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We compute supersymmetric indices to test mirror symmetry of three-dimensional (3D) N ¼ 4 gauge
theories and dualities of half-Bogomol’ny Prasad Sommerfield enriched boundary conditions and
interfaces in four-dimensional N ¼ 4 super Yang-Mills theory. We find the matching of indices as
strong evidences for various dualities of the 3D interfaces conjectured by Gaiotto and Witten under the
action of S-duality in Type IIB string theory.
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I. INTRODUCTION AND CONCLUSIONS

Three-dimensional (3D) N ¼ 4 supersymmetric gauge
theories have a moduli space of supersymmetric vacua
consisting of a Higgs branch MH and a Coulomb branch
MC which are hyperkähler manifolds. The theories have an
intriguing duality, known as mirror symmetry, which
relates theories with completely different UV descriptions
where the Higgs branch and the Coulomb branch are
exchanged and fayet iliopoulos parameters and mass
parameters are exchanged [1]. This mapping is very non-
trivial. The Higgs branch is a hyperkähler quotient realized
as a zero locus of the D-term constraints divided by the
gauge group. On the Higgs branch, the gauge symmetry is
broken completely and the Higgs branch is not affected by
the quantum correction. On the Coulomb branch, the gauge
group is generically broken to its maximal torus. Unlike the
Higgs branch, the Coulomb branch receives perturbative
and nonperturbative quantum corrections.
The quantum Coulomb branch is studied in terms of

Hilbert series in [2]. The Hilbert series is a generating
function that counts chiral operators on the branchesMH=C

of vacua, graded by their dimensions and quantum numbers
under global symmetry. It encodes the quantum numbers of
generators and relations of the chiral ring C½MH=C� of the
corresponding branchesMH=C of vacua. Subsequently, the
quantum Coulomb branch has been described in [3] in
terms of the Abelianization map that translates the vev of a
monopole operator into a linear combination of Abelian
monopole operator vevs in the low-energy effective theory.

Furthermore, the quantum Coulomb branch has been
mathematically defined in [4–6].
Three-dimensionalN ¼ 4 gauge theories can be realized

in Type IIB string theory using the brane configuration [7].
Mirror symmetry can be viewed as arising from S-duality of
Type IIB string theory. Type IIB brane construction is
extended to further study of half-Bogomol’ny Prasad
Sommerfield boundary conditions and interfaces for four-
dimensionalN ¼ 4 super Yang-Mills (SYM) theory [8–10],
quarter-BPS corner configuration for four-dimensional
N ¼ 4 SYM theory [11,12], half-BPS boundary conditions
for three-dimensional N ¼ 4 gauge theory [13], and two-
dimensional N ¼ ð0; 4Þ supersymmetric gauge theories
[14]. S-duality turns out to give a physical underpinning
to geometric Langlands program [11,15–17] and symplectic
duality [18,19].
In this paper, we compute supersymmetric full- and half-

indices to test mirror symmetry of 3DN ¼ 4 gauge theories
and to extend the analysis in [12] for the dualities of half-BPS
boundary conditions and interfaces in 4D N ¼ 4 SYM
theory.1 These dualities were originally conjectured by
Gaiotto and Witten [10]. There have been plenty of works
on the subject of 3D N ¼ 4 full superconformal indices
[21–27]; however, general tests of mirror symmetry for 3D
N ¼ 4 gauge theories have not appeared in the literature
except for the simplest Abelian mirror symmetry [28], in
contrast to 3DN ¼ 2 gauge theories [29–31]. Additionally,
one drawback of the 3D full-indices is that they are
insensitive to the boundary conditions for 4DN ¼ 4 gauge
theory, which involves singular boundary conditions speci-
fied by the Nahm poles [8]. In order to address these open
issues, we evaluate supersymmetric 4D half-indices and 3D
full-indices which count local operators both in four and
three dimensions and present many identities of indices by
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checking several terms of series expansion. As discussed in
[28], after the special limits, the full-indices of 3D N ¼ 4
gauge theories reduce to the Hilbert series. As a result, the
identities of indices provide promotions of identities of
Hilbert series discussed in [2,28]. Furthermore, the full-
indices of 3DN ¼ 4 gauge theories can be used to general-
ize the analysis in [12] of the half-BPS boundary conditions
and interfaces for 4D N ¼ 4 SYM theory. We present
general half-indices for enriched half-BPS boundary con-
ditions and interfaces in 4DN ¼ 4 gauge theory and check
precise matching of the indices for dual pairs.
The organization of this paper is straightforward. In

Sec. II, we briefly review the supersymmetric indices
introduced in [12] and present formulae and some proper-
ties of half-indices for 4D N ¼ 4 gauge theories and full-
indices for 3D N ¼ 4 gauge theories. In Sec. III, we
evaluate full-indices for 3D N ¼ 4 Abelian gauge theories
and check mirror symmetry. In Sec. IV, we further examine
mirror symmetry by computing full-indices for 3D N ¼ 4
non-Abelian gauge theories. We also briefly check in
Sec. V Seiberg-like duality for 3D N ¼ 4 gauge theories
proposed in [10] between ugly theory and good theory in
terms of full-indices. In Sec. VI, we discuss the half-BPS
enriched boundary conditions for 4D N ¼ 4 SYM theory
which involve 3DN ¼ 4 gauge theories. We present strong
evidence for dualities between them conjectured from
string theory by calculating half-indices, which contain
nonregular Nahm pole b.c. Finally, in Sec. VII, we study
the half-BPS interfaces in 4D N ¼ 4 Uð1Þ gauge theory
including 3D N ¼ 4 Abelian gauge theories. We test
dualities between the interfaces by computing half-indices.
In the Appendix A, we show the q-expansions of indices
generated by Mathematica as well as the confirmed orders
which the indices agree up to.

II. INDICES

We begin with a definition of the quarter-index introduced
in [12]. It is a generalization of superconformal index in that it
can count local operators living in different dimensions, i.e.,
in 4D bulk, 3D boundary, and 2D junction. When the
configuration has a trivial junction, it becomes the half-
index that counts boundary local operators, while for the
trivial interface, it becomes the full-index that counts bulk
local operators. The quarter-index can be defined as the trace
over the cohomology of the preserved supercharges

IVðt; x; qÞ ≔ TrOpð−1ÞFqJþHþC
4 tH−Cxf: ð2:1Þ

HereF is the Fermionnumber, J is thegenerator of theUð1ÞJ
rotational symmetry in the space-time on which local
operators are supported. H and C stands for the Cartan
generators of the SUð2ÞH and SUð2ÞC R-symmetry groups,
respectively. f is the Cartan generator of the global sym-
metry. The choice of fugacity in the index (2.1) is fixed in

such away that the power of q is always strictly positive for a
nontrivial local operator by a unitarity bound. This ensures
the convergence of the index. Consequently, the index can be
a formal power series in q whose coefficients are Laurent
polynomials in the other fugacities.
In this paper, we focus on the configurations of 3D

N ¼ 4 gauge theories which may couple to 4D N ¼ 4
gauge theories so that the indices (2.1) reduce to the full-
indices I of 3D N ¼ 4 gauge theories and/or the half-
indices II of 4D N ¼ 4 gauge theories. One may compute
the indices for appropriate configurations by a localization
procedure. However, we will not pursue that direction in
this paper, instead we will count local operators seriously
from physical consideration.
In the description of indices, we use the following

notation by defining q-shifted factorial:

ða; qÞ0 ≔ 1; ða; qÞn ≔
Yn−1
k¼0

ð1 − aqkÞ;

ðqÞn ≔
Yn
k¼1

ð1 − qkÞ; n ≥ 1;

ða; qÞ∞ ≔
Y∞
k¼0

ð1 − aqkÞ; ðqÞ∞ ≔
Y∞
k¼1

ð1 − qkÞ;

ða�; qÞ∞ ≔ ða;qÞ∞ða−1;qÞ∞; ð2:2Þ
where a and q are complex variables with jqj < 1.
We compute the indices to test the 3D dualities and

dualities of the half-BPS boundary conditions/interfaces
which are conjectured from string theory [10]. We consider
five types of branes in Type IIB string theory whose world-
volumes span the following directions:

(i) D3-branes extended along x0x1x2x6,
(ii) NS5-branes extended along x0x1x2x3x4x5,
(iii) D5-branes extended along x0x1x2x7x8x9,
(iv) NS50-branes extended along x0x1x6x7x8x9,
(v) D50-branes extended along x0x1x3x4x5x6.

In other words, the brane configuration is summarized as

0 1 2 3 4 5 6 7 8 9

D3 ∘ ∘ ∘ − − − ∘ − − −
NS5 ∘ ∘ ∘ ∘ ∘ ∘ − − − −
D5 ∘ ∘ ∘ − − − − ∘ ∘ ∘
NS50 ∘ ∘ − − − − ∘ ∘ ∘ ∘
D50 ∘ ∘ − ∘ ∘ ∘ ∘ − − −

ð2:3Þ

The 3D N ¼ 4 gauge theories are realized by considering
D3-branes which are finite segments in the x6 direction
between NS5-branes and may intersect with D5-branes [7].
The half-BPS boundaries and interfaces in 4D N ¼ 4
gauge theories are realized by considering D3-branes
which are (semi-)infinite D3-branes which end on or pass
through a sequence of NS5- and D5-branes [8].
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Such brane setup is a nice tool for finding mirror pairs of
3D N ¼ 4 gauge theories and dual pairs of half-BPS
boundary conditions and interfaces in 4D N ¼ 4 SYM
theory by studying the action of S-duality [10].

A. Indices of 4D N = 4 Sym Theory

1. Full-indices

Four-dimensional N ¼ 4 SYM theory has SUð4ÞR
R-symmetry. It contains the adjoint scalar fields transforming
as 6 under the SUð4ÞR. Let X and Y be the scalar fields
transforming as ð1; 3Þ and ð3; 1Þ under the SUð2ÞC ×
SUð2ÞH ⊂ SUð4ÞR. In the brane construction (2.3), the
scalar fields X and Y describe the positions of D3-branes
along the (x7, x8, x9) directions and (x3, x4, x5) directions,
respectively. The theory also has the 4D gauginos λ trans-
forming as ð2; 2Þ under the SUð2ÞC × SUð2ÞH.
The local operators in 4D N ¼ 4 gauge theory of gauge

group G which contribute to index have charges

∂nX ∂nY ∂nλ ∂nλ̄
G Adj Adj Adj Adj

Uð1ÞJ n n nþ 1
2

nþ 1
2

Uð1ÞC 0 2 þ þ
Uð1ÞH 2 0 þ þ
fugacity qnþ

1
2t2sα qnþ

1
2t−2sα −qnþ1sα −qnþ1sα

ð2:4Þ
From (2.4), one can express the index for 4D N ¼ 4

UðNÞ gauge theory as

I4DUðNÞðt;qÞ¼ 1

N!

ðqÞ2N∞
ðq1

2t2;qÞN∞ðq1
2t−2;qÞN∞

×
I YN

i¼1

dsi
2πisi

Y
i≠j

ðsisj ;qÞ∞ðq
si
sj
;qÞ

∞

ðq1
2t2 sisj ;qÞ∞ðq

1
2t−2 sisj ;qÞ∞

:

ð2:5Þ
Here the denominator comes from the scalar fields X and Y,
while the numerator captures the 4D gauginos. The integra-
tion contour for gauge fugacities si is taken as a unit torusTN .

2. Half-indices

Four-dimensional N ¼ 4 SYM theory admits half-BPS
boundary conditions which preserve three-dimensional
N ¼ 4 supersymmetry with the R-symmetry group
SUð4ÞR broken down to SUð2ÞC × SUð2ÞH. In the brane
setup (2.3), they arise when parallel D3-branes end on a
single five-brane. There are two types of three-dimensional
boundaries/interfaces at x2 ¼ 0 realized by NS50- and D50-
branes and those at x6 ¼ 0 realized by NS5- and D5-branes.
Let us consider the half-BPS boundary conditions for 4D

N ¼ 4 Uð1Þ gauge theory. When a single D3-brane ends

on the NS5-brane and D5-brane, one finds the Neumann
b.c. N and Dirichlet b.c. D at x6 ¼ 0 for Uð1Þ gauge
theory, respectively,

N ∶ F6μj∂ ¼ 0; ∂μXj∂ ¼ 0; ∂6Yj∂ ¼ 0

D∶ Fμνj∂ ¼ 0; ∂6Xj∂ ¼ 0; ∂μYj∂ ¼ 0
μ;ν¼ 0;1;2:

ð2:6Þ

On the other hand, when the NS50-brane and D50-brane end
on a single D3-brane, one obtains the Neumann b.c. N 0

and Dirichlet b.c. D0 at x2 ¼ 0 for Uð1Þ gauge theory,
respectively,

N 0∶ F2μj∂ ¼ 0; ∂2Xj∂ ¼ 0; ∂μYj∂ ¼ 0

D0∶ Fμνj∂ ¼ 0; ∂μXj∂ ¼ 0; ∂2Yj∂ ¼ 0
μ;ν¼ 0;1;6:

ð2:7Þ

The half-indices of the Neumann b.c. N and Dirichlet
b.c. D0 for 4D N ¼ 4 Uð1Þ gauge theory take the form

II4DUð1Þ
N ðt; qÞ ¼ II4DUð1Þ

D0 ðt; qÞ ¼ ðqÞ∞
ðq1

2t−2; qÞ∞
: ð2:8Þ

The denominator is associated to the scalar fields Y charged
under Uð1ÞC, while the numerator correspond to a half of
the 4D gauginos. Likewise, the half-indices of Neumann
b.c. N 0 and Dirichlet b.c. D are

II4D Uð1Þ
D ðt; qÞ ¼ II4D Uð1Þ

N 0 ðt; qÞ ¼ ðqÞ∞
ðq1

2t2; qÞ∞
: ð2:9Þ

The denominator captures the scalar fields X charged under
Uð1ÞH, whereas the numerator is associated to a half of the
4D gauginos.
The half-BPS boundary conditions corresponding to N

D3-branes ending on a single NS5-brane (or NS5’) are also
Neumann b.c. for the UðNÞ gauge theory. We can denote
them as N and N 0 as in the Abelian case. By contrast,
when N multiple D3-branes end on a single D5-brane, one
finds a singular boundary condition associated to a regular
Nahm pole [8,32]. A single D5-brane or D50-brane on
which N D3-branes end give rise to the Nahm or Nahm0
pole boundary conditions,

Nahm∶ Fμνj∂ ¼ 0; D6X⃗ þ X⃗ × X⃗j∂ ¼ 0;

DμY⃗j∂ ¼ 0 μ; ν ¼ 0; 1; 2

Nahm0∶ Fμνj∂ ¼ 0; DμX⃗j∂ ¼ 0;

D2Y⃗ þ Y⃗ × Y⃗j∂ ¼ 0 μ; ν ¼ 0; 1; 6; ð2:10Þ
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where we denote the scalar fields by X⃗ and Y⃗ as they are the
SUð2ÞH triplet and the SUð2ÞC triplet, respectively. The
Nahm equations for the scalar fields X⃗ and Y⃗ have singular
solutions

X⃗ðx6Þ ¼
⃗t
x6

; Y⃗ðx2Þ ¼
⃗t
x2

; ð2:11Þ

where ⃗t ¼ ðt1; t2; t3Þ is a triplet of elements of the Lie
algebra g ¼ uðNÞ obeying the commutation relation
½t1; t2� ¼ t3 and cyclic permutation thereof. The choice
of ⃗t specifies a homomorphism of Lie algebras ρ∶ suð2Þ →
g which maps the fundamental representation of UðNÞ to
the dimension N irreducible representation of suð2Þ. When
N D3-branes end on multiple D5-branes, one finds other
Nahm poles, including the Dirichlet b.c. as the trivial Nahm
pole corresponding to the case with N D5-branes.
The half-index of Neumann b.c. N for 4D N ¼ 4 UðNÞ

gauge theory takes the form

II4DUðNÞ
N ðt;qÞ¼ 1

N!

ðqÞN∞
ðq1

2t−2;qÞN∞

I YN
i¼1

dsi
2πisi

Y
i≠j

ðsisj ;qÞ∞
ðq1

2t−2 sisj ;qÞ∞
:

ð2:12Þ

Again the integration contour for gauge fugacities si is a
unit torus TN . The half-index of Dirichlet b.c. D for 4D
N ¼ 4 UðNÞ gauge theory is given by

II4DUðNÞ
D ðt; zi; qÞ ¼

ðqÞN∞
ðq1

2t2;qÞN∞
Y
i≠j

ðq zi
zj
; qÞ

∞

ðq1
2t2 zi

zj
; qÞ

∞

; ð2:13Þ

where zi is the fugacities associated to the boundary UðNÞ
global symmetry. The half-index for Nahm pole boundary
conditions in 4D N ¼ 4 UðNÞ gauge theory is

II4DUðNÞ
Nahm ðt; qÞ ¼

YN
k¼1

ðqkþ1
2 t2ðk−1Þ;qÞ∞
ðqk

2t2k; qÞ∞
: ð2:14Þ

As discussed in [12], the duality between the Neumann b.c.
and the regular Nahm pole b.c. implies equality between the
half-indices (2.12) and (2.14). In Sec. VI, we discuss more
general dual descriptions of the half-indices, including half-
index (2.13) for Dirichlet b.c.
We can get similar expressions for the mirror boundary

conditions, i.e., N 0, D0, and Nahm0 by setting t → t−1.

B. Indices of 3D N = 4 gauge theory

The 3D N ¼ 4 hypermultiplet consists of a pair of
complex scalars H, H̃ forming a doublet of SUð2ÞH and a
pair of complex fermions ψHþ, ψ H̃þ forming a doublet of
SUð2ÞC. The charges of 3D N ¼ 4 hypermultiplet is

H H̃ ψHþ ψ H̃þ ψ̄H
− ψ̄ H̃

−
Uð1ÞC 0 0 − − þ þ
Uð1ÞH þ þ 0 0 0 0

ð2:15Þ

The 3DN ¼ 4Abelian vector multiplet consists of a 3D
Uð1Þ gauge field A3D

μ , three scalars, which we denote by
real and complex scalars σ, φ forming the SUð2ÞC triplet,
and two complex fermions ðλ3Dα ; η3Dα Þ. The charges of 3D
N ¼ 4 vector multiplet is

A3D
μ σ φ λ3D� λ̄3D� η3D� η̄3D�

Uð1ÞC 0 0 2 þ − þ −
Uð1ÞH 0 0 0 þ − − þ

ð2:16Þ

The 3D N ¼ 4 superalgebra has an outer automorphism
that interchanges SUð2ÞC and SUð2ÞH. This automorphism
makes the ordinary supermultiplets into twisted super-
multiplets. The twisted hyper and vector multiplets can
be obtained by exchanging the Uð1ÞH and Uð1ÞC charges
of the hypermultiplet and vector multiplet, respectively.
In three dimensions, a photon is electric magnetic dual to

a scalar field, which we call dual photon. The dual photon is
periodic when the gauge group is compact and the shift
symmetry of the dual photon is a classical topological
symmetry whose conserved current is �F where � is the
Hodge star. The conservation of �F follows from the
Bianchi identity dF ¼ 0.

1. Matter multiplets

The index of a 3D N ¼ 2 chiral multiplet of charge þ1
under a Uð1Þf flavor symmetry with fugacity x is

I3DCMðx; qÞ ¼ ðqx−1;qÞ∞
ðx; qÞ∞

: ð2:17Þ

Its denominator counts complex scalar and its ∂ derivatives,
while its numerator counts fermions and its ∂ derivatives
included in the 3D N ¼ 2 chiral multiplet.
The 3D N ¼ 4 hypermultiplet has the following oper-

ators which contribute to index:

∂nH ∂nH̃ ∂nψ̄H
− ∂nψ̄ H̃

−
Uð1Þf þ − þ −
Uð1ÞJ n n nþ 1

2
nþ 1

2

Uð1ÞC 0 0 þ þ
Uð1ÞH þ þ 0 0

Fugacity qnþ1
4tx qnþ1

4tx−1 −qnþ3
4t−1x −qnþ3

4t−1x−1

ð2:18Þ

The index for 3D N ¼ 4 hypermultiplet is
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I3D HMðt; x;qÞ ¼ ðq3
4t−1x;qÞ∞ðq3

4t−1x−1;qÞ∞
ðq1

4tx;qÞ∞ðq1
4tx−1;qÞ∞

¼ I3D CM

�
q

1
4tx

�
× I3D CM

�
q

1
4tx−1

�
: ð2:19Þ

It can be expanded as

I3D HMðt; x; qÞ ¼
X∞
n¼0

Xn
k¼0

ðq1
2t−2;qÞkðq1

2t−2; qÞn−k
ðqÞkðqÞn−k

xn−2kq
n
4tn:

ð2:20Þ

The free 3D N ¼ 4 hypermultiplet has no Coulomb
branch local operators surviving in the H-twist. Therefore,
in the H-twist limit t → q

1
4, the indices (2.19) and (2.20)

become trivial,

I3D HMðt ¼ q
1
4; x; qÞ ¼ 1: ð2:21Þ

On the other hand, in the C-twist limit t → q−
1
4, the indices

reduce to

I3D HMðt ¼ q−
1
4; x; qÞ ¼ 1

ð1 − xÞð1 − x−1Þ : ð2:22Þ

This counts two bosonic generators in the algebra of Higgs
branch local operators.
The operators in 3D N ¼ 4 twisted hypermultiplet

which contribute to index are as follows:

∂nT ∂nT̃ ∂n ¯̃ψT
− ∂n ¯̃ψ T̃

−
Uð1Þf þ − þ −
Uð1ÞJ n n nþ 1

2
nþ 1

2

Uð1ÞC þ þ 0 0

Uð1ÞH 0 0 þ þ
Fugacity qnþ1

4t−1x qnþ1
4t−1x−1 −qnþ3

4tx −qnþ3
4tx−1

ð2:23Þ

The index for 3D N ¼ 4 twisted hypermultiplet can be
obtained from the index (2.19) by setting t → t−1,

I3D tHMðt;x;qÞ¼ ðq3
4tx;qÞ∞ðq3

4tx−1;qÞ∞
ðq1

4t−1x;qÞ∞ðq1
4t−1x−1;qÞ∞

¼ I3DCMðq1
4t−1xÞ · I3DCMðq1

4t−1x−1Þ: ð2:24Þ

Again, it has an expansion

I3D tHMðt; x; qÞ ¼
X∞
n¼0

Xn
k¼0

ðq1
2t2; qÞ∞ðq1

2t2; qÞ∞
ðqÞkðqÞn−k

xn−2kq
n
4t−n:

ð2:25Þ

2. Gauge multiplets

While in four-dimensional case, the index only involves
integration over the gauge group [33,34], and in three-
dimensional case the index would have nonperturbative
contributions of monopole operators and contain the sum
over the magnetic fluxes of monopole operators for all
backgrounds [21,29].
Let us first consider the perturbative contributions to the

index. The charges of operators in 3D N ¼ 4 vector
multiplet contributing to the index are

Dnðσþ iρÞ Dnφ Dnλ̄3D− Dnη̄3D−
G Adj Adj Adj Adj

Uð1ÞJ n n nþ 1
2

nþ 1
2

Uð1ÞC 0 2 − −
Uð1ÞH 0 0 − þ
Fugacity qnsα qnþ1

2t−2sα −qnsα −qnþ1
2t2sα

ð2:26Þ

The perturbative index contributed from the local oper-
ators in (2.26) of 3DN ¼ 4Uð1Þ vector multiplet takes the
form

I3D pert Uð1Þðt; qÞ ¼ ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

I
ds
2πis

; ð2:27Þ

where the integration contour of gauge fugacity s is
a unit circle. Similarly, the perturbative index for 3D
N ¼ 4 UðNÞ vector multiplet takes the form

I3D pert UðNÞðt; qÞ

¼ 1

N!

ðq1
2t2; qÞN∞

ðq1
2t−2; qÞN∞

I YN
i¼1

dsi
2πisi

Y
i≠j

�
1 −

si
sj

� ðq1
2t2 si

sj
Þ

ðq1
2t−2 si

sj
Þ ;

ð2:28Þ

where the integration contour of gauge fugacities si is a unit
torus TN .
Likewise, charges of operators in 3D N ¼ 4 twisted

vector multiplet are

Dnðσ̃þ iρ̃Þ Dnφ̃ Dn ¯̃λ
3D
− Dn ¯̃η3D−

G Adj Adj Adj Adj
Uð1ÞJ n n nþ 1

2
nþ 1

2

Uð1ÞC 0 0 þ þ
Uð1ÞH 0 2 þ −
Fugacity qnsα qnþ1

2t2sα −qnsα −qnþ1
2t−2sα

ð2:29Þ
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We can obtain the index for 3D N ¼ 4 twisted vector
multiplet by setting t → t−1 for the index of 3D N ¼ 4
vector multiplet.
As 3DN ¼ 4 Uð1Þ gauge theory appears from 4DN ¼

4 Uð1Þ gauge theory on a segment with Neumann b.c.N at
each end, we have a schematic relation

I3D pert Uð1Þ ¼ II4D Uð1Þ
N × II4D Uð1Þ

N

I4D Uð1Þ : ð2:30Þ

When a 4DN ¼ 4 Uð1Þ gauge theory is put on a slab with
Neumann b.c. N and Dirichlet b.c. D at each end, we have

1 ¼ II4D Uð1Þ
N × II4D Uð1Þ

D

I4D Uð1Þ : ð2:31Þ

This indicates that the resulting 3D theory is a trivial theory.
For a 4D N ¼ 4 Uð1Þ gauge theory on a segment obeying
Dirichlet b.c. at both ends, we find that

I3D pert fUð1Þ ¼ II4D Uð1Þ
N 0 × II4D Uð1Þ

N 0

I4D Uð1Þ : ð2:32Þ

This reflects the fact that the resulting 3D theory is mirror to

3DN ¼ 4 twisted gUð1Þ gauge theory appearing from a 4D
theory on a segment with Neumann b.c. N 0 at both ends.
Now consider the nonperturbative contributions to indi-

ces from monopole operators. Classically, monopole
operators are charged under the topological symmetry.
In addition, quantum mechanically they can acquire non-
trivial quantumnumbers. Let us consider the canonicalUð1Þ
R-charge as 1

2
ðC −HÞ so that the complex scalar H in the

hypermultiplet carries charge−1=2 and the adjoint complex
scalar φ in the vector multiplet have charge þ1. Then the
R-charge of a BPS bare monopole operator of magnetic
charge m in the IR conformal field theory is given by

ΔðmÞ ¼ 1

2

XNf

i¼1

X
λi∈Ri

jλiðmÞj −
X
α∈Δþ

jαðmÞj: ð2:33Þ

This formula was firstly proposed in [10] and later verified
in [35,36]. The first term in (2.33) is the contribution from
Nf hypermultiplets labeled by i ¼ 1;…; Nf transforming
as representations fRigi¼1;…;Nf

under the gauge group. The
sum is taken over the weights λi of Ri. The second term is
the contribution from vector multiplet. The sum is taken
over the positive roots α ∈ Δþ.
The R-charge (2.33) of bare monopole can specify its

energy or equivalently conformal dimension since the bare
monopole is a BPS state. If all BPS monopole operators
carry ΔðmÞ > 1

2
, the theory is called good. If all BPS

monopole operators have ΔðmÞ ≥ 1
2
and some saturate the

unitarity bound ΔðmÞ ¼ 1
2
, the theory is called ugly.

Otherwise, the theory is called bad. In this paper, we
focus on the good or ugly theories in which ΔðmÞ is
identified with the conformal dimension and the quantum

numbers J þ HþC
4

of a bare monopole operator with

magnetic chargem is fixed to ΔðmÞ
2

in the IR superconformal
field theory.
Taking into account the above, we can write the full-

index of 3D N ¼ 4 gauge theory with gauge group G and
Nf hypermultiplets which takes the form

I3D Gðt; xi; zi; qÞ

¼ 1

jWeylðGÞj
ðq1

2t2; qÞrankðGÞ∞

ðq1
2t−2; qÞrankðGÞ∞

X
m∈cocharðGÞ

I Y
α∈rootsðGÞ

×
ds
2πis

ð1 − q
jm·αj
2 sαÞðq1þjm·αj

2 t2sα;qÞ∞
ðq1þjm·αj

2 t−2sα; qÞ∞

×
YNf

i¼1

Y
λi∈Ri

ðq3
4
þjm·λi j

2 t−1s�λix�i ; qÞ∞
ðq1

4
þjm·λi j

2 ts�λi x�i ;qÞ∞
q

ΔðmÞ
2 · t−2ΔðmÞ · zm:

ð2:34Þ
Here the second line is the contribution from vector
multiplet of gauge group G. The third line is the contri-
bution from Nf hypermultiplets transforming as represen-
tation fRigi¼1;…;Nf

of gauge group G. The fugacities x are
associated to the flavor symmetry that rotates Nf hyper-
multiplets. For nonzero magnetic flux m, the expression is
shifted from the index (2.19) for 3D hypermultiplet. This
reflects the fact that in the presence of magnetic flux, the
electrically charged states get an effective quantum num-
bers. The third line is the contribution from bare monopole
operators. The fugacities z are associated to the topological
symmetry.
In order to check mirror symmetry and dual boundary

conditions, one also needs to evaluate the mirror version of
the full-index for 3DN ¼ 4 gauge theory. The mirror index
of 3D N ¼ 4 gauge theory consisting of twisted vector
multiplet of gauge group G̃ and Ñf twisted hypermultiplets
transforming as representation fRigi¼1;…;Ñf

is given by

Ĩ3D G̃ðt; xi; zi; qÞ ¼ I3D G̃ðt−1; zi; xi; qÞ; ð2:35Þ
where the fugacities zi and xi are associated to the flavor
symmetry and the topological symmetry in the twisted 3D
N ¼ 4 theories as they are exchanged under mirror sym-
metry. In the following sections, we show various identities
between indices (2.34) and (2.35) for mirror pairs.

III. ABELIAN MIRROR SYMMETRY

In this section, we consider the 3DN ¼ 4Abelian gauge
theory and its mirror. The mirror of 3DN ¼ 4 Uð1Þ gauge
theory with Nf hypermultiplets is a twisted Uð1ÞNf−1

quiver gauge theory with Nf twisted hypermultiplets
[37]. The quiver diagram and the corresponding brane
configuration are depicted in Fig. 1. We check that two
indices for mirror pairs coincide with each other.
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A. SQED1

We begin with a 3D N ¼ 4Abelian gauge theory with a
single charged hypermultiplet, which we call SQED1. The
3D N ¼ 4 SQED1 is mirror to a 3D N ¼ 4 twisted
hypermultiplet [37]. The flavor symmetry of the twisted
hypermultiplet is mapped to the topological symmetry in
SQED1. This is the simplest 3D N ¼ 4 Abelian mirror
symmetry and index computation has been already com-
puted in [28]. We further extract a Higgsing interpretation
of the indices by picking up residues at poles in the indices.
The full index of SQED1 is given by

I3D SQED1ðt; x;qÞ

¼ ðq1
2t2;qÞ∞

ðq1
2t−2;qÞ∞

X
m∈Z

I
ds
2πis

×
ðq3

4
þjmj

2 t−1s;qÞ∞ðq3
4
þjmj

2 t−1s−1;qÞ∞
ðq1

4
þjmj

2 ts;qÞ∞ðq1
4
þjmj

2 ts−1;qÞ∞
q

jmj
4 t−jmjxm; ð3:1Þ

where m is the magnetic monopole charge and the fugacity
x is associated to aUð1Þt topological symmetry. The factors

q
jmj
4 t−jmj xm are associated to contributions from bare

monopole operators with the R-charge ΔðmÞ ¼ jmj
2
. The

remaining factors in the integrand involve shifts of quantum
numbers due to the background magnetic flux. The index
for SQED1 already appeared in [28,30], and the index (3.1)
coincides with the index (2.24) of a 3D N ¼ 4 twisted
hypermultiplet.
As discussed in [12], poles in the integrand and their

residues may have a physical interpretation. When fayet

iliopoulos-like parameters are turned on, elementary fields
with gauge charges get nontrivial vevs, which leads to a
Higgsing the gauge group. Consequently, the index is
written as a sum over residues which are associated to
the index of the Higgsed theory. In the brane setup, this
corresponds to a certain deformation of the brane configu-
ration. In order to extract a Higgsing interpretation by
expanding the index (3.1), it is enough to consider the
perturbative SQED1 index corresponding to m ¼ 0 that
takes the form

I3D pert SQED1ðt; qÞ

¼ ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

I
ds
2πis|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I3D pert Uð1Þ

ðq3
4t−1s; qÞ∞ðq3

4t−1s−1; qÞ∞
ðq1

4ts; qÞ∞ðq1
4ts−1; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I3D HMðsÞ

:

ð3:2Þ
This can be evaluated by considering the residues at poles
of charged hypermultiplet s ¼ q

1
4
þmt as

I3D pert SQED1ðt; qÞ ¼ ðq1
2t2; qÞ2∞
ðqÞ2∞

X∞
m¼0

ðq1þm; qÞ2∞
ðq1

2
þmt2; qÞ2∞

q
m
2 t−2m:

ð3:3Þ
As the residue sum begins with 1, the Higgsed theory is a
trivial theory. This would imply that the expansion (3.3) is
associated to a Higgsing process which splits a D3-brane
along the D5-brane and separates one of the NS5-branes in
the x7;8;9 directions (see Fig. 2).

1 1 1 1 1

1

1

1
1

1NS5 NS5
D5

D5'

D5'

NS5'

(a)
1 Nf

1

1

1

1

1

Nf

Nf

Nf -1

(b)

FIG. 1. (a) The quiver diagrams of SQEDNf
and its mirror

Uð1ÞNf−1 quiver gauge theory. (b) The brane configurations of
SQEDNf

and its mirror Uð1ÞNf−1 quiver gauge theory.

x789

1 1 1

1NS5 NS5D5

NS5

NS5 D5

1 1

NS5 NS5D5

x345

1

NS5 NS5

D5

(a)

(b)

FIG. 2. (a) The Higgsing procedure of 3D N ¼ 4 SQED1

splitting a D3-brane along the D5-brane and separating one of the
NS5-brane in the x7;8;9 directions. (b) The Higgsing procedure of
3D N ¼ 4 SQED1 separating the D5-brane from the stretched
D3-brane between the NS5-branes.
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Correspondingly, we get the mirror index by selecting out the zero-charge sector from the index (2.24) of 3D N ¼ 4
twisted hypermultiplet

I
dx
2πix

I3D tHMðt; x; qÞ ¼
I

dx
2πix

ðq3
4tx; qÞ∞ðq3

4tx−1; qÞ∞
ðq1

4t−1x; qÞ∞ðq1
4t−1x−1; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I3D tHMðxÞ

: ð3:4Þ

The indices (3.3) and (3.4) can be shown to be equal. To see the equivalence, we can firstly calculate the index (3.4) by
taking the sum over residues at poles of bifundamental twisted hypermultiplet x ¼ q

1
4
þmt−1 as

I
dx
2πix

I3D tHMðt; x; qÞ ¼ ðq1
2t2; qÞ∞ðq1

2t−2; qÞ∞
ðqÞ2∞

X∞
m¼0

ðq1þm; qÞ2∞
ðq1

2
þmt−2; qÞ2∞

q
m
2 t2m: ð3:5Þ

On the other hand, we can expand the index (3.2) of SQED1 in terms of the expansion (2.20) of the hypermultiplet index as

I3D pert SQED1ðt; qÞ ¼ ðq1
2t2;qÞ∞

ðq1
2t−2; qÞ∞

I
ds
2πis

X∞
n¼0

Xn
k¼0

ðq1
2t−2; qÞkðq1

2t−2; qÞn−k
ðqÞkðqÞn−k

sn−2kq
n
4tn

¼ ðq1
2t2; qÞ∞ðq1

2t−2; qÞ∞
ðqÞ2∞

X∞
m¼0

ðq1þm; qÞ2∞
ðq1

2
þmt−2; qÞ2∞

q
m
2 t2m: ð3:6Þ

This agrees with the expression (3.5). Also we observe that the expansion in the sum (3.6) starts from the perturbative index
I3D pert Uð1Þ of 3D N ¼ 4 Uð1Þ vector multiplet. This would be associated to the Higgsing process of separating the D5-
brane from the stretched D3-brane between the NS5-branes (see Fig. 2).
Introducing a Wilson line operator Wn of charge n, we obtain the index

I3D SQED1

Wn
ðt; x; qÞ ¼ ðq1

2t2; qÞ∞
ðq1

2t−2; qÞ∞
X
m∈Z

I
ds
2πis

ðq3
4
þjmj

2 t−1s; qÞ∞ðq3
4
þjmj

2 t−1s−1;qÞ∞
ðq1

4
þjmj

2 ts; qÞ∞ðq1
4
þjmj

2 ts−1; qÞ∞
snq

jmj
4 t−jmjxm: ð3:7Þ

As shown in Appendix A 1 a, we have checked that this agrees with

I3D tHM
Vn

ðt; x; qÞ ¼ ðq3
4
þjnj

2 tx;qÞ∞ðq3
4
þjnj

2 tx−1; qÞ∞
ðq1

4
þjnj

2 tx; qÞ∞ðq1
4
þjnj

2 t−1x−1; qÞ∞
q

jnj
4 tjnj: ð3:8Þ

We see that the index (3.8) has the contributions from bare monopole operator associated with flavor symmetry and that the
quantum numbers of twisted hypermultiplets are affected by the flux.

B. T½SUð2Þ�
The next example is a 3DN ¼ 4Abelian gauge theory with two charged hypermultiplets, which we call T½SUð2Þ�. The

dimension of the Higgs branch is dimC M
T½SUð2Þ�
H ¼ 2 · ð1 × 2 − 12Þ ¼ 2, and the dimension of the Coulomb branch is

dimC M
T½SUð2Þ�
C ¼ 2 · 1 ¼ 2. This is self-mirror with two global symmetries, a SUð2Þf flavor symmetry on MH, and

enhanced SUð2Þt topological symmetry on MC which are exchanged under mirror symmetry.
The index of T½SUð2Þ� reads

IT½SUð2Þ�ðt; xα; zα; qÞ ¼
ðq1

2t2; qÞ∞
ðq1

2t−2; qÞ∞
X
m∈Z

I
ds
2πis

ðq3
4
þjmj

2 t−1s�x�1 ; qÞ∞
ðq1

4
þjmj

2 ts�x�1 ; qÞ∞
ðq3

4
þjmj

2 t−1s�x�2 ; qÞ∞
ðq1

4
þjmj

2 ts�x�2 ; qÞ∞
q

jmj
2 t−2jmjzm1 z

−m
2 ; ð3:9Þ

where the fugacities xα are associated to the SUð2Þ flavor symmetry with x1x2 ¼ 1 and zα are the fugacities for the
topological symmetry.

The index (3.9) of T½SUð2Þ� coincides with the index of gT½SUð2Þ� which is obtained from T½SUð2Þ� by replacing their
supermultiplets with the twisted counterparts,
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I
gT½SUð2Þ�ðt; xα; zα; qÞ ¼

ðq1
2t−2; qÞ∞

ðq1
2t2; qÞ∞

X
m∈Z

I
ds
2πis

ðq3
4
þjmj

2 ts�z�1 ; qÞ∞
ðq1

4
þjmj

2 t−1s�z�1 ; qÞ∞
ðq3

4
þjmj

2 ts�z�2 ; qÞ∞
ðq1

4
þjmj

2 t−1s�z�2 ;qÞ∞
q

jmj
2 t2jmjxm1 x

−m
2 : ð3:10Þ

Here the role of fugacities xα and zα is exchanged.
We can draw a lesson from the expansion of the index. To get a Higgsing procedure, we simply look at the sector with

zero flavor charge of the perturbative index of T½SUð2Þ�,
I

dx1
2πix1

dx2
2πix2

I3D pert T½SUð2Þ�ðt; qÞ ¼ ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

I
ds1
2πis1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

I3D pert Uð1Þ

I
dx1
2πix1

I
dx2
2πix2

ðq3
4t−1s�x�1 ; qÞ∞
ðq1

4ts�x�1 ; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
I3D HMðsx1Þ

·
ðq3

4t−1s�x�2 ; qÞ∞
ðq1

4ts�x�2 ; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
I3D HMðsx2Þ

: ð3:11Þ

This can be evaluated as

I
dx1
2πix1

dx2
2πix2

Ipert T½SUð2Þ�ðt;qÞ ¼ ðq1
2t2; qÞ∞ðq1

2t−2; qÞ3∞
ðqÞ4∞

X∞
n;m¼0

ðq1þn; qÞ2∞ðq1þm; qÞ2∞
ðq1

2
þnt−2; qÞ2∞ðq1

2
þmt−2; qÞ2∞

q
nþm
2 t2ðnþmÞ: ð3:12Þ

Again the expansion (3.12) has a Higgsing interpretation. As its first term is identified with the index I3D pert Uð1Þ of 3D
N ¼ 4 Uð1Þ vector multiplet. It is associated to a Higgsing manipulation of separation of two D5-branes from a suspended
D3-brane between two NS5-branes.

C. SQEDNf

Now we would like to discuss the generalization of full-indices for 3D N ¼ 4 Abelian gauge theories. Consider a 3D
N ¼ 4 Abelian gauge theory with Nf charged hypermultiplets, which we call SQEDNf

.

For SQEDNf
, the R-charge of a bare monopole is ΔðmÞ ¼ Nf jmj

2
, and the index takes the form

I3D SQEDNf ðt; xα; zα; qÞ ¼
ðq1

2t2; qÞ∞
ðq1

2t−2; qÞ∞
X
m∈Z

I
ds
2πis

YNf

α¼1

ðq3
4
þjmj

2 t−1s�x∓α ; qÞ∞
ðq1

4
þjmj

2 ts�x�α ;qÞ∞
q

Nf jmj
4 t−Nf jmjzm1 z

−m
2 ; ð3:13Þ

where xα are the fugacities for the SUðNfÞ flavor symmetry

with
QNf

α¼1 xα ¼ 1, and zα are the fugacities for the
topological symmetry.
As discussed in [28], one can obtain the Hilbert series for

branches of vacua in the special fugacity limit of the
indices. We briefly check this in our notation as follows.
The Coulomb branch of SQEDNf

is the ANf−1 singularity

C2=ZNf
[1]. Taking the Coulomb limit q → 0 while

keeping t̃
1
2 ¼ q

1
4t−1 constant and setting z ¼ z1z−12 , the

index (3.13) reduces to

I
3D SQEDNf

Coulomb ðt̃; zÞ ¼ 1

ð1 − t̃Þ
X
m∈Z

t̃
Nf jmj

2 zm

¼ 1 − t̃Nf

ð1 − t̃Þð1 − t̃
Nf
2 zÞð1 − t̃

Nf
2 z−1Þ

: ð3:14Þ

This is identified with the refined Hilbert series of the
Coulomb branch of SQEDNf

[2]. The factors 1=ð1 − t̃Þ,
1=ð1 − t̃

Nf
2 zÞ, and 1=ð1 − t̃

Nf
2 z−1Þ would correspond to the

scalar field φ, the monopole operator Vþ of magnetic flux

þ1, and the monopole operator V− of magnetic flux −1,
respectively. They obey the relation VþV− ¼ φNf at
dimension Nf and topological charge 0 [38] which is
encoded by the numerator.
In fact, by setting z ¼ 1 in (3.14), we get the Hilbert

series of the ANf−1 singularity C2=ZNf
[39],

I
3D SQEDNf

Coulomb ðt̃; z ¼ 1Þ ¼ 1 − t̃Nf

ð1 − t̃Þð1 − t̃
Nf
2 Þ2

¼ Hilb½C2=ZNf
�:

ð3:15Þ

The mirror of SQEDNf
, which we denote by ½1� −gð1ÞNf−1 − ½1�; has a gauge group Uð1ÞNf=Uð1Þ and the

twisted hypermultiplets that are associated to the links
of the extended Dynkin diagram of ANf−1. The twisted
hypers carry charges ðþ;−; 0;…; 0Þ; ð0;þ;−;…; 0Þ; � � � ;
ð−; 0;…; 0;þÞ under the Uð1ÞNf . For ½1� − gð1ÞNf−1 − ½1�
theory, the magnetic fluxes are labeled by Nf − 1 integers
ðm1;…; mNf−1Þ corresponding to ðNf − 1Þ Uð1Þ topologi-
cal symmetries.
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The conformal dimension of bare monopole is ΔðmÞ ¼ 1
2
ðjm1j þ jmNf−1j þ

PNf−2
i¼1 jmi −miþ1jÞ. Then the index of the

mirror quiver gauge theory g½1� − ð1ÞNf−1 − ½1� reads

I3D
g½1�−ð1ÞNf−1−½1�ðt; xα; zα; qÞ

¼ ðq1
2t−2; qÞNf−1

∞

ðq1
2t2; qÞNf−1

∞

X
m1;…;mNf−1∈Z

I YNf−1

i¼1

dsi
2πisi

×
ðq3

4
þjm1 j

2 ts�1 z
∓
1 ; qÞ∞

ðq1
4
þjm1 j

2 t−1s�1 z
∓
1 ; qÞ∞

·
YNf−2

i¼1

ðq3
4
þjmi−miþ1 j

2 ts�i s
∓
iþ1; qÞ∞

ðq3
4
þjmi−miþ1 j

2 t−1s�i s
∓
iþ1; qÞ∞

·
ðq3

4
þ

jmNf−1
j

2 ts�Nf−1z
∓
2 ; qÞ∞

ðq1
4
þ

jmNf−1
j

2 t−1s�Nf−1z
∓
2 ;qÞ∞

× q
jm1 j
4
þ

jmNf−1
j

4
þ
PNf−2

i¼1

jmi−miþ1 j
4 tjm1jþjmNf−1jþ

PNf−2
i¼1

jmi−miþ1j YNf−1

α¼1

�
xα
xαþ1

�
mα
�
xNf

x1

�
m1þmNf−1

: ð3:16Þ

Here the fugacities zα are used for the flavor symmetry,
while the fugacities xα are associated to the topological
symmetry. The index (3.16) would be equal to the index
(3.13) of SQEDNf

. As shown in Appendix A 1 b, we have
confirmed that they agree with each other for N ¼ 1, 2, 3, 4
up to order q5.
The Coulomb branch of ½1� − ð1ÞNf−1 − ½1� is the

reduced moduli space of one instanton of SUðNfÞ.
Taking the Higgs limit q → 0 while keeping t

1
2 ¼ q

1
4t

constant, setting zα ¼ xαx−1αþ1 andm0 ¼ mNf
≡ 0, the index

(3.16) becomes

I3D
g½1�−ð1ÞNf−1−½1�

Higgs ðt; ziÞ

¼ 1

ð1 − tÞNf−1

X
m1;…;mNf−1

t
1
2

PNf−1
i¼0

jmi−miþ1j
YNf−1

i¼1

zmi
i

¼ Hilb3D
g½1�−ð1ÞNf−1−½1�ðt; ziÞ; ð3:17Þ

where we have removed decoupledUð1Þ by gauge fixing to
setm1 þmNf−1 ¼ 0. This is the refined Hilbert series of the

Coulomb branch of ½1� − ð1ÞNf−1 − ½1�.

IV. NON-ABELIAN MIRROR SYMMETRY

In this section, we test 3D N ¼ 4 mirror symmetry for
non-Abelian gauge theories by computing 3D full-indices.
We confirm that two indices nicely agree to each other.

A. ðNÞ− ½2N�
Let us argue for the balancedUðNÞ gauge theory with 2N

hypers which we denote by ðNÞ − ½2N�. The magnetic
charges for UðNÞ gauge theory are given by N-tuples of
integers ðm1;…; mNÞ. The dimension of Coulomb branch is

dimCM
ðNÞ−½2N�
C ¼ 2N; ð4:1Þ

while the dimension of Higgs branch is

dimCM
ðNÞ−½2N�
H ¼ 2 · ðN × 2N − N2Þ ¼ 2N2: ð4:2Þ

The R-charge of bare monopole is

ΔðmÞ ¼ N
XN
i¼1

jmij −
X
i<j

jmi −mjj: ð4:3Þ

Here the first terms are contributed from the 2N funda-
mental hypers, while the second terms are the contributions
from the UðNÞ vector multiplet.
The index of ðNÞ − ½2N� takes the form

IðNÞ−½2N�ðt; xα; zα; qÞ

¼ 1

N!

ðq1
2t2; qÞN∞

ðq1
2t−2; qÞN∞

X
m1;…;mN∈Z

I YN
i¼1

dsi
2πisi

Y
i<j

ð1 − q
jmi−mj j

2 s�i s
∓
j Þðq

1þjmi−mj j
2 t2s�i s

∓
j ; qÞ∞

ðq1þjmi−mj j
2 t−2s�i s

∓
j ; qÞ∞

×
YN
i¼1

Y2N
α¼1

ðq3
4
þjmi j

2 t−1s�i x
�
α ; qÞ∞

ðq1
4
þjmi j

2 ts�i x
�
α ; qÞ∞

q
N
2

P
N
i¼1

jmij−
P

i<j

jmi−mj j
2 · t−2N

P
N
i¼1

jmijþ2
P

i<j
jmi−mjj ·

�
z1
z2

�PN
i¼1

mi

; ð4:4Þ
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where xα are the fugacities for the SUð2NÞ flavor symmetry
with

Q
2N
i¼1 xα ¼ 1, and zα are the fugacities for the

topological symmetry.
The mirror of ðNÞ − ½2N� is the quiver gauge theorygð1Þ − ð2Þ − � � � − ðNÞ − � � � − ð2Þ − ð1Þ

j
½2�

. The dimension of

the Coulomb branch is

dimCM

gð1Þ − ð2Þ− � � � −ðNÞ− � � � −ð2Þ − ð1Þ
j
½2�

C

¼ 2 ·

�
2
XN−1

k¼1

kþ N

�
¼ 2N2; ð4:5Þ

and the dimension of Higgs branch is

dimCM

gð1Þ− ð2Þ− � � � −ðNÞ− � � � −ð2Þ− ð1Þ
j
½2�

H

¼ 2 ·

�
2×

XN−1

k¼1

kðkþ 1Þ þ 2×N − 2
XN−1

k¼1

k2 −N2

�
¼ 2N:

ð4:6Þ

As predicted by mirror symmetry, the dimensions (4.5) and
(4.6) agreewith the dimensions (4.2) and (4.1), respectively.
Classically, there is a Uð1ÞN2

topological symmetry
and we label the magnetic fluxes by N sets of k-tuple

of integers fmðkÞ
i gi¼1;…;k with k ¼ 1;…; N and (N − 1)

sets of ð2N − kÞ-tuple of integers fmðkÞ
i gi¼1;…;2N−k with

k ¼ N þ 1;…; 2N − 1, which are in total N2 integers. The
conformal dimension of bare monopole is

ΔðmÞ ¼ 1

2

X2N−2

k¼1

X
i

X
j

jmðkÞ
i −mðkþ1Þ

j j

þ
XN
i¼1

jmðNÞ
i j −

X2N−1

k¼1

X
i<j

jmðkÞ
i −mðkÞ

j j: ð4:7Þ

The first terms are the contributions from the bifundamental
twisted hypermultiplets. The sum over i runs from 1 to k for
k ≤ N and from 1 to 2N − k for N < k, while the sum over
j runs from 1 to kþ 1 for k ≤ N − 1 and from 1 to 2N −
k − 1 forN − 1 < k. The second terms are the contributions
from the two twisted hypermultiplets transforming as
fundamental representation under the UðNÞ gauge sym-
metry, and the third terms are the contributions from the
twisted vector multiplets.
Then the index of the quiver gauge theorygð1Þ − ð2Þ − � � � − ðNÞ − � � � − ð2Þ − ð1Þ

j
½2�

reads

I

3D

gð1Þ − ð2Þ− � � � −ðNÞ− � � � −ð2Þ − ð1Þ
j
½2� ðt; xα; zα; qÞ

¼
YN
k¼1

1

k!
ðq1

2t−2; qÞk∞
ðq1

2t2;qÞk∞
X

mðkÞ
1
;…;mðkÞ

k ∈Z

I Yk
i¼1

dsðkÞi

2πisðkÞi

×
Y
i<j

�
1 − q

jmðkÞ
i

−mðkÞ
j

j
2 sðkÞ�i sðkÞ∓j

��
q

1þjmðkÞ
i

−mðkÞ
j

j
2 t−2sðkÞ�i sðkÞ∓j ; q

�
∞�

q
1þjmðkÞ

i
−mðkÞ

j
j

2 t2sðkÞ�i sðkÞ∓j ; q
�
∞

×
YN−1

k¼1

1

ðN − kÞ!
ðq1

2t−2; qÞN−k
∞

ðq1
2t2; qÞN−k

∞

X
mðNþkÞ

1
;…;mðNþkÞ

N−k ∈Z

I YN−k

i¼1

dsðNþkÞ
i

2πisðNþkÞ
i

×
Y
i<j

�
1 − q

jmðNþkÞ
i

−mðNþkÞ
j

j
2 sðNþkÞ�

i sðNþkÞ∓
j

��
q

1þjmðNþkÞ
i

−mðNþkÞ
j

j
2 t−2sðNþkÞ�

i sðNþkÞ∓
j ;q

�
∞�

q
1þjmðNþkÞ

i
−mðNþkÞ

j
j

2 t2sðNþkÞ�
i sðNþkÞ∓

j ; q
�
∞

×
Y2N−2

k¼1

Y
i

Y
j

�
q

3
4
þ

jmðkÞ
i

−mðkþ1Þ
j

j
2 tsðkÞ�i sðkþ1Þ∓

j ; q
�
∞�

q
1
4
þ

jmðkÞ
i

−mðkþ1Þ
j

j
2 t−1sðkÞ�i sðkþ1Þ∓

j ; q
�
∞

·
YN
i¼1

Y2
α¼1

�
q

3
4
þjmðNÞ

i
j

2 tsðNÞ�
i z�α ; q

�
∞�

q
1
4
þjmðNÞ

i
j

2 t−1sðNÞ�
i z�α ;q

�
∞
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× q
P

2N−2
k¼1

P
i

P
j

jmðkÞ
i

−mðkþ1Þ
j

j
4

þ
P

N
i¼1

jmðNÞ
i

j
2

−
P

2N−1
k¼1

P
i<j

jmðkÞ
i

−mðkÞ
j

j
2

× t
P

2N−2
k¼1

P
i

P
j
jmðkÞ

i −mðkþ1Þ
j jþ2

P
N
i¼1

jmðNÞ
i j−2

P
2N−1
k¼1

P
i<j

jmðkÞ
i −mðkÞ

j j

×
Y2N−1

k¼1

�
xk
xkþ1

�Pk
i¼1

mðkÞ
i

·

�
x2N
x1

�
mð1Þ

1
þ
P

2N−1
i¼1

mð2N−1Þ
i

; ð4:8Þ

where zα are the fugacities for the flavor symmetry and xα are the fugacities for the topological symmetry. We expect that
the index (4.4) coincides with the index (4.8).
For example, consider 3D N ¼ 4 Uð2Þ gauge theory with four fundamental hypermultiplets, which we denote by

ð2Þ − ½4�. This is the simplest balanced non-Abelian gauge theory. The quiver diagram and the brane construction are shown
in Fig. 3.
The index of ð2Þ − ½4� is

I3D ð2Þ−½4�ðt; xα; zα; qÞ ¼
1

2

ðq1
2t2; qÞ2∞

ðq1
2t−2; qÞ2∞

X
m1;m2∈Z

I
ds1
2πis1

ds2
2πis2

×
ð1 − q

jm1−m2 j
2

s1
s2
Þð1 − q

jm1−m2 j
2

s2
s1
Þðq1þjm1−m2 j

2 t2 s1
s2
; qÞ

∞
ðq1þjm1−m2 j

2 t2 s2
s1
; qÞ

∞

ðq1þjm1−m2 j
2 t−2 s1

s2
; qÞ

∞
ðq1þjm1−m2 j

2 t−2 s2
s1
; qÞ

∞

×
Y2
i¼1

Y4
α¼1

ðq3
4
þjmi j

2 t−1s�i x
�
α ; qÞ∞

ðq1
4
þjmi j

2 ts�i x
�
α ; qÞ∞

qjm1jþjm2j−jm1−m2 j
2 t−4jm1j−4jm2jþ2jm1−m2jzm1þm2

1 z−m1−m2

2 ; ð4:9Þ

where xα are the fugacities for the SUð4Þ flavor symmetry with
Q

4
α¼1 xα ¼ 1 and zα are the fugacities for the topological

symmetry.
In the Coulomb limit, where one keeps t̃

1
2 ¼ q

1
4t−1 constant and sends q → 0 and t → ∞, the index (4.9) reduces to

I3D ð2Þ−½4�
Coulomb ðt̃; zÞ 1

2

1

ð1 − t̃Þ2
X

m1;m2∈Z

I
ds1
2πis1

ds2
2πis2

δm1;m2

ð1 − s�1 s
∓
2 Þ

ð1 − t̃s�1 s
∓
2 Þ

t̃ΔðmÞzm1þm2 ; ð4:10Þ

where we have defined z ≔ z1z−12 . Let λðmiÞ be a partition of 2 which is associated to the magnetic flux mi obeyingP
2
i¼1 λjðmiÞ ¼ 2 and λjðmiÞ ≥ λjþ1ðmiÞ. Making use of the formula

2 2 2 2 2

2

2
2
2

2NS5 NS5D5 D5D5 D5

D5'

D5'

NS5'
NS5'
NS5'
NS5'

1

2
2
2

1

NS5'

NS5'

NS5'
D5'
D5'
NS5'

(a) 2 4

1

2

1

2

(b)

FIG. 3. (a) The quiver diagrams of ð2Þ − ½4� and its mirror quiver gauge theory. (b) The brane configurations of ð2Þ − ½4� and its mirror
quiver gauge theory.
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1

N!

1

ð1 − xÞN
I YN

i¼

dsi
2πisi

Y
i≠j

ð1 − si
sj
Þ

ð1 − x si
sj
Þ ¼

YN
k¼1

1

1 − xk
; ð4:11Þ

we get

I3D ð2Þ−½4�
Coulomb ðt̃; zÞ ¼

X
m1;m2∈Z

t̃2jm1jþ2jm2j−jm1−m2j · zm1þm2 · PUð2Þðt̃; miÞ: ð4:12Þ

Here

PUð2Þðt̃; miÞ ¼
Y2
k¼1

1

ð1 − t̃kÞλTk ðmiÞ ð4:13Þ

is the factor which counts the number of Casimir where λTk ðmiÞ is the length of the kth row of the transposed Young tableau
λTðmiÞ. The expression (4.12) is identified with the refined Hilbert series for the Coulomb branch of ð2Þ − ½4� which can be
further written as [2]

I3D ð2Þ−½4�
Coulomb ðt̃; zÞ ¼ Hilb3D ð2Þ−½4�ðt̃; zÞ ¼

Y2
i¼1

1 − t̃5−i

ð1 − t̃iÞð1 − zt̃3−iÞð1 − z−1t̃3−iÞ : ð4:14Þ

The factors 1=ð1 − t̃iÞ with i ¼ 1, 2 correspond to the two generators Trφi where φ is the adjoint scalar field. The factors
1=ð1 − zt̃3−iÞ and 1=ð1 − z−1t̃3−iÞwith i ¼ 1, 2 describe the monopole operators Vþ with magnetic flux ðþ; 0Þ and V− with
magnetic flux ð−; 0Þ dressed by the adjoint complex scalar field.

The index of the mirror quiver gauge theory

gð1Þ − ð2Þ − ð1Þ
j
½2�

reads

I

3D

gð1Þ − ð2Þ − ð1Þ
j
½2� ðt; xα; zα; qÞ

¼ ðq1
2t−2; qÞ∞

ðq1
2t2; qÞ∞

X
m1∈Z

I
ds1
2πis1

·
1

2

ðq1
2t−2; qÞ2∞

ðq1
2t2; qÞ2∞

X
m2;m3∈Z

I
ds2
2πis2

ds3
2πis3

×
ð1 − q

jm2−m3 j
2

s2
s3
Þð1 − q

jm2−m3 j
2

s3
s2
Þðq1þjm2−m3 j

2 t−2 s2
s3
;qÞ

∞
ðq1þjm2−m3 j

2 t−2 s3
s2
; qÞ

∞

ðq1þjm2−m3 j
2 t2 s2

s3
; qÞ

∞
ðq1þjm2−m3 j

2 t2 s3
s2
;qÞ

∞

×
ðq1

2t−2; qÞ∞
ðq1

2t2; qÞ∞
X
m4∈Z

I
ds4
2πis4

×
Y3
i¼2

ðq3
4
þjm1−mi j

2 ts�1 s
∓
i ; qÞ∞

ðq1
4
þjm1−mi j

2 t−1s�1 s
∓
i ;qÞ∞

·
Y3
i¼2

Y2
α¼1

ðq3
4
þjmi j

2 ts�i z
�
α ; qÞ∞

ðq1
4
þjmi j

2 t−1s�i z
�
α ; qÞ∞

·
Y3
i¼2

ðq3
4
þjmi−m4 j

2 ts�i s
∓
4 ; qÞ∞

ðq1
4
þjmi−m4 j

2 t−1s�i s
∓
4 ; qÞ∞

× q
jm1−m2 jþjm1−m3 j

4
þjm2 j

2
þjm3 j

2
þjm2−m4 jþjm3−m4 j

4
−jm2−m3 j

2

× tjm1−m2jþjm1−m3jþ2jm2jþ2jm3jþjm2−m4jþjm3−m4j−2jm2−m3j

×

�
x1
x2

�
m1

�
x2
x3

�
m2þm3

�
x3
x4

�
m4

�
x4
x1

�
m1þm4

; ð4:15Þ

where xα are the fugacities for the topological symmetry, while zα are the fugacities for the flavor symmetry. As expected,
we find that the indices (4.9) and (4.15) coincide with each other up to order q3 (see Appendix A 1 c).
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B. T½SUðNÞ�
Consider the quiver gauge theory ð1Þ − ð2Þ − � � �−

ðN − 1Þ − ½N�, which we call T½SUðNÞ�. For example,
for T½SUð3Þ� theory, the quiver diagram and the brane
construction are illustrated in Fig. 4.
The dimension of the Coulomb branch of T½SUðNÞ� is

dimCM
T½SUðNÞ�
C ¼ 2

XN−1

k¼1

k ¼ NðN − 1Þ; ð4:16Þ

and the dimension of the Higgs branch of T½SUðNÞ� is

dimCM
T½SUðNÞ�
H ¼ 2

�XN−1

k¼1

kðkþ 1Þ −
XN−1

k¼1

k2
�
¼ NðN − 1Þ:

ð4:17Þ
The quiver gauge theory T½SUðNÞ� is a self-mirror theory
whose Coulomb branch and Higgs branch are identical as
the dimensions (4.16) and (4.17) are equal.
From brane construction, a D3-brane ending on the NS5-

brane can be viewed as a magnetic monopole. Hence, the
Coulomb branch or Higgs branch of T½SUðNÞ� is inter-
preted as the moduli space of SUðNÞ monopoles which are
formed by one with magnetic charge ðþ;−; 0;…; 0Þ, two
with magnetic charge ð0;þ;−;…; 0Þ;…; ðN − 1Þ with

magnetic charge ð0; 0;…;þ;−Þ together with N fixed
Dirac monopoles with magnetic charge ð0; 0;…; 0;þÞ.
The magnetic fluxes for T½SUðNÞ� is labeled by

N − 1 sets of k-tuple of integers, that is NðN−1Þ
2

integers

fmðkÞ
i gi¼1;…;k with k ¼ 1;…; N − 1. The canonical

R-charge of bare monopole is

ΔðmÞ ¼ 1

2

XN−2

k¼1

Xk
i¼1

Xkþ1

j¼1

jmðkÞ
i −mðkþ1Þ

j j þ N
2

XN−1

i¼1

jmðN−1Þ
i j −

XN−1

k¼1

X
i<j

jmðkÞ
i −mðkÞ

j j; ð4:18Þ

where the first terms are the contributions from the bifundamental hypers, the second terms are those from the
N fundamental hypers, and the third terms are those from the vector multiplets.
The index of T½SUðNÞ� takes the form

IT½SUðNÞ�ðt; xα; zα;qÞ

¼
YN−1

k¼1

�
1

k!
ðq1

2t2; qÞk∞
ðq1

2t−2; qÞk∞
X

mðkÞ
1
;…;mðkÞ

k ∈Z

I Yk
i¼1

dsðkÞi

2πisðkÞi

×
Y
i<j

�
1 − q

jmðkÞ
i

−mðkÞ
j

j
2 sðkÞ�i sðkÞ∓j

��
q

1þjmðkÞ
i

−mðkÞ
j

j
2 t2sðkÞ�i sðkÞ∓j ; q

�
∞�

q
1þjmðkÞ

i
−mðkÞ

j
j

2 t−2sðkÞ�i sðkÞ∓j ; q
�
∞

�

×
YN−2

k¼1

Yk
i¼1

Ykþ1

j¼1

�
q

3
4
þ

jmðkÞ
i

−mðkþ1Þ
j

j
2 t−1sðkÞ�i sðkÞ∓j ; q

�
∞�

q
1
4
þ

jmðkÞ
i

−mðkþ1Þ
j

j
2 tsðkÞ�i sðkÞ∓j ;q

�
∞

YN−1

i¼1

YN
α¼1

�
q

3
4
þjmðN−1Þ

i
j

2 t−1sðN−1Þ�
i x�α ; q

�
∞�

q
1
4
þjmðN−1Þ

i
j

2 tsðN−1Þ�
i x�α ; q

�
∞

× q
1
4

P
N−2
k¼1

P
k
i¼1

P
kþ1

j¼1
jmðkÞ

i −mðkþ1Þ
j jþN

4

P
N−1
i¼1

jmðN−1Þ
i j−1

2

P
N−1
k¼1

P
i<j

jmðkÞ
i −mðkÞ

j j

× t−
P

N−2
k¼1

P
k
i¼1

P
kþ1

j¼1
jmðkÞ

i −mðkþ1Þ
j j−N

P
N−1
i¼1

jmðN−1Þ
i jþ2

P
N−1
k¼1

P
i<j

jmðkÞ
i −mðkÞ

j j

×
YN−1

k¼1

�
zk
zkþ1

�Pk
i¼1

mðkÞ
i

·

�
zN
z1

�
mð1Þ

1
þ
P

N−1
i¼1

mðN−1Þ
i

; ð4:19Þ
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FIG. 4. (a) The quiver diagrams of T½SUð3Þ�. (b) The brane
configurations of T½SUð3Þ�.
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where xα are the fugacities for the SUðNÞ flavor symmetry with
Q

N
α¼1 xα ¼ 1, and zα are the fugacities for the topological

symmetry.

We expect that the index (4.19) is equal to the index of gT½SUðNÞ�;

I
gT½SUðNÞ�ðt; xα; zα; qÞ

¼
YN−1

k¼1

�
1

k!
ðq1

2t−2; qÞk∞
ðq1

2t2; qÞk∞
X

mðkÞ
1
;…;mðkÞ

k ∈Z

I Yk
i¼1

dsðkÞi

2πisðkÞi

×
Y
i<j

�
1 − q

jmðkÞ
i

−mðkÞ
j

j
2 sðkÞ�i sðkÞ∓j

��
q

1þjmðkÞ
i

−mðkÞ
j

j
2 t−2sðkÞ�i sðkÞ∓j ; q

�
∞�

q
1þjmðkÞ

i
−mðkÞ

j
j

2 t2sðkÞ�i sðkÞ∓j ; q
�
∞

�

×
YN−2

k¼1

Yk
i¼1

Ykþ1

j¼1

�
q

3
4
þ

jmðkÞ
i

−mðkþ1Þ
j

j
2 tsðkÞ�i sðkÞ∓j ; q

�
∞�

q
1
4
þ

jmðkÞ
i

−mðkþ1Þ
j

j
2 t−1sðkÞ�i sðkÞ∓j ; q

�
∞

YN−1

i¼1

YN
α¼1

ðq3
4
þjmðN−1Þ

i
j

2 tsðN−1Þ�
i z�α ; qÞ∞�

q
1
4
þjmðN−1Þ

i
j

2 t−1sðN−1Þ�
i z�α ; q

�
∞

× q
1
4

P
N−2
k¼1

P
k
i¼1

P
kþ1

j¼1
jmðkÞ

i −mðkþ1Þ
j jþN

4

P
N−1
i¼1

jmðN−1Þ
i j−1

2

P
N−1
k¼1

P
i<j

jmðkÞ
i −mðkÞ

j j

× t
P

N−2
k¼1

P
k
i¼1

P
kþ1

j¼1
jmðkÞ

i −mðkþ1Þ
j jþN

P
N−1
i¼1

jmðN−1Þ
i j−2

P
N−1
k¼1

P
i<j

jmðkÞ
i −mðkÞ

j j

×
YN−1

k¼1

�
xk
xkþ1

�Pk
i¼1

mðkÞ
i

·

�
xN
x1

�
mð1Þ

1
þ
P

N−1
i¼1

mðN−1Þ
i

; ð4:20Þ

with zα being the fugacities for the flavor symmetry satisfying
Q

N
α¼1 zα ¼ 1, and xα being the fugacities for the topological

symmetry. In fact, we have checked that the indices (4.19) and (4.20) agree up to order q3 (see Appendix A 1 c).

C. ð1Þ− ð2Þ− ð1Þ

Consider a quiver gauge theory
ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�

whose quiver diagram and the brane construction are illustrated in

Fig. 5. This is a self-mirror quiver theory.

1 2 2 2

1
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2
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1
NS5 NS5NS5D5D5 NS5

D5'

D5'

D5'
NS5'
NS5'
D5'

(a) 2

1

1

2

1

2

(b)
1 1 1

D5 D5

1

1

NS5'

NS5'

1 1

2 1

1

1

1

2
2
2

1

NS5'

NS5'

NS5'
D5'
D5'
NS5'

1

1

D5'

D5'

FIG. 5. (a) The quiver diagrams of the self-mirror Uð1Þ × Uð2Þ × Uð1Þ quiver gauge theory. (b) The brane configurations of the self-
mirror Uð1Þ × Uð2Þ ×Uð1Þ quiver gauge theory.
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The dimension of the Coulomb branch is

dimCM

ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�
C ¼ 2 · ð1þ 2þ 1Þ ¼ 8; ð4:21Þ

and the dimension of the Higgs branch is

dimCM

ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�
H ¼ 2 · ð1 × 1þ 1 × 2þ 2 × 2þ 2 × 1þ 1 × 1 − 12 − 22 − 12Þ ¼ 8: ð4:22Þ

Let us label the magnetic fluxes for
ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�

by four integers m1, m2, m3, m4. The R-charge of bare

monopole operator is given by

ΔðmÞ ¼ jm1j
2

þ jm1 −m2j þ jm1 −m3j
2

þ jm2j þ jm3j þ
jm2 −m4j þ jm3 −m4j

2
þ jm4j

2
− jm2 −m3j: ð4:23Þ

The terms jm1j
2

þ jm4j
2

are contributed from the charged hypers under the Uð1Þ gauge factors, while the terms jm2j þ jm3j are
the contributions from the fundamental hypers of Uð2Þ gauge symmetry. The terms

Q
i<j jmi −mjj are the contributions

from the bifundamental hypers. The terms −jm2 −m3j are the contributions from the Uð2Þ vector multiplet.

The index of
ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�

is evaluated as

I

3D

ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1� ðt; xα; zα; qÞ

¼ ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

X
m1∈Z

I
ds1
2πis1

×
1

2

ðq1
2t2; qÞ2∞

ðq1
2t−2; qÞ2∞

X
m2;m3∈Z

I
ds2
2πis2

ds3
2πis3

ð1 − q
jm2−m3 j

2 s�2 s
∓
3 Þðq

1þjm2−m3 j
2 t2s�2 s

∓
3 ; qÞ∞

ðq1þjm2−m3 j
2 t−2s�2 s

∓
3 ;qÞ∞

×
ðq1

2t2; qÞ∞
ðq1

2t−2; qÞ∞
X
m4∈Z

I
ds4
2πis4

×
ðq3

4
þjm1 j

2 t−1s�1 x
�
1 ; qÞ∞

ðq1
4
þjm1 j

2 ts�1 x
�
1 ; qÞ∞

·
Y3
i¼2

ðq3
4
þjm1−mi j

2 t−1s�1 s
∓
i ; qÞ∞

ðq1
4
þjm1−mi j

2 ts�1 s
∓
i ; qÞ∞

Y3
i¼2

Y3
α¼2

ðq3
4
þjmi j

2 t−1s�i x
�
α ; qÞ∞

ðq1
4
þjmi j

2 ts�i x
�
α ; qÞ∞
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×
Y3
i¼2

ðq3
4
þjmi−m4 j

2 t−1s�i s
∓
4 ; qÞ∞

ðq1
4
þjmi−m4 j

2 ts�i s
∓
4 ; qÞ∞

·
ðq3

4
þjm4 j

2 t−1s�4 x
�
4 ; qÞ∞

ðq1
4
þjm4 j

2 ts�4 x
�
4 ; qÞ∞

× q
jm1 j
4
þjm1−m2 jþjm1−m3 j

4
þjm2 jþjm3 j

2
þjm2−m4 jþjm3−m4 j

4
þjm4 j

4
−jm2−m3 j

2

× t−jm1j−jm1−m2j−jm1−m3j−2jm2j−2jm3j−jm2−m4j−jm3−m4j−jm4jþ2jm2−m3j

×

�
z1
z2

�
m1

�
z2
z3

�
m2þm3

�
z3
z4

�
m4

�
z4
z1

�
m1þm4

; ð4:24Þ

where xα are the fugacities for the flavor symmetry, and zα are the fugacities for the topological symmetry.

As expected, we have confirmed that the index (4.24) coincides with the index of

gð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�

which consists

of twisted supermultiplets,

I

3D

gð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1� ðt; xα; zα; qÞ

¼ ðq1
2t−2; qÞ∞

ðq1
2t2; qÞ∞

X
m1∈Z

I
ds1
2πis1

×
1

2

ðq1
2t−2; qÞ2∞

ðq1
2t2; qÞ2∞

X
m2;m3∈Z

I
ds2
2πis2

ds3
2πis3

ð1 − q
jm2−m3 j

2 s�2 s
∓
3 Þðq

1þjm2−m3 j
2 t−2s�2 s

∓
3 ;qÞ∞

ðq1þjm2−m3 j
2 t2s�2 s

∓
3 ; qÞ∞

×
ðq1

2t−2; qÞ∞
ðq1

2t2; qÞ∞
X
m4∈Z

I
ds4
2πis4

×
ðq3

4
þjm1 j

2 ts�1 z
�
1 ; qÞ∞

ðq1
4
þjm1 j

2 t−1s�1 z
�
1 ; qÞ∞

·
Y3
i¼2

ðq3
4
þjm1−mi j

2 ts�1 s
∓
i ; qÞ∞

ðq1
4
þjm1−mi j

2 t−1s�1 s
∓
i ; qÞ∞

Y3
i¼2

Y3
α¼2

ðq3
4
þjmi j

2 ts�i z
�
α ; qÞ∞

ðq1
4
þjmi j

2 t−1s�i z
�
α ; qÞ∞

×
Y3
i¼2

ðq3
4
þjmi−m4 j

2 ts�i s
∓
4 ; qÞ∞

ðq1
4
þjmi−m4 j

2 t−1s�i s
∓
4 ;qÞ∞

·
ðq3

4
þjm4 j

2 ts�4 z
�
4 ; qÞ∞

ðq1
4
þjm4 j

2 t−1s�4 z
�
4 ; qÞ∞

× q
jm1 j
4
þjm1−m2 jþjm1−m3 j

4
þjm2 jþjm3 j

2
þjm2−m4 jþjm3−m4 j

4
þjm4 j

4
−jm2−m3 j

2

× tjm1jþjm1−m2jþjm1−m3jþ2jm2jþ2jm3jþjm2−m4jþjm3−m4jþjm4j−2jm2−m3j

×

�
x1
x2

�
m1

�
x2
x3

�
m2þm3

�
x3
x4

�
m4

�
x4
x1

�
m1þm4

; ð4:25Þ

where zα are the fugacities for the flavor symmetry, and xα are the fugacities for the topological symmetry (see
Appendix A 1 c).

As a next example, let us consider a quiver gauge theory
ð1Þ − ð2Þ − ð1Þ

j j
½2� ½1�

. This is not self-mirror and the quiver

diagram and the brane construction are drawn in Fig. 6. The dimension of the Coulomb branch is

dimCM

ð1Þ − ð2Þ − ð1Þ
j j
½2� ½1�

C ¼ 2 · ð1þ 2þ 1Þ ¼ 8; ð4:26Þ
while the dimension of the Higgs branch is
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dimCM

ð1Þ − ð2Þ − ð1Þ
j j
½2� ½1�

H ¼ 2 · ð1 × 2þ 2 × 2þ 2 × 1þ 1 × 1 − 12 − 22 − 12Þ ¼ 6: ð4:27Þ

Again the magnetic fluxes are labeled by integers m1,m2, m3,m4. The canonical R-charge of bare monopole is given by

ΔðmÞ ¼ jm1 −m2j þ jm1 −m3j
2

þ jm2j þ jm3j þ
jm2 −m4j þ jm3 −m4j

2
þ jm4j

2
− jm2 −m3j; ð4:28Þ

which is obtained by eliminating the contribution jm1j
2

of the charged hyper from the R-charge (4.23) for self-mirror quiver

gauge theory
ð1Þ − ð2Þ − ð1Þ
j j j
½1� ½2� ½1�

.

We can evaluate the index of
ð1Þ − ð2Þ − ð1Þ

j j
½2� ½1�

as

I

3D

ð1Þ − ð2Þ − ð1Þ
j j
½2� ½1� ðt; xα; zα; qÞ

¼ ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

X
m1;Z

I
ds1
2πis1

×
1

2

ðq1
2t2; qÞ2∞

ðq1
2t−2; qÞ2∞

X
m2;m3∈Z

I
ds2
2πis2

ds3
2πis3

ð1 − q
jm2−m3 j

2 s�2 s
∓
3 Þðq

1þjm2−m3 j
2 t2s�2 s

∓
3 ; qÞ∞

ðq1þjm2−m3 j
2 t−2s�2 s

∓
3 ; qÞ∞

×
ðq1

2t2; qÞ∞
ðq1

2t−2; qÞ∞
X
m4∈Z

I
ds4
2πis4
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FIG. 6. (a) The quiver diagrams of the Uð1Þ ×Uð2Þ × Uð1Þ quiver gauge theory with two fundamental hypers for the centered Uð2Þ
gauge node and one charged hyper for the end of the Uð1Þ node and its mirror theory. (b) The corresponding brane configurations.
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×
Y3
i¼2

ðq3
4
þjm1−mi j

2 t−1s�1 s
∓
i ; qÞ∞

ðq1
4
þjm1−mi j

2 ts�1 s
∓
i ; qÞ∞

·
Y3
i¼2

Y2
α¼1

ðq3
4
þjmi j

2 t−1s�i x
�
α ; qÞ∞

ðq1
4
þjmi j

2 ts�i x
�
α ; qÞ∞

×
Y3
i¼2

ðq3
4
þjmi−m4 j

2 t−1s�i s
∓
4 ; qÞ∞

ðq1
4
þjmi−m4 j

2 ts�i s
∓
4 ; qÞ∞

·
ðq3

4
þjm4 j

2 t−1s�4 x
�
3 ; qÞ∞

ðq1
4
þjm4 j

2 ts�4 x
�
3 ; qÞ∞

× q
jm1−m2 j

4
þjm1−m3 j

4
þjm2 jþjm3 j

2
þjm2−m4 j

4
þjm3−m4 j

4
þjm4 j

4
−jm2−m3 j

2

× t−jm1−m2j−jm1−m3j−2jm2j−2jm3j−jm2−m4j−jm3−m4j−jm4jþ2jm2−m3j

×

�
z4
z2

�
m1

�
z2
z3

�
m2þm3

�
z3
z1

�
m4

�
z1
z4

�
m1þm4

; ð4:29Þ

where the fugacities xα are associated to the flavor symmetry, while the fugacities zα are associated to the topological
symmetry.

The mirror of
ð1Þ − ð2Þ − ð1Þ

j j
½2� ½1�

is the quiver gauge theory

gð2Þ − ð1Þ
j j
½3� ½1�

whose quiver diagram and brane

construction are illustrated in Fig. 6.
The dimension of the Coulomb branch is

dimCM

gð2Þ − ð1Þ
j j
½3� ½1�
C ¼ 2 · ð2þ 1Þ ¼ 6; ð4:30Þ

and the dimension of the Higgs branch is

dimCM

gð2Þ − ð1Þ
j j
½3� ½1�
H ¼ 2 · ð2 × 3þ 2 × 1þ 1 × 1 − 22 − 12Þ ¼ 8: ð4:31Þ

The magnetic fluxes are labeled by three integers m1, m2, m3. We have the bare monopole operator with dimension

ΔðmÞ ¼ 3

2
jm1j þ

3

2
jm2j þ

jm1 −m3j
2

þ jm2 −m3j
2

þ jm3j
2

− jm1 −m2j: ð4:32Þ

Here the first two terms are contributed from three fundamental twisted hypers forUð2Þ gauge symmetry, the next two terms
are the contributions from bifundamental twisted hypers, the second from the last is contributed from charged twisted hyper
for Uð1Þ gauge symmetry, and the last comes from the Uð2Þ twisted vector multiplet.
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The index of

gð2Þ − ð1Þ
j j
½3� ½1�

is given by

I

3D

gð2Þ − ð1Þ
j j
½3� ½1� ðt; xα; zα; qÞ

¼ 1

2

ðq1
2t−2; qÞ2∞

ðq1
2t2; qÞ2∞

X
m1;m2∈Z

I
ds1
2πis1

ds2
2πis2

ð1 − q
jm1−m2 j

2 s�1 s
∓
2 Þðq

1þjm1−m2 j
2 t−2s∓1 s

∓
2 ; qÞ∞

ðq1þjm1−m2 j
2 t2s∓1 s

∓
2 ; qÞ∞

ðq1
2t−2; qÞ∞

ðq1
2t2; qÞ∞

X
m3∈Z

I
ds3
2πis3

×
Y2
i¼1

Y3
α¼1

ðq3
4
þjmi j

2 ts�i z
�
α ; qÞ∞

ðq1
4
þjmi j

2 t−1s�i z
�
α ; qÞ∞

Y2
i¼1

ðq3
4
þjmi−m3 j

2 ts�i s
∓
3 ;qÞ∞

ðq1
4
þjmi−m3 j

2 t−1s�i s
∓
3 ; qÞ∞

·
ðq3

4
þjm3 j

2 ts�3 z
�
4 ; qÞ∞

ðq1
4
þjm3 j

2 t−1s�3 z
�
4 ; qÞ∞

× q
3
4
jm1jþ3

4
jm2jþjm1−m3 j

4
þjm2−m3 j

4
þjm3 j

4
−jm1−m2 j

2

× t3jm1jþ3jm2jþjm1−m3jþjm2−m3jþjm3j−2jm1−m2j

×

�
x1
x2

�
m1þm2

�
x2
x3

�
m3

�
x3
x1

�
m1þm2þm3

: ð4:33Þ

As predicted from mirror symmetry, the associated global symmetry of fugacities xα and zα are swapped and the indices
(4.29) and (4.33) coincide with each other (see Appendix A 1 c).

D. ð1Þ− ð2Þ− ½4�
Consider the 3D N ¼ 4 quiver gauge theory ð1Þ − ð2Þ − ½4�. The quiver diagram and the brane construction are

illustrated in Fig. 7.
The dimension of the Coulomb branch is

dimCM
ð1Þ−ð2Þ−½4�
C ¼ 2 · ð1þ 2Þ ¼ 6; ð4:34Þ

and the dimension of the Higgs branch is

1 2 4 2

1

3

4

2
NS5 D5NS5 D5 D5

NS5'

D5'

NS5'

NS5'

D5'

D5'

(a) 2 2

2 2

(b)
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2

2

2
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D5'
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D5'

D5'

2

1
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FIG. 7. (a) The quiver diagrams of the ð1Þ − ð2Þ − ½4� quiver gauge theory and its mirror theory. (b) The corresponding brane
configurations.
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dimCM
ð1Þ−ð2Þ−½4�
H ¼ 2 · ð1 × 2þ 2 × 4 − 12 − 22Þ ¼ 10: ð4:35Þ

For ð1Þ − ð2Þ − ½4�, we can label the magnetic fluxes in terms of three integers m1, m2, m3. The R-charge of bare
monopole operator is expressed as

ΔðmÞ ¼ jm1 −m2j
2

þ jm1 −m3j
2

þ 2jm2j þ 2jm3j − jm2 −m3j; ð4:36Þ

where the first two terms are the contributions from bifundamental hypers, the next two terms are those from four
fundamental hypers for the Uð2Þ gauge node, and the last is contributed from the Uð2Þ vector multiplet.
The index of ð1Þ − ð2Þ − ½4� is

I3Dð1Þ−ð2Þ−½4�ðt; xα; zα; qÞ

¼ ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

X
m1∈Z

I
ds1
2πis1

×
1

2

ðq1
2t2; qÞ2∞

ðq1
2t−2; qÞ2∞

X
m2;m3∈Z

I
ds2
2πis2

ds3
2πis3

ð1 − q
jm2−m3 j

2 s�2 s
∓
3 Þðq

1þjm2−m3 j
2 t2s�2 s

∓
3 ; qÞ∞

ðq1þjm2−m3 j
2 t−2s�2 s

∓
3 ; qÞ∞

×
Y3
i¼2

ðq3
4
þjm1−mi j

2 t−1s�1 s
∓
i ; qÞ∞

ðq1
4
þjm1−mi j

2 ts�1 s
∓
i ; qÞ∞

·
Y3
i¼2

Y4
α¼1

ðq3
4
þjmi j

2 t−1s�i x
�
α ; qÞ∞

ðq1
4
þjmi j

2 ts�i x
�
α ; qÞ∞

× q
jm1−m2 j

4
þjm1−m3 j

4
þjm2jþjm3j−jm2−m3 j

2

× t−jm1−m2j−jm1−m3j−4jm2j−4jm3jþ2jm2−m3j

×

�
z3
z1

�
m1

�
z1
z2

�
m2þm3

�
z2
z3

�
m1þm2þm3

; ð4:37Þ

where xα and zα are the fugacities for flavor symmetry and topological symmetry, respectively.

The mirror of ð1Þ − ð2Þ − ½4� is the quiver gauge theory
gð2Þ − ð2Þ − ð1Þ

j j
½2� ½1�

. The corresponding quiver diagram and

brane configuration are shown in Fig. 7.
The dimension of the Coulomb branch is

dimCM

gð2Þ − ð2Þ − ð1Þ
j j
½2� ½1�
C ¼ 2 · ð2þ 2þ 1Þ ¼ 10; ð4:38Þ

and the dimension of the Higgs branch is

dimCM

gð2Þ − ð2Þ − ð1Þ
j j
½2� ½1�
H ¼ 2 · ð2 × 2þ 2 × 2þ 2 × 1þ 2 × 1 − 22 − 22 − 12Þ ¼ 6: ð4:39Þ

The dimension of monopole operator is

ΔðmÞ ¼ jm1j þ jm2j þ
X2
i¼1

X4
j¼3

jmi −mjj
2

þ jm3j þ jm4j
2

þ
X4
i¼3

jmi −m5j
2

−
jm1 −m2j

2
−
jm3 −m4j

2
; ð4:40Þ

where the first line includes the contributions from the twisted hyper multiplets, while the second line describes the
contributions from two Uð2Þ twisted vector multiplets.
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As shown in Appendix A 1 c, we have checked that the index (4.37) beautifully coincides with the index of the mirror
quiver gauge theory,

I

3D
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j j
½2� ½1� ðt; xα; zα; qÞ

¼ 1

2

ðq1
2t−2; qÞ2∞

ðq1
2t2; qÞ2∞

X
m1;m2∈Z

I
ds1
2πis1

ds2
2πis2

ð1 − q
jm1−m2 j

2 s�1 s
∓
2 Þðq

1þjm1−m2 j
2 t−2s�1 s

∓
2 ; qÞ∞

ðq1þjm1−m2 j
2 t2s�2 s

∓
3 ; qÞ∞

×
1

2

ðq1
2t−2; qÞ2∞

ðq1
2t2; qÞ2∞

X
m3;m4∈Z

I
ds3
2πis3

ds4
2πis4

ð1 − q
jm1−m2 j

2 s�3 s
∓
4 Þðq

1þjm1−m2 j
2 t−2s�3 s

∓
4 ; qÞ∞

ðq1þjm1−m2 j
2 t2s�3 s

∓
4 ; qÞ∞

×
ðq1

2t−2; qÞ∞
ðq1

2t2; qÞ∞
X
m5∈Z

I
ds5
2πis5

×
Y2
i¼1

Y2
α¼1

ðq3
4
þjmi j

2 ts�i z
�
α ; qÞ∞

ðq1
4
þjmi j

2 t−1s�i z
�
α ; qÞ∞

·
Y2
i¼1

Y4
j¼3

ðq3
4
þjmi−mj j

2 ts�i s
∓
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∓
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; ð4:41Þ

where the fugacities zα and xα are associated to the flavor and
topological symmetries of the mirror theory, respectively.

V. SEIBERG-LIKE DUALITY

The 3D N ¼ 4 UðNÞ gauge theory with (2N − 1)
hypermultiplets is expected to be equivalent in the IR to
a UðN − 1Þ gauge theory with (2N − 1) hypermultiplets
times a free twisted hypermultiplet [10]. This is interpreted
as Seiberg-like duality between the ugly and good theories.
The equality of the Hilbert series for the Coulomb branch is
shown in [2] and that for the Hilbert series for the Higgs

branch is shown in [28]. Here we would like to check the
equalities of 3D full-indices.
We conjecture the identity of indices,

I3DðNÞ−½2N−1�ðt; xα; zα; qÞ

¼ I3D ðN−1Þ−½2N−1�ðt; xα; zα; qÞ × I3D tHM

�
t;
z1
z2

; q

�
;

ð5:1Þ

where

I3D ðNÞ−½Nf �ðt; xα; zα; qÞ

¼ 1
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ðq1
2t−2; qÞN∞

X
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Y
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ð1 − q
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2 s�i s
∓
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∓
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∓
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×
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YNf

α¼1

ðq3
4
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�
α ; qÞ∞

ðq1
4
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�
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mi ð5:2Þ
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is the index for 3D N ¼ 4 UðNÞ gauge theory with Nf
fundamental hypermultiplets. In fact, we have checked that
(5.1) holds for N ¼ 2, 3 up to order q3 (see Appendix A 1 d
for the q-expansions).

VI. DUALITIES OF BOUNDARY CONDITIONS

Making use of the results in Secs. III and IV, we
construct the dual half-BPS boundary conditions for 4D
N ¼ 4 gauge theories by including 3D N ¼ 4 gauge
theories. In order to check the dualities conjectured from
the action of S-duality in string theory, we compute the
half-indices which encode the half-BPS boundary condi-
tions for 4D N ¼ 4 gauge theories, as well as the full-
indices for 3DN ¼ 4 gauge theories. The indices for some
half-BPS interfaces in 4D N ¼ 4 gauge theory were
studied in [12,40]. The analysis in this section and in
Sec. VII provides more general examples which realize
4D-3D dualities.

A. 4D UðNÞj3D UðMÞ
Now let us consider the enriched Neumann b.c. N

for 4D N ¼ 4 UðNÞ gauge theory which is coupled to 3D
N ¼ 4 UðMÞ vector multiplet by the 3D bifundamental
hypermultiplet. We denote this boundary condition by
4D UðNÞj3D UðMÞ. It can be realized in the brane
construction as in Fig. 8. There are finite M D3-branes
stretched between the NS5-branes and semi-infinite N
D3-branes extending along the one side of the NS5-brane
in the x6 direction. The computation of the half-indices

for the enriched b.c. 4D UðNÞj3D UðMÞ involves two
sets of contour integral corresponding to the 4D gauge and
3D gauge symmetries. On the other hand, the mirror
boundary condition is rather simple as it has no gauge
symmetry.
We can compute the half-index for the boundary con-

dition 4D UðNÞj3D UðMÞ as
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∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
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×
1
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X
m1;…;mM∈Z
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i¼Nþ1

Y
i<j

ð1 − q
jmi−N−mj−N j

2 s�i s
∓
j Þðq

1þjmi−N−mj−N j
2 t2s�i s

∓
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∓
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×
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4
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∓
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4
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∓
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Njmijþ2
P

i<j
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�PM
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: ð6:1Þ

The contributions in the second line and third line are the half-
index for 4DUðNÞ gauge theory satisfying Neumann b.c.N
and full-index for 3D UðMÞ gauge theory, respectively. The
contributions in the fourth line count the 3D bifundamental
hypermultiplet. The last line involves the contribution from
the monopole operator whose canonical R-charge is

ΔðmÞ ¼
XM
i¼1

Njmij
2

−
X
i<j

jmi −mjj: ð6:2Þ

Weassume the conditionN ≥ 2M − 1, which guarantees that
all monopole operators are above the unitarity bound so that
the half-indices are convergent.

NS5 NS5

N M

N

M

D5'

D5'

(a)

(b)

MN NN

M

FIG. 8. (a) The quiver diagrams of the enriched Neumann b.c.
4D UðNÞj3D UðMÞ and its mirror. (b) The corresponding brane
constructions. While the enriched Neumann b.c. 4D UðNÞj3D
UðMÞ involves 4D gauge and 3D gauge symmetries, its mirror
b.c. breaks 4D gauge symmetry.
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The S-dual boundary condition 4D UðNÞj½M�j is asso-
ciated with two D50-branes. The D50-brane defect would
break the 4D gauge group UðNÞ down to UðMÞ block-
diagonal subgroup. This may lead to the singular boundary
condition specified by the Nahm pole of rank (N −M). The
another D50-brane on which M D3-branes terminate

requires the singular boundary specified by the Nahm pole
of rank M. There would be M different types of contribu-
tions to half-index from broken gauge theory characterized
by the Nahm pole of rank (N −M), as discussed in [12].
The half-index for the boundary condition 4DUðNÞj½M�j

takes the form

II4D UðNÞj½M�j
D0 ðt; zα; qÞ ¼
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ðqkþ1
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Nahm0

·
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2 t−2ðl−1Þ; qÞ∞
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4
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2 t−ðN−2MÞ−2ðl−1Þz�1 z

∓
2 ; qÞ∞

ðqN−2M
4
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2t−ðN−2MÞ−2lz�1 z

∓
2 ; qÞ∞

: ð6:3Þ

We expect that the half-index (6.1) for the enriched Neumann boundary condition 4D UðNÞj3D UðMÞ is equal to the half-
index (6.3) for its dual boundary condition 4DUðNÞj½M�j. As shown in Appendix A 2 a, we have checked that they coincide
for ðN;MÞ ¼ ð1; 1Þ, (2,1), (3,1), (3,2), (4,2), and (5,2) up to certain orders of q.

B. 4D UðNÞj3D UðN − 1Þ × � � � × Uð1Þ
Now we present the half-index of the enriched Neumann boundary condition 4D UðNÞj3D UðN − 1Þ × � � � ×Uð1Þ,

which is the Neumann b.c. N for 4D N ¼ 4 UðNÞ gauge theory coupled to 3D N ¼ 4 UðN − 1Þ × UðN − 2Þ × � � � ×
Uð1Þ quiver gauge theory through the 3D hypermultiplet transforming as ðN;N − 1Þ ⊕ ðN;N − 1Þ under the UðNÞ ×
UðN − 1Þ gauge group. This is expected to be dual to the Dirichlet boundary conditionD0 for 4DN ¼ 4UðNÞ SYM theory
[8] (see Fig. 9).
One can compute the half-index of the enriched Neumann boundary condition 4D UðNÞj3D UðN − 1Þ × � � � ×Uð1Þ as
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: ð6:4Þ

The half-index (6.4) would agree with the half-index of Dirichlet boundary D0 for 4D N ¼ 4 UðNÞ gauge theory

II4D UðNÞ
D0 ðt; zα; qÞ ¼

ðqÞN∞
ðq1

2t−2; qÞN∞
Y
i≠j

ðq zi
zj
; qÞ

∞
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2t−2 zi

zj
; qÞ

∞

: ð6:5Þ

In fact, we have checked that they coincide with each other forN ¼ 1, 2 up to certain orders of q by using Mathematica (see
Appendix A 2 a).
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C. 4D UðNÞj3D ðMÞ− ½2M�
Let us consider the enriched Neumann b.c. N for 4D

N ¼ 4 UðNÞ gauge theory coupled to balanced 3DN ¼ 4
UðMÞ gauge theory with 2M hypermultiplets. We represent
this boundary condition by 4D UðNÞj3D ðMÞ − ½2M�. The
corresponding quiver diagram and brane construction are
shown in Fig. 10. In contrast to the enriched boundary
conditions in Sec. VI A, the dual boundary conditions can
admit both 4D and 3D gauge symmetries. The dualities of
boundary conditions produce a generalization of mirror
symmetry for ðNÞ − ½2N� discussed in Sec. IVA.
The enriched Neumann b.c. 4D UðNÞj3D ðMÞ − ½2M�

consists of the Neumann b.c.N for 4DN ¼ 4UðNÞ gauge

theory coupled to 3D N ¼ 4 UðMÞ balanced gauge theory
with 2M fundamental hypermultiplets via 3D boundary
hypermultiplets transforming as ðN;MÞ ⊕ ðN;MÞ under
the UðNÞ ×UðMÞ gauge symmetry. Here we assume that
N ≥ M.
The half-index for the enriched Neumann b.c. 4D

UðNÞj3D ðMÞ − ½2M� reads
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N ðt; xα; zα; qÞ

¼ 1

N!

ðqÞN∞
ðq1

2t−2; qÞN∞
YN
i¼1

I
dsi
2πisi

Y
i≠j

ðsisj ; qÞ∞
ðq1

2t−2 si
sj
; qÞ

∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D UðNÞ
N

×
1

M!

ðq1
2t2; qÞM∞

ðq1
2t−2; qÞM∞

X
m1;…;mM∈Z

I YNþM

i¼Nþ1

dsi
2πisi

Y
i≠j

ð1 − q
jmi−mj j

2 s�i s
∓
j Þðq

1þjmi−mj j
2 t2s�i s

∓
j ; qÞ∞

ðq1þjmi−mj j
2 t−2s�i s

∓
j ;qÞ∞

×
YN
i¼1

YNþM

j¼Nþ1

ðq3
4
þjmj−N j

2 t−1s�i s
∓
j ; qÞ∞

ðq1
4
þjmj−N j

2 ts�i s
∓
j ; qÞ∞

·
YNþM

i¼Nþ1

Y2M
α¼1

ðq3
4
þjmi−N j

2 t−1s�i x
�
α ; qÞ∞

ðq1
4
þjmi−N j

2 ts�i x
�
α ; qÞ∞

× q
Nþ2M

4

P
M
i¼1

jmij−
P

i<j

jmi−mj j
2 · t−ðNþ2MÞ

P
M
i¼1

jmijþ2
P

i<j
jmi−mjj ·

�
z1
z2

�PM
i¼1

mi

: ð6:6Þ
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FIG. 9. (a) The quiver diagrams of the enriched Neumann b.c.
4D UðNÞj3D UðN − 1Þ ×UðN − 2Þ × � � � ×Uð1Þ and its mirror,
that is Dirichlet b.c. D0 for 4D UðNÞ gauge theory. (b) The
corresponding brane constructions.
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FIG. 10. (a) The quiver diagrams of the enriched Neumann b.c.
4D UðNÞj3D ðMÞ − ½2M� and its mirror. (b) The corresponding
brane constructions.
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The second and third lines describe the half-index of
Neumann b.c. N for 4D UðNÞ gauge theory and the
full-index of 3D UðMÞ vector multiplet, respectively. The
fourth line counts the boundary bifundamental hypermul-
tiplet and the fundamental hypermultiplet in ðMÞ − ½2M�.
The last line counts the monopole operator with the
canonical R-charge

ΔðmÞ ¼ N þ 2M
2

XM
i¼1

jmij −
X
i<j

jmi −mjj: ð6:7Þ

This is generalized from the formula (4.3) by including the
additional contributions from the boundary bifundamental
hypermultiplet coupled to 4D UðNÞ SYM theory.
The S-dual boundary condition can be read off from the

brane configuration in Fig. 10. The 4D gauge symmetry
must break down to UðMÞ due to the presence of the

D50-brane interface. When N ¼ M, there is a defect 3D
twisted hypermultiplet at the D50-brane interface trans-
forming under fundamental representation under the UðNÞ
gauge group. For N > M, there is no fundamental twisted
hypermultiplet at the defect; however, there are contribu-
tions to the half-index from the broken UðNÞ gauge theory
associated with the Nahm pole of rank (N −M) [12].
The surviving 4D UðMÞ gauge theory should obey the

Neumann b.c. N 0 due to the NS50-brane. It further couples
to 3D twisted quiver gauge theory through the 3D bifun-
damental twisted hypermultiplet. The 3D twisted quiver
gauge theory has UðMÞM ×UðM − 1Þ ×UðM − 2Þ ×
Uð1Þ gauge symmetry and a single Uð1Þ flavor node
for the Mth UðMÞ gauge node, which we denote by

ðMÞM−1 − ðMÞ − gðM − 1Þ − ðM − 2Þ − � � � − ð1Þ
j
½1�

.

We expect that the half-index (6.6) agrees with
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: ð6:8Þ

The second line includes the half-index of Nahm0 boundary
condition for 4D UðN −MÞ gauge theory corresponding to
the defect of D50-brane and the half-index of Neumann b.c.
N 0 for 4D UðNÞ gauge theory corresponding to the NS50-
brane on which semi-infinite N D3-branes terminate. The
contributions from third to sixth line are the full-index of 3D
twisted vector multiplets. The first factors in the seventh line
describe the defect twisted hypermultiplet forN ¼ M and the
local operators appearing from thebrokenUðNÞ gauge theory
for N > M. The remaining contributions are the 3D twisted
hypers and monopole operator with conformal dimension

ΔðmÞ ¼ M
2
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i¼1

jmð1Þ
i j

þ
X2M−2
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X
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X
j
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i −mðkþ1Þ

j j
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þ 1

2

XM
i¼1

jmðMÞ
i j

−
X2M−1

k¼1

X
i<j

jmðkÞ
i −mðkÞ

j j; ð6:9Þ

where the first terms are the contributions from the bifunda-
mental twisted hyper coupled to 4D UðMÞ and 3D UððMÞ
gauge symmetries, the second and third are the contributions
from the bifundamental twisted hyper in the 3D quiver gauge
theory, and the last terms are the contributions from the 3D
twisted vector multiplets.
As shown in Appendix A 2 a, we have checked that the

indices (6.6) and (6.8) agree with each others for
ðN;MÞ ¼ ð1; 1Þ, (2,1), (2,2), and (3,2) up to certain orders
of q.

D. 4D UðNÞjT½SUðMÞ�
Let us study the enriched Neumann b.c. 4D

UðNÞjT½SUðMÞ� for 4D UðNÞ SYM theory. The corre-
sponding quiver diagram and brane configuration are
depicted in Fig. 11. We have already examined
the case with M ¼ 2 in Sec. VI C. Although T½SUðNÞ�
is self-mirror, the enriched boundary condition 4D
UðNÞjT½SUðMÞ� is not self-mirror. We further check the
dualities for M ¼ 3 and propose the generalization.

(a)

(b)

N

N

1

M-2

M-1 M-1

1

M-2

N M-11 2 1M M-1

21 MM-1

M-1

M-2
M-1

1

1

D5'

NS5'

D5'

D5'

NS5'

D5'

NS5'

NS5'

D5NS5 NS5 D5D5NS5 NS5 D5

FIG. 11. (a) The quiver diagrams of the enriched Neumann b.c. 4D UðNÞjT½SUðMÞ� and its mirror. (b) The corresponding brane
constructions.
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The enriched Neumann boundary condition 4D UðNÞjT½SUðMÞ� is constructed from the brane setup in Fig. 11, which is
the Neumann b.c. N for 4D UðNÞ SYM theory coupled to T½SUðMÞ� via the boundary 3D hypermultiplet transforming as
ðN;−Þ ⊕ ðN;þÞ under the 4D UðNÞ gauge and 3D Uð1Þ gauge symmetries.
We can write the half-index as

II4D UðNÞjT½SUðMÞ�
N ðt; xα; zα; qÞ
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: ð6:10Þ

The terms appearing from the second to fourth line describe
the half-index of Neumann b.c. N for 4D N ¼ 4 UðNÞ
SYM theory and the full-index for 3D Uð1Þ ×Uð2Þ ×
� � � ×UðM − 1Þ vector multiplet. The associated magnetic

fluxes are labeled by MðM−1Þ
2

integers fmðkÞ
i gi¼1;…;k where

k ¼ 1;…;M − 1. The contributions in the fifth and sixth
lines describe 3D N ¼ 4 hypermultiplets. The other terms
count the bare monopole with the R-charge

ΔðmÞ¼N
2
jmð1Þ

1 jþ1

2
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Xk
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Xkþ1
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X
i<j

jmðkÞ
i −mðkÞ

j j: ð6:11Þ

This formula is generalized from (4.18) by the addi-
tional contributions appearing in the first terms. They
come from the boundary hypermultiplet transforming as

ðN;−Þ ⊕ ðN̄;þÞ under the 4D UðNÞ gauge and 3D Uð1Þ
gauge symmetries.
The dual quiver diagram and the corresponding brane

setup are illustrated in Fig. 11. It is identified with the
boundary condition for 4D UðNÞ gauge theory including
the Nahm0 pole of rank (N − 1) that breaks the 4D gauge
symmetry down to Uð1Þ. While for N ¼ 1, one finds a
defect twisted hypermultiplet arising from D3-D50 string;
for N > 1, the half-index receives contributions from
broken gauge theory as discussed in [12].
In addition, the surviving Uð1Þ gauge theory should

satisfy the enriched Neumann b.c. N 0 corresponding to
NS50-brane with a coupling to 3D twisted quiver gauge

theory
gðM − 1Þ − ðM − 2Þ − � � � − ð1Þj
j

½M − 1�
through the 3D

boundary twisted hypermultiplet.
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We find the half-index

II
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: ð6:12Þ

The contributions in the second line are the half-index of
Nahm0 b.c. for 4D UðN − 1Þ gauge theory and the half-
index of Neumann b.c. for 4D Uð1Þ gauge theory. The next
two lines are the full-index of 3DUðM − 1Þ ×UðM − 2Þ ×
� � � ×Uð1Þ twisted vector multiplet. The first terms in the
fifth line correspond to the defect hypermultiplet for N ¼ 1
or the extra fields appearing from the broken gauge theory
[12]. The remaining terms count 3D N ¼ 4 twisted hypers
and monopole operator of dimension

ΔðmÞ ¼ M
2

XM
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i j þ
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Xk
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j j: ð6:13Þ

We conjecture that the half-indices (6.10) and (6.12)
give the same result. In fact, we have found that for

ðN;MÞ ¼ ð1; 3Þ and (2,3), they agree with each other up
to certain orders of q (see Appendix A 2 a).

VII. DUALITIES OF INTERFACES

In this section, we would like to study the dualities of
interfaces for a pair of 4D N ¼ 4 gauge theories including
additional 3D N ¼ 4 gauge theories.

A. 4D UðNÞj3D UðNÞk− 1j4D UðNÞ
We study the interface for a pair of two 4D N ¼ 4

UðNÞ gauge theories which involves 3D N ¼ 4 UðNÞk−1
quiver gauge theory. We denote this by 4D UðNÞj3D
UðNÞk−1j4D UðNÞ. The corresponding quiver diagram
and brane configuration are given in Fig. 12. It is realized
by N D3-branes intersecting with k NS5-branes. The dual
configuration is realized by N D3-branes intersecting
with k D50-branes. According to the presence of D50
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interface, the 4D UðNÞk−1 gauge symmetry is broken
down to a diagonal UðNÞ so that four-dimensional UðNÞ
gauge fields couple to 3D N ¼ 4 twisted hypermultiplets.
The analysis for k ¼ 1 where the interface has no 3D
gauge theory is already given in [12]. We present more
general results and check that the half-indices for the dual
interfaces agree with each other.

The interface 4D UðNÞj3DUðNÞk−1j4DUðNÞ has a pair
of 4D UðNÞ SYM theories obeying Neumann b.c. N
corresponding to the NS5-branes. Both of them are coupled
to 3D UðNÞk−1 vector multiplet at the interface through
the 3D bifundamental hypermultiplets. Let us label the
magnetic fluxes by k − 1 sets of N-tuple of integers,

i.e., Nðk − 1Þ integers fmðlÞ
i gi¼1;…;N with l ¼ 1;…; k − 1.

The half-index takes the form
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FIG. 12. (a) The quiver diagrams of the 4D UðNÞj3D UðNÞk−1j4D UðNÞ interface and its mirror. (b) The corresponding brane
configurations.
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: ð7:1Þ

The terms appearing from the second to fifth line are the
two half-indices of Neumann b.c. N for 4D N ¼ 4 UðNÞ
SYM theory and the full-index of 3D N ¼ 4 UðNÞk−1
vector multiplet. The terms in the sixth and seventh lines
are the contributions from 3D N ¼ 4 hypermultiplets. The
remaining terms describe the monopole contributions
whose canonical R-charge is

ΔðmÞ ¼
XN
i¼1

Njmð1Þ
i j

2
þ
Xk−2
l¼1

XN
i¼1

XN
j¼1

jmðlÞ
i −mðlþ1Þ

j j
2

þ
XN
i¼1

Njmðk−1Þ
i j
2

−
Xk−1
l¼1

X
i<j

jmðlÞ
i −mðlÞ

j j; ð7:2Þ

where the first and third terms are contributed from
bifundamental hypers coupled to 4D and 3D gauge
theories, the second terms are the contributions from 3D
bifundamental hypers between gauge nodes in 3D quiver
gauge theory, and the last terms are contributed from 3D
UðNÞk−1 vector multiplet.
Under S-duality, we find the dual interface which is

identified with a 4D N ¼ 4 UðNÞ SYM theory with k
defects corresponding to k D50-branes, which couple the
4DUðNÞ gauge theory to k 3DN ¼ 4 fundamental twisted
hypermultiplets.
The half-index for the dual interface should be com-

puted as

II4D UðNÞþk thypers
D0;…;D0 ðt; zα; qÞ ¼
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I YN
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;qÞ

∞
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2t2 si

sj
; qÞ

∞
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sj
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∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
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�
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4t−1s�i z

�
α ; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

I3D tHMðsizαÞ

:

ð7:3Þ

Weexpect that the half-index (7.1) is equal to (7.3). In fact,we
have confirmed that they agree up to certain orders of q for
ðN; kÞ ¼ ð1; 2Þ, (1,3), (2,2), and (2,3) (see Appendix A 2 b).

B. 4D UðLÞj3D UðMÞj4D UðNÞ
We consider the interface 4D UðLÞj3D UðMÞj4D UðNÞ,

which involves a pair of 4D N ¼ 4 UðLÞ and UðNÞ gauge
theories with Neumann b.c. N and 3D UðMÞ vector
multiplet where L, M, and N are not all equal. The
corresponding quiver diagram and brane setup are depicted
in Fig. 13. According to unequal numbers of D3-branes, the
dual interface can involve singular boundary conditions
specified by Nahm poles corresponding to the D50-branes.
We compute the half-indices for a pair of dual interfaces
and check the matching. We find that the half-indices have
additional contributions when one of 4D gauge symmetries
is smaller than 3D gauge symmetry.
The interface has a pair of 4D N ¼ 4 UðLÞ and UðNÞ

gauge theories which obey Neumann b.c. N at the 3D

boundary. Each of them couples to 3DN ¼ 4UðMÞ vector
multiplet through the 3D boundary bifundamental hyper-
multiplets. We label magnetic fluxes for 3D UðMÞ gauge

L M N

NS5 NS5

(a)

(b)

D5'

L M NN

D5'

min{L,M,N}

L

M

N

FIG. 13. (a) The quiver diagrams of the 4D UðLÞj3D UðMÞj4D
UðNÞ interface and its mirror. (b) The corresponding brane
configurations.
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theory by M integers m1;…; mM. The interface includes
bare monopole whose canonical R-charge is given by

ΔðmÞ ¼
XM
i¼1

ðLþ NÞjmij
2

−
X
i<j

jmi −mjj: ð7:4Þ

To ensure that all monopole operators are above the unitarity
bound, we assume that Lþ N ≥ 2M − 1. In fact, for
Lþ N < 2M − 1, the half-indices may not be convergent.
Without loss of generality, we further assume that L ≤ N.
The half-index takes the form

II4D UðLÞjðMÞj4D UðNÞ
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¼ 1
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The terms from the second to fourth line describe the half-
indices of Neumann b.c.N for 4DN ¼ 4 UðLÞ and UðNÞ
gauge theories and full-index for 3D N ¼ 4 UðMÞ vector
multiplet. The first and second terms in the fifth line count
3D N ¼ 4 bifundamental hypermultiplets which couple to
4D UðLÞ and 3D UðMÞ gauge theories and those which
couple to 4D UðNÞ and 3D UðMÞ gauge theories, respec-
tively. The remaining terms count bare monopole operator
of dimension (7.4).
Now consider the dual interface. The corresponding

quiver and brane configuration are illustrated in Fig. 13.

When M < L, the 4D UðLÞ ×UðMÞ ×UðNÞ gauge sym-
metry is broken down to UðMÞ and the whole 4D UðMÞ
gauge theory remains. For the two defects corresponding to
two D50-branes, we would have two Nahm0 boundary
conditions of rank L −M and rank N −M. In addition,
there are extra contributions to the half-index which come
from the broken UðLÞ and UðNÞ gauge theories.
The half-index (7.5) for the dual interface with M < L

will be computed as
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TADASHI OKAZAKI PHYS. REV. D 100, 066031 (2019)

066031-32



The terms in the second and third lines are the full-index for
4D UðMÞ gauge theory and half-indices for Nahm0
boundary conditions of rank (L −M) and rank (N −M).
The terms in the last line describe the extra contributions
from broken gauge theories.
We conjecture that the half-indices (7.5) and (7.6) give

the same answer for M < L. In fact, we have found that
they match up to certain order of q for ðL;M;NÞ ¼ ð2; 1; 1Þ
and (2,1,3) (see Appendix A 2 b).
For L ≤ M, the gauge symmetry UðLÞ ×UðMÞ ×UðNÞ

is broken to UðLÞ and the UðLÞ gauge symmetry is kept in
the whole 4D theory. For L < M, the defect of D50-brane

which has L and M D3-branes in their sides may give rise
to the Nahm0 b.c. of rank L −M and the associated extra
degrees of freedom (d.o.f.) at the interface which couple to
the surviving 4DUðLÞ gauge theory. For L ¼ M, it couples
3D fundamental twisted hypermultiplet to the 4D UðLÞ
gauge theory. On the other defect of D50-brane which has
M and N D3-branes in their its sides would lead to the
Nahm0 b.c. of rank N −M and the associated extra d.o.f. at
the interface. These extra operators would couple to the
survivingUðLÞ gauge theory; however, further d.o.f. which
do not couple to the surviving UðLÞ gauge theory would
appear in contrast to the case with M < L.

Thus, the half-index will be evaluated as
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: ð7:7Þ

The terms in the second and third lines are the full-index for
4D UðLÞ gauge theory and half-indices for Nahm0 boun-
dary conditions of rank (M − L) and rank (N −M). The
terms in the fourth line are the extra contributions from
broken gauge theories which couple to the surviving gauge
theory. The terms in the last line are those which are neutral
under the surviving gauge symmetry.
For L ≤ M, the half-index (7.5) will be equal to the

half-indices (7.7). As shown in Appendix A 2 b, we have
checked that they match up to certain orders of q for
ðL;M;NÞ ¼ ð1; 1; 2Þ, (1,2,2), (2,2,3), (1,2,3), (1,2,4),
(1,2,5), and (2,3,3).

C. 4D Uð1Þj3D SQEDNf
j4D Uð1Þ

Let us turn to the interfaces which include 3D N ¼ 4
gauge theories with flavors.We consider the interfacewhich
has a pair of 4DN ¼ 4Uð1Þ gauge theories with Neumann
b.c. N coupled to 3D N ¼ 4 SQEDNf

through the 3D
bifundamental hypermultiplets. We denote this interface by
4D Uð1Þj3D SQEDNf

j4D Uð1Þ. The corresponding quiver
diagram and brane configuration are illustrated in Fig. 14.

It is realized by a singleD3-brane intersectingwith twoNS5-
branes and Nf D5-branes. On the other hand, the S-dual
configuration contains a single D3-brane interacting with

NS5 NS5

(a)

(b)

D5'

1 1 1

D5'

Nf

Nf D5

1 1 1
1

1

1

NS5'Nf

1
1

1
1

1

1

1

Nf -1

1

FIG. 14. (a) The quiver diagrams of the interface 4D Uð1Þj3D
SQEDNf

j4D Uð1Þ and its mirror. (b) The corresponding brane
configurations.
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Nf NS50-branes and two D50-branes. For the corresponding
dual interface involves 3DAbelian quiver gauge theories as
for the Abelian mirror symmetry, however, the topological
symmetry in the original interface is mapped to the flavor
symmetry for the twisted hypers living at defects in the bulk
4D theory which are decoupled from the 3D quiver gauge
theories. We compute the half-indices to check the dualities
of the interfaces.

For the interface 4D Uð1Þj3D SQEDNf
j4D Uð1Þ, we

have a pair of 4D N ¼ 4 Uð1Þ gauge theories living in
half-spaces obeying Neumann b.c.N . The interface has 3D
N ¼ 4 SQEDNf

coupled to the 4D theories in either
sides.
The half-index of the 4D Uð1Þj3D SQEDNf

j4D Uð1Þ
interface is
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2 ; ð7:8Þ

where xα are the fugacities for the SUðNfÞ flavor symmetry

of 3D SQEDNf
with

QNf

α¼1 xα ¼ 1 and zα are the fugacities
for the topological symmetries of the 3D SQEDNf

. The
terms in the second line are the two half-indices of
Neumann b.c. N for 4D N ¼ 4 Uð1Þ gauge theory and
the full-index for 3D N ¼ 4 Uð1Þ vector multiplet. The
terms in the next line describe the 3D N ¼ 4 hyper-
multiplets. The terms in the last line count monopole

operator of dimension ΔðmÞ ¼ ðNfþ2Þjmj
2

.

The dual interface involves a pair of 4D N ¼ 4 Uð1Þ
gauge theories living in a half-space obeying Neumann
b.c. N 0. Unlike the original interface, each of 4D theories
has a defect that couples a 3D N ¼ 4 fundamental
twisted hypermultiplet to the associated 4D Uð1Þ gauge
theories. In addition, the interface has a 3D N ¼ 4

Uð1ÞNf−1 twisted vector multiplet coupled to both 4D
gauge theories through the 3D N ¼ 4 bifundamental
twisted hypermultiplets.

The half-index for the dual interface should take the form

II4D Uð1Þþthyperj gð1ÞNf−1j4D Uð1Þþthyper
N 0N 0 ðt; xα; zα;qÞ

¼ ðqÞ∞
ðq1

2t2;qÞ∞

I
ds1
2πis1|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II4D Uð1Þ
N 0

·
ðq1

2t−2;qÞNf−1
∞

ðq1
2t2;qÞNf−1

∞

X
m1;…;mNf−1∈Z

I YNf−1

i¼1

dsi
2πisi

ðqÞ∞
ðq1

2t2;qÞ∞

I dsNf

2πisNf|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D Uð1Þ
N 0

×
ðq3

4ts�1 z
�
1 ;qÞ∞

ðq1
4t−1s�1 z

�
1 ;qÞ∞|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

I3D tHMðs1z1Þ

·
ðq3

4
þjm1 j

2 ts�1 s
∓
2 ;qÞ∞

ðq1
4
þjm1 j

2 t−1s�1 s
∓
2 ;qÞ∞

·
YNf−2

i¼2

ðq3
4
þjmi−miþ1 j

2 ts�i s
∓
iþ1;qÞ∞

ðq1
4
þjmi−miþ1 j

2 t−1s�i s
∓
iþ1;qÞ∞

ðq3
4
þ

jmNf−1
j

2 ts�Nf−1s
∓
Nf
;qÞ∞

ðq1
4
þ

jmNf−1
j

2 t−1s�Nf−1s
∓
Nf
;qÞ∞

·
ðq3

4ts�Nf
z�2 ;qÞ∞

ðq1
4t−1s�Nf

z�2 ;qÞ∞|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
I3D tHMðs1z1Þ

× q
jm1 jþjmNf−1

jþ
PNf−2

i¼1
jmi−miþ1 j

4 · tjm1jþjmNf−1jþ
PNf−2

i¼1
jmi−miþ1j ·

YNf−1

i¼1

�
xi
xiþ1

�
mi

·

�
xNf

x1

�
m1þmNf−1

; ð7:9Þ

where zα is the fugacities for the flavor symmetry of defect 3D twisted hypermultiplets, and xα is the fugacities for the
topological symmetry of the 3DUð1ÞNf−1 twisted vector multiplet. The contributions in the second line are the square of half-
index of Neumann b.c.N 0 for 4DUð1Þ gauge theory and the full-index for 3DUð1ÞNf−1 twisted vector multiplet. The terms in
the third and fourth lines correspond to the contributions of 3DN ¼ 4 twisted hypermultiplets. The terms in the last line count

monopole operator of dimension ΔðmÞ ¼ 1
2
ðjm1j þ jmNf−1j þ

PNf−2
i¼1 jmi −miþ1jÞ.
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It is expected that the half-indices (7.8) and (7.9) agree
with each other. We have confirmed the matching for
Nf ¼ 1, 2, 3 up to certain orders of q (see Appendix A 2 b).

D. 4D UðNÞj3D SQEDNf
j4D UðMÞ

We next turn to the interface 4D UðNÞj3D SQEDNf
j4D

UðMÞ where N;M > 1. The corresponding quiver diagram
and brane construction are drawn in Fig. 15. Unlike the
interface discussed in Sec. VII C, the dual interface may
include singular boundary conditions for 4DUðNÞ andUðMÞ
gauge theories which are characterized by the Nahm poles of
rank (N − 1) and rank (M − 1). We calculate the half-indices
for a pair of dual interfaces and find the matching.
The interface involves a pair of 4D N ¼ 4 UðNÞ and

UðMÞ SYM theories satisfying Neumann b.c. N corre-
sponding to the NS5-branes. Both of 4D theories couple to
3D N ¼ 4 SQEDNf

through 3D bifundamental hyper-
multiplets. The magnetic fluxes for 3D SQEDNf

can be
labeled by an integer m.
The half-index of the 4D UðNÞj3D SQEDNf

j4D UðMÞ
interface is

II
4D UðNÞjSQEDNf

j4D UðMÞ
NN ðt; xα; zα; qÞ

¼ 1

N!

ðqÞN∞
ðq1

2t−2; qÞN∞

I YN
i¼1

dsi
2πisi

Y
i≠j

ðsisj ;qÞ∞
ðq1

2t−2 si
sj
; qÞ

∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D UðNÞ
N

ðq1
2t2; qÞ∞

ðq1
2t−2; qÞ∞

X
m∈Z

I
dsNþ1

2πisNþ1

×
1

M!

ðqÞM∞
ðq1

2t−2; qÞM∞

I YNþMþ1

i¼Nþ2

dsi
2πisi

Y
i≠j

ðsisj ; qÞ∞
ðq1

2t−2 si
sj
; qÞ

∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D UðMÞ
N

YN
i¼1

ðq3
4
þjmj

2 t−1s�i s
∓
Nþ1; qÞ∞

ðq1
4
þjmj

2 ts�i s
∓
Nþ1; qÞ∞

·
YNf

α¼1

ðq3
4
þjmj

2 t−1s�Nþ1x
�
α ; qÞ∞

ðq1
4
þjmj

2 ts�Nþ1x
�
α ; qÞ∞

·
YNþMþ1

i¼Nþ2

ðq3
4
þjmj

2 t−1s�Nþ1s
∓
i ; qÞ∞

ðq1
4
þjmj

2 ts�Nþ1s
∓
i ; qÞ∞

q
ðNþMþNf Þjmj

4 t−ðNþMþNfÞjmjzm1 z
−m
2 ; ð7:10Þ

where the fugacities xα with
QNf

α¼1 xα ¼ 1 are associated
with the SUðNfÞ flavor symmetry of SQEDNf

, while the
fugacities zα are associated with the topological symmetry
of SQEDNf

. The terms from the second to fourth line
describe gauge multiplets in the interface, including the
half-indices of Neumann b.c. N for 4D N ¼ 4 UðNÞ and
UðMÞ gauge theories and the full-index for 3D N ¼ 4

Uð1Þ vector multiplet. The terms in the fifth line corre-
spond to the 3D N ¼ 4 hypermultiplets. The terms in the
last line describe monopole operator with the R-charge
ΔðmÞ ¼ ðNþMþNfÞjmj

2
.

Under the action of S-duality, one finds the dual inter-

face which also has a pair of 4D N ¼ 4 gauge theories.

The D50-brane intersecting with N D3-brane breaksUðNÞ ×
Uð1Þ gauge symmetry down to Uð1Þ, while the other D50-
brane intersecting with M D3-branes breaks UðMÞ ×Uð1Þ
gauge symmetry down toUð1Þ. The reductions of 4D gauge
symmetries are described by the boundary conditions speci-
fied by the twoNahmpoles of rank (N − 1) and rank (M − 1).
Correspondingly, extra contributions would appear at the
defects from the broken gauge theories [12].
According to the presence of NS50-branes, the surviving

4D N ¼ 4 Uð1Þ gauge theories further satisfy Neumann

b.c. N 0. They are couple to 3D N ¼ 4 gUð1ÞNf−1 quiver
gauge theory via 3D N ¼ 4 bifundamental twisted
hypermultiplets.

NS5 NS5

(a)

(b)

D5'

N 1 M

D5'

Nf

Nf D5

N 1 M
1

M

N

NS5'Nf

1
1

1
1

1

1

Nf -1

M

1

1

N

FIG. 15. (a) The quiver diagrams of the interface 4D UðNÞj3D
SQEDNf

j4D UðMÞ and its mirror. (b) The corresponding brane
configurations.
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The half-index should take the form

II4D UðNÞ→Uð1Þj gð1ÞNf−1j4D UðMÞ→Uð1Þ
N 0N 0 ðt; xα; zα; qÞ

¼ ðqÞ∞
ðq1

2t2; qÞ∞

I
ds1
2πis1|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II4DUð1Þ
N 0

·
YN−1

k¼1

ðqkþ1
2 t−2ðk−1Þ; qÞ∞
ðqk

2t−2k; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4DUðN−1Þ
Nahm0

·
ðq1

2t−2; qÞNf−1
∞

ðq1
2t2; qÞNf−1

∞

X
m1;…;mNf−1∈Z

I YNf

i¼2

dsi
2πisi

YM−1

l¼1

ðqlþ1
2 t−2ðl−1Þ; qÞ∞
ðql

2t−2l; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D UðM−1Þ
Nahm0

·
ðqÞ∞

ðq1
2t2; qÞ∞

I dsNfþ1

2πisNfþ1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D Uð1Þ
N 0

ðq3
4
þN−1

4 t1−ðN−1Þs�1 z
�
1 ; qÞ∞

ðq1
4
þN−1

4 t−1−ðN−1Þs�1 z
�
1 ; qÞ∞

·
ðq3

4
þjm1 j

2 ts�1 s
∓
2 ; qÞ∞

ðq1
4
þjm1 j

2 t−1s�1 s
∓
2 ; qÞ∞

·
YNf−1

i¼2

ðq3
4
þjmi−miþ1 j

2 ts�i s
∓
iþ1; qÞ∞

ðq1
4
þjmi−miþ1 j

2 t−1s�i s
∓
iþ1; qÞ∞

×
ðq3

4
þ

jmNf−1
j

2 ts�Nf
s∓Nfþ1; qÞ∞

ðq1
4
þ

jmNf−1
j

2 t−1s�Nf
s∓Nf−1; qÞ∞

·
ðq3

4
þM−1

4 t1−ðM−1Þs�Nfþ1z
�
2 ; qÞ∞

ðq1
4
þM−1

4 t−1−ðM−1Þs�Nfþ1z
�
2 ; qÞ∞

q
jm1 jþjmNf−1

jþ
PNf−2

i¼1
jmi−miþ1 j

4 tjm1jþjmNf−1jþ
PNf−2

i¼1
jmi−miþ1j

×
YNf−1

α¼1

�
xα
xαþ1

�
mα

·

�
xNf

x1

�
m1þmNf−1

; ð7:11Þ

where z1, z2 are associated with the extra local operators
at the two defects and xα are associated with the
topological symmetry for 3D gUð1ÞNf−1 quiver gauge
theory. The terms from the second to third line includes
the square of half-indices of Neumann b.c. N 0 for 4D
N ¼ 4 Uð1Þ gauge theory, the two half-indices of Nahm0
b.c. of rank (N − 1) and rank (M − 1), and the full-index
for 3D N ¼ 4 Uð1Þ vector multiplet. The terms from the
fourth to fifth line describe 3D N ¼ 4 twisted hyper-
multiplets. The contributions in the last line count bare
monopole of dimension ΔðmÞ ¼ 1

2
ðjm1j þ jmNf−1jþPNf−2

i¼1 jmi −miþ1jÞ.
We expect that the half-indices (7.10) and (7.11) agree

with each other. We have shown the matching of indices for
ðN;M;NfÞ ¼ ð2; 3; 1Þ, (2,3,2), and (2,3,3) up to certain
orders of q in Appendix A 2 b.

E. 4D Uð1Þ+N hypersj3D SQEDNf
j4D Uð1Þ+M

hypers

We investigate the interface with a pair of 4D N ¼ 4
Uð1Þ gauge theories where one of them has N D5-brane
defects and the other has M D5-brane defects and the both
4D theories obey the Neumann b.c. N with a coupling to
3D N ¼ 4 SQEDNf

.2 We denote this interface by 4D
Uð1Þ þ N hypersj3D SQEDNf

j4D Uð1Þ þM hypers. The
corresponding quiver diagram and brane construction are
shown in Fig. 16. The N andM D5-branes introduce N and
M fundamental hypermultiplets living at the defects.

(a)

(b)

D5'

1 1 1

D5'

Nf

1

1

1

NS5'Nf

1
1

1
1

1

1

1
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1

NS5 NS5
Nf D5

11 1

M D5N D5

N M

1
1

1

1
1

1

1

1

NS5'M

NS5'N

1

1

M-1

1

1

Nf -1

1 1

11

FIG. 16. (a) The quiver diagrams of the interface 4D Uð1Þ þ N
hypersj3D SQEDNf

j4D Uð1Þ þM hypers and its mirror. (b) The
corresponding brane configurations.

2Although we have restricted to the Abelian interface in this
section, the generalization to the non-Abelian interface is
straightforward by using the results so far.
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In this case, there are a 4D N ¼ 4 Uð1Þ gauge theory
with N defects which couple the 4D theory to the N
fundamental 3D hypermultiplets and another 4D N ¼ 4
Uð1Þ gauge theory with M defects which couple the 4D
theory to the M fundamental 3D hypermultiplets. A pair of
4D gauge theories obeys Neumann b.c. N and interacts
with 3D N ¼ 4 SQEDNf

through a coupling given by 3D

N ¼ 4 bifundamental hypermultiplets. The interface has
4D Uð1Þ ×Uð1Þ gauge symmetry and 3D Uð1Þ gauge
symmetry. We can label the magnetic fluxes for 3D Uð1Þ
gauge theory by an integer m.
Then the half-index for the interface 4D Uð1Þ þ N

hypersj3D SQEDNf
j4D Uð1Þ þM hypers takes the form

II
4D Uð1ÞþN hypersjSQEDNf

j4D Uð1ÞþM hypers

NN ðt; xα; zα; qÞ

¼ ðqÞ∞
ðq1

2t−2; qÞ∞

I
ds1
2πis1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II4D Uð1Þ
N

·
ðq1

2t2; qÞ∞
ðq1

2t−2; qÞ∞
X
m∈Z

I
ds2
2πis2

·
ðqÞ∞

ðq1
2t−2; qÞ∞

I
ds3
2πis3|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II4D Uð1Þ
N

×
YN
α¼1

ðq3
4t−1s�1 x

�
α ; qÞ∞

ðq1
4t−1s�1 x

�
α ; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

I3D HMðs1xαÞ

·
ðq3

4
þjmj

2 t−1s�1 s
∓
2 ; qÞ∞

ðq1
4
þjmj

2 ts�1 s
∓
2 ; qÞ∞

·
YNþNf

α¼Nþ1

ðq3
4
þjmj

2 t−1s�2 x
�
α ; qÞ∞

ðq1
4
þjmj

2 ts�2 x
�
α ; qÞ∞

×
ðq3

4
þjmj

2 t−1s�2 s
∓
3 ; qÞ∞

ðq1
4
þjmj

2 ts�2 s
∓
3 ; qÞ∞

·
YNþNfþM

α¼NþNfþ1

ðq3
4t−1s�3 x

�
α ; qÞ∞

ðq1
4ts�3 x

�
α ; qÞ∞|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

I3D HMðs3xαÞ

× q
ðNþNfþMÞjmj

4 · t−ðNþNfþMÞjmj ·
�
z1
z2

�
m
; ð7:12Þ

where we have used fxαgα¼1;…;N for the fugacities of the
SUðNÞ flavor symmetries of the defect hypermultiplets,
fxαgα¼Nþ1;…;NþNf

for the fugacities of the SUðNfÞ flavor
symmetry of 3D SQEDNf

, fxαgα¼NþNfþ1;…;NþNfþM
for the fugacities of the SUðMÞ flavor symmetries of
the defect hypermultiplets. The fugacities zα are asso-
ciated to the topological symmetry of 3D SQEDNf

.
The contributions in the second line are the two half-
indices of Neumann b.c. N for 4D Uð1Þ gauge theory
and the full-index for 3D Uð1Þ vector multiplet. The
terms appearing in the next two lines are the contri-
butions from the 3D hypermultiplets. The terms in the

last line count bare monopole of dimension ΔðmÞ ¼ðNþNfþMÞjmj
2

.
From the S-dual configuration of the brane setup in

Fig. 16, we can read off the dual interface. It has a
pair of 4D N ¼ 4 Uð1Þ gauge theories which satisfy
Neumann b.c. N 0 and couple to 3D quiver gauge theory

ð1ÞN−1 − ð1Þ − gð1ÞNf−1 − ð1Þ − ð1ÞM−1

j j
½1� ½1�

through the 3D bifundamental twisted hypermultiplets. We
can label the magnetic fluxes for the 3D quiver gauge theory
by N þ Nf þM − 1 integers m1;…; mNþNfþM−1.

The half-index for the dual configuration is given by

II

4D Uð1Þj

gð1ÞN−1 − ð1Þ − ð1ÞNf−1 − ð1Þ − ð1ÞM−1

j j
½1� ½1�

j4D Uð1Þ

N 0N 0 ðt; xα; zα; qÞ

¼ ðqÞ∞
ðq1

2t2; qÞ∞

I
ds1
2πis1|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

II4D Uð1Þ
N 0

ðq1
2t−2; qÞNþNfþM−1

∞

ðq1
2t2; qÞNþNfþM−1

∞

X
m1;…;mNþNfþM−1∈Z

I YNþNfþM

i¼2

dsi
2πisi
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×
ðqÞ∞

ðq1
2t2; qÞ∞

I dsNþNfþMþ1

2πisNþNfþMþ1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II4D Uð1Þ
N 0

ðq3
4
þjm1 j

2 ts�1 s
∓
2 ; qÞ∞

ðq1
4
þjm1 j

2 t−1s�1 s
∓
2 ; qÞ∞

·
YNþNfþM−1

i¼2

ðq3
4
þjmi−1−mi j

2 ts�i s
∓
iþ1; qÞ∞

ðq1
4
þjmi−1−mi j

2 t−1s�i s
∓
iþ1; qÞ∞

·
ðq3

4
þjmN j

2 ts�Nþ1z
�
1 ; qÞ∞

ðq1
4
þjmN j

2 t−1s�Nþ1z
�
1 ; qÞ∞

×
ðq3

4
þ

jmNþNf
j

2 ts�NþNfþ1z
�
2 ; qÞ∞

ðq1
4
þ

jmNþNf
j

2 t−1s�NþNfþ1z
�
2 ;qÞ∞

·
ðq3

4
þ

jmNþNfþM−1 j
2 ts�NþNfþMs

∓
NþNfþMþ1; qÞ∞

ðq1
4
þ

jmNþNfþM−1 j
2 t−1s�NþNfþMs

∓
NþNfþMþ1; qÞ∞

× q
jm1 j
4
þjmN j

4
þ

jmNþNf
j

4
þ

jmNþNfþM−1 j
4

þ
PNþNfþM−2

i¼1

jmi−miþ1 j
4

× tjm1jþjmN jþjmNþNf
jþjmNþNfþM−1jþ

PNþNfþM−2
i¼1

jmi−miþ1j

×
YNþNfþM

α¼1

x
mNþNfþM−αþ1−mNþNfþM−α
α ; ð7:13Þ

where m0 ¼ mNþNfþM ≡ 0. The fugacities xα and zα are now associated to the topological and flavor symmetries for 3D

quiver gauge theory
ð1ÞN−1 − ð1Þ − gð1ÞNf−1 − ð1Þ − ð1ÞM−1

j j
½1� ½1�

. The terms from the second to fourth line are

the two half-indices of Neumann b.c.N for 4D Uð1Þ gauge theory and the full-index for 3D Uð1ÞNþNfþM−1 twisted vector
multiplet. The terms appearing in the next two lines describe the contributions from 3D twisted hypermultiplets. The
remaining terms count bare monopole of dimension

ΔðmÞ ¼ jm1j
2

þ jmN j
2

þ jmNþNf
j

2
þ jmNþNfþM−1j

2
þ

XNþNfþM−2

i¼1

jmi −miþ1j
2

: ð7:14Þ

We expect that the half-index (7.12) is equal to (7.13). In fact, we have checked that they match up to certain orders of q
for ðN;M;NfÞ ¼ ð2; 2; 0Þ, (2,2,1), (3,3,0) (see Appendix A 2 b).
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APPENDIX: SERIES EXPANSIONS OF INDICES

We only show the several terms in the expansions of indices by using Mathematica.

1. 3D full-indices

a. Wilson lines in SQED1

We have checked that the 3D full-index (3.7) for the SQED1 with a Wilson line operatorWn of charge n and the 3D full-
index (3.8) for the twisted hypermultiplet with a vortex line Vn agree up to Oðq10Þ for n ¼ 1;…; 5.
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I3D SQED1

Wn
ItHMVn

Series expansions

n ¼ 1 n ¼ 1 tq
1
4 þ ðxþ x−1Þq − t2ðxþ x−1Þq3

2 þ t−1ðx−2 þ 1þ x2Þq7
4 þ ðx−1 þ xÞq2 þ � � �

n ¼ 2 n ¼ 2 t2q
1
2 þ tðx−1 þ xÞq7

4 − t−3ðx−1 þ xÞq9
4 þ tðx−1 þ xÞq11

4 þ ðx−2 þ 1þ x2Þq3 þ � � �
n ¼ 3 n ¼ 3 t3q

3
4 þ t2ðx−1 þ xÞq5

2 − t4ðx−1 þ xÞq3 þ t2ðx−1 þ xÞq7
2 − t4ðx−1 þ xÞq4 þ � � �

n ¼ 4 n ¼ 4 t4qþ t3ðx−1 þ xÞq 4
13 − t5ðx−1 þ xÞq15

4 þ t3ðx−1 þ xÞq17
4 − t5ðx−1 þ xÞq19

4 þ � � �
n ¼ 5 n ¼ 5 t5q

5
4 þ t4ðx−1 þ xÞq4 − t6ðx−1 þ xÞq9

2 þ t4ðx−1 þ xÞq5 − t6ðx−1 þ xÞq11
2 þ � � �

ðA1Þ

b. Abelian mirror symmetry

We have confirmed that 3D N ¼ 4 full-indices for the following Abelian gauge theories agree up to Oðq5Þ.

Theories Mirror theories Series expansions

T½SUð2Þ� gT½SUð2Þ� 1þ t−2ð1þ x1
x2
þ x2

x1
þ t4ð1þ z1

z2
þ z2

z1
ÞÞq1

2 þ � � �
SQED3

g½1� − ð1Þ2 − ½1� ð1þ ðt−2 þ t2x−21 x−12 x−13 ðx1 þ x2Þðx1 þ x3Þðx2 þ x3ÞÞÞq1
2 þ t−3z−11 z−12 ðz21 þ z22Þq

3
4 þ � � �

SQED4
g½1� − ð1Þ3 − ½1� 1þ ðt−2 þ x−11 x−12 x−13 x−14 t2ðx2x3x4ðx2 þ x3 þ x4Þ þ x21ðx3x4 þ x2ðx3 þ x4ÞÞ

þx1ðx22ðx3 þ x4Þ þ x3x4ðx3 þ x4Þ þ x2ðx23 þ 3x3x4 þ x24ÞÞÞÞq
1
2 þ � � �

ðA2Þ

c. Non-Abelian mirror symmetry

We have confirmed that the 3DN ¼ 4 full-indices for the following mirror pairs of non-Abelian gauge theories agree up
to Oðq3Þ.

ðA3Þ
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d. Seiberg-like duality

We have checked that the pairs of full-indices for Seiberg-like dual 3D N ¼ 4 gauge theories agree up to Oðq3Þ.

Ugly Good Series expansions

ð2Þ − ½3� SQED3 þ tHM 1þ t−1 ðz2
1
þz2

2
Þ

z1z2
q

1
4 þ ðt2ðx1þx2Þðx1;x½3�Þðx2þx3Þ

x1x2x3
þ t−2 ðz2

1
þz2

2
Þ2

z2
1
z2
2

Þq1
2 þ � � �

ð3Þ − ½5� ð2Þ − ½5� þ tHM 1þ t−1 ðz2
1
þz2

2
Þ

z1z2
q

1
4

þðt2 x2x3x4x5ðx2þx3þx4þx5Þþx2
1
ðx2x4x5þx3x4x5þx2x3ðx4þx5ÞÞþx1ðx3x4x5ðx3þx4þx5Þ

x1x2x3x4x5
þx2

2
ðx4x5þx3ðx4þx5ÞÞþx2ðx23ðx4þx5Þþx4x5ðx4þx5Þþx3ðx24þ4x4x5þx2

5
ÞÞ þ t−2 ðz2

1
þz2

2
Þ2

z2
1
z2
2

Þq1
2 þ � � �

ðA4Þ

2. 4D half-indices

a. Hafl-BPS boundary conditions

We have checked that the following pairs of half-indices of dual half-BPS boundary conditions in 4D N ¼ 4 gauge
theories agree up to certain orders of q.

ðA5Þ
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b. Hafl-BPS interfaces

We have confirmed that the following pairs of half-indices of 3D dual interfaces agree up to certain orders of q.

ðA6Þ
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