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We extend the classic results of the paper [P. C. W. Davies, S. A. Fulling, and W. G. Unruh, Phys. Rev. D
13, 2720 (1976).] “Energy-momentum tensor near an evaporating black hole” by considering a massive
scalar field in a two dimensions in the presence of a thin shell collapse. We show that outside the shell the
WKB approximation is valid for any value of r if mrg ≫ 1, where m is the mass of the field, and rg is the
Schwarzschild radius. Thus, we use semiclassical modes to calculate the flux in the vicinity of the shell, and
at spatial infinity, r → þ∞ at the final stage of the collapse, t → þ∞ with the use of the covariant point-
splitting regularization. We get that near the shell and at the spatial infinity the radiation is thermal with
Hawking temperature. We obtain the negative flux Tvv in the vicinity of the shell, which is similar to the
classic result in the massless case.
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I. INTRODUCTION

In this paper we extend the classic results of P. C.W.
Davies, S. A. Fulling, andW. G. Unruh [1] to the case of the
massive scalar field theory on the background of a
collapsing thin shell in two dimensions. The background
is described in details in [2,3] but we briefly review the
main points in the Sec. II for completeness of the paper. Our
goal is to calculate the expectation value of the stress-
energy tensor at the final stage of the thin shell collapse
using the covariant point-splitting regularization [4–10].
In this classic paper [1], the authors calculate the

expectation value, Tμν, of the stress-energy tensor for
the massless scalar field in the two-dimensional model
of the gravitational collapse. In two dimensions, there is a
problem that Hawking radiation is incompatible with the
conserved and traceless Tμν. Depending on the scheme of
regularization they got either conserved or traceless stress
energy tensor. From the physical point of view we need to
demand the conservation of stress energy tensor in order to
generalize these results to four dimensions. It supports the
picture of the black hole evaporation in which pairs of
particles are created outside the horizon (and not entirely in
the collapsing matter), one of which carries negative energy
toward the future horizon of the black hole, while the other
contributes to the thermal flux at infinity:

(
Tvv ¼ − 1

192πr2g
; Tuu ¼ 0; as r → rg;

Tvv ¼ 0; Tuu ¼ 1
192πr2g

; as r → ∞:
ð1:1Þ

Such Tμν will lead to the evaporation of the horizon during
the Hawking radiation during the thin shell collapse.
However, massive theory in 2D is not conformally invariant
and the method of [1] could not be used in this case. The
goal of this paper is to fill in this gap.
We calculate the expectation value of the stress energy

tensor in the same background, discussed above, for the
massive case. Unfortunately, the model is not solvable
exactly. However, we show that in the limit of the heavy
fields,mrg ≫ 1, wherem is the mass of the scalar field, and
rg is the Schwarzschild radius, we can find modes outside
the shell for all values of r with the use of the WKB
method. Then, we calculate the expectation value of the
stress energy tensor Tμν using the same covariant point-
splitting regularization and WKB modes in the vicinity of
the shell and at spatial infinity as t → þ∞.
The paper is organized as follows. In Sec. II we briefly

discuss the geometry of the thin shell collapse and the
behavior of the massive scalar field in such a background.
In the limit mrg ≫ 1, we can find modes outside the shell
for any value of r using the WKB method.
In Sec. III A we find in-harmonics—modes that diago-

nalize the free hamiltonian before the start of the collapse,
when the shell is stationary, hence providing a sensible
definition of the in ground state. The state with respect to
which the flux is found is defined in terms of these modes.
In Sec. III B we find the behavior of in-harmonics at the
final stage of the thin shell collapse (for more details,
see [3]).
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In Sec. IVA we obtain covariantly conserved stress
energy tensor for the massive theory at the final stage of
the collapse at the spatial infinity (t; r� → ∞, such that
jt − r�j < ∞), using the covariant point-splitting regulari-
zation. We obtain thermal behavior for the Ttr� component.
In Sec. IV B we discuss the results of the calculation of
covariantly conserved stress energy tensor for a massive
scalar field in the vicinity of the shell and compare it with
results of the paper [1]. Near the shell we obtain the same
thermal radiation as at spatial infinity. Even though we get
the same thermal flux Ttr� ¼ Tuu − Tvv near the horizon
and at spatial infinity, still the components Tuu and Tvv are
different: at infinity we find out going flux, while near the
horizon there is a negative ingoing flux.
We discuss the results and the future steps in the Sec. V.

To make the paper self-contained the details of calculations
are present in the Appendix A–C.

II. THE BACKGROUND GEOMETRY
AND WKB APPROACH

The two-dimensional metric, which we use as the
background for the massive scalar field theory has the
following form

ds2 ¼
(
dt2− − dr2; r < RðtÞ;
ð1 − rg

r Þdt2 − dr2

1−rg
r
; r > RðtÞ: ð2:1Þ

Before the collapse, t ≤ 0, the shell is at rest: RðtÞ ¼ R0

and 0 < R0 − rg ≪ rg. In this case, the times inside and
outside the shell are related as:

t− ¼ t
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

rg
R0

r
; t < 0: ð2:2Þ

At the final stage of the collapse, which starts at t ¼ 0, the
shell’s trajectory from the point of view of the outside
observer is

RðtÞ ≈ rg

�
1þ R0 − rg

rg
e−

t
rg

�
: ð2:3Þ

In terms of tortoise coordinates, r� ¼ rþ rg log ð rrg − 1Þ,
the trajectory has the form:

R�ðtÞ ≈ R0� − tþ ðrg − R0Þ
�
1 − e−

t
rg

�
: ð2:4Þ

For the internal observer, given the assumption that
jRðtÞ − rgj ≪ rg the shell collapses at almost constant
speed c, which is defined as

c≈
���� dRðt−Þdt−

���� ≈ 1; Rðt−Þ ≈ R0 − ct−:

Then the relation between the times outside and inside the
shell during this stage of the collapse process is

t− ≈
R0 − rg

c

�
1 − e−

t
rg

�
; t → ∞: ð2:5Þ

For the details and some further discussions see [2,3].
The theory that we consider on this background is as

follows:

S ¼ 1

2

Z
d2x

ffiffiffiffiffi
jgj

p
½ð∂μϕÞ2 −m2ϕ2�: ð2:6Þ

Using the exact form of the background metric (2.1), the
action takes the form

S ¼ 1

2

Z
dt

ZRðtÞ
0

dr
∂t−
∂t

�� ∂t
∂t−

�
2

ð∂tϕÞ2 − ð∂rϕÞ2 −m2ϕ2

	

þ 1

2

Z
dt

Zþ∞

RðtÞ

dr

�ð∂tϕÞ2
1 − rg

r

−
�
1 −

rg
r

�
ð∂rϕÞ2 −m2ϕ2

	
;

ð2:7Þ

Varying this action we obtain the equations of motions


 ½∂2
t− − ∂2

r −m2�ϕ ¼ 0; r < RðtÞ;
½∂2

t − ∂2
r� þ ð1 − rg

r Þm2�ϕ ¼ 0; r > RðtÞ; ð2:8Þ

with gluing conditions at the shell as follows1:

ϕðr ¼ 0Þ ¼ 0; ϕðRðtÞ − ϵÞ ¼ ϕðRðtÞ þ ϵÞ; and�� ∂t
∂t−

����� dRðtÞdt

����∂tϕ −
∂t−
∂t ∂rϕ

	
RðtÞ−ϵ

¼
� ∂tϕ

1 − rg
r

���� dRðtÞdt

���� −
�
1 −

rg
r

�
∂rϕ

	
RðtÞþϵ

: ð2:9Þ

1for simplicity we use that ϕðr ¼ 0Þ ¼ 0, even though it is possible to generalize our calculation to different boundary conditions [2].
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Inside the shell the harmonics are plane waves as follows
from (2.8). Let us analyze the equations of motion outside
the shell. First of all, the term 1 − rg

rðr�Þ can be represented
via the Lambert function as

1 −
rg

rðr�Þ
¼ Wðer�=rg−1Þ

1þWðer�=rg−1Þ : ð2:10Þ

Before the collapse we can represent ϕðr; tÞ ¼ e−iωtϕωðrÞ,
and obtain the following equation for ϕωðrÞ:

½∂2
r� þω2−V½r���ϕω¼0; V½r��¼m2

�
1−

rg
rðr�Þ

�
ð2:11Þ

or in terms of dimensionless argument x≡ r�
rg
:

½λ2∂2
x þ q2ðxÞ�ϕω ¼ 0; ð2:12Þ

where

(
λ ¼ 1

mrg
;

q2ðxÞ ¼ ω2

m2 − ð1 − rg
r½rgx�Þ:

ð2:13Þ

Because of the form of the potential Vðr�Þ it is
convenient to separate solutions of the Eq. (2.12) in two

regions: the modes with m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg

R0

q
< ω < m, which oscil-

late as r� → −∞ and exponentially decay as r� → þ∞,
and the modes with m < ω < þ∞, which oscillate for any
value of r� (see Fig. 1). If one assumes that λ ≪ 1, then the
condition of the validity of the WKB approach, i.e.,

1

2mrg

1

½ω2=m2 − ð1 − rg=rÞ�3=2
r2g
r2

�
1 −

rg
r

	
≪ 1; ð2:14Þ

is fulfilled for any r and ω > m. We discuss the harmonics

with m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg

R0

q
< ω < m below.

The above-mentioned statement means that any mode
can be represented as

ϕω>mðt;r�Þ¼
Z

jω0j>m

dω0

2π

�
C1ðω;ω0Þ 1ffiffiffiffiffiffiffiffiffiffiffiffi

k0ðr�Þ
p e

−iω0t−i
R

r�
R0�

dxk0ðxÞ þC2ðω;ω0Þ 1ffiffiffiffiffiffiffiffiffiffiffiffi
k0ðr�Þ

p e
−iω0tþi

R
r�
R0�

dxk0ðxÞ
�
; r >RðtÞ; ð2:15Þ

where

k2ðr�Þ ¼ ω2 −m2

�
1 −

rg
rðr�Þ

�
: ð2:16Þ

It is worth to mention that the integration in (2.15) is over both positive and negative ω0. The form of (2.15) means that in
general we have some linear combination of the exponents of the form

exp
�
�iω0t� i

Zr�
R0�

dxk0ðxÞ
�
:

For example, before the start of the collapse the situation is stationary, C1ðω;ω0Þ ∼ δðω − ω0Þ, C2ðω;ω0Þ ∼ δðω − ω0Þ. At
the final stage of the collapse, as we show later, such a separation of t and r is not possible because the background depends
on time, and the harmonics have a more complicated form. Using these semiclassical harmonics in the next sections we find
the expectation value of the stress energy tensor near the shell and at spatial infinity, as t → þ∞.

FIG. 1. The form of the potential V½r�� in (2.11). The limit
r� → −∞ corresponds to r → rg. The red line corresponds to the
position of the shell. At the final stage of the collapse process the
shell surface is moving toward infinity: R�ðtÞ → −∞.
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Thus, we get that the harmonics are

ϕω>m ¼

8>><
>>:

1ffiffiffiffi
2ω

p e−iω−t−ðe−ik−r − eik−rÞ; r < RðtÞ;
R

jω0j>m
dω0
2π

�
C1ðω;ω0Þffiffiffiffiffiffiffiffiffi

k0ðr�Þ
p e

−iω0t−i
R

r�
R0�

dxk0ðxÞ þ C2ðω;ω0Þffiffiffiffiffiffiffiffiffi
k0ðr�Þ

p e
−iω0tþi

R
r�
R0�

dxk0ðxÞ
�
; r > RðtÞ: ð2:17Þ

Using gluing conditions (2.9) we can find unknown
coefficients C1ðω;ω0Þ and C2ðω;ω0Þ.

III. MODES

The set up of the problem is as follows. We solve Klein
Gordon equation (2.8), with the boundary conditions (2.9)
for any r and any t. The solution of this equation is some
complicated function ϕðr; tÞ for which we cannot separate
the dependence on r and t as ϕωðrÞeiωt for all times. This is
a very complicated problem.
However, one can find an approximate solution of this

problem in two different phases. First phase, is defined for
t < 0—the shell is at rest. We use the in-harmonics—
modes which diagonilize the free hamiltonian. In this phase
the modes have the form ϕωðrÞeiωt. The phase II is the late
stage of collapse when RðtÞ → rg as t → þ∞. At this phase
we look for the approximate solution of the in-harmonics at
t → þ∞. The form ϕωðrÞeiωt, t ≤ 0 is used as initial value
for the second stage.

A. The behavior of in-harmonics before the collapse

In this section we find harmonics before the collapse.
During the first stage, when the shell is stationary, we can
find in-harmonics that diagonalize the free Hamiltonian. As
was mentioned in Sec. II, before collapse the time inside
and outside the shell are related according to (2.2), which
means that the modes inside the shell have the form2

ϕωðt; rÞ ¼ ð1 − rg=R0Þ−1=4
1ffiffiffiffiffiffiffiffi
2k−

p e−iω−t−ðe−ik−r − eik−rÞ;

r < R0; ð3:1Þ

with ω− ¼ ω=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg=R0

p
and k− ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
− −m2

p
. From

(3.1) we can see that harmonics are bounded from below:

ω > m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg

R0

q
.

As is usual in canonical quantization, we expand the
scalar field in terms of a basis of harmonics

ϕ̂ ¼
Zþ∞

m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−rg=R0

p
dω
2π

ðϕωâω þ H:c:Þ;

½âω0 ; â†ω00 � ¼ 2πδðω0 − ω00Þ; ð3:2Þ

where ω is the quantum number that labels the harmonics,
and plays the role of energy before the collapse. The
harmonics inside the shell satisfy the following commuta-
tion relation:

gtt
Zþ∞

m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−rg=R0

p
dω
2π

ðϕωðt; rÞ∂tϕ
�
ωðt; r0Þ − H:c:Þ

¼ iδðr − r0Þ − iδðrþ r0Þ; ð3:3Þ

where in addition to the usual delta function appears the
boundary one δðrþ r0Þ whose argument is equal to zero
only at the boundary r ¼ r0 ¼ 0. Since before the collapse
everything is stationary we look for the solution outside the
shell in the form

ϕωðt; r�Þ ¼
C1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2kðr�Þ

p e
−iωt−i

R
r�
R0�

dxkðxÞ

þ C2ffiffiffiffiffiffiffiffiffiffiffiffiffi
2kðr�Þ

p e
−iωtþi

R
r�
R0�

dxkðxÞ
: ð3:4Þ

To find coefficients C1 and C2 one needs to use the gluing
conditions at R0 (2.9). Using that k2ðr�Þ → ω2 when
r → rg, we have that



C1 ¼ e−ik−R0 ;

C2 ¼ −eik−R0 :
ð3:5Þ

Finally,

ϕω>mðt; rÞ ¼
8<
:

1ffiffiffiffi
2ω

p e−iω−t−ðe−ik−r − eik−rÞ; r < R0;

e−ik−R0 1ffiffiffiffiffiffiffiffiffi
2kðr�Þ

p e
−iωt−i

R
r�
R0�

dxkðxÞ
− eik−R0 1ffiffiffiffiffiffiffiffiffi

2kðr�Þ
p e

−iωtþi
R

r�
R0�

dxkðxÞ
; r > R0;

ð3:6Þ

2For ω > m the coefficient ð1 − rg=R0Þ−1=4 1ffiffiffiffiffiffi
2k−

p reduces to 1ffiffiffiffi
2ω

p since R0 − rg ≪ rg.
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For future reference, it is worth to mention that the harmonics outside the shell with r − R0 ≪ rg have the form

ϕω ≈
1ffiffiffiffiffiffi
2ω

p e−iωvþiφω=2 −
1ffiffiffiffiffiffi
2ω

p e−iωu−iφω=2; ð3:7Þ

with

8<
:

v ¼ tþ r�;

u ¼ t − r�;

φω ¼ 2ðωR0� − k−R0Þ ≈ 2ωðR0� − R−
0 Þ;

and R−
0 ¼ R0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − rg=R0

p → ∞: ð3:8Þ

We will need these expressions when in the next section will look for the in-harmonics outside the shell at the final stage of
the collapse, i.e., as t → þ∞.
For completeness, we mention that in the vicinity of the shell with the radius R0 there is a discrete spectrum with

m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg=R0

p
< ω < m, [11]. Harmonics from this part of the spectrum exponentially decay at spatial infinity. We do not

provide the exact form of those harmonics because we do not discuss the expectation value of the stress energy tensor before
the collapse. However, at the final stage of the collapse the harmonics with ω < m play an important role near the shell and
we will discuss them below.

B. In-harmonics during the late-stage of the collapse

The calculation of the in-harmonics as t → þ∞ in the vicinity of the shell is similar to the one in [3]. Hence, we state here
only the result:

ϕω>m ≈

8<
:

e−iω−t−ffiffiffiffi
2ω

p ðe−ik−r − eik−rÞ; r < RðtÞ;
1ffiffiffiffi
2ω

p e−iωvþiφω=2 − 2iffiffiffiffi
2ω

p e−iωðBUþAÞ sinω−rg; r > RðtÞ; jRðtÞ − rgj ≪ rg;
ð3:9Þ

with 8>>>>>>>>><
>>>>>>>>>:

U ¼ e−u=2rg ;

φω ¼ 2ωðR�
0 − R−

0 Þ;

B ¼ − ðR0−rgÞe−
R�
0
þrg−R0
2ffiffiffiffiffiffiffi

1− rg
R0

p ≈ −rge−1=2;

A ¼ R0−rgffiffiffiffiffiffiffi
1−rg

R0

p → 0;

ð3:10Þ

if c ≈ 1, i.e., the shell is almost lightlike at the late-stage of collapse, the v-dependent part of the modes outside the shell for
r → rg is not affected by the collapse [see Eq. (3.7)]. For convenience, we can reexpand the u-dependent part as

−
2iffiffiffiffiffiffi
2ω

p e−iωðBUþAÞ sinω−rg ¼
Z

jω0j>m

dω0

2π

1ffiffiffiffiffiffiffi
2ω0p γðω;ω0Þe−iω0u; ð3:11Þ

where

γðω;ω0Þ ≈ −4irg

ffiffiffiffiffiffiffi
jω0j
ω

r
sin ðω−rgÞe−iωAe−irgω0

eπrgω
0
e2irgω

0 logωrgΓð−2iω0rgÞ: ð3:12Þ

Then modes in (3.9) can be written as

ϕω>m ≈
1ffiffiffiffiffiffi
2ω

p e−iωvþiφω=2 þ
Zþ∞

m

dω0

2π

1ffiffiffiffiffiffiffi
2ω0p γðω;ω0Þe−iω0u þ

Zþ∞

m

dω0

2π

1ffiffiffiffiffiffiffi
2ω0p γðω;−ω0Þeiω0u; ð3:13Þ

which is valid for r > RðtÞ and jr − RðtÞj ≪ rg, as t → þ∞.
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Knowing the modes near the shell (3.13), we can find the WKB modes outside the shell for arbitrary r > RðtÞ. In fact,
assuming that for r > RðtÞ the modes have the WKB form:

ϕω>mðt; r�Þ ¼
Cffiffiffiffiffiffiffiffiffiffiffiffiffi
2kðr�Þ

p e
−iωt−i

R
r�
R0�

dxkðxÞ þ
Zþ∞

m

dω0

2π

αðω;ω0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k0ðr�Þ

p e
−iω0tþi

R
r�
R0�

dxk0ðxÞ þ
Zþ∞

m

dω0

2π

βðω;ω0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k0ðr�Þ

p e
iω0t−i

R
r�
R0�

dxk0ðxÞ
; ð3:14Þ

where k0ðr�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω02 −m2ð1 − rg

rðr�ÞÞ
q

, we find that near the horizon they behaves as

ϕω>mðr ∼ rgÞ ¼
Cffiffiffiffiffiffi
2ω

p e−iωvþiωR0� þ
Zþ∞

m

dω0

2π

αðω;ω0Þffiffiffiffiffiffiffi
2ω0p e−iω

0u−iω0R0� þ
Zþ∞

m

dω0

2π

βðω;ω0Þffiffiffiffiffiffiffi
2ω0p eiω

0uþiω0R0� : ð3:15Þ

Comparing (3.13) and (3.15) we get that

8<
:

C ¼ e−iωR0�eiφω=2;

αðω;ω0Þ ¼ eiω
0R0�γðω;ω0Þ;

βðω;ω0Þ ¼ e−iω
0R0�γðω;−ω0Þ;

ð3:16Þ

with γðω;ω0Þ defined in (3.12).
As t → þ∞ these harmonics behave as:

ϕω>m ≈

8<
:

eiφω=2ffiffiffiffi
2ω

p e−iωv þ Rþ∞
m

dω0
2π

γðω;ω0Þffiffiffiffiffi
2ω0p e−iω

0u þ Rþ∞
m

dω0
2π

γðω;−ω0Þffiffiffiffiffi
2ω0p eiω

0u; r → rg;

eiφω=2ffiffiffiffi
2k

p e−iωt−ikr� þ Rþ∞
m

dω0
2π

γðω;ω0Þffiffiffiffiffi
2k0

p e−iω
0tþik0r� þ Rþ∞

m
dω0
2π

γðω;−ω0Þffiffiffiffiffi
2k0

p eiω
0t−ik0r� ; r → ∞;

ð3:17Þ

where k2 ¼ ω2 −m2, and at r → þ∞ we use the behavior of kðr�Þ, depicted in the Fig. 2.
It is worth to mention that we reexpand the harmonics in (3.9) in terms of exponentials for convenience only, which

simplify the calculations of the expectation value of the stress energy tensor, and clearly gives the Hawking radiation as we
show below.
Harmonics (3.17) are defined for ω > m. However, near the shell there are harmonics with 0 < ω < m which

exponentially decay at spatial infinity, Fig. 3. They play an important role only in the vicinity of the shell, and have no
contribution at spatial infinity.
To find those harmonics we need to perform the following steps. First, near the shell the mass term vanishes, i.e., we need

to glue linear combination of eiωv and eiωu with the solution of equations of motion inside the shell at r ¼ RðtÞ. Second, we
need to find such a linear combination that decays exponentially as r → þ∞, i.e., e−

ffiffiffiffiffiffiffiffiffiffi
m2−ω2

p
r� . These two conditions

complicate the problem of finding the harmonics. We discuss the exact form of the harmonics in the Appendix B. Here we
formulate the results only3:

ϕω<m ≈
Z

μ<jω0j<m

dω0

2π
γðw;ω0Þ

ffiffiffiffiffi
2

ω0

r
e−iω

0t sin ð−ω0r�Þ; r > RðtÞ; r → rg; ð3:18Þ

with

γðω;ω0Þ ¼ −2irg

ffiffiffiffiffiffiffiffiffiffi
2jω0jp
ffiffiffiffiffiffi
2ω

p eπω
0rge2iω

0rg logωrge−iω
0rge−iωÃΓð−2iω0rgÞ sin ðω−rgÞeiπ=4; ð3:19Þ

3Truly speaking we should have the sum over discrete spectrum for ω < m. However, to simplify calculation of the integrals, we
formally replace the sum with the integral over the interval ω < m.
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where Ã ¼ rg
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg

R0

q
. The cut off μ → 0 comes from the

demand of the validity of the WKB approximation, i.e.,
when r → rg this condition is satisfied as long as the
denominator of the equation

1

2mrg

1

½ω2=m2 − ð1 − rg=rÞ�3=2
r2g
r2

�
1 −

rg
r

	
≪ 1; ð3:20Þ

is not equal to zero.

IV. THE CALCULATION OF THE COVARIANTLY
CONSERVED STRESS ENERGY TENSOR

A. The stress energy tensor as t;r → +∞
In this section we calculate the expectation value of the

stress energy tensor using covariant point-splitting regu-
larization at infinity r → þ∞ as t → þ∞. We perform
calculations for two dimensional metric

ds2¼Cðu;vÞdudv; with Cðu;vÞ¼Cðu−vÞ¼ 1−
rg

rðr�Þ
;

ð4:1Þ

with u,v as in (3.8). For such a metric we have only two
nonzero Christofel symbols

Γu
uu ¼ ∂u logC ¼ Γu; Γv

vv ¼ ∂v logC ¼ Γv: ð4:2Þ

The expectation value of the stress energy tensor is
calculated by the expansion of the expression

Tμν ¼
1

2
h∂αϕðxþÞ∂βϕðx−Þ þ ∂βϕðx−Þ∂αϕðxþÞi

×

�
eþα
μ e−βν −

1

2
gμνgσρeþα

σ e−βρ

�

þm2

2
gμν

1

2
hϕðxþÞϕðx−Þ þ ϕðx−ÞϕðxþÞi; ð4:3Þ

in powers of ϵ. Here the points x� lie on a geodesic passing
through the point x of interest, each at a proper distance ϵ,
but in opposite directions from x; e�α

μ —are the matrices of
the parallel transport along the geodesic from x to x�. In the
Appendix Awe show that the expectation value of the stress
energy tensor for the modes at r → ∞ and t → þ∞
[Eq. (3.17)] has the form

Tμν ¼ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

þm2

4π

	�
tμtν
tαtα

−
1

2
gμν

	

þ Θμν −
m2

4π
gμν

�
log

�
mσ

2

�
þ γ

	
; ð4:4Þ

where8>><
>>:

Θuu ¼ − 1
12πC

1=2∂2
uC−1=2 þ 1

8π

Rþ∞
m dω ω

e4πωrg−1 ½ωk ð1þ k
ωÞ2�;

Θvv ¼ − 1
12πC

1=2∂2
vC−1=2 þ 1

8π

Rþ∞
m dω ω

e4πωrg−1 ½ωk ð1− k
ωÞ2�;

Θvu ¼Θuv ¼ 0;

ð4:5Þ

with σ2 ≡ Cðu; vÞðuþ − u−Þðvþ − v−Þ → 0 being the geo-
desic distance between the points xþ and x−, and γ is the
Euler–Mascheroni constant.

FIG. 2. This is a graph of k2ðr�Þ as function of r� coordinate. As
could be seen, for r� ≫ 1 the function k2ðr�Þ can be approxi-
mated as a constant ω2 −m2. On the other hand, as r� → −∞
(which is the same as r → rg) the function k2ðr�Þ takes its
maximum value ω2. Finally, we can approximate k2ðr�Þ as the
Heaviside function.

FIG. 3. The form of the potential V½r�� in (2.11). The point
rtn� ðωÞ is the turning point which separates classically allowed
and forbidden regions.
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Following [1], we neglect terms of the form tμtν, and get

Tμν ¼Θμνþ
1

48π
Rgμν−

m2

4π
gμν

�
log

�
mσ

2

�
þ γ−

1

2

	
; ð4:6Þ

which is covariantly conserved:

∇μTμν ¼ 0: ð4:7Þ

Finally, the flux at infinity at the final stage of the collapse
has the form

Ttr� ¼ Tuu − Tvv

¼ 1

8π

Z þ∞

m
dω

ω

e4πωrg − 1

�
ω

k

�
1þ k

ω

�
2
	

−
1

8π

Zþ∞

m

dω
ω

e4πωrg − 1

�
ω

k

�
1 −

k
ω

�
2
	

¼
Zþ∞

m

dω
2π

ω

e4πωrg − 1
; r; t → þ∞: ð4:8Þ

Even though the results were obtained in the consideration
of heavy scalar field, mrg ≫ 1, still, if we, formally, set
m ¼ 0, we reproduce the result of the paper [1].
The expectation value of the stress energy tensor (4.6)

has the divergent logarithmic term log ðϵmÞ which neces-
sarily needs to be renormalized. We assume that the
renormalization of (4.6) is the same as in [6] (see also
[12–16]). Moreover, in this paper the main goal was to find
the flux near the horizon and at spatial infinity which are
not affected by the logarithmic term.

B. The stress energy tensor as t → +∞ in the
vicinity of the shell

Calculation of the expectation value of the stress energy
tensor in the vicinity of the shell with the harmonics (3.17)
is very similar to the one presented in the previous section
and appendix A. However, there is also contribution from
harmonics (3.18), i.e., from ω < m part of the spectrum. In
the Appendix C we provide details of the calculation, and
here we formulate the result only:

Tμν ¼ Θ0
μν þ

1

48π
Rgμν −

m2

4π
gμν

�
log ðmσÞ þ γ −

1

2

	
; ð4:9Þ

with

8>><
>>:

Θ0
uu ¼ − 1

12πC
1=2∂2

uC−1=2 þ Rþ∞
0

dω
2π

ω
e4πωrg−1 ;

Θ0
vv ¼ − 1

12πC
1=2∂2

vC−1=2 þ R
m
0

dω
2π

ω
e4πωrg−1 ;

Θ0
vu ¼ Θ0

uv ¼ 0;

ð4:10Þ

which is covariantly conserved:

∇μTμν ¼ 0: ð4:11Þ

Using that

−
1

12π
C1=2∂2

uC−1=2 ¼ −
1

12π
C1=2∂2

vC−1=2

¼ −
1

192πr2g
r → rg; ð4:12Þ

and the fact that

Zþ∞

0

dω
2π

ω

e4πωrg − 1
¼ 1

192πr2g
; ð4:13Þ

we obtain



Tvv ≈ −

Rþ∞
m

dω
2π

ω
e4πωrg−1 ;

Tuu ≈ 0;
r → rg : ð4:14Þ

Whenm ¼ 0 we reproduce exactly (1.1). Also, the fact that
Tuu ¼ 0 as r → rg is in full agreement with the results
of [17].

V. CONCLUSIONS

First, we have found the behavior of the semiclassical
harmonics for the massive scalar field outside the shell as
t → þ∞ that are given in (3.13) and (3.18). These are the
harmonics which diagonalize the free Hamiltonian before
the collapse.
Second, we find the expectation value of the stress

energy tensor (4.3) with the help of the covariant point
splitting regularization in the vicinity of the shell


Tuu ≈ 0;

Tvv ≈−
Rþ∞
m

dω
2π

ω
e4πωrg−1 ;

r→ rg and t→þ∞: ð5:1Þ

Similarly to the massless case there is a negative flux near
the shell.
Third, we have found that far away from the shell the

flux is

(
Tuu≈ 1

8π

Rþ∞
m dω ω

e4πωrg−1 ½ωk ð1þ k
ωÞ2�;

Tvv≈ 1
8π

Rþ∞
m dω ω

e4πωrg−1 ½ωk ð1− k
ωÞ2�;

r; t→þ∞: ð5:2Þ

Furthermore, the total flux Ttr� ¼ Tuu − Tvv is the same in
the vicinity of the shell and at the spatial infinity and is
equal to
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Ttr� ≈
Zþ∞

m

dω
2π

ω

e4πωrg − 1
: ð5:3Þ

It is also interesting to point out that in the paper [3] the flux was calculated in the vicinity of the collapsing shell in four
dimensions. The result had the form

8>><
>>:

Jv ∼
R
S2
sin θdθdφhTvvi ∼ 1

2

Rþ∞
m dωω;

Ju ∼
R
S2
sin θdθdφhTuui ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg=R0

p Rþ∞
m

dω
2π

ω
e4πωrg−1 þ 1

2

Rþ∞
m dωω;

ð5:4Þ

where the usual point splitting regularization was
used, since authors were interested in finding theR
S2 sin θdθdφhTtr� i only. Even though they received correct
thermal radiation still, with this method of regularization
they did not observe negative vv- flux near the shell. The
latter is seen if one uses the covariant point splitting
method. It is present in the part of the stress energy tensor
which has the form

−
1

12π
C1=2∂2

uC−1=2:

Because we find the explicit form of the harmonics
outside the shell for heavy fields, it will be interesting to
calculate the loop corrections to the stress–energy flux in
self-interacting ϕ4 model. It is possible that in this model
the perturbative IR corrections grow with time and, if one
considers a long enough period of time they can even
dominate over the tree level contribution, which is true in
the model of massive scalar in the background of collapsing
thin shell in four dimensions, [3]. There is a hope that in 2D
it is possible to do the resummation of all the leading
loop corrections, which was not obtained in four dimen-
sional model.
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APPENDIX A: CALCULATING THE
EXPECTATION VALUE OF THE STRESS
ENERGY TENSOR AT SPATIAL INFINITY

In this section we provide some details of calculations of
Tμν with the help of the covariant point splitting regulari-
zation (for the detailed discussion of this method see, for
example, [4–10]).

We assume that the separation of points on geodesic is
infinitesimal, which means that we can use the expansion of
the form

xμð�ϵÞ ¼ xμ � ϵtμ þ 1

2
ϵ2aμ � 1

6
ϵ3bμ þ � � � : ðA1Þ

We find coefficients aμ; bμ;… in (A1) by putting xμ into
geodesic equation:

d2xμ

dτ2
þ Γμ

νλ

dxν

dτ
dxλ

dτ
¼ 0; ðA2Þ

with the initial conditions:

xμðτ ¼ 0Þ ¼ xμ;
dxμ

dτ
ðτ ¼ 0Þ ¼ tμ ¼ ðtu; tvÞ: ðA3Þ

The solution has the following form:



aμ ¼ −Γμ

νλt
νtλ;

bμ ¼ −Γμ
νλðaνtλ þ tνaλÞ − ts∂sΓ

μ
νλt

νtλ;
ðA4Þ

or explicitly in light-cone coordinates:



au ¼ −ΓuðtuÞ2;
av ¼ −ΓvðtvÞ2;

and



bu ¼ −ðtuÞ2tv∂vΓu þ ð2Γ2

u − ∂uΓuÞðtuÞ3;
bv ¼ −ðtvÞ2tu∂uΓv þ ð2Γ2

v − ∂vΓvÞðtvÞ3:
ðA5Þ

Next, the matrix of the parallel transport has the form:

deμν
dτ

þ Γμ
ρσ
dxρ

dτ
eσν ¼ 0; ðA6Þ

with the initial condition: eμνðτ ¼ 0Þ ¼ δμν . The solution has
the form:

eðτÞμν ¼ δμν þ τtμν þ 1

2
τ2aμν þ � � � : ðA7Þ
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with


 tμν ¼ −Γμ
ρνtρ;

aμν ¼ Γμ
ρνΓρ

αβt
αtβ þ Γμ

ρσΓσ
ανtρtα − tαtρ∂αΓ

μ
ρν:

ðA8Þ

As can be seen from the equations above, the matrix eμν is diagonal.
For completeness, we again write the explicit form of the harmonics as t → ∞ and r → þ∞:

ϕωðt; r�Þ ¼
eiφω=2ffiffiffiffiffi

2k
p e−iωt−ikr� þ

Zþ∞

m

dω0

2π

γðω;ω0Þffiffiffiffiffiffi
2k0

p e−iω
0tþik0r� þ

Zþ∞

m

dω0

2π

γðω;−ω0Þffiffiffiffiffiffi
2k0

p eiω
0t−ik0r� ; ðA9Þ

where γðω;ω0Þ is defined in (3.12).
The integral over ω in the expression for h∂uϕ̂ðxþÞ∂uϕ̂ðx−Þi can first be evaluated as follows

Zþ∞

m

dω
2π

γðω;ω0Þγ�ðω;ω00Þ

¼ 16r2g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jω0jjω00j

p
eπrgðω0þω00ÞΓð−2iω0rgÞΓð2iω00rgÞe−irgðω0−ω00Þ

Zþ∞

m

dω
2π

e2irgðω0−ω00Þ logðωrgÞ

ω
sin2ðω−rgÞ

¼ 16r2g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jω0jjω00j

p
eπrgðω0þω00ÞΓð−2iω0rgÞΓð2iω00rgÞe−irgðω0−ω00Þ

�
1

8rg
δðω0 − ω00Þ

	
þ regular terms; ðA10Þ

where one can show that the contribution from “regular terms” are negligible as t → þ∞. In all, we find that:

h∂uϕ̂ðxþÞ∂uϕ̂ðx−Þi ¼
1

16π

Zþ∞

m

dω
ðω − kÞ2

8k
e−iωðtþ−t−Þ−ikðr

þ� −r−� Þ þ 1

16π

Zþ∞

m

dω
ðωþ kÞ2

k
e−iωðtþ−t−Þþikðrþ� −r−� Þ

þ 1

8π

Zþ∞

m

dω
ω

e4πωrg − 1

�
ω

k

�
1þ k

ω

�
2
	
þ suppressed terms: ðA11Þ

The integrals in (A11) can be calculated using the table integrals from [18]. Hence, the result is

Tuu ¼ h∂uϕ̂ðxþÞ∂uϕ̂ðx−Þieþu
u e−uu ¼ −

�
1

4πϵ2ðtαtαÞ
þ R
24π

þm2

4π

	
tutu
tαtα

þ Θuu þ suppressed terms; ðA12Þ

where

Θuu ¼ −
1

12π
C1=2∂2

uC−1=2 þ 1

8π

Zþ∞

m

dω
ω

e4πωrg − 1

�
ω

k

�
1þ k

ω

�
2
	
: ðA13Þ

Similarly,

Tvv ¼ −
�

1

4πϵ2ðtαtαÞ
þ R
24π

þm2

4π

	
tvtv
tαtα

þ Θvv; ðA14Þ

where
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Θvv ¼ −
1

12π
C1=2∂2

vC−1=2 þ 1

8π

Zþ∞

m

dω
ω

e4πωrg − 1

�
ω

k

�
1 −

k
ω

�
2
	
: ðA15Þ

Finally, the calculation of Tuv component is very similar. The result has the form:

Tvu ≈ −
m2

4π
gvu

�
log

�
mσ

2

�
þ γ

	
; ðA16Þ

where γ is the Euler–Mascheroni constant.

APPENDIX B: THE FORM OF HARMONICS WITH 0 < ω < m AS r → rg

The quasiclassical harmonics with ω < m from (2.11) have the form [19]

ϕω ≈

8>><
>>:

Dffiffiffiffiffiffiffiffi
kðr�Þ

p e−iωt sin ðR rtn� ðωÞ
r�

dxkðxÞ þ π
4
Þ; r� < rtn� ðωÞ;

D
2

ffiffiffiffiffiffiffiffiffi
jkðr�Þj

p e−iωte
−
R

r�
rtn� ðωÞ dxjkðxÞj; r� > rtn� ðωÞ;

ðB1Þ

with V½r�� ¼ m2ð1 − rg
r½r��Þ, kðr�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − V½r��

p
, and the turning point rtn� ðωÞ is as follows (see Fig. 3)

ω2 ¼ V½rtn� �; hence rtn� ðωÞ ¼ rg
m2

m2 − ω2
þ rg log

ω2

m2 − ω2
: ðB2Þ

Now we discuss how to glue the harmonics at the shell. Particularly, we suggest that at the late stage of collapse, i.e.,
t → þ∞ the behavior of the harmonics inside the shell is the same as one before collapse, with the change

t− ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg

R0

q
t ⇒ t− ≈ R0−rg

c ð1 − e−
t
rgÞ:

ϕωðt; rÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2kðR0Þ
p e−iw−t−ðeikðR0Þr̂ − e−ikðR0Þr̂Þ; r < RðtÞ; m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg=R0

q
< ω < þ∞; ðB3Þ

where w− ¼ ωffiffiffiffiffiffiffiffiffiffiffiffiffi
1−rg=R0

p , kðR0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2ð1 − rg

R0
Þ

q
, r̂ ¼ rffiffiffiffiffiffiffi

1−rg
R0

p . However, in such an approximation there is a problem. As

t → þ∞ outside the shell we have the oscillating harmonics with 0 < ω < mwhen r → rg, while inside the shell [see (B3)]
we have oscillating harmonics only for m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg=R0

p
< ω < m. To glue the harmonics at the shell we need to make the

following approximation: kðR0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2ð1 − rg

R0
Þ

q
→ ω which is fair since we assume that R0 ≈ rg. In such a way we

can make the oscillating spectrum inside the shell in the region 0 < ω < m. And after such a procedure we can glue the
harmonics on the surface of the shell. In other words we can write the harmonics with ω < m as

ϕω ≈

8>><
>>:

−2i e−iω−t−ffiffiffiffi
2ω

p sinω−r; r < RðtÞ;R
μ<jω0j<m

dω0
2π γðw;ω0Þ

ffiffiffiffi
2
ω0

q
e−iω

0t sin ð−ω0r�Þ r > RðtÞ; jRðtÞ − rgj ≪ rg;
ðB4Þ

Let us make a few comments about the form of the harmonics outside the shell. First of all, we approximate

ffiffiffiffiffiffiffiffiffiffiffi
2

kðr�Þ

s
sin

0
B@ Zrtn� ðωÞ

r�

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − V½x�

q
þ π

4

1
CA ≈

ffiffiffiffi
2

ω

r
sin ð−ωr�Þ; r → rg; ðB5Þ
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where we assume4 that jμr�j≳ 1 as r� → −∞. Second, the constant μ → 0 comes from the validity of the WKB approach,
i.e., when r → rg this condition is satisfied as long as the denominator of the equation

1

2mrg

1

½ω2=m2 − ð1 − rg=rÞ�3=2
r2g
r2

�
1 −

rg
r

	
≪ 1; ðB6Þ

is not equal to zero. Now we are ready to glue the modes (B4) on the surface of the shell, where

RðtÞ ≈ rgð1þ R0−rg
rg

e−
t
rgÞ ≈ rg, and R�ðtÞ ≈ R0� − tþ ðrg − R0Þð1 − e−

t
rgÞ ≈ R0� − t:

−
2iffiffiffiffiffiffi
2ω

p e−iωðB̃e
−t=rgþÃÞ sinω−rg ≈

Z
μ<jω0j<m

dω0

2π
γðw;ω0Þ 1

i

ffiffiffiffiffiffiffi
1

2ω0

r
e−iω

0tðe−iω0ðR0�−tÞ − eiω
0ðR0�−tÞÞ; ðB7Þ

where B̃ ¼ −rg
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − rg

R0

q
, Ã ¼ −B̃. Making the Fourier transformation in t, we find that

fðω;ω0Þ ¼
� Z
μ<jω̃j<m

dω̃
2π

γðw; ω̃Þ
ffiffiffiffiffiffi
1

2ω̃

r
e−iω̃R0�

	
δð2ω0Þ − 1

2
γðω;ω0Þ

ffiffiffiffiffiffiffiffiffiffi
1

2jω0j

s
eiω

0R0� ; ðB8Þ

where

fðω;ω0Þ ¼ −
2irgffiffiffiffiffiffi
2ω

p eπω
0rge2iω

0rg logωrgeiω
0ðR0�−rgÞe−iωÃΓð−2iω0rgÞ sin ðω−rgÞ ðB9Þ

Since in our approximation μ < jω0j < m we can drop the term with delta function and in such a way find the Bogoliubov
coefficients:

γðω;ω0Þ ¼
ffiffiffiffiffiffiffiffiffiffi
2jω0j

p
fðω;ω0Þe−iω0R0� ¼ −2irg

ffiffiffiffiffiffiffiffiffiffi
2jω0jp
ffiffiffiffiffiffi
2ω

p eπω
0rge2iω

0rg logωrge−iω
0rge−iωÃΓð−2iω0rgÞ sin ðω−rgÞ: ðB10Þ

APPENDIX C: CALCULATING THE EXPECTATION VALUE OF THE STRESS ENERGY TENSOR
NEAR THE SHELL

As was mentioned before, the calculation of the expectation value of the stress energy tensor in the vicinity of the shell
with the harmonics (3.17) is very similar to the one presented in the previous section and Appendix A. Hence, the result is

Tω>m
uu ¼

Zþ∞

m

∂uϕωðxþÞ∂uϕωðx−Þieþu
u e−uu ¼ −

�
1

4πϵ2ðtαtαÞ
þ R
24π

þm2

4π

	
tutu
tαtα

þ Θuu þ suppressed terms; ðC1Þ

where

Θuu ¼ −
1

12π
C1=2∂2

uC−1=2 þ
Zþ∞

m

dω
2π

ω

e4πωrg − 1
−
m2

8π
: ðC2Þ

Similarly,

4Without this assumption we can not drop the phase π=4 in (B5), which means that in (C13) we would have π=2 instead of π. But as
we discuss in the Appendix C the phase for μ < ω < m is irrelevant for Tuv. It is also does not contribute neither to Tuu nor to Tvv.
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Tω>m
vv ¼ −

�
1

4πϵ2ðtαtαÞ
þ R
24π

þm2

4π

	
tvtv
tαtα

þ Θvv; ðC3Þ

where

Θvv ¼ −
1

12π
C1=2∂2

vC−1=2 −
m2

8π
: ðC4Þ

Now we need to calculate the contribution to the expectation value of the stress energy tensor of the harmonics with
μ < ω < m:

ϕω<m ≈
Z

μ<jω0j<m

dω0

2π
γðw;ω0Þ

ffiffiffiffiffi
2

ω0

r
e−iω

0t sin ð−ω0r�Þ; r > RðtÞ; r → rg; ðC5Þ

with γðω;ω0Þ defined in (B10):

Tuu ¼
Z

μ<jω0j<m

dω0

2π

Z
μ<jω00j<m

dω00

2π

ω0ω00ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jω0j2jω00jp e−iω

0uþþiω00u−

Zm
μ

dω
2π

γðω;ω0Þγ�ðω;ω00Þ: ðC6Þ

Taking the integral over ω and isolating the leading contribution only we get:

Tω<m
uu ≈

Z
μ<jω0j<m

dω0

2π

Z
μ<jω00j<m

dω00

2π
ω02rge2πrgω

0 jΓð−2iω0rgÞj2δðω0 − ω00Þ

≈
1

2π

Z
μ<jω0j<m

dω0

2π
ω02rge2πrgω

0 2π

2ω0rgðe2πω0rg − e−2πω
0rgÞ

≈
1

4π

Zm
μ

dωωþ
Zm
μ

dω
2π

ω

e4πωrg − 1
≈
m2

8π
þ
Zm
0

dω
2π

ω

e4πωrg − 1
: ðC7Þ

Similarly, one can show that

Tvv ≈
m2

8π
þ
Zm
0

dω
2π

ω

e4πωrg − 1
; ðC8Þ

where m2

8π exactly cancels unphysical part present in (C2) and (C4). Finally, Tuu component near the shell has the form

Tuu ¼ Tω<m
uu þ Tω>m

uu ≈ ≈
m2

8π
þ
Zm
0

dω
2π

ω

e4πωrg − 1
−
Zþ∞

0

dω
2π

ω

e4πωrg − 1
−
m2

8π
þ

Zþ∞

m

dω
2π

ω

e4πωrg − 1
≈ 0: ðC9Þ

Similarly,

Tvv ≈
m2

8π
þ
Zm
0

dω
2π

ω

e4πωrg − 1
−
Zþ∞

0

dω
2π

ω

e4πωrg − 1
−
m2

8π
≈ −

Zþ∞

m

dω
2π

ω

e4πωrg − 1
ðC10Þ

Finally, we get that
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8>><
>>:

Tuu ≈ 0;

Tvv ≈ −
Rþ∞
m

dω
2π

ω
e4πωrg−1 ;

Ttr� ≈
Rþ∞
m

dω
2π

ω
e4πωrg−1

r → rg: ðC11Þ

The calculation of Tuv near the shell is very similar to the one presented in Appendix A. Using the calculations from the
Appendix, we can find contribution from the modes with ω > m:

1

2
hϕðxþÞϕðx−Þ þ ϕðx−ÞϕðxþÞiω>m ≈

Zþ∞

m

dω
2π

cos ðω½uþ − u−�Þ
2kðr�Þ

þ
Zþ∞

m

dω
2π

cos ðω½vþ − v−�Þ
2kðr�Þ

þ
Zþ∞

m

dω
2π

ω−1

ðe4πrgω − 1Þ : ðC12Þ

The main difference is that in the vicinity of the shell we also need to take into the account the harmonics (C5) from the
region ω < m. Again, as in Appendix C, after integrating over the variable ω, we calculate the contribution of δðω0 − ω00Þ in
(C6) only, since other contributions lead to terms that decay as powers of 1=u. Repeating steps from the previous
appendixes with the harmonics (C5) we obtain

1

2
hϕðxþÞϕðx−Þ þϕðx−ÞϕðxþÞiω<m ≈ lim

μ→0

Z
μ<jωj<m

dω
2π

1

4ω

1

1− e−4πrgω
½e2iωr�þiπ þ eiω½uþ−u−� þ eiω½vþ−v−� þ e−2iωr�−iπ� ðC13Þ

This expression for Tuv should be compared with the Eq. (4.12) in [10]. Following this paper we change
R
μ<jωj<m →

R
m
−m. It

is again worth to mention that we cannot find the modes with 0 < ω < μ because we cannot solve Eq. (B8). But as we show
below we obtain the right Hadamard term in Tuv which justifies our approximation. To calculate integrals, present in (C13),
we use regularization from [10] and make the change ω → ωþ is after which we use Jordan’s lemma to calculate integrals.
The results in the limit mrg ≫ 1 and mr� → −∞ has the form

lim
s→0

Zm
−m

dω
2π

1

4ðωþ isÞ
1

1 − e−4πrgðωþisÞ ½e2iωr�þiπ þ eiω½uþ−u−� þ eiω½vþ−v−� þ e−2iωr�−iπ� þ c:c ¼ −
1

4π

r�
rg

ðC14Þ

Using that when r� → −∞ the geodesic distance between points xþ and x− has the form

σ2 ¼
�
1 −

rg
rðr�Þ

�
½uþ − u−�½vþ − v−� ≈ e

r�
rg ½uþ − u−�½vþ − v−�; ðC15Þ

and taking the logarithm of (C15) we get that

log σ2 ≈
r�
rg

þ log ½uþ − u−�½vþ − v−�: ðC16Þ

Finally, using the asymptotic form of cosine integral

lim
z→0

Zþ∞

z

dx
cos x
x

¼ −lim
z→0

CiðzÞ ≈ −γ − log z; ðC17Þ

where γ is the Euler-Mascheroni constant, and using that the integral
Rþ∞
m

dω
2π

1
ω

1
e4πrgω−1 is negligibly small in the limit

mrg ≫ 1, we get that

Tuv ≈
m2

8π
guv½− log σ2 þ log ð½uþ − u−�½vþ − v−�Þ − log ðm2½uþ − u−�½vþ − v−�Þ − 2γ�

≈ ¼ −
m2

4π
guv½log ðmσÞ þ γ�: ðC18Þ
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Once again, we want to emphasize the point made in [10]: the phase π (in the notations of [10] it is 2δ0) as ω → 0 at (C14) is
very important: only for such a phase it is possible to get the correct singularity for Tuv. Indeed, if we formally change
π → 2δω in (C14), we obtain:

lim
s→0

Zm
−m

dω
2π

1

4ðωþ isÞ
1

1 − e−4πrgðωþisÞ ½e2iωr�þi2δω þ eiω½uþ−u−� þ eiω½vþ−v−� þ e−2iωr�−i2δω � þ c:c

≈
1

4
sin ð2δ0Þ þ

r�
4πrg

cos ð2δ0Þ; ðC19Þ

which gives − 1
4π log ðmσÞ only for 2δ0 ¼ π. Also, as was mentioned above, we cannot find the exact form of modes with

0 < ω < μ which play a crucial role since they contain 2δ0. So, in some sense after taking the limit μ → 0 we solve an
inverse problem: we define such 2δ0 which gives standard UV singularity for Tuv.
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