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We study vacuum birefringence and x-ray photon scattering in the head-on collision of x-ray free
electron and high-intensity laser pulses. Resorting to analytical approximations for the numbers of
attainable signal photons, we analyze the behavior of the phenomenon under the variation of various
experimental key-parameters and provide new analytical scalings. Our optimized approximations allow for
quantitatively accurate results on the one-percent level. We in particular demonstrate that an appropriate
choice of the x-ray focus and pulse duration can significantly improve the signal for given laser parameters,
using the experimental parameters to be available at the Helmholtz International Beamline for Extreme
Fields at the European XFEL as example. Our results are essential for the identification of the optimal
choice of parameters in a discovery experiment of vacuum birefringence at the high-intensity frontier.

DOI: 10.1103/PhysRevD.104.013006

I. INTRODUCTION

Quantum field theory predicts the quantum vacuum to be
characterized by the omnipresence of vacuum fluctuations.
Vacuum fluctuations involving virtual charged particle-
antiparticle pairs generically give rise to effective nonlinear
couplings between electromagnetic fields, supplementing
Maxwell’s classical theory of electromagnetism in vacuo
with nonlinear interactions. The high accuracy of classical
Maxwell theory for the description of the physics of
macroscopic electromagnetic implies that these quantum
corrections are very small. This suggests the possibility of a
perturbative expansion of the quantum vacuum nonlinear-
ities in powers of the prescribed electromagnetic fields.
Demanding the effective theory accounting for the

vacuum-fluctuation-mediated interactions between macro-
scopic electromagnetic fields (E⃗; B⃗) to be local in the
electromagnetic field, to respect Lorentz and gauge invari-
ance, and to exhibit a charge conjugation parity symmetry,
the leading nonlinear interaction is a four-field interaction.
More specifically, these assumptions constrain the leading

nonlinear correction to classical Maxwell theory to be of
the following form (ℏ ¼ c ¼ 1),

Lint ¼
m4

e

360π2

�
a
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4E4
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E4
cr

�
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where a and b denote dimensionless coefficients; cf., e.g.,
Refs. [1,2]. Here, Ecr ¼ m2

e=e ≃ 1.3 × 1018 V=m is the so-
called critical electric field defined in terms of the elemen-
tary charge e and the electron massme. The next-to-leading
interaction couples six fields and thus is parametrically
suppressed with ðE=EcrÞ2 ≪ 1. The explicit values of a and
b depend on the details of the underlying quantum field
theory, such as, e.g., its particle content.
Specializing to quantum electrodynamics (QED), and

accounting for quantum vacuum fluctuations up to two
loop order, these dimensionless coefficients become purely
numerical and read [3–6]
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where α ¼ e2=ð4πÞ ≃ 1=137 is the fine structure constant.
Numerous proposals to detect these nonlinear effective
couplings of macroscopic electromagnetic fields inducing
light-by-light scattering phenomena in experiment have
been put forward in the literature. Particularly in the past
decades, the advent of petawatt-class high-intensity lasers
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has stimulated research activities in this direction. See, e.g.,
the recent reviews [7–10] and references therein.
One of themost prominent signatures of quantumvacuum

nonlinearity in macroscopic electromagnetic fields is vac-
uum birefringence [11]: as a consequence of the effective
interaction of electromagnetic fields originally linearly
polarized light traversing a strong-field region can pick
up a small ellipticity, attributing a birefringence property to
the quantum vacuum. This gives rise to signal photons N⊥
quasielastically scattered into an originally empty, perpen-
dicularly polarized mode constituting the signature of
quantum vacuum nonlinearity. Though actively searched
for in experiments employing quasiconstant magnetic fields
in combination with continuous-wave lasers and high-
finesse cavities [12–14], so far this effect has never been
verified in a controlled laboratory experiment.
The number of attainable signal photons scales quad-

ratically with the frequency of the probe and the intensity of
the pump field, as well as linearly with the number of
photons available for probing. This has triggered theoretical
proposals suggesting the use of an x-ray free electron laser
(XFEL) as probe and a high-intensity laser as pump; cf.,
e.g., Refs. [15–25]. The experimental signature of vacuum
birefringence becomes maximum for the head-on collision
of the driving laser fields. In the past years it was in
particular emphasized that especially for the scenario
involving focused laser beams, even the probe-photon
energy preserving signature of vacuum birefringence is
generically accompanied by a scattering phenomenon
resulting in a different far-field angular decay of the signal
photons [22–25]. Contrarily to the polarization-flip proc-
ess, the directional scattering phenomenon itself clearly
does not correspond to the key-signature of vacuum
birefringence. Hence, such scattering effects were typically
neglected in the theoretical analysis of vacuum birefrin-
gence experiments. On the other hand, this quasi-elastic
scattering phenomenon is, of course, not limited to the
vacuum birefringence signal, but rather amounts to a
generic property exhibited by arbitrarily polarized probe
photons traversing a spatiotemporally localized strong field
region, and thus provides an additional experimental
signature of quantum vacuum nonlinearity. See, e.g.,
Refs. [26–28] for the analogous signature in the all-optical
frequency domain, Refs. [29–32] for recent experimental
evidences of light-by-light scattering in the ATLAS and
CMS experiments at CERN, and Refs. [33,34] for recent
activities towards measuring the x-ray scattering phenome-
non in experiment.
So far, no systematic studies of the parameter depend-

encies of the combined signatures of vacuum birefringence
and diffraction for experimentally realistic parameters are
available. Such an analysis is obviously very important
for the planning and optimization of the quantum vacuum
signatures in upcoming experiments. Resorting to quanti-
tatively accurate analytical approximations for the

differential numbers of signal photons attainable in experi-
ment, in this work we perform a detailed study of various
parameter dependencies. We in particular demonstrate that
an appropriate choice of the x-ray focus and pulse duration
can significantly improve the signal for given laser param-
eters, using the experimental parameters to be available at
the Helmholtz International Beamline for Extreme Fields
(HiBEF) at the European XFEL as example.
Our paper is organized as follows: in Sec. II we construct

an improved analytic approximation for the differential
number of signal photons encoding the signatures of
vacuum birefringence and x-ray photon scattering in the
head-on collision of an XFEL probe with a high-intensity
laser pump. In Sec. III we detail our assumptions for the
parameters characterizing the experimental parameters
available at HiBEF at the European XFEL. Subsequently,
in Sec. IV we introduce three different experimental observ-
ables for vacuum birefringence and x-ray photon scattering,
and in detail discuss their dependencies on the parameters of
the driving laser fields. Our main focus is on the question of
how to optimize the signal for given experimental param-
eters. Finally, we end with conclusions and a brief outlook
in Sec. V.

II. SIGNAL PHOTON NUMBERS

Throughout this work, we consider the head-on collision
of a loosely focused x-ray probe with a tightly focused
optical high-intensity laser pump at zero impact parameter;
see Fig. 1 for a graphical illustration. Both beams are
expected to be well described as linearly polarized paraxial
Gaussian beams, endowed with a temporal Gaussian pulse
envelope. The field profile of the pump laser field is [35]

EðxÞ ¼ E0e
−ðz−tÞ2
ðτ=2Þ2

w0

wðzÞ e
− r2

w2ðzÞ

× cos

�
Ωðz − tÞ þ Ωr2

2RðzÞ − arctan

�
z
zR

��
; ð3Þ

with peak field amplitude E0, oscillation frequency Ω, and
pulse duration τ; r is the radial coordinate. The beam radius
wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=zRÞ2

p
describes the widening of the

beam as a function of the longitudinal coordinate z; w0

is the beam waist and zR ¼ πw2
0=λ is the Rayleigh length.

RðzÞ ¼ z½1þ ðzR=zÞ2� denotes the radius of curvature of
the wavefronts and arctanðz=zRÞ is the Gouy phase.
Adopting the field profile (3), the deviations from the
corresponding exact solution of Maxwell’s equations in
vacuo are parametrically suppressed by positive powers of
1=ðΩτÞ ≪ 1 and ϵ ≔ w0=zR < 1 [36]. However, resorting
to the results of Refs. [37–39] it can be explicitly shown
that in the considered pump-probe experiment corrections
beyond the leading order of the paraxial approximation for
the pump field effectively affect the results for the signal
photon numbers only at Oðϵ2Þ [40].
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As it is focused more loosely, i.e., fulfills 2=ðωwxÞ ≪ 1,
for the x-ray probe of photon energyω and beam waist wx it
is justified to use the infinite Rayleigh length approxima-
tion: the longitudinal extent of the interaction volume
of the colliding beams is controlled by the much shorter
Rayleigh range of the optical laser beam. On this scale, the
beam radius of the x-ray probe increases from wx to
wxðzRÞ ¼ wx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðΩ=ωÞ2ðw0=wxÞ4

p
, implying that the

infinite Rayleigh length approximation yields trustworthy
results in the parameter regime where ðw0=wxÞ2Ω=ω ≪ 1.
Correspondingly, the probe field profile can be expressed as

EðxÞ ¼ E0e
−ðzþtÞ2
ðT=2Þ2e

−r2

w2x cosðωðzþ tÞÞ; ð4Þ

with pulse duration T, and peak field amplitudeE0. For this
field, the restriction on the pulse durations to be reliably
considered reads 1=ðωTÞ ≪ 1. We have explicitly ensured,
that for all the parameter sets discussed in this work the
above conditions are met. The peak field amplitudes can be
expressed in terms of the respective laser pulse energy,
beam waist and pulse duration. This yields [36]

E2
0 ¼ 8

ffiffiffi
2

π

r
W

πw2
0τ
; E2

0 ¼ 8

ffiffiffi
2

π

r
Nω

πw2
xT

; ð5Þ

whereW is the laser pulse energy of the high-intensity laser
and N is the number of photons constituting the x-ray
beam. The far-field angular decay of the latter as function
of the polar angle ϑ ≪ 1 measured from the forward beam
axis is described by [10,35]

dN
ϑdϑ

≃ NðωwxÞ2e−1
2
ðωϑwxÞ2 : ð6Þ

The superposition of the probe and pump laser pulses
gives rise to signal photons of polarization p and wave
vector k⃗ ¼ kðcosφ sinϑ; sinφ sin ϑ; cosϑÞ encoding the

signature of quantum vacuum nonlinearity in experiment
[10,41]. The experimental signatures of vacuum birefrin-
gence and diffraction are x-ray signal photons of energy
k ≃ ω, which for kinematic reasons are predominantly
emitted into the forward cone of the probe laser beam,
such that generically ϑ ≪ 1. In this limit, the polarizations
of the signal photons can be spanned by the vector e⃗p ≃
ðcosψ ; sinψ ; 0Þ and thus be parameterized by the single
angle parameter ψ. Choosing the polarization vector of the

probe without loss of generality as E⃗ðxÞ ∼ ð1; 0; 0Þ, an
angle of ψ ¼ π=2 corresponds to polarization flipped signal
photons, such that p → ⊥. On the other hand ψ ¼ 0 would
correspond to signal photons polarized parallel to the
probe, i.e., p → k. For the head-on collision of the
driving laser pulses at zero impact parameter as considered
here, the signal moreover exhibits a rotational symmetry
about the beam axis, i.e., does not explicitly depend on the
polar angle φ. In turn, all the nontrivial information
about the signal is encoded in the differential number
dNp=d cosϑ ≃ dNp=ðϑdϑÞ. See Fig. 1 for an illustration.
Accounting for generic polarizations of the signal [42]

and specializing to the rationally symmetric case for the
x-ray probe at zero impact parameter, the analytical
approximation introduced in Ref. [24] can be expressed as

dNp

ϑdϑ
≃ ½cþ cosψ þ c− cosðψ − 2ϕÞ�2 4α4

225ð3πÞ32

× N

�
W
me

ƛC
w

�
2
�
w
w0

ω

me

�
4 ðwx

w Þ2
½1þ 2ðwx

w Þ2�2

× e
−1
2

ðωϑwxÞ2
1þ2ðwxw Þ2F

0
B@ 4zRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 1
2
τ2

q ;
T
τ

1
CA; ð7Þ

with numerical coefficients c� ¼ a� b, and

FIG. 1. Schematic illustration of the considered collision scenario. The x-ray probe (4) propagates in negative z direction and collides
head-on with the high-intensity pump (3). Both beams are axially symmetric; ϕ is the angle between the polarization vectors of the probe

E⃗ðxÞ and pump E⃗ðxÞ beam. The signals of vacuum birefringence and diffraction are encoded in x-ray signal photons emitted under an
angle of ϑ ≪ 1 with respect to the forward beam axis of the probe, and to be detected in the far field. The angle between the polarization

vectors of the probe E⃗ðxÞ and the signal photons e⃗p is ψ .
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Fðχ; ρÞ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ρ2

3

r
χ2e2χ

2

Z
∞

−∞
dκe−κ

2

×

����X
l¼�1

e2lρκχerfcðlρκ þ χÞ
����2: ð8Þ

See Ref. [24] for analytic expressions of the function
Fðχ; ρÞ in various limiting cases. Here, w≳ w0 denotes
the effective waist of the pump beam, which characterizes
the transverse extent of the interaction volume.
This approximation was derived under the following

critical assumptions. First, the factor of wðzÞ in the
exponential of Eq. (3) is replaced by the effective waist
w. Second, all manifestly inelastic contributions to the
signal exhibiting an explicit dependence on the pump
laser frequency Ω are dropped. Third, an expansion in
ϑ ≪ 1 was performed: the leading neglected correction to
the differential signal photon number scales as Tωϑ2 ≪ 1.
For the details, see Refs. [23,24].
Reference [24] fixed the effective waist by averaging the

beam radius wðzÞ over one Rayleigh length, yielding
w ≃ 1.15w0. Adopting this choice, a reasonable agreement
with the results of a full numerical integration [23] for the
same parameters was demonstrated. For the different
cases considered there, the relative deviations in the
integrated signal photon numbers were below 15%; see
Table I of Ref. [24].
In the present work, we use a more advanced strategy to

fix the effective waist w, namely we choose it such that for
ϑ ¼ 0 the approximate result for the differential number of
signal photons (7) matches the result of an exact evaluation
of the same quantity; the latter is stated in Eqs. (19)–(21) of
Ref. [23]. Remarkably, for ϑ ¼ 0 this exact result can be
integrated analytically over the longitudinal coordinate for
axially symmetric beams colliding at zero impact param-
eter; it can be expressed in terms of function defined in
Eq. (8). This identification results in the following identity,

�
1þ 2ðwx

w Þ2
1þ 2ðwx

w0
Þ2
�

2

¼
F
�

4zRffiffiffiffiffiffiffiffiffiffiffi
T2þ1

2
τ2

p ; Tτ

	

F
�
4zR

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2ðwxw0Þ

2
pffiffiffiffiffiffiffiffiffiffiffi
T2þ1

2
τ2

p ; Tτ

	 ; ð9Þ

which can be readily solved for w.
Equation (9) implies that the effective waist is fully

determined by geometric properties: it is a function of the
pulse durations and waist sizes of both the pump and the
probe beams as well as the Rayleigh length of the pump.
We emphasize the difference to the naive, solely w0-
dependent choice of w ≃ 1.15w0 in all parameter regimes.
In a wide range of parameters the effective waist defined

by Eq. (9) indeed turns out to vary in the range
1≲ w=w0 ≲ 1.15. However, specifically for small zR and
large wx, also significant deviations from these values are
possible. See Tab. I for a comparison of the accuracy of our

new identification and the choice of w ≃ 1.15w0 adopted
previously [24].
Table I clearly showcases the superiority of our new

identification: for all considered cases the relative deviation
of the values determined with our analytical approximation
and those obtained from a full numerical evaluation is
below 1%.
Some clarifications are in order here. The replacement

wðzÞ → w in the exponential of the pump field profile (3)
should certainly be justified if either τ ≪ zR or T ≪ zR: the
signal is predominantly originating from the region where
the electromagnetic field is maximal, which in this limit is
restricted to the region where wðzÞ ≃ w0. In addition, this
replacement should be perfectly justified for the case of
wx ≪ w0: in this limit the dependence of the transverse
pump profile drops out and the probe photons only see the
on-axis profile of the pump which is consistently taken into
account. Finally, the fact that the replacement works well
also for wx ≳ w0 ≈ w is nicely exemplified by the values for
wx=w0 ¼ f1; 3g given in Table I. Notably, the increase in the
relative deviation observed for decreasing values of wx=w0

in Table I is not due to the introduction of the effectivewaist.
The reason for this increase is rather the grow of the sub-
leading corrections ∼Tωϑ2 for wx=w0 → 0: in this limit the
radial divergence of the signal is approximately given by
2=ðωwxÞ [24], such that these corrections scale as
∼T=ðωw2

xÞ. For wx=w0 ¼ 1=10 and the parameters of
Table I this factor becomes as large as ≃0.01.
Hence, in combination with Eq. (9), Eq. (7) allows for a

very accurate description of the differential number of signal
photons, and—essentially without loss of precision—can be
used interchangeably with the analogous result of a full
numerical evaluation. In fact, the small encountered devia-
tions one the 1% level are comparable to the error margin of
the leading paraxial approximation. However, due to both its
analytical nature and relative simplicity, our expression
allows for the transparent tracing of parameter dependen-
cies, and can even be straightforwardly differentiated.
This opens up new opportunities, such as identifying
the optimal parameters maximizing the effect, while

TABLE I. Relative deviation j1 − N⊥=Nfull⊥ j of the numbers of
polarization-flipped signal photons N⊥ obtained from the
approximation (7) and the corresponding exact results Nfull⊥
obtained in Ref. [23]. Here, we compare the accuracy of the
naive choice of w ≃ 1.15w0 for the effective waist and our new
advanced identification via Eq. (9) for different choices of the
probe waist wx; λ ¼ 800 nm, τ ¼ T ¼ 30 fs, w0 ¼ 1 μm,
ω ¼ 12914 eV.

wx=w0 w=w0 ¼ 1.15 Eq. (9)

1=10 2.6% 0.9%
1=3 0.2% 0.9%
1 8.0% 0.5%
3 13.8% 0.1%
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analytically accounting for additional experimental param-
eter dependencies.
We also note that Ref. [24] considered the pump laser

field to be focused down to w0 ¼ 1 μm, such that in this
case the parameter controlling the applicability of the
paraxial approximation for the pump reads ϵ2 ≃ 0.06.
Conversely, throughout the present work we assume
w0 ¼ 1.7 μm, which implies ϵ2 ≃ 0.02. In line with that,
particularly for the latter choice we expect the results of the
present article to be quantitatively accurate on the few
percent level.
For convenience, in the remainder of this work we

employ the following shorthand notations:

β ≔
wx

w0

and Fβ ≔ F

�
4zR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2β2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 1

2
τ2

q ;
T
τ

�
: ð10Þ

Besides, we limit our discussion to the number of polari-
zation-flipped signal photons N⊥ and the total number of
signal photons attainable in a polarization insensitive
measurement Ntot. As noted above, the former is obtained
by setting ψ ¼ π=2, and the latter follows upon summing
over two perpendicular signal polarizations, i.e., adding the
results for ψ and ψ → ψ þ π=2.
Explicitly accounting for Eq. (9), using the notations (7)

and specializing to N⊥ and Ntot, Eq. (7) can be recast as



dNtot

dN⊥

�
≃ ϑdϑ



2ða2 þ b2Þ þ 2ða2 − b2Þ cosð2ϕÞ

ða − bÞ2sin2ð2ϕÞ
�

×
4α4

225ð3πÞ32 N
�
W
me

ƛC
w0

�
2
�
ω

me

�
4

×
β2

ð1þ 2β2Þ2 e
−1
2

ðωϑw0βÞ2
1þ2β2

ffiffiffiffi
Fβ
F0

q
Fβ: ð11Þ

For completeness, we note that these results can be readily
generalized to collisions at a finite impact parameter: to this
end the effective waist in Eq. (4) of Ref. [24] is to be
identified with w in Eq. (9). This in particular implies that
the differential signal photon numbers scale as

∼e−4ð
r0
w Þ2½1þ2ðwxw Þ2�−1 ¼ e−4ð

r0
wx
Þ2
�
1þO

��
w
wx

�
2
��

ð12Þ

with a finite transverse impact parameter r0.
Finally, we emphasize that the measurement of the

signal photon numbers in two different polarization states,
such as Ntot and N⊥ for given ϕ, or Ntot for two different
relative polarizations of the driving beams ϕ, allows for the
individual extraction of the coefficients a and b in Eq. (1).
Standard birefringence experiments only provide access to
the difference a − b; cf. the second line of Eq. (11).
Presuming that QED yields the dominant contribution,

subsequently we adopt the QED predictions for a

and b in Eq. (2) and study how to achieve an optimal
signal for the possible parameter available at HiBEF at the
European XFEL.

III. EXPERIMENTAL PARAMETERS AVAILABLE
AT THE EUROPEAN XFEL

The numbers of probe photons N per pulse available at
the European XFEL depend on the desired photon energy
ω, as well as the pulse duration T employed for the
experiment [43]. This dependency was not accounted for
in previous studies. To achieve the largest possible values
for N, we choose the highest possible FEL electron energy
of 17.5 GeV. The relevant parameters for HiBEF, which is
located at the High Energy Density instrument, are detailed
in Tables C.1-C.6 of Ref. [43].
Aiming at the study of polarization-flipped signal

photons we moreover choose a probe photon energy of
ω ¼ 12914 eV. For this energy the possibility of high-
definition polarimetry was successfully demonstrated in
experiment using Bragg reflections at silicon crystals [44],
and the present polarization purity record of P ≃ 1.4 ×
10−11 was achieved with four reflections. See Table II for
the XFEL photon numbers for various possible pulse
durations at precisely this photon energy.
Another important issue is that the channel-cut polarizer

employed to achieve the high-definition polarization state
of the x-ray beam needed for a vacuum birefringence
experiment generically increases the pulse duration of the
x-ray beam. The corresponding increase TFWHM → TFWHM

P
can be estimated along the lines of Refs. [45,46];
cf. Ref. [47] for more details. Assuming Gaussian temporal
pulse profiles before1 and after the four reflections in the
channel-cut we obtain the values of the pulse durations

TABLE II. Numbers of probe photons N per pulse available at
the European XFEL as a function of the full width at half
maximum pulse duration TFWHM for a photon energy of
ω ¼ 12914 eV. A polarizer generically modifies the incident
pulse duration as TFWHM → TFWHM

P . In the third column we give
the corresponding pulse durations TFWHM

P after traversing a four-
reflection silicon channel-cut polarizer.

# TFWHM½fs� TFWHM
P ½fs� N

(1) 1.67 100.1 2.98 × 1010

(2) 8.96 100.3 1.78 × 1011

(3) 23.2 101.4 3.22 × 1011

(4) 42.8 104.5 5.03 × 1011

(5) 107 129 8.26 × 1011

1The temporal structure of realistic XFEL pulses is typically
not smooth at all, but rather very complicated and characterized
by a large number of spikes; see, e.g., Fig. 7 in [43]. Noteworthy,
after a few reflections the resulting pulse profile is substantially
smoothed and closely resembles a Gaussian pulse profile.
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TFWHM
P listed in Table II. We emphasize that this implies

that for studies of the polarization-flipped signal the probe
pulse duration has to be identified with TP; the original
XFEL pulse durations T are only available for polarization
insensitive measurements.
For the high-intensity laser pump we adopt the param-

eters of the 300 TW Relativistic Laser at XFEL (ReLaX)
system installed at HiBEF, delivering pulses of energy
W ¼ 10 J and duration τFWHM ¼ 25 fs at a wavelength of
λ ¼ 800 nm, focused to a waist size of w0 ¼ 1.7 μm
(HWHM value 1 μm). Note that FWHM pulse durations
are related to 1=e2 pulse durations as τ ≃ 1.7τFWHM.
For completeness and to allow for a simple comparison,

we also note that the projected parameters of the high-
intensity laser at SACLA are somewhat more challenging,
but otherwise quite similar to those at HiBEF, namely
W ¼ 12.5 J in τFWHM ¼ 25 fs at λ ¼ 800 nm focused to
w0 ¼ 1 μm. Another difference is the probe frequency of
ω ¼ 9.8 keV envisioned for the SACLA experiment, aim-
ing exclusively at an polarization insensitive measurement
of vacuum diffraction with N ≃ 3 × 1011 XFEL photons
per pulse [34].

IV. RESULTS

In the present work we consider two different choices for
the relative polarization ϕ of the pump and probe laser
beams [42]. The total number of signal photons attainable
in a polarization insensitive measurement Ntot is maxi-
mized for ϕ ¼ π=2 and the number of polarization-flipped
signal photons for ϕ ¼ π=4. We stick to these two choices
in the following, and provide results for Ntotjϕ¼π=2 → Ntot

and N⊥jϕ¼π=4 → N⊥ only.
Subsequently, we analyze the parameter dependence of

the signal accessible by three different observables: the
integrated number of polarization-flipped signal photons
N⊥ in Sec. IVA, the discernible number of polarization-
flipped signal photons N⊥> in Sec. IV B, and the total
number of discernible signal photons attainable in a
polarization insensitive measurement Ntot> in Sec. IV C.
Noteworthy, the parameter dependencies of the considered
observables are quite distinct.

A. Integrated number of signal photons

The ratio of the integrated number of signal photons and
the number of x-ray photons available for probing can be
expressed as

N⊥
N

≃
4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 1

1þ 2β2
ffiffiffiffiffiffiffiffiffiffiffi
FβF0

p
: ð13Þ

This result follows upon integration of the second line of
Eq. (11) over the polar angle ϑ.
In accordance with elementary plane-wave considera-

tions predicting a scaling of the signal photon number

∼ω2E4
0 ∼ ω2W2=ðw4

0τ
2Þ [48–50], Eq. (13) scales quadrati-

cally with both the probe photon energy ω and the pulse
energy of the pump W. However, in general the scaling of
Eq. (13) with the pump waist size w0 shows a slight
deviation from the above plane-wave prediction, and
w4
0N⊥=N still increases with w0. The factor

ffiffiffiffiffiffiffiffiffiffiffi
FβF0

p
slowly

declines with increasing both T and τ, such that the
minimal possible values for T and τ maximize the bire-
fringence signal. Note, that all the parameters on the right-
hand side of (13) are independent of each other.
In Fig. 2 we highlight the behavior of N⊥=ðNPÞ under

variations of the pulse duration T and waist wx of the
x-ray pulse.
One can see that the maximum is reached for β ≪ 1. In

this limit Eq. (13) reproduces Eq. (8) of [24],

N⊥
NP

≃
4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 F0

P
: ð14Þ

Here, we have divided both sides of Eq. (13) by a factor of
P. As the combination NP corresponds to the number of
background photons against which the signal N⊥ has to be
distinguished in experiment, Eq. (14) counts the maximum
attainable number of polarization-flipped signal photons
per background photon. Hence, the criterion to obtain one
signal photon per one background photon is

4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 F0

P
¼ 1: ð15Þ

FIG. 2. Dependence of N⊥=ðPNÞ on the probe pulse
duration T and probe waist β ¼ wx=w0 for ω ¼ 12914 eV and
P ¼ 1.4 × 10−11. The pump laser parameters are those available
at HiBEF: W ¼ 10 J, τ ¼ 42 fs, λ ¼ 800 nm, w0 ¼ 1.7 μm. The
red contours (1)–(5) mark the results obtained for the probe pulse
durations listed in Table II; for intermediate times we use a
smooth monotonic interpolation NðTÞ of the these values.

ELENA A. MOSMAN and FELIX KARBSTEIN PHYS. REV. D 104, 013006 (2021)

013006-6



At HiBEF, the maximal achievable value for Eq. (14) is
N⊥=ðNPÞ ≃ 1=40; cf. also Fig. 2.
For completeness, we note that for β ≪ 1 the signal

photons and the probe photons traversing the strong-field
region without interaction feature similar far-field diver-
gences [24]. Therefore, the ratio of signal to background
photons is actually well-described by Eq. (14) not only for
the integrated photon numbers but in fact also for the
differential photon numbers associated with arbitrary
emission directions.

B. Discernible polarization-flipped signal photons

In a next step, we study the discernible number of
polarization-flipped signal photons, i.e., the number of
polarization-flipped signal photons scattered outside the
forward cone of the probe beam. Signal photons are
discernible from the background if they fulfill the criterion

dN⊥
ϑdϑ

≥ P
dN
ϑdϑ

ð16Þ

for the differential numbers of polarization-flipped signal
photons (11) and the photons available for probing (6).
As the far-field divergence of the signal is generically

larger or equal the far-field divergence of the probe
beam [24], for dN⊥=ðϑdϑÞjϑ¼0 < PdN=ðϑdϑÞjϑ¼0, there
is always an angle ϑ¼ such that signal photons emitted
under an angle of ϑ ≥ ϑ¼ fulfill the criterion (16). This
angle can be determined analytically and reads

ϑ2¼ ¼ −2

ðωβw0Þ2ð1− 1
1þ2β2

ffiffiffiffi
Fβ

F0

q
Þ

×ln

�
4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 Fβ=P

ð1þ2β2Þ2
�
: ð17Þ

Integrating Eq. (11) over all angles ϑ ≥ ϑ¼, we arrive at
the following expression for the discernible number of
signal photons

N⊥>≃PNð1þ2β2Þ
ffiffiffiffiffiffi
F0

Fβ

s

×

�
4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 Fβ=P

ð1þ2β2Þ2
�

κ

; ð18Þ

with exponent

κ ¼ 1

1 − 1
1þ2β2

ffiffiffiffi
Fβ

F0

q : ð19Þ

As these signal photons are discernible from the back-
ground by definition, we are generically interested directly
in their number and not in their number normalized by the

number of background photons. For later reference, we
nevertheless also introduce the number of background
photons scattered into the angular regime ϑ ≥ ϑ¼ as N>.
This number follows readily from Eq. (6).
The parameter dependence of the discernible

signal is more complicated than that of the integrated
number discussed in Sec. IVA. In Fig. 3 we highlight the
dependence of the discernible signal on both the pulse
duration TP and the waist wx of the x-ray probe. The
growth of N⊥> with TP can be explained by the increase of
the number of XFEL photons available for probing, i.e., is
due to the non-trivial correlation between N and T; see
Table II. This implies that in contrast to the behavior
observed for the ratio N⊥=ðPNÞ in Sec. IVA, for the
discernible signal the optimal choice for the pulse duration
is the largest one. Recall, that the ratio N⊥=ðNPÞ is the
decisive quantity for experiments aiming at measuring
integrated signal photon numbers without resorting to an
explicit discernibility criterion. Apart from that, the maxi-
mal number of discernible signal photons is achieved for a
finite probe waist, and not for β → 0 as for N⊥=ðPNÞ.
The high quality of our approximation, even allows us to

find the optimal x-ray waist wopt
x ¼ βoptw0 by differentia-

tion for β. This results in the condition

4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 F0

P
¼ 1

χ2
exp

�
χ −

1

χ

�
; ð20Þ

where we introduced

FIG. 3. Dependence of the discernible signal N⊥> on the probe
pulse duration TP and probe waist β ¼ wx=w0 for ω ¼ 12914 eV
and P ¼ 1.4 × 10−11. The pump laser parameters are those
available at HiBEF: W ¼ 10 J, τ ¼ 42 fs, λ ¼ 800 nm,
w0 ¼ 1.7 μm. The maximum number of N⊥> ≃ 0.01=shot
(N⊥> ≃ 36=hour for a repetition rate of 1 Hz) is reached for
(5): TFWHM ¼ 107 fs and wx ≃ 2.1w0. The red contours (1)-(5)
mark the results obtained for the probe pulse durations listed in
Table II; for intermediate times we use a smooth monotonic
interpolation NðTÞ of the these values.
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χ ¼ 1

1þ 2β2

ffiffiffiffiffiffi
Fβ

F0

s ����
β¼βopt

∈ ð0; 1�: ð21Þ

Note, that χ decreases with growing βopt.
For χ ∈ ð0; 1� also the right-hand side of Eq. (20) takes

values from the interval (0, 1]. Hence, the necessary
criterion for the existence of an optimal x-ray waist
maximizing the effect is

4α4

25ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 F0

P
≤ 1: ð22Þ

Equation (20) has no solution in the complementary
parameter regime. From the fact that the right-hand side
of Eq. (20) scales inversely with βopt, we can moreover infer
that the larger Eq. (22), the smaller the optimal x-ray waist.
When the equality holds, i.e., the criterion (15) is met,
βopt → 0. In this case all the photons become discernible.
Figure 4 exemplifies the dependence of the discernible

signal N⊥> on the probe waist for different pump pulse
energies W and polarization purities P: for pump pulse
energies meeting the criterion (22), N⊥> features a maxi-
mum at a finite value of β. The location βopt of the

maximum allows us to infer the optimal waist wopt
x .

From Fig. 4 it is clear that the optimal waist decreases
with increasing pump energy.
Moreover, specifically the inset in the upper panel of

Fig. 4 illustrates that the pump energy dependence of the
effect is enhanced for decreasing β. Recall, that Eqs. (18)
and (19) imply that N⊥> ∼W2κ. For the HiBEF parameters
given above (W ¼ 10 J), the optimal probe waist is
wopt
x ≃ 2.1w0. The exponent governing the pump energy

dependence associated with this value is 2κ ≃ 2.3. Hence,
for the choice of wx ¼ wopt

x ≃ 2.1w0 this exponent governs
the behavior of the signal N⊥> with regard to moderate
changes of the pump pulse energy at HiBEF.
On the other hand, the inset in the lower panel of

Fig. 4 highlights that the dependence of N⊥> ∼ P1−κ on the
polarization purity is also enhanced for decreasing β. For
the HiBEF parameters with wx ¼ wopt

x ≃ 2.1w0, the value of
the exponent governing the dependence of the signal
photon number on P is 1 − κ ≃ −0.14.
We note that in the parameter regime relevant for

an vacuum birefringence experiment at XFEL we generi-
cally have 1 − κ ≪ 2κ, such that the dependence of N⊥>
on P is much weaker than that on W. This immediately
suggests that an increase of the pump pulse energy by a
given factor is more effective for enhancing the signal
than an improvement of the polarization purity by the
same factor.
Finally, in an attempt to compare the observable N⊥>

analyzed in the present section with N⊥=ðNPÞ discussed in
Sec. IVA, we consider the analogous ratio for the number
of signal photons per background photon scattered outside
the discernibility angle ϑ¼,

N⊥>

N>P
¼ ð1þ 2β2Þ

ffiffiffiffiffiffi
F0

Fβ

s
: ð23Þ

This ratio counts the number of discernible polarization-
flipped signal photons per background photon. It depends
only on geometric properties of the experimental setup. For
the parameters available at HiBEF and a probe waist of
wx ¼ wopt

x ≃ 2.1w0 we have N⊥>=ðN>PÞ ≃ 8. A compari-
son with the value of N⊥=ðNPÞ ≃ 1=40 obtained below
Eq. (15) exemplifies the huge enhancement potential of the
study of discernible signals with respect to the inte-
grated ones.

C. Total number of discernible signal photons

Finally, we study the discernible part of the total number
of signal photons attainable in a polarization insensitive
measurement. By definition these photons fulfill

dNtot

ϑdϑ
≥

dN
ϑdϑ

: ð24Þ

0 2 4 6 8

0.01

0.02

0.03

0.04

0 2 4 6 8
2

3

4

2

0 2 4 6 8

0 2 4 6 8

0

1

FIG. 4. Upper panel: dependence of N⊥> (normalized)
on the pump pulse energy W for a polarization purity of
P ¼ 1.4 × 10−11. The inset highlights the β-dependence of the
exponent 2κ of the pump pulse energy; recall that N⊥> ∼W2κ.
Lower panel: dependence of N⊥> on the polarization purity P for
W ¼ 10 J. The inset highlights the β-dependence of the exponent
1 − κ of the polarization purity; recall that N⊥> ∼ P1−κ . The
XFEL pulse duration is fixed to option (5) in Table II. The other
parameters are fixed to those available at HiBEF: ω ¼ 12914 eV,
τ ¼ 42 fs, λ ¼ 800 nm, w0 ¼ 1.7 μm. To obtain a feeling for the
vertical scales in the upper and lower panels, note that the blue
dashed lines in both panels are for the same other.
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Due to the fact that generically dNtot=ðϑdϑÞjϑ¼0 <
dN=ðϑdϑÞjϑ¼0, there is always an angle ϑ¼ from which
onward this criterion is met. The explicit result for ϑ¼ can
be extracted from Eq. (6) and the first line of Eq. (11). It
reads

ϑ2¼ ¼ −2

ðωβw0Þ2ð1− 1
1þ2β2

ffiffiffiffi
Fβ

F0

q
Þ

×ln

�
784α4

225ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 Fβ

ð1þ2β2Þ2
�
: ð25Þ

Upon integration of dNtot=ðϑdϑÞ over all polar angles
fulfilling ϑ ≥ ϑ¼, we arrive at the following expression
for the discernible signal,

Ntot>≃Nð1þ2β2Þ
ffiffiffiffiffiffi
F0

Fβ

s

×

�
784α4

225ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4 Fβ

ð1þ2β2Þ2
�

κ

; ð26Þ

with exponent κ defined in Eq. (19). Obviously, the
parameter dependence of Ntot> is very similar to the one
inferred forN⊥> in Sec. IV B. In fact, Eq. (26) follows from
Eq. (18) upon substituting P → 1 and α4 → 196α4=9.
As no high-definition polarimetry is required for the

detection of this quantity, the probe pulse durations T

available for measuring Ntot> are those given in the second
column of Table II.
Figure 5 highlights the dependence of Ntot> on the probe

pulse duration T and probe waist wx for the parameters
available at HiBEF. A comparison with Fig. 3 unveils that
the maximum value for Ntot> is about a factor of 7 larger
than the maximum value for N⊥>. Also note that the
substantial difference in the values of wx for these maxima:
for the polarization-flipped signal we have wx ≃ 2.1w0, and
for the discernible signal studied here wx ≃ 4.5w0.
For the present observable, the analogue of the condition

(20) for the optimal waist is given by

784α4

225ð3πÞ32
�
W
me

ω

me

�
2
�
ƛC
w0

�
4

F0 ¼
1

χ2
exp

�
χ −

1

χ

�
; ð27Þ

with χ defined in Eq. (21). For the HiBEF parameters this
condition predicts an optimal probe waist ofwopt

x ≃ 4.5w0 in
accordancewith the value inferred from Fig. 5. Noteworthy,
for Ntot> the optimal waist is very stable with respect to
variations of all experimental parameters.
At the same time, the ratio counting the numbers of

signal photons per background photon reads

Ntot>

N>
¼ ð1þ 2β2Þ

ffiffiffiffiffiffi
F0

Fβ

s
: ð28Þ

Interestingly, this result exactly matches Eq. (23).
For the HiBEF parameters and wx ¼ wopt

x ≃ 4.5w0 we find
Ntot>=N> ≃ 32.6.
The dependence Ntot> ∼W2κ matches the one for N⊥>.

However, as noted above, in the present case the value of
the optimal probe waist is larger. Hence, for the HiBEF
parameters we arrive at a slightly different value of the
exponent as in Sec. IV B: for the present observable the
exponent is given by 2κ ≃ 2.06. See Fig. 6 for a more

FIG. 5. Dependence of the number of discernible signal
photons Ntot> on the probe pulse duration T and the focal spot
ratio β ¼ wx=w0 for a photon energy of ω ¼ 12914 eV. The
pump laser parameters are those available at HiBEF: W ¼ 10 J,
τ ¼ 42 fs, λ ¼ 800 nm, w0 ¼ 1.7 μm. The maximum number of
Ntot> ≃ 0.07=shot (Ntot> ¼ 241=hour for a repetition rate of
1 Hz) is reached for (5): TFWHM ¼ 107 fs and wx ≃ 4.5w0.
The red contours (1)–(5) mark the results obtained for the probe
pulse durations listed in Table II; for intermediate times we use a
smooth monotonic interpolation NðTÞ of the these values.
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FIG. 6. Dependence of N⊥> and Ntot> (normalized) on the
pump pulse energy W. The XFEL pulse duration is fixed
to option (5) in Tab. II. The other parameters are fixed to those
available at HiBEF: ω ¼ 12914 eV, P ¼ 1.4 × 10−11, τ ¼ 42 fs,
λ ¼ 800 nm, w0 ¼ 1.7 μm. The curves for N⊥> agree with those
plotted in the upper panel of Fig. 4.
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detailed study of the pump energy dependence of both
observables.
Because no high-definition polarimetry is needed for the

measurement of Ntot>, we are essentially free in choosing
the probe photon energy ω. On the other hand, the number
of photons available for probing at XFEL depends on the
chosen value of ω, such that N → NðωÞ; see Tables C.1-
C.6 of Ref. [43] for the explicit values for various values of
ω. From Eq. (26) one can see that Ntot> scales with ω as
Ntot> ∼ NðωÞω2κ, where 2κ ≃ 2.06; see the inset in Fig. 7
highlighting this dependence for the European XFEL.
Figure 7 demonstrates that Ntot> is essentially insensitive

to changes of the probe photon energy in the wide range of
8.27 keV ≤ ω ≤ 41.3 keV. At the European XFEL, the
maximum value of the discernible signal would be obtained
for the smallest considered frequency of ω ¼ 8.27 keV.
However, the gain relative to the photon energy of ω ¼
12914 eV assumed throughout this work is insignificant.

V. CONCLUSIONS AND OUTLOOK

In the present work, we have constructed an improved
analytic approximation for the differential numbers of
signal photons encoding the experimental signature of
vacuum birefringence and diffraction in the head-on
collision of an XFEL probe with a high-intensity laser
pump. Our approximation allows for quantitatively accu-
rate studies of the prospective signals; the relative deviation
to the corresponding exact, numerical results is on the 1%
level. One of the key advantages of our analytical results is
the possibility of a direct study of the behavior of the signal
under the variation of various experimental parameters.
Focusing on the experimental parameters available at

HiBEF at the European XFEL, and explicitly taking into

account the non-trivial dependence of the number of
XFEL photons available for probing on the XFEL pulse
duration and photon energy, we determined the optimal
choices for the parameters in experiment such as to
maximize the signal. To this end, we analyzed three
distinct experimental observables, namely the integrated
number of signal photons N⊥, the discernible number of
polarization-flipped signal photons N⊥> and the discern-
ible number of signal photons attainable in a polarization
insensitive measurement Ntot>. We showed that, due to the
distinct parameter dependencies, the optimization of each
of these observables requires different choices of the beam
waist of the probe. Moreover, we demonstrated that
maximizing the integrated (discernible) signal photon
number requires choosing the minimal (maximal) probe
pulse duration.
Even though throughout the present study we

explicitly limited ourselves to optimal laser pulse colli-
sions at zero impact parameter, we expect only minor
corrections when accounting for finite impact parameters
r0 ≲ w0, which amount to typical beam jitters of tightly
focused optical high-intensity lasers. In Sec. IV, we
inferred that the optimal discernible signals are obtained
for βopt > 1 ↔ wx > w, with βopt ¼ 2.1 (4.5) for the
⊥-polarized (total) signal. In this parameter regime
Eq. (12) predicts the reduction of the signal to be approx-
imately governed by ≈e−ðr0=wxÞ2. Hence, for impact param-
eters r0 ≤ w0 the signal is at most reduced by a factor of
≈e−1=β2 and the optimal parameters should essentially not be
modified. On the other hand, the optimal result for the
integrated number of signal photons is achieved for β ≪ 1.
In this limit, Eq. (12) predicts a reduction of the signal by at
most a factor of≈e−4 for r0 ≤ w0 independent ofwx. In turn,
also this finding should not be modified for collisions under
a finite impact parameter.
We expect our results to be of large relevance for the

identification of the optimal parameters for experiments
aiming at the detection of vacuum birefringence in XFEL/
high-intensity laser setups, particularly the one put forward
at HiBEF.

ACKNOWLEDGMENTS

The work has been funded by the Deutsche For-
schungsgemeinschaft (DFG) under Grant No. 416607684
within the Research Unit FOR2783/1 and was supported by
the state assignment of the Ministry of Science and Higher
Education of the Russian Federation (theme No. AAAA-
A20-120090990006-0). Moreover, E. A. M. would like to
thank the Helmholtz Institute Jena for hospitality and
support. Both authors are grateful to K. S. Schulze and B.
Marx-Glowna for helpful discussions.

0 2 4 6 8

0.02

0.04

0.06

0.08

10 20 30 40

FIG. 7. Dependence of the discernible signal Ntot> on β ¼
wx=w0 for TFWHM ¼ 107 fs and different probe photon energies
ω, but fixed other parameters of HiBEF: W ¼ 10 J, τ ¼ 42 fs,
λ ¼ 800 nm, w0 ¼ 1.7 μm. The inset shows the scaling of Ntot>
at the optimal waist of βopt ≃ 4.5 with ω for 2κ ≃ 2.06; recall that
Ntot> ∼ NðωÞω2κ .
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