
Heavy baryon spectrum with chiral multiplets of scalar and vector diquarks

Yonghee Kim,1,* Yan-Rui Liu ,2,† Makoto Oka ,3,4,‡ and Kei Suzuki 3,§

1Department of Physics, Kyushu University, Fukuoka 819-0395, Japan
2School of Physics, Shandong University, Jinan 250100, China

3Advanced Science Research Center, Japan Atomic Energy Agency (JAEA), Tokai 319-1195, Japan
4Nishina Center for Accelerator-Based Science, RIKEN, Wako 351-0198, Japan

(Received 26 May 2021; accepted 26 July 2021; published 14 September 2021)

Chiral effective theory of scalar and vector diquarks is formulated according to the linear sigma model.
The main application is to describe the ground and excited states of singly heavy baryons with a charm or
bottom quark. Applying the potential quark model between the diquark and the heavy quark (Q ¼ c, b), we
construct a heavy-quark–diquark model. The spectra of the positive- and negative-parity states of ΛQ, ΣQ,

Ξð0Þ
Q , and ΩQ are obtained. The masses and interaction parameters of the effective theory are fixed partly

from the lattice QCD data and also from fitting low-lying heavy-baryon masses. We find that the negative
parity excited states of ΞQ (flavor 3̄) are different from those of ΛQ, because of the inverse hierarchy of the
pseudoscalar diquark. On the other hand, ΣQ, Ξ0

Q, and ΩQ (flavor 6) baryons have similar spectra. We

compare our results of the heavy-quark–diquark model with experimental data as well as the quark model.

DOI: 10.1103/PhysRevD.104.054012

I. INTRODUCTION

Recent observation of multiquark exotic hadron stimu-
lates discussion on various different structures of hadrons.
Multiquark correlations are often manifested as clusters of
quarks. The simplest cluster is the diquark made of two
quarks [1–10]. It was suggested that the diquark plays
important roles in the baryon spectra and decays. It is also a
main component in the color superconducting phase of
dense matter. For the properties of diquarks, such as the
mass and size, lattice QCD simulations have been used.
[11–18].
In studying the properties of the diquark, singly heavy

baryons (Qqq) are useful. They consist of one heavy
(charm or bottom) quark (Q ¼ c, b) and two light (up,
down, or strange) quarks (q ¼ u, d, s), which can
be represented by a diquark (qq) characterized by SUð3Þ
[19–34]. Here the P-wave excited states of a singly heavy
baryon are classified into two kinds of orbital excitations,
the λ-mode and the ρ-mode. The λ-mode is an excitation of
the coordinate between the heavy quark and the diquark.

On the other hand, the ρ-mode is an excitation of the
diquark cluster [35,36].
The most popular light diquarks for hadron spectroscopy

is the scalar diquark with the spin-parity JP ¼ 0þ, color 3̄
and flavor 3̄. It appears most frequently in hadrons such as
the ground states of ΛQ and ΞQ. In Ref. [30] the authors
have applied the chiral effective theory based on SUð3ÞR ×
SUð3ÞL chiral symmetry for this diquark. There the scalar
and pseudoscalar diquarks are chiral partners to each other,
i.e., belonging to the same representation of chiral sym-
metry. Their mass difference comes from spontaneous
chiral symmetry breaking, and they become degenerate
when chiral symmetry is recovered. This theory also shows
that UAð1Þ anomaly [37,38] leads to inverse hierarchy of
diquark masses, that is, the nonstrange pseudoscalar
diquark is heavier than that containing one strange quark,
Mðud; 0−Þ > Mðds=su; 0−Þ. As a consequence, the
diquark cluster model of charmed baryons predicts that
the ρ-mode excited states are also reversely ordered
as MρðΛc; 1=2−Þ > MρðΞc; 1=2−Þ.
In the previous work we calculated the spectrum of ΛQ

and ΞQ baryons as two-body systems of a spin-0 diquark
and a heavy quark [31]. In this paper, we extend our
approach to include spin-1 (1þ and 1−) diquarks and
consider the flavor sextet baryons, ΣQ, Ξ0

Q, and ΩQ. We
present a chiral effective theory of the scalar/pseudoscalar
(0�) and vector/axial-vector (1�) diquarks with SUð3ÞR ×
SUð3ÞL symmetry. We also construct the heavy-quark–
diquark model for the flavor sextet baryons, ΣQ, Ξ0

Q, and
ΩQ. The parameters of the effective Lagrangian and the
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potential of the heavy-quark–diquark model are determined
so that they reproduce the observed baryon masses.
We find that the spectra of ΛQ and ΞQ contain the λ-mode
of the scalar diquark, the ρ-mode from the pseudoscalar
diquark and also from the vector diquark. We compare the
results with experimental data and also the quark model.
This paper is organized as follows. In Sec. II, we introduce

diquarks and formulate chiral effective theory of diquarks. In
Sec. III, we construct the heavy-quark–diquark potential
model and determine parameters of the potential between
the heavy quark and the diquark. In Sec. IV, we show
numerical results of the singly heavy-baryon spectrum.
Finally, Sec. V is devoted to our conclusion and outlook.

II. CHIRAL EFFECTIVE THEORY OF DIQUARK

In this section, we introduce a chiral effective theory of
diquarks and mass formulas of diquarks given by sponta-
neous chiral symmetry breaking, both for the scalar and
pseudoscalar diquarks [30,31], and for the vector and axial-
vector diquarks.

A. Scalar and pseudoscalar diquarks

Here we consider diquarks belonging to the color 3̄
representation given in Table I. They are the diquarks
appearing in the baryon, color-singlet three-quark system.
To consider the diquark from the viewpoints of chiral

symmetry, we use the chiral projection operators
PR;L ≡ ð1� γ5Þ=2, γ5 ¼ iγ0γ1γ2γ3. We split the quark
operator qai into the right quark as qaR;i ¼ PRqai and the
left quark as qaL;i ¼ PLqai , where a and i are color and
flavor indices of the quark, respectively. Under the chiral
SUð3ÞR × SUð3ÞL transform given by

qaR;i → ðURÞijqaR;j; UR ∈ SUð3ÞR; ð3; 1Þ
qaL;i → ðULÞijqaL;j; UL ∈ SUð3ÞL; ð1; 3Þ ð1Þ

the diquarks of spin-0 and spin-1 transform as ð3̄; 1Þ, ð1; 3̄Þ,
and (3,3) representations, respectively, as shown in Table II.
Chiral effective theory for the scalar (0þ) and pseudo-

scalar (0−) diquarks with color 3̄ and flavor 3̄ is given
according to Ref. [30] by

L ¼ LS þ
1

4
Tr½∂μΣ†∂μΣ� − VðΣÞ; ð2Þ

LS ¼ DμdR;iðDμdR;iÞ† þDμdL;iðDμdL;iÞ†
−m2

S0ðdR;id†R;i þ dL;id
†
L;iÞ

−
m2

S1

fπ
ðdR;iΣ†

ijd
†
L;j þ dL;iΣijd

†
R;jÞ

−
m2

S2

2f2π
ϵijkϵlmnðdR;kΣliΣmjd

†
L;n þ dL;kΣ

†
liΣ

†
mjd

†
R;nÞ:

ð3Þ

Here Σ represents meson field of chiral ð3̄; 3Þ represen-
tation [39,40]. This contains nonet scalar σ and pseudo-
scalar π mesons, whose chiral transform is given by

Σij ¼ σij þ iπij → UL;ikΣkmU
†
R;mj: ð3̄; 3Þ ð4Þ

In Eq. (2), VðΣÞ is the potential for the meson field Σ and is
supposed to induce spontaneous chiral symmetry breaking
(SCSB), represented by the vacuum expectation values of
the scalar meson σ as

hΣiji ¼ hσiji ¼ fπδij; hπiji ¼ 0; ð5Þ

where fπ ≃ 92 MeV is the pion decay constant. Then π is
regarded as the massless Nambu-Goldstone bosons. Also,
the parity transformation is given as P∶ Σ → Σ†.
Since the diquark is not a color-singlet state,

we introduce the color-gauge–covariant derivative,
Dμ ¼ ∂μ þ igTαGα;μ, with the gluon field Gμ and the color
SUð3Þ generator for the color 3̄ representation Tα. All the
color indices are contracted and not explicitly written.
For each term in Eq. (3), the parameters m2

S0, m
2
S1, and

m2
S2 give the masses of scalar and pseudoscalar diquarks.

When the chiral symmetry is restored, the scalar and
pseudoscalar diquarks are degenerate with the chiral
invariant mass mS0. In the ordinary vacuum, the mass
splitting is induced by SCSB and is expressed by mS1 and
mS2. Besides, the m2

S1 term brings about the UAð1Þ
symmetry breaking [37,38].
When the flavor SUð3Þ symmetry is broken, the masses

of scalar and pseudoscalar diquarks, Mð0þÞ and Mð0−Þ,
satisfy the relation given by [30]

TABLE I. Local diquark operators in color 3̄. C ¼ iγ0γ2 is the
charge conjugation operator. The subscripts S and A indicate the
flavor symmetric (S, 6) and antisymmetric (A, 3̄) operators,
respectively.

Diquark Operator JP Color Flavor

Scalar ðqTCγ5qÞ3̄A 0þ 3̄ 3̄

Pseudoscalar ðqTCqÞ3̄A 0− 3̄ 3̄

Vector ðqTCγμγ5qÞ3̄A 1− 3̄ 3̄

Axial-vector ðqTCγμqÞ3̄S 1þ 3̄ 6

TABLE II. Diquark operators in the chiral basis.

Chiral operator Spin Color Chiral

daR;i ¼ ϵabcϵijkðqbTR;jCqcR;kÞ 0 3̄ ð3̄; 1Þ
daL;i ¼ ϵabcϵijkðqbTL;jCqcL;kÞ 0 3̄ ð1; 3̄Þ
da;μij ¼ ϵabcðqbTL;iCγμqcR;jÞ 1 3̄ (3, 3)
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½Mqsð0þÞ�2 − ½Mqqð0þÞ�2 ¼ ½Mqqð0−Þ�2 − ½Mqsð0−Þ�2 ≥ 0:

The index q stands for the u or d quark and s for the s
quark, which means the constituent quark of diquarks. Here
we can find the inverse mass hierarchy for the pseudoscalar
diquarks, where the nonstrange diquark is heavier than the
singly strange diquark, Mqqð0−Þ > Mqsð0−Þ.

B. Chiral effective Lagrangian including vector and
axial-vector diquarks

Next we introduce the vector (1−) and axial-vector (1þ)
diquarks, which are both color 3̄ but have different flavor
with each other. The chiral diquarks are given in the third
line of Table II,

da;μij ¼ ϵabcðqbTL;iCγμqcR;jÞ ¼ ϵabcðqbTR;jCγμqcL;iÞ: ð6Þ

This contains both right and left quark operators, belonging
to chiral (3, 3) representation. According to Eq. (1), the
chiral transformation is given as

da;μij → UL;ikd
a;μ
kmU

T
R;mj; ð3; 3Þ

da;μ†ij → UT†
R;ikd

a;μ†
km U†

L;mj: ð3̄; 3̄Þ ð7Þ

As the spatial inversion interchanges the left and right
diquarks, the vector diquarks transform as

P∶ da;μij → −daμ;ji; ð8Þ

and then we obtain the Lorentz vector and axial-vector
diquarks as

Va;μ
ij ¼ 1ffiffiffi

2
p ðda;μij − da;μji Þ ¼ ϵabc

1ffiffiffi
2

p ðqbTi Cγμγ5qcjÞ; ð9Þ

Aa;μ
ij ¼ 1ffiffiffi

2
p ðda;μij þ da;μji Þ ¼ ϵabc

1ffiffiffi
2

p ðqbTi CγμqcjÞ: ð10Þ

Thus we see that vector and axial-vector diquarks are chiral
partners, belonging to (3,3) representation of chiral sym-
metry, satisfying Va;μ

ij ¼ −Va;μ
ji , Aa;μ

ij ¼ Aa;μ
ji . Note that

the vector diquark belongs to the flavor-antisymmetric 3̄
representation, while the axial-vector diquark to the sym-
metric-6 representation.
We now construct the full effective Lagrangian with both

the scalar and vector diquarks as

L ¼ LS þ LV þ 1

4
Tr½∂μΣ†∂μΣ� − VðΣÞ þ LV−S; ð11Þ

in which the effective Lagrangian for vector and axial-
vector diquarks is expressed as

LV ¼ 1

2
Tr½FμνF†

μν� þm2
V0Tr½dμd†μ�

þm2
V1

f2π
Tr½Σ†dμΣTd†Tμ �

þm2
V2

f2π
½TrfΣTΣ†Td†μdμg þ TrfΣΣ†dμd†μg�: ð12Þ

For the first term of Eq. (13), Fμν ¼ Dμdν −Dνdμ is the
strength of chiral vector diquark fields. Similarly to the
scalar and pseudoscalar diquarks, masses of vector and
axial-vector diquarks are given by three parameters m2

V0,
m2

V1, andm
2
V2.mV0 is the chiral invariant mass of vector and

axial-vector diquarks, and their mass splitting is given by
the m2

V1 and m2
V2 terms.

We neglect terms that includes Tr½ΣΣ†� or more than two
Σ’s. All the color indices are contracted and the self-
interaction terms of gluons are omitted in the same way
as Eq. (3).
The last term of the effective Lagrangian LV−S describes

the coupling of scalar/vector diquarks and the meson. We
neglect this term since it does not contribute to the mass
formulas of diquarks.

C. Masses of vector and axial-vector diquarks

Chiral symmetry is exact if the light quark masses are
zero. In this limit, the effective quark masses of quarks of
order 300–500 MeV, are given in the linear sigma model by
the condensates of the scalar meson σ, as meff ¼ gshσi,
where gs ≃ 3 is the quark-meson coupling constant. In
reality, chiral symmetry is explicitly broken by the nonzero
quark masses. In order to include this effect, we superpose
the bare quark mass and the scalar condensate as

Meff ¼ Mþ gshΣi; ð13Þ

where M ¼ diagðmu;md;msÞ is the current-quark-mass
matrix. The vacuum expectation value hΣimay also contain
the symmetry breaking with hσ11i ¼ hσ22i ¼ fπ ≃
92 MeV for the u, d quarks and hσ33i ¼ fs ¼ 2fK − fπ ≃
128 MeV for the s quark. By neglecting u and d quark
masses we obtain the effective quark mass matrix as

Meff ≃ gsfπdiagð1; 1; 1þ ϵÞ≡ gsfπX; ð14Þ

ϵ ¼ fs
fπ

�
1þms − gsfπ

gsfs

�
≃ 2=3: ð15Þ

We now introduce the explicit chiral symmetry breaking
to the diquark effective Lagrangian by the replacement [30]

Σ → Σ̃≡ ΣþM=gs; ð16Þ

with its vacuum expectation value,
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hΣ̃i ¼ Meff=gs ¼ fπX: ð17Þ

By applying Eq. (17) to Eq. (13) and using the notations of
Eqs. (10) and (11), we can read the mass terms for the
vector and axial-vector diquarks as

LVmass ¼
1

2
m2

V0Tr½AμA†
μ� þ 1

2
m2

V0Tr½VμV†
μ�

þ 1

2
m2

V1Tr½XAμXA†
μ� − 1

2
m2

V1Tr½XVμXV†
μ�

þm2
V2Tr½X2AμA†

μ� þm2
V2Tr½X2VμV†

μ�: ð18Þ

Then the masses of axial-vector and vector diquarks,
Mð1þÞ and Mð1−Þ, are given to the leading order in ϵ by

½Mqqð1þÞ�2 ¼ m2
V0 þm2

V1 þ 2m2
V2; ð19Þ

½Mqsð1þÞ�2 ¼ m2
V0 þm2

V1 þ 2m2
V2

þ ϵðm2
V1 þ 2m2

V2Þ; ð20Þ

½Mssð1þÞ�2 ¼ m2
V0 þm2

V1 þ 2m2
V2

þ 2ϵðm2
V1 þ 2m2

V2Þ; ð21Þ

½Mqqð1−Þ�2 ¼ m2
V0 −m2

V1 þ 2m2
V2; ð22Þ

½Mqsð1−Þ�2 ¼ m2
V0 −m2

V1 þ 2m2
V2

þ ϵð−m2
V1 þ 2m2

V2Þ: ð23Þ

From Eqs. (20)–(22), we find the generalized Gell-Mann–
Okubo mass formula for the axial-vector diquarks, [41,42]

½Mssð1þÞ�2 − ½Mqsð1þÞ�2 ¼ ½Mqsð1þÞ�2 − ½Mqqð1þÞ�2
¼ ϵðm2

V1 þ 2m2
V2Þ: ð24Þ

This equation indicates the inequality,

Mssð1þÞ þMqqð1þÞ < 2Mqsð1þÞ. ð25Þ

One can check this relation from the masses of the
singly heavy baryons. From the spin-averaged masses,
MðΣc;1=2þ;3=2þÞ¼2496.6MeV, MðΞ0

c; 1=2þ; 3=2þÞ ¼
2623.5 MeV, and MðΩc; 1=2þ; 3=2þÞ ¼ 2742.3 MeV
[43], we find the average of the Σc and Ωc masses
is smaller than the Ξ0

c mass, as is expected from the
inequality (26).
On the other hand, from Eqs. (23) and (24), the

square mass difference between these vector diquarks is
given by

½Mqsð1−Þ�2 − ½Mqqð1−Þ�2 ¼ ϵð−m2
V1 þ 2m2

V2Þ: ð26Þ

Comparing with Eq. (25), the mass difference by the
number of constituent strange quarks is different between

the vector and axial-vector diquarks, which is determined
by the parameter m2

V1.

III. HEAVY BARYON SPECTRUM

In this section we construct a nonrelativistic potential
model for singly heavy baryons, composed of a heavy quark
and a diquark (heavy-quark–diquark model). We determine
the unknown model parameters such as the diquark masses
and the coefficients of heavy-quark–diquark potential from
experimental data of heavy baryons. We refer to a general
analysis of the heavy baryon spectrum to Ref. [44].

A. Heavy-quark–diquark model

We apply a nonrelativistic potential model to the system
consisting of a heavy quark and a diquark. In Table III, we
summarize the baryon states that we consider in the present
calculation. We consider the S (scalar), P (pseudoscalar), V
(vector), and A (axial-vector) diquarks. Excited states are
labeled by the number of nodes in the radial wave function,
n, and the relative angular momentum, L.
In the quark model, the P-wave excited states of baryons

are often classified into the λ and ρ modes. This is based on
the quark model notation that denotes the relative coor-
dinate between the heavy quark and the diquark as λ, while
the internal coordinate of the diquark is called ρ. In the
heavy-quark–diquark model, the λ modes are given by the
excitations between the heavy quark and the diquark. On
the contrary, the ρ coordinate is not explicitly treated
dynamically, and the ρ mode excitations are realized by
the excited diquarks, such as P and V diquarks. We further
consider the nodal excitations in the relative S wave states.
Possible spin-parity JP combinations of the baryon are
listed in the last column of Table III. All these states will
appear in the final calculation.
Following the previous study [31], we employ the

nonrelativistic Hamiltonian for the heavy-quark–diquark
model given by

TABLE III. Quantum numbers of the ground and excited states
of the singly heavy baryons in the heavy-quark–diquark model.

Diquark (JP) n L JP

S (0þ) 0 0 1=2þ
0 1 1=2−, 3=2−

Λc=b 0 2 3=2þ, 5=2þ

Ξc=b 1 0 1=2þ

P (0−) 0 0 1=2−

V (1−) 0 0 1=2−, 3=2−

Ξ0
c=b A (1þ) 0 0 1=2þ, 3=2þ

Σc=b 0 1 ð1=2−Þ2; ð3=2−Þ2; 5=2−
Ωc=b 0 2 1=2þ, ð3=2þÞ2, ð5=2þÞ2, 7=2þ

1 0 1=2þ, 3=2þ
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H ¼ p2

2μ
þMQ þMd þ V0 þ VS; ð27Þ

and the relative momentum and the reduced mass are
defined by

p ¼ MQpd −MdpQ
MQ þMd

; ð28Þ

μ ¼ MQMd

MQ þMd
; ð29Þ

where the indices Q and d denote the heavy quark and the
diquark, respectively. Also, pQ=d andMQ=d are the momen-
tum and mass, respectively. We solve the Schrödinger
equation for this Hamiltonian by applying the Gaussian
expansion method [45,46].
The two-body potential is given in terms of the

relative coordinate r ¼ jrd − rQj and consists of the spin-
independent central force, V0ðrÞ and the spin-dependent
term, VSðrÞ. The spin-independent potential V0ðrÞ consists
of the Coulomb term with the coefficient α, the linear term
with λ, and a constant shift C,

V0ðrÞ ¼ −
α

r
þ λrþ C: ð30Þ

We choose three different choices of the parameters taken
from the quark models by Yoshida et al. (Y) [36], Silvestre-
Brac (S) [47], and Barnes et al. (B) [48].
VS is the sum of the spin-spin potential VssðrÞ, the

spin-orbit potential VsoðrÞ, and the tensor potential
V tenðrÞ, taken from Refs. [36,47,48]. The spin-spin
potential for the B-potential is taken as a Gaussian
function,

VssðrÞ ¼ ðsd · sQÞ
κQ

MdMQ

�
Λffiffiffi
π

p
�

3

expð−Λ2r2Þ: ð31Þ

On the other hand, the Y- and S-potentials have the Yukawa
form as

VssðrÞ ¼ ðsd · sQÞ
κQ

MdMQ

Λ2

r
exp ð−ΛrÞ: ð32Þ

Here Λ is a cutoff parameter and ðsd · sQÞ is the inner
product of the diquark spin sd and the heavy-quark
spin sQ. The coefficient κQ will be determined for the charm
and bottom sectors separately in the heavy-quark–
diquark model.
The spin-orbit potential VsoðrÞ consists of the symmetric

(þ) and antisymmetric (−) terms as

VsoðrÞ ¼ Vþ
soðrÞ þ V−

soðrÞ; ð33Þ

Vþ
soðrÞ ¼ η

ð1 − e−ΛrÞ2
r3

×

�
1

M2
d

þ 1

M2
Q
þ 4

MdMQ

�
ðL · SþÞ; ð34Þ

V−
soðrÞ ¼ η

ð1 − e−ΛrÞ2
r3

�
1

M2
d

−
1

M2
Q

�
ðL · S−Þ; ð35Þ

with S� ≡ sd � sQ. The tensor potential V tenðrÞ is given by

V tenðrÞ ¼ 2η
ð1 − e−ΛrÞ2
MdMQr3

×

�
3ðsd · rÞðsQ · rÞ

r2
− sd · sQ

�
. ð36Þ

We note that the spin-orbit and tensor potentials were
originally included only in the Y-potential but we apply the
same form also for the S- and B-potentials. In Eqs. (35)–
(37), η is the common coupling strength that is determined
later for the heavy-quark–diquark model.

B. Diquark masses and potential parameters

Choices of the heavy-quark–diquark model parameters
are summarized in Table IV. Among them, the heavy-quark
masses, MQ, the strength of the Coulomb potential, α, that
of the linear confinement potential, λ, and the cutoff
parameter, Λ, are taken from the quark models,
Refs. [36,47,48]. The constant shifts CQ in V0ðrÞ are
determined by fitting the masses of the ground ΛQ baryon
as in Ref. [31].
We omit the bottom part of the B-potential parameters,

because the original B-potential was not applied to the
bottom baryons.
In Table V, the diquark masses and the parameters of the

effective Lagrangian are summarized. The values for the
scalar and pseudoscalar diquarks are taken from Ref. [31].
In particular, the mass of the ud scalar diquark,Mqqð0þÞ, is
the input value from lattice QCD simulations [17]. The
vector diquark masses, Mqqð1þÞ, Mqsð1þÞ, and Mqqð1−Þ,
are determined from some spin-averaged charmed baryon
masses as inputs

MðΣc; 1=2þ; 3=2þÞ ¼ 2496.60 MeV;

MðΞ0
c; 1=2þ; 3=2þÞ ¼ 2623.52 MeV;

MρðΛc; 1=2−; 3=2−Þ ¼ 2927.65 MeV;

whereMρðΛc; 1=2−; 3=2−Þ denotes the spin-averaged mass
of the ρ-mode excited states of Λc. We assign the Λc at
MðΛc; 3=2−Þ ¼ 2939.60 MeV [43] as a ρ-mode excited
state, and assume that the splitting between 1=2− and 3=2−

is the same as the lower (λ-mode) Λc baryons, i.e.,
MðΛc; 3=2−Þ −MðΛc; 1=2−Þ ¼ 35.86 MeV. The other
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diquark masses are given by the mass formulas (20)–(24)
with ϵ ¼ 2=3.
The masses of the vector and axial-vector diquarks in the

Y-potential model are smaller than those with the other two
potentials. This behavior comes from the difference of the
Coulomb interaction. Since the reduced mass of diquark
and charm quark is about 600 MeV, the strength of the
Coulomb potential, α, in the Y-potential model is about 0.1
and is much smaller than that in the other models. The
small value of α makes the binding energy smaller and the
required diquark masses become smaller. Note that for each
potential model, the diquark masses satisfy the inequal-
ity Eq. (26).

C. Strengths of the spin-dependent potentials

The coefficients of the spin-spin potential, κQ, and the
spin-orbit and tensor forces, η, are determined by
known masses of the low-lying heavy baryons and sum-
marized in Table IV. We take the strengths of the spin-spin
potential, κc and κb, independently. They are determined so
as to reproduce the mass splittings, MðΣc; 1=2þÞ ¼
2453.54 MeV and MðΣc; 3=2þÞ ¼ 2518.13 MeV, and
MðΣb; 1=2þÞ ¼ 5813.10 MeV and MðΣb; 3=2þÞ ¼
5832.53 MeV, respectively.
The parameter η for Vso and V ten is determined from the

splitting of the λ-mode excitations of Λc. Mass difference
of MðΛc; 1=2−Þ ¼ 2592.25 MeV and MðΛc; 3=2−Þ ¼
2628.11 MeV comes from the spin-orbit interaction

VsoðrÞ ¼ η
ð1 − e−ΛrÞ2

r3

�
2

M2
Q
þ 4

MdMQ

�
ðL · sQÞ; ð37Þ

which is reduced from Eqs. (35) and (36) for the S diquark,
sd ¼ 0. In order to reduce the number of the independent
parameters, we assume that η is independent of the

heavy-quark mass. Furthermore, for all the three
potentials, we use the same value η ¼ 0.2494 obtained
with the Y-potential.

D. Diquarks towards chiral restoration

At high temperature and/or high baryon density, the
QCD matter is expected to make a transition to a phase in
which chiral symmetry is restored. In terms of the order
parameter, the quark condensate hq̄qi may vanish through
the transition. It is of great interest to study how the
diquarks are affected by the change of the chiral order
parameter. For such a study, the effective theory based on
the linear sigma model is most suitable though it may be too
simplified. We here take the simplest approach for the
chiral symmetry restoration by changing the chiral con-
densate hΣi towards zero in due course. In the present chiral
effective theory, the diquark masses of the Vand A diquarks
will become degenerate to mV0 when the chiral condensate
hΣi becomes zero. In Table V, one sees that mV0 is about
700 MeV and is about 400 MeV lower than the mass of S
and P diquarks in the chiral limit, mS0. In contrast, the
diquark masses in the ordinary vacuum is aligned so that
the A diquark is heavier than the S diquark. Let us vary hΣi
by multiplying by a factor x and change x from the vacuum,
x ¼ 1, to the chiral symmetry restored phase, x ¼ 0.
Correspondingly, the mass formulas for the nonstrange S
and A diquarks are given by

TABLE IV. Parameters of the heavy-quark–diquark model. The
values with asterisk (*) are taken from the potential models by
Yoshida et al. (Y-pot.) [36], by Silvestre-Brac (S-pot.) [47], and
by Barnes et al. (B-pot.) [48]. μ included in the parameter of the
Y-pot. is the reduced mass, Eq. (30).

Potential models

Parameters Y-pot. [36] S-pot. [47] B-pot. [48]

α 60=μ* 0.5069* 0.7281*
λðGeV2Þ 0.165* 0.1653* 0.1425*
CcðGeVÞ −0.831 −0.707 −0.191
CbðGeVÞ −0.819 −0.696 …
ΛðGeVÞ 0.691* 0.434* 1.0946*
κc 0.8586 1.1570 2.7258
κb 0.6635 0.8145 …
η 0.2494 0.2494 0.2494
McðGeVÞ 1.750* 1.836* 1.4794*
MbðGeVÞ 5.112* 5.227* …

TABLE V. Diquark masses and parameters of the chiral-
effective Lagrangian determined with each potential model.
The values for scalar and pseudoscalar diquarks are taken from
Ref. [31].

Potential model

Y-pot. [36] S-pot. [47] B-pot. [48]

Masses of S, P diquarks (MeV) [31]
Mqqð0þÞ 725 725 725
Mqsð0þÞ 942 977 983
Mqqð0−Þ 1406 1484 1496
Mqsð0−Þ 1271 1331 1341
Masses of V, A diquarks (MeV)
Mqqð1þÞ 973 1013 1019
Mqsð1þÞ 1116 1170 1179
Mssð1þÞ 1242 1309 1320
Mqqð1−Þ 1447 1527 1540
Mqsð1−Þ 1776 1883 1901
Parameters in LS (MeV2) [31]
m2

S0 ð1119Þ2 ð1168Þ2 ð1176Þ2
m2

S1 ð690Þ2 ð746Þ2 ð754Þ2
m2

S2 −ð258Þ2 −ð298Þ2 −ð303Þ2
Parameters in LV (MeV2)
m2

V0 ð708Þ2 ð714Þ2 ð714Þ2
m2

V1 −ð757Þ2 −ð808Þ2 −ð816Þ2
m2

V2 ð714Þ2 ð765Þ2 ð773Þ2
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Mð0þÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

S0 − ðxþ ϵÞm2
S1 − x2m2

S2

q
; ð38Þ

Mð1þÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

V0 þ x2ðm2
V1 þ 2m2

V2Þ
q

: ð39Þ

From the numerical values in all the potential models in
Table V, we find that the mS1 term is dominant in the S
diquark mass, while the mV2 term is dominant in the A
diquark. Figure 1 illustrates the masses of the 0� and 1�
diquarks as functions of x for the Y-potential. One clearly
sees that the mass of the S diquark will increase when we
change x from 1 towards 0, for the Y-potential, starting
from 725 MeVat x ¼ 1 reaching 967 MeVat x ¼ 0. On the
other hand, the mass of the A diquark will decrease
from 973 MeV (x ¼ 1) to 708 MeV (x ¼ 0). Thus there
is a crossing in between. Namely, the inversion of
the S and A diquarks will occur when the chiral
symmetry is restored at finite temperature/baryon density.
In our Y-potential parameter set, the crossing occurs at
around x ¼ 0.6.
It is also noted that at the chiral restoration, the masses of

the nonstrange S and P diquarks are not degenerate due to
the contribution of the strange quark mass induced by the
UAð1Þ anomaly. Here, for simplicity, we assume that the
UAð1Þ anomaly stays intact under the chiral symmetry
restoration.
This behavior of the diquark masses towards restoration

of chiral symmetry may change the baryon spectrum
significantly at finite temperature and/or baryon density.
It may also affect the appearance of color superconductivity
at dense matter, where the A diquarks may be lighter than
the S diquarks.

IV. NUMERICAL RESULTS

A. Spectrum of singly charmed baryons

Numerical results of masses of singly charmed baryons
are summarized in the upper parts of Tables VI, VII, and
VIII, where we show the ground states, ρ-mode states, and
λ-mode states, respectively.
First we explain which values are used to determine the

diquark masses and the potential parameters. The values
with an asterisk in Table VI are the experimental data taken
from PDG [43]. Also, in Table VII, the mass of Λcð1=2−Þ
with the P diquark, 2890 MeV, is taken from Ref. [36].
They are used to determine the parameter Cc and the
masses of the S and P diquarks [31]. In addition, for
determining κc and η, we used the observed mass
differences between the Σcð1=2þÞ and Σcð3=2þÞ and
between the λ-modes of the Λcð1=2−Þ and Λcð3=2−Þ.
The energy spectra of singly charmed baryons from the

Y-potential are shown in Fig. 2, where the difference in
color indicates the type of the constituent diquarks inside
baryons: S (cyan), P (purple), V (magenta), and A (green).
Note that the results of Λc and Ξc baryons including the S
or P diquark were already reported in the previous work
[31]. However, in Ref. [31], the spin-orbit potential was
neglected for simplicity, so that the JP ¼ 1=2− and 3=2−

states in the λ-modes were degenerate.
Λc and Ξc can include three types of constituent diquarks

with flavor 3̄. First we focus on the ground states and the
λ-mode states with the S diquark and the ρ-mode states with
the P diquark, which is explained in the previous work [31].
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FIG. 1. Dependence of the diquark masses on the chiral
symmetry breaking parameter x.

TABLE VI. Masses of the ground-state baryons with the S and
A diquark. The values with asterisk (*) denote the input values
from PDG [43].

Baryon masses in the ground state (MeV)

Potential model

Baryon
(JP)

Diquark
(JP)

Y-pot.
[36]

S-pot.
[47]

B-pot.
[48]

Experiment
[43]

Λc (1=2þ) S (0þ) 2286* 2286* 2286* 2286.46
Σc (1=2þ) A (1þ) 2452 2453 2441 2453.54
Σc (3=2þ) A (1þ) 2516 2517 2521 2518.13
Ξc (1=2þ) S (0þ) 2469* 2469* 2469* 2469.42
Ξ0
c (1=2þ) A (1þ) 2583 2583 2571 2578.80

Ξ0
c (3=2þ) A (1þ) 2642 2643 2647 2645.88

Ωc (1=2þ) A (1þ) 2700 2710 2689 2695.20
Ωc (3=2þ) A (1þ) 2755 2758 2762 2765.90
Λb (1=2þ) S (0þ) 5620* 5620* … 5619.60
Σb (1=2þ) A (1þ) 5810 5797 … 5813.10
Σb (3=2þ) A (1þ) 5829 5816 … 5832.53
Ξb (1=2þ) S (0þ) 5796 5785 … 5794.45
Ξ0
b (1=2þ) A (1þ) 5934 5914 … 5935.02

Ξ0
b (3=2þ) A (1þ) 5952 5933 … 5953.82

Ωb (1=2þ) A (1þ) 6047 6022 … 6046.10
Ωb (3=2þ) A (1þ) 6064 6040 … …
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In each state, the masses of singly charmed baryons
including S diquark become heavier with increasing the
number of constituent strange quarks. On the other hand,
for the ρ-modes of baryons with the P diquark, the
nonstrange baryon is heavier than that of including one
strange quark as MρðΛc; 1=2−Þ > MρðΞc; 1=2−Þ. This is
caused by the inverse-mass hierarchy of P diquarks
[Eq. (6)]. Another diquark appearing in the spectrum of
Λc and Ξc is the V diquark, which makes the heaviest
ρ-mode states. The masses of Ξc are about 300 MeV
heavier than those of Λc. This coincides with the
mass difference between the strange and nonstrange V
diquarks is Mqsð1−Þ −Mqqð1−Þ ¼ 329 MeV, as shown in
Table V.
Next we discuss the spectra of Σc, Ξ0

c, and Ωc. These
baryons include the A diquark, which gives both the ground
states and λ-mode excited states. In our model, the masses
of these baryons become heavier as the total angular
momentum J is larger. For instance, in the ground states,
the masses for JP ¼ 3=2þ are about 50 MeV larger than
those of 1=2þ. Also the masses of λ-modes with
JP ¼ 1=2−, 3=2−, and 5=2− are in order.
The mass differences between Σc and Ξ0

c with the same
JP are about 130 MeV, and those between Ξ0

c and Ωc are
about 120 MeV. This behavior is regarded as a generali-
zation of the conventional Gell-Mann–Okubo mass
formula [41,42]. Values of these mass differences are
almost from those of A diquarks, Mqsð1þÞ −Mqqð1þÞ ¼
143 MeV andMssð1þÞ −Mqsð1þÞ ¼ 126 MeV, which are
smaller than that of V diquarks (Mqsð1−Þ −Mqqð1−Þ ¼
329 MeV). This is due to the negative value of the
parameter m2

V1 < 0, where the square mass difference
between the A diquarks in Eq. (25) becomes smaller than
that between the V diquarks in Eq. (27).

Comparing each potential, there is not much difference
in the ground state and the ρ-modes according to Tables VI
and VII. However, in the λ-mode state in Table VIII, the
masses given by the S- and B-potentials are approximately
100 MeV heavier than those of the Y-potential. In other
words, the excitation energy from the ground state to the
λ-mode is approximately 200–300 MeV for the Y-potential
and 300–400 MeV for the S- and B-potentials. This
difference is caused by the coefficients of the Coulomb
potential, α, whose value is approximately 0.1 for the
Y-potential and is smaller than the other two potentials.

TABLE VII. Masses of the ρ-mode excited-state baryons with
the P and V diquark.

Baryon masses in the ρ-mode state (MeV)

Potential model

Baryon
(JP)

Diquark
(JP)

Y-pot.
[36]

S-pot.
[47]

B-pot.
[48]

Experiment
[43]

Λc (1=2−) P (0−) 2890 2890 2890 …
Λc (1=2−) V (1−) 2894 2892 2881 …
Λc (3=2−) V (1−) 2943 2944 2949 (2939.60)
Ξc (1=2−) P (0−) 2765 2758 2758 (2793.25)
Ξc (1=2−) V (1−) 3209 3215 3205 …
Ξc (3=2−) V (1−) 3252 3261 3267 …
Λb (1=2−) P (0−) 6207 6174 … …
Λb (1=2−) V (1−) 6233 6197 … …
Λb (3=2−) V (1−) 6249 6214 … …
Ξb (1=2−) P (0−) 6084 6051 … …
Ξb (1=2−) V (1−) 6540 6497 … …
Ξb (3=2−) V (1−) 6554 6513 … …

TABLE VIII. Masses of the λ-mode excited-state baryons with
the S and A diquark.

Baryon masses in the λ-mode state (MeV)

Potential model

Baryon
(JP)

Diquark
(JP)

Y-pot.
[36]

S-pot.
[47]

B-pot.
[48]

Experiment
[43]

Λc (1=2−) S (0þ) 2589 2676 2700 (2592.25)
Λc (3=2−) S (0þ) 2625 2716 2749 (2628.11)
Σc (1=2−) A (1þ) 2717 2807 2830 …
Σc (1=2−) A (1þ) 2751 2847 2897 …
Σc (3=2−) A (1þ) 2781 2881 2919 …
Σc (3=2−) A (1þ) 2811 2916 2964 …
Σc (5=2−) A (1þ) 2844 2953 2994 …
Ξc (1=2−) S (0þ) 2754 2852 2887 (2793.25)
Ξc (3=2−) S (0þ) 2787 2890 2933 (2818.50)
Ξ0
c (1=2−) A (1þ) 2845 2942 2971 …

Ξ0
c (1=2−) A (1þ) 2876 2979 3033 …

Ξ0
c (3=2−) A (1þ) 2902 3010 3052 …

Ξ0
c (3=2−) A (1þ) 2926 3037 3090 …

Ξ0
c (5=2−) A (1þ) 2958 3073 3120 …

Ωc (1=2−) A (1þ) 2960 3064 3098 …
Ωc (1=2−) A (1þ) 2989 3100 3156 …
Ωc (3=2−) A (1þ) 3013 3127 3173 …
Ωc (3=2−) A (1þ) 3033 3150 3206 …
Ωc (5=2−) A (1þ) 3063 3185 3235 …
Λb (1=2−) S (0þ) 5914 6018 … (5912.20)
Λb (3=2−) S (0þ) 5927 6033 … (5919.92)
Σb (1=2−) A (1þ) 6043 6143 … …
Σb (1=2−) A (1þ) 6065 6171 … …
Σb (3=2−) A (1þ) 6079 6187 … …
Σb (3=2−) A (1þ) 6117 6234 … …
Σb (5=2−) A (1þ) 6129 6247 … …
Ξb (1=2−) S (0þ) 6069 6178 … …
Ξb (3=2−) S (0þ) 6080 6192 … …
Ξ0
b (1=2−) A (1þ) 6164 6269 … …

Ξ0
b (1=2−) A (1þ) 6183 6293 … …

Ξ0
b (3=2−) A (1þ) 6195 6307 … …

Ξ0
b (3=2−) A (1þ) 6227 6346 … …

Ξ0
b (5=2−) A (1þ) 6238 6359 … …

Ωb (1=2−) A (1þ) 6273 6383 … …
Ωb (1=2−) A (1þ) 6290 6404 … …
Ωb (3=2−) A (1þ) 6301 6418 … …
Ωb (3=2−) A (1þ) 6329 6452 … …
Ωb (5=2−) A (1þ) 6339 6464 … …

KIM, LIU, OKA, and SUZUKI PHYS. REV. D 104, 054012 (2021)

054012-8



As a result, the wave function obtained from the Y-potential
becomes broader, and its difference between the ground
state and λ-mode becomes smaller. Therefore, the excita-
tion energy decreases as α becomes smaller, as explained in
the previous work [31]. According to the Table VIII, about
the masses of the λ-mode of Λcð1=2−Þ and Λcð3=2−Þ, the
numerical results by the Y-potential are mostly closest to

the experimental data from PDG [43] than the other two
potentials. From now, we mainly use the Y-potential for the
two-body calculation.
Lastly, we discuss the splitting of energy spectrum by the

spin dependent potentials. In Fig. 3, we sketch the splitting
behaviors in the λ-modes of Σc by adding the spin-spin
(Vss), spin-orbit (Vso), and tensor (V ten) potentials. At first,

FIG. 2. The energy spectra of singly charmed baryons from Tables VI, VII, and VIII, given by the Y-potential. The colors of lines show
the types of constituent diquarks as S (cyan), P (purple), V (magenta), and A (green). For the negative parity states, they are classified
into the ρ-mode and the λ-mode with the symbols ρ and λ, respectively.

FIG. 3. Contribution of the spin-dependent terms of the Y-potential to the energy splitting in the λ-mode states of Σc. The black dotted
lines indicate the splitting and/or mixing of the states by adding the potential.
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two JP ¼ 1=2−, two JP ¼ 3=2−, and one JP ¼ 5=2− states
are degenerate, and the spin-spin potential splits these
five degenerate states into two parts. The lower states with
JP ¼ 1=2− and 3=2− are degenerate, and the higher states
with JP ¼ 1=2−, 3=2−, and 5=2− also do. Here, the mass
difference between the lower and higher parts is about
20 MeV. After this, the symmetric term of spin-orbit
potential Vþ

so splits these five states completely, and the
antisymmetric term V−

so mixes the states with the same JP.
We can clearly see that the splitting by the spin-orbit
potential changes the ordering of total angular momentum
J into 1=2− < 1=2− < 3=2− < 3=2− < 5=2−, and the split-
ting range is approximately 120 MeV. Finally, the con-
tribution from the tensor potential is very small.

B. Spectrum of singly bottom baryons

Similarly to singly charmed baryons, the numerical
results for singly bottom baryons are summarized in the
lower parts of Tables VI, VII, and VIII. Here only the mass
of Λbð1=2þÞ including the S diquark is the input value
for determining the parameter Cb [31]. The ground states
of Σbð1=2þÞ and Σbð3=2þÞ are used to determine the
parameter κb.
The energy spectra of singly bottom baryons from the

Y-potential are shown in Fig. 4. We can see that the
spectrum of singly bottom baryons are similar to those of
singly charmed baryon. In particular, we can find the

inverse-mass hierarchy of the ρ-mode excitations as
MρðΛb; 1=2−Þ > MρðΞb; 1=2−Þ, which is caused by the
inverse hierarchy of the pseudoscalar diquarks in Eq. (6).
By comparing Figs. 2 and 4, one sees the heavy-quark

mass dependence of masses of singly heavy baryons.
The spin-spin potential Vss, Eqs. (32) and (33), and
the tensor potential V ten, Eq. (37), are inversely propor-
tional to both the diquark mass and heavy-quark mass
(Vss;ten ∝ 1=MdMQ). Also, as in Eqs. (35) and (36), some
terms of the spin-orbit potential Vso are inversely propor-
tional to the heavy-quark mass MQ. In the heavy-quark
limit (MQ → ∞), these terms become zero, and the
surviving term in the spin-orbit potential is

VsoðrÞ ¼ η
ð1 − eΛrÞ2

r3
2

M2
d

ðL · sdÞ; ð40Þ

which is independent of the heavy-quark spin sQ. This limit
induces characteristic structures of hadron mass spectra:
(i) the heavy-quark spin (HQS) doublet with J ¼ j� 1=2,
which is a pair of two states characterized by the angular
momentum j of the light components and the heavy-quark
spin 1=2, and (ii) the HQS singlet, where the angular
momentum of light components is zero (j ¼ 0).
For example, the ground states of ΣQ, Ξ0

Q, and ΩQ with
the A diquark consist of two states with J ¼ 1=2 and 3=2
using the diquark spin j ¼ 1. The mass difference between

FIG. 4. The energy spectra of singly bottom baryons from Tables VI, VII, and VIII, given by the Y-potential. The colors of lines show
the types of constituent diquarks as S (cyan), P (purple), V (magenta), and A (green). For the negative-parity states, they are classified
into the ρ-mode and the λ-mode with the symbols ρ and λ, respectively.
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JP ¼ 1=2þ and 3=2þ is approximately 60 MeV for the
charmed baryons, while that for the bottom baryons is
about 20 MeV. Such a smaller mass difference for the
bottom baryons is an example of the HQS doublet
structure. In our spectra, similar HQS doublet structures
can be also found in the λ modes of ΛQ and ΞQ with the S
diquark (using the orbital angular momentum j ¼ 1) and
the ρ modes of ΛQ and ΞQ with the V diquark (using the
diquark spin j ¼ 1). Furthermore, the spectra of the λ
modes of ΣQ, Ξ0

Q, and ΩQ consist of two HQS doublets
(J ¼ 1=2 and 3=2 using j ¼ 1, and J ¼ 3=2 and 5=2 using
j ¼ 2) and one HQS singlet (J ¼ 1=2 using j ¼ 0 due to
the cancellation of the diquark spin and orbital angular
momentum).

C. Spectrum of positive-parity excited states

In the previous subsections we discussed the (positive-
parity) ground states and negative-parity excited states.
Here, we study two types of positive-parity excited states.
The first is the radially-excited states, where the number of
nodes is n ¼ 1 (i.e., the principal quantum number is 2),

and the orbital angular momentum is zero (L ¼ 0). The
second is the D-wave excited states, where the orbital
angular momentum in the λ coordinate is L ¼ 2. These
states have positive parity and are composed of the S or A
diquarks. The numerical results from the Y-potential are
summarized in Table IX, where the left and right parts show
the singly charmed and bottom baryons, respectively.
Among them, we show the energy spectra of Λc=b and
Σc=b in Figs. 5 and 6, respectively.
From these figures, we find that the masses

of the radially excited states are lower than those of the
corresponding D-wave excited states. For example,
Λcð1=2þ; 1SÞ is lighter than Λcð3=2þ; 0DÞ and
Λcð5=2þ; 0DÞ. However, the mass difference between
these states are not very large. Also, for the 1S and 0D
states of Λc=b and Σc=b, as the total angular momentum
becomes larger, the mass becomes heavier. For the singly
bottom baryons, we can clearly see the HQS doublet
structures of the positive-parity excited states. As a result
of this structure, the range of the energy spectrum of bottom
baryons tends to shrink.

TABLE IX. Masses of radially–excited-state baryons with the number of node n ¼ 1 and the D-wave excited-state baryons with the
orbital angular momentum of the λ-coordinate L ¼ 2. Y-potential is used for this calculation.

Charmed baryon (JP) n L Mass (MeV) Experiment [43] Bottom baryon (JP) n L Mass (MeV) Experiment [43]

Λcð1=2þÞ 1 0 2825 (2765) Λbð1=2þÞ 1 0 6121 � � �
Λcð3=2þÞ 0 2 2869 2856.10 Λbð3=2þÞ 0 2 6172 6146.20
Λcð5=2þÞ 0 2 2897 2881.63 Λbð5=2þÞ 0 2 6178 6152.50
Σcð1=2þÞ 1 0 2974 � � � Σbð1=2þÞ 1 0 6274 � � �
Σcð1=2þÞ 0 2 3016 � � � Σbð1=2þÞ 0 2 6304 � � �
Σcð3=2þÞ 1 0 3013 � � � Σbð3=2þÞ 1 0 6286 � � �
Σcð3=2þÞ 0 2 3043 � � � Σbð3=2þÞ 0 2 6316 � � �
Σcð3=2þÞ 0 2 3053 � � � Σbð3=2þÞ 0 2 6330 � � �
Σcð5=2þÞ 0 2 3076 � � � Σbð5=2þÞ 0 2 6341 � � �
Σcð5=2þÞ 0 2 3094 � � � Σbð5=2þÞ 0 2 6365 � � �
Σcð7=2þÞ 0 2 3115 � � � Σbð7=2þÞ 0 2 6373 � � �
Ξcð1=2þÞ 1 0 2976 � � � Ξbð1=2þÞ 1 0 6260 � � �
Ξcð3=2þÞ 0 2 3017 � � � Ξbð3=2þÞ 0 2 6307 � � �
Ξcð5=2þÞ 0 2 3043 � � � Ξbð5=2þÞ 0 2 6313 � � �
Ξ0
cð1=2þÞ 1 0 3088 � � � Ξ0

bð1=2þÞ 1 0 6381 � � �
Ξ0
cð1=2þÞ 0 2 3131 � � � Ξ0

bð1=2þÞ 0 2 6411 � � �
Ξ0
cð3=2þÞ 1 0 3124 � � � Ξ0

bð3=2þÞ 1 0 6392 � � �
Ξ0
cð3=2þÞ 0 2 3155 � � � Ξ0

bð3=2þÞ 0 2 6423 � � �
Ξ0
cð3=2þÞ 0 2 3164 � � � Ξ0

bð3=2þÞ 0 2 6434 � � �
Ξ0
cð5=2þÞ 0 2 3186 � � � Ξ0

bð5=2þÞ 0 2 6444 � � �
Ξ0
cð5=2þÞ 0 2 3200 � � � Ξ0

bð5=2þÞ 0 2 6465 � � �
Ξ0
cð7=2þÞ 0 2 3221 � � � Ξ0

bð7=2þÞ 0 2 6472 � � �
Ωcð1=2þÞ 1 0 3194 � � � Ωbð1=2þÞ 1 0 6480 � � �
Ωcð1=2þÞ 0 2 3236 � � � Ωbð1=2þÞ 0 2 6511 � � �
Ωcð3=2þÞ 1 0 3227 � � � Ωbð3=2þÞ 1 0 6491 � � �
Ωcð3=2þÞ 0 2 3259 � � � Ωbð3=2þÞ 0 2 6522 � � �
Ωcð3=2þÞ 0 2 3268 � � � Ωbð3=2þÞ 0 2 6532 � � �
Ωcð5=2þÞ 0 2 3288 � � � Ωbð5=2þÞ 0 2 6541 � � �
Ωcð5=2þÞ 0 2 3300 � � � Ωbð5=2þÞ 0 2 6559 � � �
Ωcð7=2þÞ 0 2 3320 � � � Ωbð7=2þÞ 0 2 6567 � � �
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We compare the masses of the positive-parity excited
states and those of negative-parity ρ- and λ-modes. ForΛc=b,
we can see that theirmasses are close to each other, and theρ-
modes are slightly heavier than the positive-parity excited
states. On the other hand, the λ-modes are lying in between
the ground state and the positive-parity excited states. This
tendency for the λ-modes is also seen in the spectrumofΣc=b.

D. Comparison with experimental data

Here, we compare the numerical results and experimen-
tal data. In the last column of Tables VI, VII, VIII, and IX,
we show the masses of the baryons whose spin and parity
are specified by PDG [43]. In Figs. 7 and 8, we show the
energy spectra of singly heavy baryons, where both our
results and experimental data are shown.

FIG. 6. The energy spectra of Λb and Σb from Tables VI, VII, VIII, and IX, given by the Y-potential.

FIG. 5. The energy spectra of Λc and Σc from Tables VI, VII, VIII, and IX, given by the Y-potential. The colors of lines show the
parities (Blue: positive parity. Red: negative parity). For the blue spectra, they are classified by n ¼ 0 or 1 and L ¼ 0ðSÞ or 2ðDÞ,
expressed as the symbol nL ¼ 0S, 1S, and 0D.

KIM, LIU, OKA, and SUZUKI PHYS. REV. D 104, 054012 (2021)

054012-12



FIG. 7. Energy spectra of singly charmed baryons from our model with the Y-potential (blue or red dotted lines), and from the
experimental data in PDG [43] (black solid lines). Here we put the spectra of Ξc and Ξ0

c together.

FIG. 8. Energy spectra of singly bottom baryons from our model with the Y-potential (blue or red dotted lines), and from the
experimental data in PDG [43] (black solid lines). Here we put the spectra of Ξb and Ξ0

b together. Note that Λbð1=2þÞ with the mass of
6072 MeV and Ωb excited states with the asterisk (*) are the experimental values from Refs. [49,50].
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The masses of the ground states of Λc=bð1=2þÞ and
Ξcð1=2þÞ are the input values. Also the mass differences
between the ground states of Σc=bð1=2þÞ and Σc=bð3=2þÞ
and between the λ-mode states of Λcð1=2−Þ and Λcð3=2−Þ
are the input values, where the obtained mass values are

similar to the observed data. Therefore the spectra of Ξð0Þ
b

and Ωc=b are the pure outputs from our model.
It is obvious that, in the ground states, all the mass values

from our model are near the experimental values. On the
other hand, for the λ-mode states of Ωc=b, the masses from
our model seem to be lower than the observed values. This
is because we have not adjusted the potential parameters of
the Coulomb interaction term α and the linear confinement
term λ for our heavy-quark–diquark model.
In Table IX, Λc=bð3=2þÞ and Λc=bð5=2þÞ are experi-

mentally observed. We expect that these states are the D-
wave excited states (L ¼ 2) from the viewpoints of our
diquark model. Although the masses from our model are
about 20MeV larger than the experimental values, the mass
splitting between the 3=2þ and 5=2þ states is almost same
as the experimental value.
Next we comment on the n ¼ 1 excited states with 1=2þ.

The mass of the first excited state of Λcð1=2þÞ is known to
be 2765 MeV. Its isospin is determined by the Belle
Collaboration [51], while JP is not determined yet
but may be assumed as 1=2þ. In addition, recently, the
LHCb Collaboration have observed the first excited state of
Λbð1=2þÞ whose mass is 6072 MeV [49]. These states
may be analogous to the Roper resonance in the
nucleon spectrum. Our results, Λcð1=2þÞ ¼ 2825 MeV

and Λbð1=2þÞ ¼ 6121 MeV, are approximately 50 MeV
heavier than the experimental masses. Thus, so far, we
cannot provide an interpretation based on the heavy-quark–
diquark picture.
For the other excited states Σc=b, Ξc=b, and Ωc=b, JP is

still unknown, except for Ξcð1=2−Þ and Ξcð3=2−Þ. It may
be difficult to determine the unknown total angular
momenta from our model, but at least we can expect the
sign of parity. For instance, Σcð2800Þ, Σbð6097Þ, the five
states of Ωc, and the four observed states of Ωb may be λ-
mode states with negative parity. On the other hand, it is not
conclusive to identify the quantum numbers of the five

higher states of Ξð0Þ
c and Ξbð6227Þ. Note that, recently,

Ξð0Þ
c ð2930Þ is reinterpreted as Ξcð2923Þ and Ξcð2939Þ [52],

and the spin and parity of Ξcð2970Þ are determined
as 1=2þ [53]. Also, the new state Ξbð6100Þ is recently
observed [54].

E. Comparison with three-quark model

Here, we compare the numerical results from our heavy-
quark–diquark model and those from a constituent quark
model containing two light quarks and one heavy quark,
which we call the three-quark model. In Ref. [36], Λc=b,
Σc=b, and Ωc=b baryons were analyzed, where the
Schrödinger equation with three quarks was solved by
the Gaussian expansion method [45,46].
In Figs. 9 and 10, we show the comparison of the energy

spectra of Λc=b and Σc=b. We can see that the masses from
the three-quark model tend to be heavier than those from
our model. Also, in the excited states, the width of energy

FIG. 9. Energy spectra of Λc and Σc from our model with Y-potential (blue or red dotted lines), and from the three-quark model in
Ref. [36] (black solid lines).
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splitting from three-quark model is narrower than our
model. For example, the value of splitting between the
Λcð1=2−Þ and Λcð3=2−Þ is 36 MeV for our model, while
Ref. [36] obtained 2 MeV. This difference between two
models is caused by the choice of potential parameters. In
Ref. [36], most of parameters were determined so as to
reproduce the masses of hyperons (baryons containing
three light quarks with at least one strange quark), while
some parameters in our model are determined from the
singly charmed or bottom baryons. As a result, the
coefficient of the spin-orbit potential is η ¼ 0.026 in
Ref. [36], while η ¼ 0.2494 in our model. Since the
strength of the spin-orbit potential is related to the mass
splitting, thus the mass splitting by the spin-orbit potential
in Ref. [36] is much smaller than our results.
Furthermore, due to the difference of the spin-orbit

potential parameter η, the ordering of total angular
momenta J is different from that in our model. For
example, in Fig. 3, the ordering of the negative-parity Σc
from our model changes from 1=2− ¼ 3=2− < 1=2− ¼
3=2− ¼ 5=2− to 1=2− < 1=2− < 3=2− < 3=2− < 5=2−

adding the spin-orbit potential Vso. On the other hand,
the ordering from Ref. [36] is 1=2− < 3=2− < 1=2− <
3=2− < 5=2− as shown in Fig. 9, since the strength of spin-
orbit potential is weak.
In conclusion, comparing with the experimental data in

PDG [43], the results from our heavy-quark–diquark model
are closer than those from the three-quark model
in Ref. [36].

V. CONCLUSION

In this paper, chiral properties and dynamics of the color-
3̄, spin-0 and spin-1 diquarks are studied. The scalar (S, 0þ)
diquark and pseudoscalar (P, 0−) diquarks are paired into a
chiral ð3̄; 1Þ þ ð1; 3̄Þ representation, while the axial-vector
(A, 1þ) and vector (V, 1−) diquarks are assigned to a chiral
(3,3) representation. The S, P, and V diquarks form
antitriplet (3̄) representationss in flavor SUð3Þ, while the
A diquark belongs to a SUð3Þ sextet (6).
We have then constructed a chiral effective theory of the

diquarks in the form of the linear-sigma model. The masses
of the S and P diquarks are given in term of three mass
parameters, m2

S0, m
2
S1 and m2

S2. The first one m2
S0 is chiral

invariant, while the latter two generate the diquark masses
associated with a symmetry breaking condensate of the
meson field Σ. Furthermore, the second one m2

S1 represents
the contribution of the axial Uð1Þ anomaly. The mass
splitting of the S and P diquarks are induced by the
symmetry breaking terms. In turn, if the chiral symmetry
is fully restored, the S and P diquarks become degenerate,
having mass mS0.
For the A and V diquarks, we also have three mass

parameters, m2
V0, m

2
V1, and m2

V2, where the first one is
chirally invariant and the other two are from the chiral

symmetry breaking terms. Similarly to the S and P
diquarks, the mass difference between the A and V
diquarks is induced by the m2

V1 and m2
V2 parameters.

We have obtained mass formulas for the S, P, A, and V
diquarks by further taking into account explicit flavor
symmetry breaking due to a heavy mass of strangeness.
We find a few interesting relations among the diquark
masses. One is the inverse hierarchy of the P diquarks, for
which the diquark with a strange quark becomes lighter
than the nonstrange one,Mqqð0−Þ > Mqsð0−Þ. The other is
a generalized Gell-Mann–Okubo mass formula for
the A diquarks, ½Mssð1þÞ�2 − ½Mqsð1þÞ�2 ¼ ½Mqsð1þÞ�2 −
½Mqqð1þÞ�2, where the squared diquark masses are equally
spaced with the increased number of strange quarks.
In order to quantify the masses of the diquarks in a more

realistic manner, we study the spectrum of singly heavy
baryons using the heavy-quark–diquark model. The heavy-
quark–diquark model describes singly heavy baryons, such
asΛc=b and Σc=b, as two-body systems of a heavy quark and
a diquark. The potential between the two is given by a
linear confinement plus Coulomb potential with additional
spin-dependent forces.
The parameters of the chiral effective Lagrangian and the

heavy-quark–diquark potential are fixed so as to reproduce
the low-lying masses of the singly heavy baryons. We have
calculated the negative- and positive-parity excited states of
the singly heavy baryons as well as the ground states. The
obtained spectra are compared with the current experimen-
tal data and also the standard three-quark descriptions in the
constituent quark model.
The specific features of the diquark spectrum are also

realized in the baryon spectrum. The inverse mass hier-
archy of the P diquarks causes the inverse mass hierarchy of
singly heavy baryons in the ρ-mode excited state [31]. The
generalized Gell-Mann–Okubo mass formula is reflected in
the spectrum of ΣQ, Ξ0

Q, and ΩQ baryons.
The energy spectra from our heavy-quark–diquark

model are mostly consistent with the experimental data
in the ground state. However, our results are lighter than the
observed masses in the excited states. In order to correctly
reproduce these experimental data, we need to readjust
the parameters of the central potentials. Also, we have
compared our results with the spectra from the three-
quark model in Ref. [36]. Here the energy splittings from
our model are larger than those from the constituent
three-quark model, and this difference is caused by the
different strength of the spin-orbit potential. As a conse-
quence, our model reproduced the results closer to the
observed spectra.
In this analysis, we have used the nonrelativistic kinetic

energy. For light quarks, the relativized form is also often
used [55]. The relativistic effect tends to reduce the λ-mode
excitation energies. It may be interesting to study relativ-
istic effects in the case of the heavy-quark–diquark model
in future.
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In this paper, we have introduced the well-known S-wave
diquarks, S (0þ) and A (1þ), and their chiral partners. By
applying them to the singly heavy baryons, we find all the
ground-state baryons are consistent with the three-body quark
models, while the P-wave excited states are not fully
recovered. A missing piece is the flavor-6 vector diquarks.
They should appear in the negative-parity baryonswith flavor-
6, i.e.,ΣQ,Ξ0

Q, andΩQ excitations. It is necessary to introduce
a set of tensor diquarks with color 3̄ and flavor 6 [56–58].
Several future directions of the use of the diquark

effective theory are quite interesting. So far, we considered
only color-3̄ diquarks, while the other choice, the color-6
diquark is possible. It may not appear in the singly heavy
baryon systems as it cannot make color singlet state with a
heavy quark. It, however, may appear in multiquark
systems, such as tetraquarks, Q̄ Q̄ qq and pentaquarks,
Q̄qqqq [59–64].

It is also extremely interesting and important to reveal
how chiral symmetry works on the diquarks at finite
temperature and baryon/quark density including the color
superconducting phase [65,66]. In fact, we have found that
in the course of chiral symmetry restoration, the masses of
the S and A diquarks may be inverted and the A diquarks
may become dominant at the vicinity of chiral phase
transition.
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[39] M. Gell-Mann and M. Lévy, The axial vector current in beta
decay, Nuovo Cimento 16, 705 (1960).
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