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The form factors parametrizing the weak D and Ds transitions to light pseudoscalar and vector mesons
are calculated in the framework of the relativistic quark model based on the quasipotential approach. The
special attention is paid to the systematic account of the relativistic effects including transformation of the
meson wave function from the rest to moving reference frame and contributions of the intermediate
negative-energy states. The form factors are expressed through the overlap integrals of the meson wave
functions, which are taken from previous studies of meson spectroscopy. They are calculated in the whole
range of the transferred momentum q2. Convenient parametrization of the form factors which accurately
reproduces numerical results is given. The obtained values of the form factors and their ratios at q2 ¼ 0

agree well with the ones extracted form the experimental data. On the basis of these form factors and
helicity formalism, differential and total semileptonic decay rates of D and Ds mesons as well as different
asymmetries and polarization parameters are calculated. The detailed comparison of the obtained results
with other theoretical calculations and experimental data is given.
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I. INTRODUCTION

Semileptonic decays of heavy mesons provide an impor-
tant information on the values of the Cabbibo-Kobayashi-
Maskawa (CKM)matrix elements VQq (withQ denoting the
heavy quark and q the light one), which are essential
ingredients of the standard model. Experimentally such
decays can be measured more accurately than pure leptonic
ones since there is no helicity suppression for them.
Theoretically semileptonic decays are significantly less
complicated than hadronic ones as they contain one meson
and a lepton pair in the final state. The lepton part is easily
calculated using standard methods, while the hadronic part
factorizes thus reducing theoretical uncertainties. The had-
ronic matrix element is usually parametrized by the set of
invariant form factors, which are calculated using non-
perturbative approaches based on quantumchromodynamics

(QCD), such as lattice QCD,QCD sum rules, potential quark
models.
Recently significant experimental progress has been

achieved in studying semileptonic decays of the open
charm mesons [1]. More precise and detailed measure-
ments of the absolute and differential branching fractions
and form factors for D and Ds decays to pseudoscalar and
vector mesons became available due to high statistics
accumulated at BES III [2–10]. Various CKM- favored
and suppressed decay modes both with positron and muon
were investigated. This allows one to check the lepton
universality in D meson decays. Note that possible hints of
its violation were recently found in B decays [11]. More
precise and comprehensive data are expected form BES III
and Belle II [12] in near future.
In this paper we calculate the matrix elements of the

flavor changing charged weak current between initial D or
Ds mesons and final light pseudoscalar or vector mesons in
the framework of the relativistic quark model based on the
quasipotential approach. This model was successfully
applied for the calculations of the hadron spectroscopy
[13–16] and weak decays [17–21]. It was found that
relativistic effects play a very important role both for light
and heavy hadrons. Thus the form factors are calculated
with the consistent account of the relativistic quark dynam-
ics. They are expressed through the overlap integrals of the
meson wave functions which are known from the study of
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their spectroscopy. The momentum transfer q2 dependence
of form factors is explicitly determined in the whole
kinematical range without additional assumptions and
extrapolations.1 Then we use these form factors and the
helicity formalism for the calculation of the differential and
total branching fractions as well as polarization and
asymmetry parameters. We also compare our results with
available experimental data and previous predictions.
The paper is organized as follows. In Sec. II we briefly

describe our relativistic quark model with special emphasis
on calculation of the weak decay matrix elements between
meson states with the account of relativistic effects. This
model is applied in Sec. III to the consideration of semi-
leptonic decay form factors of open charmmesons. We give
the analytic expressions for the form factors which accu-
rately reproduce the numerical results for the momentum
transfer q2 dependence of the form factors in the whole
accessible kinematical range and compare them with
available data. Then in Sec. IV we use these form factors
to calculate the differential and total D and Ds meson
semileptonic decay rates and different asymmetries and
polarization parameters. Decays both with positrons and
muons are considered. This allows us to give predictions
for the ratios of the corresponding decay rates which can be
used for the test of the lepton universality in charm meson
decays. Finally, Sec. VI contains our conclusions.

II. RELATIVISTIC QUARK MODEL

For the calculation of meson properties we employ the
relativistic quark model based on the quasipotential
approach. In this model a meson with the mass M is
described by the wave function ΨMðpÞ of the quark-
antiquark bound state which satisfies the Schrödinger-like
quasipotential equation [13,23]2

�
b2ðMÞ
2μR

−
p2

2μR

�
ΨMðpÞ¼

Z
d3q
ð2πÞ3Vðp;q;MÞΨMðqÞ; ð1Þ

where p is the relative quark momentum. The relative
momentum squared in the center of mass system on the
mass shell is given by

b2ðMÞ ¼ ½M2 − ðm1 þm2Þ2�½M2 − ðm1 −m2Þ2�
4M2

; ð2Þ

and the relativistic reduced mass is defined by

μR ¼ M4 − ðm2
1 −m2

2Þ2
4M3

; ð3Þ

here m1;2 are the quark masses. The kernel of this equation
Vðp;q;MÞ is the QCD-motivated quark-antiquark potential
which is constructed by the off-mass-shell scattering ampli-
tude projected on the positive energy states. We assume [13]
that it consists from the one-gluon exchange term which
dominates at small distances and a mixture of the scalar and
vector linear confining interactions which dominate at large
distances. Note that the similar Lorentz structure for the
covariant interaction kernel was also assumed in Ref. [24].
Moreover, we assume that the long-range vertex of the
confining vector interaction contains additional Pauli term.
Then the quasipotential is given by

Vðp;q;MÞ ¼ ū1ðpÞū2ð−pÞVðp;q;MÞu1ðqÞu2ð−qÞ; ð4Þ

with

Vðp;q;MÞ ¼ 4

3
αsDμνðkÞγμ1γν2 þ VV

confðkÞΓμ
1ðkÞΓ2;μðkÞ

þ VS
confðkÞ; k ¼ p − q;

where αs is the QCD coupling constant, Dμν is the gluon
propagator in the Coulomb gauge, and γμ and uðpÞ are the
Dirac matrices and spinors, respectively. The long-range
vector vertex has the form

ΓμðkÞ ¼ γμ þ
iκ
2m

σμνkν; ð5Þ

where κ is the long-range anomalous chromomagnetic quark
moment. In the nonrelativistic limit confining vector and
scalar potentials reduce to

VV
confðrÞ¼ ð1− εÞðArþBÞ; VS

confðrÞ¼ εðArþBÞ; ð6Þ

and in the sum they reproduce the linear rising potential

VconfðrÞ ¼ VS
confðrÞ þ VV

confðrÞ ¼ Arþ B; ð7Þ

where ε is the mixing coefficient. Thus this quasipotential
can be viewed as the relativistic generalization of the
nonrelativistic Cornell potential

VNRðrÞ ¼ −
4

3

αs
r
þ Arþ B: ð8Þ

Our quasipotential contains both spin-independent and spin-
dependent relativistic contributions.
All parameters of the model were fixed from the

previous consideration of hadron spectroscopy and decays
]13 ]. Thus the values of constituent quark masses are

mb ¼ 4.88 GeV, mc ¼ 1.55 GeV, ms ¼ 0.5 GeV, mu;d ¼
0.33 GeV; the parameters of the linear potential are

1Note that this property is shared by other approaches working
in Minkowski space, such as the ones of Ref. [22]. The advantage
of our treatment is the knowledge of the meson wave functions
as the numerical solutions of the corresponding quasipotential
equation [13–16].

2This equation was obtained from the usual quasipotential
equation with the square root form of the off-shell energies by the
“rationalization” procedure in terms of covariant center of mass
system quantities [23].
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A ¼ 0.18 GeV2 and B ¼ −0.30 GeV; the mixing param-
eter of the vector and scalar confining potential is ε ¼ −1,
while the anomalous chromomagnetic quark moment
κ ¼ −1. We take the running QCD coupling constant with
infrared freezing

αsðμÞ ¼
4π

β0 ln
μ2þM2

0

Λ2

; ð9Þ

where β0 ¼ 11 − 2
3
nf, nf is the number of flavors,

Λ ¼ 413 MeV, M0 ¼ 2.24
ffiffiffiffi
A

p ¼ 0.95 GeV and the scale
μ is set to 2m1m2

m1þm2
.

The spectroscopy of heavy-light and light mesons was
discussed in detail in Refs. [14,15]. The calculated masses
for both of the ground and excited states were found in
agreement with available experimental data and exhibit
linear Regge trajectories. The meson wave functions were
also calculated and can be used for the evaluation of the
meson decays.
For the consideration of the D meson semileptonic

decays it is necessary to calculate the hadronic matrix
element of the local current governing the c → f (f ¼ s, d)
weak transition. In the quasipotential approach the matrix
element of this weak current JWμ ¼ f̄γμð1 − γ5Þc between
the initial DðsÞ meson with four-momentum pDðsÞ and final
meson F with four-momentum pF is given by [17]

hFðpFÞjJWμ jDðsÞðpDðsÞ Þi

¼
Z

d3pd3q
ð2πÞ6 Ψ̄FpF

ðpÞΓμðp;qÞΨDðsÞpDðsÞ
ðqÞ; ð10Þ

where ΨMpM
are the initial and final meson wave functions

projected on the positive energy states and boosted to the
moving reference frame with the three-momentum pM. The
vertex function

Γ ¼ Γð1Þ þ Γð2Þ; ð11Þ

where Γð1Þ is the leading-order vertex function which
corresponds to the impulse approximation

Γð1Þ
μ ðp;qÞ¼ ūfðpfÞγμð1− γ5ÞucðqcÞð2πÞ3δðpq−qqÞ ð12Þ

and contains the δ function responsible for the momentum
conservation on the spectator q antiquark line. The vertex
function Γð2Þ takes into account interaction of the active
quarks (c, f) with the spectator antiquark (q) and includes
the negative-energy part of the active quark propagator. It is
the consequence of the projection on the positive energy
states and has the form

Γð2Þ
μ ðp;qÞ ¼ ūfðpfÞūqðpqÞ

×

�
Vðpq − qqÞ

Λð−Þ
f ðk0Þ

ϵfðk0Þ þ ϵfðqcÞ
γ01γ1μð1 − γ51Þ

þ γ1μð1 − γ51Þ
Λð−Þ
c ðkÞ

ϵcðkÞ þ ϵcðpfÞ
γ01Vðpq − qqÞ

�

× ucðqcÞuqðqqÞ; ð13Þ

where k ¼ pf −Δ; k0 ¼ qc þΔ; Δ ¼ pF − pD; ϵðpÞ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þm2

p
; and the projection operator on the negative-

energy states

Λð−ÞðpÞ ¼ ϵðpÞ − ðmγ0 þ γ0ðγpÞÞ
2ϵðpÞ :

Note that the δ function in the vertex function Γð1Þ
[Eq. (12)] allows us to take off one of the integrals in
the expression for the matrix element Eq. (10). As the result
the usual expression for the matrix element as the overlap
integral of the meson wave functions is obtained. The
contribution Γð2Þ [Eq. (13)] is significantly more compli-
cated and contains the quasipotential of the quark-antiquark
interaction V [Eq. (4)] which has nontrivial Lorentz-
structure. However, it is possible to use the quasipotential
equation (1) to get rid of one of the integrations in Eq. (10)
and thus get again the usual structure of the matrix element
as the overlap integral of meson wave functions (for details
see Refs. [17,18]).
Calculations of hadron decays are usually done in the

rest frame of the decaying hadron, the DðsÞ meson in the
considered case, where the decaying meson momentum
pD ¼ 0. Then the final meson F is moving with the recoil
momentum Δ ¼ pF and its wave function should be
boosted to the moving reference frame. The wave function
of the moving meson ΨFΔ is connected with the wave
function in the rest frame ΨF0 by the transformation [17]

ΨFΔðpÞ ¼ D1=2
f ðRW

LΔ
ÞD1=2

q ðRW
LΔ
ÞΨF0ðpÞ; ð14Þ

where RW is the Wigner rotation, LΔ is the canonical
Lorentz boost from the meson rest frame to a moving one
and D1=2ðRÞ is the spin rotation matrix.

III. WEAK DECAY FORM FACTORS

In the standard model the semileptonic D and Ds meson
decays to a pseudoscalar (P) or a vector (V) mesons are
governed by the flavor-changing c → qlνl (q ¼ s, d)
current. The corresponding matrix element M between
meson states factorizes in the product of the leptonic (Lμ)
current and the matrix element of the hadronic (Hμ) current
with the corresponding CKM matrix element Vcq and the
Fermi constant GF
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MðDðsÞ → PðVÞlνlÞ ¼
GFffiffiffi
2

p VcqHμLμ; ð15Þ

where Lμ¼ν̄lγμð1−γ5Þl and Hμ¼hPðVÞjq̄γμð1−γ5ÞcjDðsÞi.
The leptonic part is easily calculated using the lepton
spinors and has a simple structure, while the hadronic part
is significantly more complicated and requires nonpertur-
bative treatment within QCD.
The hadronic matrix element of weak current JW

between meson states is usually parametrized by the
following set of the invariant form factors.

(i) For DðsÞ transitions to pseudoscalar P (π, K, η, η0)
mesons

hPðpPÞjq̄γμcjDðsÞðpDðsÞ Þi

¼ fþðq2Þ
�
pμ
DðsÞ þ pμ

P −
M2

DðsÞ −M2
P

q2
qμ
�

þ f0ðq2Þ
M2

DðsÞ −M2
P

q2
qμ;

hPðpPÞjq̄γμγ5cjDðsÞðpDðsÞ Þi ¼ 0; ð16Þ

(ii) ForDðsÞ transitions to vector V (ρ, ω, K�, ϕ) mesons

hVðpVÞjq̄γμcjDðsÞðpDðsÞ Þi

¼ 2iVðq2Þ
MDðsÞ þMV

ϵμνρσϵ�νpDðsÞρpVσ;

hVðpVÞjq̄γμγ5cjDðsÞðpDðsÞ Þi

¼ 2MVA0ðq2Þ
ϵ� · q
q2

qμ þ ðMDðsÞ þMVÞA1ðq2Þ

×

�
ϵ�μ −

ϵ� · q
q2

qμ
�
− A2ðq2Þ

ϵ� · q
MDðsÞ þMV

×

�
pμ
DðsÞ þ pμ

V −
M2

DðsÞ −M2
V

q2
qμ
�
: ð17Þ

At the maximum recoil point (q2 ¼ 0) these form factors
satisfy the following conditions:

fþð0Þ ¼ f0ð0Þ;

A0ð0Þ ¼
MDðsÞ þMV

2MV
A1ð0Þ −

MDðsÞ −MV

2MV
A2ð0Þ:

We use the quasipotential approach and the relativistic
quark model discussed in Sec. II for the calculation of the
weak decay matrix elements and transition form factors.
We substitute the leading Γð1Þ [Eq. (12)] and subleading
Γð2Þ [Eq. (13)] vertex functions in the expression for the
matrix element of the weak current between meson states
(10). This matrix element is considered in the rest frame of
the decaying DðsÞ meson, then the boost of the final meson
wave function ΨF from the rest to moving reference frame

with the recoil momentum Δ ¼ pF should be considered. It
is given by Eq. (14). Thus we take into account all
relativistic effects including the relativistic contributions
of intermediate negative-energy states and relativistic trans-
formations of the meson wave functions. The resulting
expressions for the decay form factors have the form of the
overlap integrals of initial and final meson wave functions.
They are rather cumbersome and are given in Refs. [17,18].
For the numerical evaluation of the decay form factors we
use the meson wave functions obtained in calculating their
mass spectra [14,16]. This is a significant advantage of our
approach since in most of the previous model calculations
some phenomenological wave functions (such as Gaussian)
were used. Moreover, our relativistic approach allows us to

TABLE I. Form factors of the weak D meson transitions.

Decay Form factor Fð0Þ Fðq2maxÞ σ1 σ2

D → K fþ 0.716 1.538 0.902 1.07
f0 0.716 1.086 0.360 1.657

D → K� V 0.927 1.305 0.356 −0.490
A0 0.655 1.048 0.432 −0.840
A1 0.608 0.660 0.410 0.166
A2 0.520 0.623 0.582 −0.917

D → π fþ 0.640 2.336 0.332 0.557
f0 0.640 1.318 −0.345 1.133

D → ρ V 0.979 1.884 0.264 −2.001
A0 0.712 1.377 0.282 −0.826
A1 0.682 0.782 0.567 0.352
A2 0.640 0.815 0.964 0.645

D → η fþ 0.547 1.228 1.153 1.519
f0 0.547 0.683 0.408 3.147

D → η0 fþ 0.538 0.804 −0.203 −4.686
f0 0.538 0.547 −0.950 1.038

D → ω V 0.871 1.709 0.146 −2.775
A0 0.647 1.178 0.224 −0.759
A1 0.674 0.765 0.542 0.350
A2 0.713 0.802 0.997 2.176

TABLE II. Form factors of the weak Ds meson transitions.

Decay Form factor Fð0Þ Fðq2maxÞ σ1 σ2

Ds → η fþ 0.443 1.554 0.675 −0.856
f0 0.443 0.550 −0.302 1.634

Ds → η0 fþ 0.559 1.001 0.719 −2.123
f0 0.559 0.654 −0.499 −0.124

Ds → ϕ V 0.999 1.687 0.467 −4.020
A0 0.713 0.988 0.412 0.903
A1 0.643 0.746 0.621 −0.317
A2 0.492 0.645 0.447 −3.622

Ds → K fþ 0.674 2.451 1.255 −0.935
f0 0.674 1.174 0.216 1.241

D → K� V 0.959 1.966 0.425 −2.444
A0 0.629 1.103 0.281 −0.435
A1 0.596 0.733 0.835 0.423
A2 0.540 0.702 1.266 1.425
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FIG. 1. Form factors of the weak D meson transitions.
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determine the form factor dependence on the transferred
momentum q2 in the whole accessible kinematical range
without additional approximations and extrapolations.
We find that the numerical results for these decay form

factors can be approximated with high accuracy by the
following expressions:
(a) fþðq2Þ, Vðq2Þ, A0ðq2Þ

Fðq2Þ ¼ Fð0Þ
ð1 − q2

M2Þ
�
1 − σ1

q2

M2
D�
ðsÞ
þ σ2

q4

M4
D�
ðsÞ

� ; ð18Þ

(b) f0ðq2Þ, A1ðq2Þ, A2ðq2Þ

Fðq2Þ ¼ Fð0Þ�
1 − σ1

q2

M2
D�
ðsÞ
þ σ2

q4

M4
D�
ðsÞ

� ; ð19Þ

where for the decays governed by the CKM favored
c → s transitionsmasses of the intermediateDsmesons
are used:M ¼ MD�

s
¼ 2.112 GeV for the form factors

fþðq2Þ, Vðq2Þ and M ¼ MDs
¼ 1.968 GeV for the

form factor A0ðq2Þ. While for the decays governed by
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FIG. 2. Form factors of the weak Ds meson transitions.
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the CKM suppressed (c → d) transitions masses of the
intermediate D mesons are taken as follows: M ¼
MD� ¼ 2.010 GeV for the form factors fþðq2Þ, Vðq2Þ
andM ¼ MD ¼ 1.870 GeV for the form factorA0ðq2Þ.
The values of form factors Fð0Þ, Fðq2maxÞ and fitted
parameters σ1;2 are given in Tables I and II.We estimate
the uncertainties of the calculated form factors to be less
than 5%. The form factors are plotted in Figs. 1 and 2.

In Fig. 3 we compare our predictions for the product
fþðq2ÞjVcqj with experimental data from Belle [25] and
BABAR [26] and lattice results [27,28] for the weakD → K
andD → π transitions. On the same plots we also show our
results for f0ðq2ÞjVcqj in comparison with lattice [27] data.
We find the agreement within error bars with experimental
values in the whole kinematical range for both transitions.
There is also a nice accord with lattice results for the form
factors of the D → π transition (there is a small difference
only near q2max), while for the D → K transition our form
factors have systematically somewhat larger values for
q2 > 0.7 GeV2. Note that in general our form factors better

agree with data in the accessible kinematical range than
lattice ones.
In Table III we compare theoretical predictions for the

form factors of the weak D and Ds meson transitions to
pseudoscalar mesons at q2 ¼ 0 with available experimental
data. The authors of Ref. [29] calculated form factors in the
framework of the covariant confining quark model. The
covariant light-front quark model was employed in
Refs. [30–32], while in Ref. [33] calculations were done
using light-cone sum rules in the framework of heavy quark
effective field theory. Lattice QCD simulations in Ref. [27]
were carried out with Nf ¼ 2þ 1þ 1 dynamical quarks.
Experimental values were taken from very recent report on
world averages of measurements of hadron properties
obtained by the Heavy Flavor Averaging Group [34].
Good agreement of our predictions with data is found.
Only for the D → η transition fþð0Þ is somewhat larger
than experimental value.
For the weak Dþ and Ds meson transitions to

vector mesons only the ratios of the form factors at

D K
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0.5

1.0

1.5

2.0
D

0.0 0.5 1.0 1.5 2.0 2.5 3.0
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FIG. 3. Comparison of our predictions for the product fþðq2ÞjVcqj (solid curve) and f0ðq2ÞjVcqj (dashed curve) with experimental
data for fþðq2ÞjVcqj form Belle [25] (orange dots with error bars) and BABAR [26] (red dots with error bars) and lattice results [27] for
fþðq2ÞjVcqj (green dots with error bars) and f0ðq2ÞjVcqj (magenta dots with error bars) of the weakD → K (q ¼ s) andD → π (q ¼ d)
transitions.

TABLE III. Comparison of various theoretical predictions for the form factors fþð0Þ of the weak D and Ds meson transitions to
pseudoscalar mesons with available experimental data.

Decay Our [29] [30–32] [33] Lattice [27] Experiment [7,8,34]

D→K 0.716 0.77 0.79(1) 0.661ð67Þð66Þ
0.765(31) 0.7361(34)

D→π 0.640 0.63 0.66(1) 0.635ð60Þð57Þ
0.612(35) 0.6351(81)

D→η 0.547 0.36 0.55(1) 0.556ð56Þð53Þ
0.38(3)

D→η0 0.538 0.36 0.45(1)
Ds→η 0.443 0.49 0.48(3) 0.611ð62Þð54Þ

0.4576(70)

Ds → η0 0.559 0.59 0.59(3) 0.490(51)
Ds→K 0.674 0.60 0.66 0.820ð80Þð71Þ

0.720(85)
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maximum recoil of the final meson (q2 ¼ 0) are obtained
experimentally

rV ¼ Vð0Þ
A1ð0Þ

; r2 ¼
A2ð0Þ
A1ð0Þ

: ð20Þ

There have been many measurements and calculations of
these ratios. In Table IV we compare some of theoretical

predictions with averaged experimental data from PDG [1]
and recent BES III [2–10] measurements. Once again our
results agree well with data.

IV. SEMILEPTONIC DECAYS

The differential decay rate of the semileptonic DðsÞ
decays can be expressed in the following form [29]

dΓðDðsÞ → FlþνlÞ
dq2dðcos θÞ ¼ G2

F

ð2πÞ3 jVcqj2
λ1=2ðq2 −m2

lÞ2
64M3

DðsÞq
2

�
ð1þ cos2θÞHU þ 2sin2θHL þ 2 cos θHP

þm2
l

q2
ðsin2θHU þ 2cos2θHL þ 2HS − 4 cos θHSLÞ

�
; ð21Þ

where λ≡ λðM2
DðsÞ ;M

2
F; q

2Þ ¼ M4
DðsÞ þM4

F þ q4 − 2ðM2
DðsÞM

2
F þM2

Fq
2 þM2

DðsÞq
2Þ, ml is the lepton mass, and the polar

angle θ is the angle between the momentum of the charged lepton in the rest frame of the intermediate W-boson and the
direction opposite to the final F meson momentum in the rest frame of DðsÞ. The bilinear combinations HI of the helicity
components of the hadronic tensor are defined by [29]

HU ¼ jHþj2 þ jH−j2; HL ¼ jH0j2; HP ¼ jHþj2 − jH−j2; HS ¼ jHtj2; HSL ¼ ℜðH0H
†
t Þ; ð22Þ

and the helicity amplitudes are expressed through invariant form factors.
(i) For DðsÞ → P transitions

H� ¼ 0; H0 ¼
λ1=2ffiffiffiffiffi
q2

p fþðq2Þ; Ht ¼
1ffiffiffiffiffi
q2

p ðM2
DðsÞ −M2

PÞf0ðq2Þ: ð23Þ
(ii) For DðsÞ → V transitions

H�ðq2Þ ¼
λ1=2

MDðsÞ þMV

�
Vðq2Þ ∓ ðMDðsÞ þMVÞ2

λ1=2
A1ðq2Þ

�
;

H0ðq2Þ ¼
1

2MV

ffiffiffiffiffi
q2

p
�
ðMDðsÞ þMVÞðM2

DðsÞ −M2
V − q2ÞA1ðq2Þ −

λ

MDðsÞ þMV
A2ðq2Þ

�
;

Ht ¼
λ1=2ffiffiffiffiffi
q2

p A0ðq2Þ: ð24Þ

TABLE IV. Comparison of various theoretical predictions for the ratios of the form factors rV ¼ Vð0Þ=A1ð0Þ and r2 ¼ A2ð0Þ=A1ð0Þ of
the weak Dþ and Ds meson transitions to vector mesons with available experimental data.

Ratio Theory Experiment

Decay Our [29] [30–32] [33] PDG [1] BES III [2–10]
D → K� rV 1.53 1.22(24) 1.36(2) 1.39ð9Þð10Þ

1.49(5) 1.406(62)

r2 0.85 0.92(18) 0.83(3) 0.60ð9Þð8Þ
0.802(21) 0.784(48)

D → ρ rV 1.44 1.26(25) 1.46(3) 1.34ð14Þð13Þ
1.48(16) 1.695(98)

r2 0.94 0.93(19) 0.78(2) 0.62ð8Þð8Þ
0.83(12) 0.845(68)

D → ω rV 1.29 1.24(25) 1.47(4) 1.33ð15Þð13Þ
1.24(11)

r2 1.05 0.95(19) 0.84(2) 0.60ð9Þð9Þ
1.06(16)

Ds → ϕ rV 1.56 1.34(27) 1.42(2) 1.37ð24Þð21Þ
1.80(8)

r2 0.77 0.99(20) 0.86(1) 0.53ð10Þð6Þ
0.84(11)

Ds → K� rV 1.61 1.40(28) 1.55(5) 1.31ð19Þð16Þ
1.67(38)

r2 0.90 0.99(20) 0.82(2) 0.53ð10Þð6Þ
0.77(29)
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The expression (21) normalized by the decay rate
dΓ=dq2, which is obtained by the integration of (21) over
cos θ, can be rewritten as

1

dΓ=dq2
dΓðDðsÞ→FlþνlÞ

dq2dðcosθÞ

¼ 1

2

�
1−

1

3
Cl
Fðq2Þ

�
þAFBðq2Þcosθþ

1

2
Cl
Fðq2Þcos2θ;

ð25Þ

where the forward-backward asymmetry is defined by

AFBðq2Þ

¼
R
1
0 dðcos θÞdΓ=dðcos θÞ −

R
0
−1 dðcos θÞdΓ=dðcos θÞR

1
0 dðcos θÞdΓ=dðcos θÞ þ

R
0
−1 dðcos θÞdΓ=dðcos θÞ

¼ 3

4

HP − 2
m2

l
q2 HSL

Htotal
; ð26Þ

and lepton-side convexity parameter, which is the second
derivative of the distribution (25) over cos θ, is given by

Cl
Fðq2Þ ¼

3

4

�
1 −

m2
l

q2

�
HU − 2HL

Htotal
: ð27Þ

Here the total helicity structure

Htotal ¼ ðHU þHLÞ
�
1þ m2

l

2q2

�
þ 3m2

l

2q2
HS ð28Þ

enters the differential decay distribution (21) integrated
over cos θ

dΓðDðsÞ→FlþνlÞ
dq2

¼ G2
F

ð2πÞ3 jVcqj2
λ1=2ðq2−m2

lÞ2
24M3

DðsÞq
2

Htotal:

ð29Þ

Other useful observables are the longitudinal polariza-
tion of the final charged lepton l defined by [29]

Pl
Lðq2Þ ¼

ðHU þHLÞð1 − m2
l

2q2Þ −
3m2

l
2q2 HS

Htotal
; ð30Þ

and its transverse polarization [29]

Pl
Tðq2Þ ¼ −

3πml

8
ffiffiffiffiffi
q2

p HP þ 2HSL

Htotal
: ð31Þ

For the decays DðsÞ → V the longitudinal polarization
fraction of the final vector meson is given by [29]

FLðq2Þ ¼
HLð1þ m2

l
2q2Þ þ

3m2
l

2q2 HS

Htotal
; ð32Þ

then its transverse polarization fraction FTðq2Þ ¼
1 − FLðq2Þ.

V. RESULTS AND DISCUSSION

Now we substitute the form factors calculated in Sec. III
in the expressions for helicity amplitudes, Eq. (23) and
Eq. (24), and then evaluate differential and total decay rates
of semileptonic DðsÞ decays. In Fig. 4 we confront our
results with experimental data from BABAR [26], CLEO
[35] and BESIII [2,36] Collaborations for D → Keνe
and D → πeνe differential decay rates. Good agreement
in the whole accessible kinematical range is observed.
In Tables V–VII we compare our and previous theore-
tical predictions [29,30,33] with experimental data from

D K
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FIG. 4. Comparison of our predictions for the weak D → Keνe and D → πeνe differential decay rates with experimental data form
BABAR [26,37] (blue dots with error bars), CLEO [35] (orange dots with error bars), and BES III [2,36] for neutral D0 (red dots with
error bars) and charged Dþ with the account of isospin factor (green dots with error bars).
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PDG [1] and recent data from BES III [2–10]
Collaboration. We roughly estimate the uncertainties of
our calculations to be within 10%. For all decays we find
agreement with experimental data within error bars. Only
for the D → K�lνl decay branching fractions we obtain
somewhat lower central values than the data [1], while
Refs. [29,30] give significantly larger values. Thus the
precise measurement of these branching fractions is the
important test of the models.

Recently possible hints of the violation of the lepton
universality were found in B decays where deviations from
the standard model predictions for the ratios of the semi-
leptonic decay branching fractions involving muon and
electron were observed. In Table VIII we give our results
for the corresponding ratios of D decays

RF ¼ ΓðDðsÞ → FμþνμÞ
ΓðDðsÞ → FeþνeÞ

ð33Þ

TABLE V. Comparison of various theoretical predictions for the branching ratios (in %) of the CKM-favored D → Kð�Þlνl
semileptonic decays with available experimental data.

Theory Experiment

Decay Our [29] [30] [33] PDG [1] BES III [2,6,9]

Dþ → K̄0eþνe 9.02 9.28 10.32(93) 8.12ð1.19Þð1.08Þ
8.73(10) 8.60(16)

Dþ → K̄0μþνμ 8.85 9.02 10.07(91) 7.98ð1.16Þð1.06Þ
8.76(19)

D0 → K−eþνe 3.56 3.63 4.1(4) 3.20ð47Þð43Þ
3.542(35) 3.505(36)

D0 → K−μþνμ 3.49 3.53 4.2(4) 3.10ð46Þð42Þ
3.41(4) 3.413(39)

Dþ → K̄�0eþνe 4.87 7.61 7.5(7) 5.37ð24Þð23Þ
5.40(10)

Dþ → K̄�0μþνμ 4.62 7.21 7.0(7) 5.10ð23Þð21Þ
5.27(15)

D0 → K�−eþνe 1.92 2.96 3.0(3) 2.12ð9Þð9Þ
2.15(16) 2.033(66)

D0 → K�−μþνμ 1.82 2.80 2.8(3) 2.01ð9Þð8Þ
1.89(24)

TABLE VI. Comparison of various theoretical predictions for the branching ratios (in 10−3) of the CKM-suppressed D meson
semileptonic decays with available experimental data.

Theory Experiment

Decay Our [29] [30] [33] PDG [1] BES III [3,5,10]

Dþ → π0eþνe 3.53 2.9 4.1(3) 3.52ð45Þð38Þ
3.72(17) 3.63(9)

Dþ → π0μþνμ 3.47 2.8 4.1(3) 3.49ð45Þð38Þ
3.50(15) 3.50(15)

D0 → π−eþνe 2.78 2.2 3.2(3) 2.78ð35Þð30Þ
2.91(4) 2.95(5)

D0 → π−μþνμ 2.74 2.2 3.2(3) 2.75ð35Þð30Þ
2.67(12) 2.72(10)

Dþ → ρ0eþνe 2.49 2.09 2.3(2) 2.29ð23Þð16Þ 2.18ð17Þð25Þ
1.860(93)

Dþ → ρ0μþνμ 2.39 2.01 2.2(2) 2.20ð21Þð16Þ
2.4(4)

D0 → ρ−eþνe 1.96 1.62 1.8(2) 1.81ð18Þð13Þ
1.77(16) 1.445(70)

D0 → ρ−μþνμ 1.88 1.55 1.7(2) 1.73ð17Þð13Þ
1.89(24)

Dþ → ηeþνe 1.24 0.938 1.2(1) 0.86ð16Þð15Þ
1.11(7) 1.074(98)

Dþ → ημþνμ 1.21 0.912 1.2(1) 0.84ð16Þð14Þ
Dþ → η0eþνe 0.225 0.200 0.18(2) 0.20(4) 0.191(53)
Dþ → η0μþνμ 0.211 0.190 0.17(2)

Dþ → ωeþνe 2.17 1.85 2.1(2) 1.93ð20Þð14Þ
1.69(11) 2.05(72)

Dþ → ωμþνμ 2.08 1.78 2.0(2) 1.85ð19Þð13Þ
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in comparison with previous predictions [29,30], lattice
[27], and experimental data form the BES III Collaboration
[3,4,6,34]. We see that the standard model predictions are
consistent with current experimental data.
We also calculate the forward-backward asymmetry

AFBðq2Þ [Eq. (26)], the lepton-side convexity parameter
Cl
Fðq2Þ [Eq. (27)], the longitudinal Pl

Lðq2Þ [Eq. (30)] and
transverse Pl

Tðq2Þ [Eq. (31)] polarization of the final
charged lepton, and longitudinal polarization FLðq2Þ of
the final vector meson, Eq. (32). As an example in Figs. 5
and 6 we plot these asymmetries and polarization param-
eters for Dþ → π0lþνl and Dþ → K̄�0lþνl decays.

In Table IX we present our predictions for the mean
values of the polarization and asymmetry parameters for the
semileptonicD and Ds decays. These values were obtained
by separately integrating corresponding partial differential
decay rates in numerators and the total decay rates in
denominators. Since we neglect the small positron mass,
for all decaysDþ

ðsÞ→Veþνe, hPe
Li ¼ 1 and hPe

Ti ¼ 0, while

for decays Dþ
ðsÞ→Peþνe, hAFBi¼0 and hCe

Fi¼−1.5. Note
that in Ref. [29] close values of these parameters were
found. Experimentally only the ratios of the partial decay
rates of the final vector meson states with longitudinal and

TABLE VII. Comparison of various theoretical predictions for the branching ratios (in %) of the Ds meson semileptonic decays with
available experimental data.

Theory Experiment

Decay Our [29] [30] [33] PDG [1] BES III [4,7,8]

Ds → ηeþνe 2.37 2.24 2.26(21) 1.27ð26Þð20Þ
2.29(19) 2.323(89)

Ds → ημþνμ 2.32 2.18 2.22(20) 1.25ð25Þð20Þ
2.4(5) 2.42(47)

Ds → η0eþνe 0.87 0.83 0.89(9) 0.74(14) 0.824(78)
Ds → η0μþνμ 0.83 0.79 0.85(8) 1.1(5) 1.06(54)

Ds → ϕeþνe 2.69 3.01 3.1(3) 2.53ð37Þð40Þ
2.39(16) 2.26(46)

Ds → ημþνμ 2.54 2.85 2.9(3) 2.40ð35Þð37Þ
1.9(5) 1.94(54)

Ds → K0eþνe 0.40 0.20 0.27(2) 0.390ð74Þð57Þ
0.39(9) 0.325(4)

Ds → K0μþνμ 0.39 0.20 0.26(2) 0.383ð72Þð56Þ
Ds → K�0eþνe 0.21 0.18 0.19(2) 0.233ð29Þð30Þ

0.18(4) 0.237(33)

Ds → K�0μþνμ 0.20 0.17 0.19(2) 0.224ð27Þð29Þ

TABLE VIII. Test of the e − μ lepton flavor universality. Comparison of theoretical predictions for the ratios R of the weak D and Ds
meson semileptonic decays with available experimental data.

Decay Our [29] [30] Lattice [28] Experiment [3,4,6,34]

D → K 0.980 0.97 0.976 0.975(1)
�
0.974ð14Þ K−
1.00ð3Þ K̄0

D → π 0.985 0.98 1.00 0.985(2)
�
0.964ð40Þ π0

0.922ð40Þ π−

D → K� 0.946 0.95 0.933
D → ρ 0.959 0.96 0.957
D → η 0.976 0.97 1.00
D → η0 0.937 0.95 0.944
D → ω 0.959 0.96 0.952
Ds → η 0.977 0.97 0.982 1.05(24)
Ds → η0 0.952 0.95 0.956 1.14(68)
Ds → ϕ 0.944 0.95 0.936 0.86(29)
Ds → K 0.984 1.00 0.963
Ds → K� 0.958 0.95 1.00
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FIG. 5. Polarization and asymmetry parameters for the semileptonic Dþ → π0lþνl decays.
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FIG. 6. Polarization and asymmetry parameters for the semileptonic Dþ → K̄�0lþνl decays.
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transverse polarization ΓL=ΓT ¼ hFLi=ð1 − hFLiÞ have
been measured forDþ→K̄�0lþνl andDs→ϕlþνl decays.
The experimental values for these ratios are 1.13�
0.08 and 0.72� 0.18 [1], respectively. The first value is
in agreement with our prediction ΓL=ΓT ¼ 1.16, while the
second one is somewhat smaller than predicted ΓL=ΓT ¼
1.19. Values of these ratios, close to ours, were obtained
in Ref. [29].

VI. CONCLUSIONS

In the framework of the relativistic quark model based on
the quasipotential approach we calculated the form factors
of the semileptonic D and Ds meson transitions. The
relativistic effects including wave function transformations
from the rest to moving reference frame and contributions
of the intermediate negative energy states were consistently
taken into account. This allowed us to reliably calculate the
form factors in the whole accessible kinematical range
without additional approximations and/or extrapolations.
The form factors were expressed through the overlap
integrals of the meson wave functions. These wave func-
tions were obtained in our previous study of the heavy-light
and light meson spectroscopy. This fact significantly
increases self-consistency and reliability of our approach,

since in most of the previous quark model studies of
semileptonic decays some ad hoc form of the wave
function (mostly Gaussian) had been used. It was found
that our numerical results for the form factors and their q2

dependence can be well approximated by Eqs. (18) and
(19). The parameters of the fit are collected in Tables I, II.
The calculated values of the form factors fþðq2Þ for the
decays to pseudoscalar mesons and the ratios of the form
factors r2 and rV for the decays to vector mesons at q2 ¼ 0
agree within errors with the experimental data (see
Tables III, IV). The form factors fþðq2Þ of the weak D
transitions to pseudoscalar K and π mesons agree well with
data form Belle [25] and BABAR [26] Collaborations in the
whole q2 range.
These form factors were applied for the calculation of

differential and total decay rates of semileptonic decays of
D and Ds using the helicity formalism. The obtained
differential decay distributions (29) for D decays to
pseudoscalar mesons, plotted in Fig. 4, agree with exper-
imental data from the BABAR [26] and CLEO [35]
Collaborations. The calculated total branching fractions
are also in good agreement with averaged experimental
values from PDG [1] and recent data from the BES III
Collaboration [2–10]. To test lepton universality in the
semileptonic DðsÞ meson decays we calculated the ratios of
the branching fractions of decays involving muons to the
ones involving positrons. These ratios are collected in
Table VIII in comparison with other theoretical predictions
and available experimental data. Within current experi-
mental accuracy no deviations of data from the standard
model predictions are found. We also calculated the
forward-backward asymmetries, the lepton and vector
meson longitudinal and transverse polarization parameters
which can be measured in future experiments. Their mean
values are collected in Table IX.
We presented the detailed comparison of our results with

other theoretical predictions. In most cases better agree-
ment of our values with data is found. The further increase
of the experimental accuracy and new measurements can
help to better understand quark dynamics in mesons. This
could be realized in the future super tau-charm facility
[38–40] which is hotly discussed to construct.
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TABLE IX. Predictions for the polarization and asymmetry
parameters for the semileptonic D and Ds decays.

Decay hAFBi hCl
Fi hPl

Li hPl
Ti hFLi

Dþ
ðsÞ → Peþνe 0 −1.5 1 0

Dþ → K̄μþνμ −0.053 −1.34 0.85 −0.42
Dþ → π0μþνμ −0.040 −1.38 0.89 −0.36
Dþ → ημþνμ −0.052 −1.34 0.85 −0.40
Dþ → η0μþνμ −0.097 −1.20 0.72 −0.56
Dþ → K̄�0eþνe −0.22 −0.47 1 0 0.54
Dþ → K̄�0μþνμ −0.25 −0.37 0.90 −0.15 0.54
Dþ → ρ0eþνe −0.26 −0.42 1 0 0.52
Dþ → ρ0μþνμ −0.28 −0.34 0.92 −0.12 0.52
Dþ → ωeþνe −0.25 −0.39 1 0 0.51
Dþ → ωμþνμ −0.27 −0.32 0.93 −0.11 0.50
Ds → K̄0μþνμ −0.038 −1.38 0.89 −0.34
Dþ

s → ημþνμ −0.043 −1.37 0.88 −0.35
Dþ

s → η0μþνμ −0.080 −1.26 0.77 −0.51
Ds → K̄�0eþνe −0.26 −0.41 1 0 0.52
Ds → K̄�0μþνμ −0.29 −0.33 0.92 −0.11 0.51
Ds → ϕeþνe −0.21 −0.49 1 0 0.54
Ds → ϕμþνμ −0.24 −0.35 0.90 −0.15 0.54
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