X {5(x) - 80— y)}
= Cpp(p) = Cpp(p + k).

The result in Eq. (A8) is readily rewritten in terms of the
meson-photon vertex and propagators as

"(p+k)=A7(p).

(A8)

k,I#(p. k) = A™ (A9)

¢. The meson-two-photon vertex

At O(a) we also need to consider the meson-two-photon
vertex in diagram (c) in Fig. 3. This is defined from the
four-point correlation function

C”D(p, k, q) — _ / d4x d4y d4ze—ip-z—ik»x—iq-y
x (0|T{¢p(2)j*(x)J*(¥)p(0)}[0) ~ (A10)

as follows:

P (pke0) = 870 + k- 0) i S ™ )
—I*(p.k)A(p + ) (p + k. )
—(p.q)A(p + @)T"(p + q. k). (All)

The Ward identities for this vertex can be derived as in
Sec. 1b and give

k" (p.k,q) =T"(p.q) =T"(p + k. q)
k,q, " (p.k.q) = A~ (p+ k) + A7 (p + q)

- A Y p+k+q)-Ap). (Al12)

d. The weak vertex

For the calculation of the decay amplitude at O(a) we
also need to consider the proper vertices of the weak quark
current with zero, one or two photons, denoted by W in the
diagrams of Fig. 3. We start here with the vertex with no
photons, which is obtained from the correlation function

%@—/ﬁMWMN%m#@W%(MM

where the weak current J5, = g,7”(1 —y°)q, and g, , are
the fields of the valence quarks of the meson P. The weak
vertex W”(p) is then defined by

Cyw(p)

_ A_l - .
IO

(A14)
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It will be useful to define F(p?) by W?(p) = —p”F(p?),
and the leptonic decay constant fp is defined in the
standard way by F(—m3) = fp. We now consider the
vertices with one or two photons and derive the corre-
sponding Ward identities.

e. The weak vertex with a single photon

The weak vertex with a single photon W#”(p, k), which
is an element in diagrams (e) and (f) of Fig. 3, is defined
from the three-point correlation function

c%<pk>—i/lﬁxdﬁw-mw4kwou11@oawcw¢;«n}w>

(A15)
as follows:
Cﬂ/’ , k
W (p. k) = A7) (p) IR
(P(0)[¢5(0)]0)
-WP(p+k)A(p + k)T¥(p,k).  (A16)
It satisfies the Ward identity
k, Wk (p, k) = WP(p) — WP(p + k). (A17)

f. The weak vertex with two photons

The final element which we require is the weak vertex
with two photons W#*?(p, k, q) [see diagram (g) in Fig. 3]
which is obtained from the four-point function:

Cl‘j‘l//ﬂ(p’ k, C]) — _ / d4x d4y d4ze—ip>z—ik-x—iq-y

x (0|T{J%, (2)*(x)* (y)b(0) }0).
(A18)
The vertex W (p, k, q) is defined by
C’Cf”(p,k, q)
(P(0)|¢p};(0)|0)
—2WP(p+k+q)A(p+k+q) A (p,k,q)
-W(p+q,k)A(p+q)T(p.q)
- W (p+k,q)A(p+ k)T (p,k),

We (p.k,q) = A~ (p)

(A19)

where
2N (p,k,q) =T"(p.k,q) +T"(p.k)A(p+ k)T (p+k.q)

+T¥(p.q)A(p+@)T"(p+q.k).  (A20)
The corresponding Ward identities are now
kWi (p.k.q) = W (p.q) = W (p + k. q)
kuq, W (p.k.q) = W’ (p + k) + W’(p + q)
—-WP(p)—-WP(p+k+q). (A21)
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This completes the discussion of the elements which enter
into the skeleton expansion and the corresponding Ward
identities.

2. The Ward identities at small photon momenta

In this subsection we investigate the consequences of the
Ward identities in Eqgs. (A9), (A12), (A17) and (A21) on
the structure of the vertices at low photon momenta. We
start however, with a discussion of the meson propagator
A(p+k). In order to determine the wave-function
renormalization we need to perform a double expansion
of A(p + k) in €% = p? + m3 and k, leading to

AN (p+k)=2p -k+ Kk +4z,(p-k)?
+ {1 +2z2,2p - k+k*) +62,(p - k)*}

+ O(K3, e*) (A22)
where
" i
= g 2 P (A23)
and Z(p?) is given in Eq. (A3), or equivalently
Alp k) = 1-27,p-k—€z; + 0(k2,e4,ezk)' (A24)

e+ 2p-k+k?

The terms which are not exhibited explicitly in Eq. (A24)
are not needed for the eventual evaluation of on-shell
matrix elements or for the calculation of the leading and
next-to-leading FV effects as explained in Sec. V.

The Ward identity in Eq. (A9) constrains the vertex
I'(p,k) to take the following form at low photon
momenta k:

[¥(p.k) = (2p + k) + 4z, p"p -k + 4z, p”

+ O(K?, €*, €%k). (A25)

Similarly in diagram (c) of Fig. 3 we need T"*(p, k, —k)

which is constrained by the Ward identity in Eq. (A12) to
take the form

™ (p, k,—k) = =26" — 8z, p*p* + O(k,€*).  (A26)

The weak vertices with one or two photons are similarly

constrained by the Ward identities in Eqgs. (A17) and
Egs. (A21) to take the form

WH (p k) = fp(8* +2f p*p*) + O(k, €?)

W (p,k,—k) = O(k°, €?), (A27)

where the f, are the derivatives of F(p?) (defined in
Sec. A1d)
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1 d"

fa =7 A (A28)

F(p*)] poea -

The terms in the vertices which are not exhibited explicitly
do not contribute to the leading or next-to-leading FV
corrections.

3. Universality of leading and next-to-leading FV effects

We now use the vertices above to demonstrate that the
leading and next-to-leading FV effects are universal and can
be obtained from the calculation of one-loop scalar QED
diagrams with pointlike charged mesons. Eventually we
wish to evaluate the & of Eq. (17) corresponding to the
diagrams of Fig. 3. Even though the evaluation of the &
involves both integrals and sums, for conciseness of the
terminology for the remainder of this section we will refer
simply to integrals and integrands.

a. FV effects in the meson mass

We start the discussion with the O(a) corrections to the
meson mass, i.e. the calculation of the diagrams (b) and
(¢) in Fig. 3 at p> = —m3. The leading behavior as k — 0
of the integrand in diagram (b) is O(1/k®), corresponding
to an O(m%L) FV correction. The integrand is

(p. k) A(p + k)T*(p + k. —k)A, (k)
4(—m% + p - k) —8zymip - k

1

= A (K2 ol =

(€ 2p k+ K N (k)
4(—=m% + p - k) 1

= AP TS g md o),
/{ ){ pokk MO

(A29)

where A, (k*) =1/k* is the photon propagator in the
Feynman gauge. The first term in the braces in Eq. (A29)
is the one we would obtain in the pointlike theory.
We now determine the integrand in diagram (c). Taking
the vertex [ from Eq. (A26) this gives
A, (K*)(—4 + 4zym3). (A30)
Adding the contributions from diagram (b) in Eq. (A29)
and from diagram (c) in Eq. (A30) we see that the terms
proportional to z; cancel and the total is precisely that of the

pointlike theory so that the electromagnetic shift in the
mass is given by the integral over

4m?% +4p -k + O(k?)

omd = A, (k2
e = &) e

(A31)

b. FV effects in the wave-function renormalization

We combine the integrands of diagrams in Fig. 3(b)
and (c) to define
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S(p k) = Ay<k2>{rﬂ<p, OA(p + O (p + k. ~k)

5T (p.k —k)}. (A32)

When the meson is on shell, i.e. when p? = -m3,

Y(p,k) = —6m3. and recalling that we take the external
meson to be at rest, we obtain

1 0%(p. k)
2py 9po pr=—m}
4m3 + O(K*)  8zym3 + O(k)
=A,(k? P - L . (A33
y( >{(2p-k+k2)2 2p -k +k? } ( )

The first and second terms on the right-hand side of
Eq. (A33) behave as 1/k* and 1/k® respectively as
k — 0, corresponding to an infrared divergence and
O(1/L) FV correction when the integral over k is
performed. The O(k*) term in the first numerator and
O(k) term in the second correspond to O(1/L?) FV
effects which we are neglecting. In contrast to the
evaluation of FV corrections to the mass which have con-
tributions from both the diagrams in Figs. 3(b) and 3(c),
it is only diagram (b) which contributes to the right-hand
side of Eq. (A33).

For a pointlike particle, the O(a) correction to the
square of the wave-function renormalization constant,
i.e. (v/Zp)?, is simply given by Eq. (A33) with z; = 0.
In the presence of QCD on the other hand, in addition to
the second term on the right-hand side of Eq. (A33),
there is an effective contribution to Zp from the term
proportional to p? 4+ m? in the factor of Z present in
the two meson propagators which are external to the
loop in Fig. 3(b). Recalling that on shell X(p, k)=
—5m3, this contribution to the amplitude is the integral
over k of

4m3 +4p -k + O(k?)

= 4,(1) 2p -k + k2 < (=221)
8mpz; + O(k)
= A (k)2 T A A34
(k) 2p - k+ Kk (A34)

which cancels the z;-dependent term in Eq. (A33). Thus
evaluating the wave-function renormalization constant in
the pointlike theory reproduces the leading and next-to-
leading FV effects of full QCD.

There is an analogous contribution to that in Eq. (A34)
which arises from the expansion of F(p?) at the weak
vertex. We postpone discussing this contribution until we
study diagram Fig. 3(f) in Sec. 3 d below.
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c. Finite-volume effects in diagrams 3(d) and 3(e)

We now turn to the diagrams 3(d) and 3(e) in which the
photon couples to the charged lepton. The coupling to the
lepton and the lepton propagator are common in the two
diagrams and so we focus on the remainder of the integrand
which is not common. The lepton propagator behaves as
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O(1/k) at small photon momentum k and the photon
propagator behaves as O(1/k*). Thus we require the
remaining terms up to and including O(k°) in order to
obtain the leading and next-to-leading FV effects. In
Fig. 3(d) this is

[(2p + k) + 4z, p'p - k|[1 =2z, p - k][1 + 22, f,p - k]

“(p, k)A(p + k) (p + k)’ F((p + k)*) = =fp(p + k)”

=—fr(p+k)

The corresponding factor in diagram 3(e) is

Wt (p. k) = fpo" +2fpfip"p’ + O(k). (A36)
Summing the results in Eqgs. (A35) and (A36) we see that
the f,-dependent terms cancel and we obtain precisely the
expression of the pointlike theory.

d. Finite-volume effects in diagrams 3(f)

Consider now the diagram Fig. 3(f). The product of the
meson and photon propagators behave as 1/k* as k — 0,
corresponding to O(1/L) FV corrections and so we can
neglect terms proportional to k in the numerator of this
diagram since we neglect corrections of O(1/L?). This
diagram therefore gives the integrand

A, () (p, k)A(p + k)W (p + k, —k)
0 2 + 4f1 m%,

= Ay(kz)fpp m (A37)

It is natural to combine this with the partial contribution
from the diagram in Fig. 3(b) arising from the expansion of
the weak vertex to O(p? + m3). This contribution was
mentioned at the end of Sec. 3b and the corresponding
integrand is

2
4my

(=6m3p) < fpfip’ :fPflAy(kz)ppm- (A38)

, (2p + k)
2p -k + k?

2p -k + kP

=2fpf1p'p” + O(k). (A35)

|

The result in Eq. (A38) cancels the f,-dependent term in
Eq. (A37), leaving precisely the integrand one would obtain
in the pointlike theory.

4. Summary

In this appendix we have studied the implications of the
electromagnetic Ward identities on the contributions to the
integrands of the diagrams in Fig. 3 which behave as
O(1/k*) or O(1/k?). These are the terms which lead to the
leading- and next-to-leading-order FV effects in the evalu-
ation of the decay amplitudes in a finite volume. The
relations between the vertices and the meson propagator
implied by the Ward identities allowed us to demonstrate
explicitly that the dependence on z; and f; cancels and that
up to and including the O(1/L) corrections the results are
precisely those obtained in the pointlike theory. These are
calculated in the main body of this paper. The leading,
nonuniversal effects are of O(1/L?) and cannot be evalu-
ated in this way.

For the FV effects in the spectrum, in Sec. 3a we
reproduce the well-known result that the O(1/L) and
O(1/L?) corrections are universal and the leading nonuni-
versal effects enter at O(1/L?). The universal terms again
correspond to the leading and next-to-leading contributions
to the integrand as the photon momentum k — 0O; for the
spectrum these are O(1/k%) and O(1/k?) respectively.

Note that diagram Fig. 3(c) contributes to the FV effects
in the mass but not the amplitude and diagram 3(g) does
not contribute to either.
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