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In this paper we prove that any conformal transformation of a wave can be produced via a suitably
arranged cascade of two, or at most four, discrete phase elements satisfying Laplace’s equation. Although
this result is of general applicability, in the case of charged-matter waves it implies that such trans-
formations can be exactly obtained by employing only electrostatic or magnetostatic phase elements.
Furthermore, we illustrate how a basis for such generating phase elements is given by integer and frac-
tional charge multipoles, proving that these transformations can be used to perform the efficient sorting
of multipole-induced quantum states. This provides a fast, compact, and direct method to measure the
strength and orientation of dipole systems and of astigmatism. It thus adds a further observable to the
four whose spectrum can already be directly measured via spatial separation on the detector, i.e., position,
momentum, energy, and orbital angular momentum. The results hold true in optics and for all kinds of
charged-particle beams of sufficient coherence.
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I. INTRODUCTION

In quantum mechanics, one of the advantages of
the Heisenberg matrix formulation as opposed to the
Schrödinger approach is that it provides a more general
picture of the wave function, irrespective of the specific
basis chosen for its representation [1,2]. Optics, on the
other hand, is usually based on imaging and therefore on
the space representation of the wave function. Indeed, the
space representation still appears to have a privileged role
in quantum measurement and the root of this seems to
lie at the foundation of quantum mechanics itself [3]. For
example, in optics one generally measures position (imag-
ing), momentum (diffraction), and energy (spectroscopy)
in terms of a spatial distribution of intensity, from which
the desired quantities are calculated. The most recent addi-
tion to this limited set of quantities is the orbital angular
momentum (OAM) [4–8], which can be measured via a
quantum-state sorter, which produces the OAM decompo-
sition of the wave function as a directly readable spatial
modulation of intensity [9–11]. OAM decomposition is
obtained via a suitable conformal transformation based
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on log-pol mapping, effected by holograms [12–15] or
refractive elements [10,16–18] calculated beforehand. If
and how this strategy based on mapping could be pushed
beyond the specific application to OAM was however
never fully explored, until now.

Indeed, one can think of generalizing this “mapping”
approach and thus obtain the wave-function decomposition
over a basis of interest as a spatial modulation of inten-
sity on the sensor plane, produced by a suitable unitary
transformation. The most useful set of unitary transforma-
tions is provided by conformal transformations, of which
the above-mentioned OAM decomposition is a special
case.

In this paper we seek to express a general condition to
which conformal transformations need to obey, with the
aim to provide a general strategy to implement such a
transformation experimentally. We find four main results,
which—unless otherwise stated—apply to all types of
wave functions:

(1) the sought condition is ∇2� = 0, where � is the
phase imparted on the wave function; in the case of
charged-matter waves, it means that arbitrary conformal
transformations can be produced by phase elements con-
sisting of a suitable arrangement of discrete electrostatic
or magnetostatic sources; this implementation has two sig-
nificant advantages compared to existing approaches: (i)
it does not attenuate the beam and (ii) the resulting phase
elements are tunable;
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(2) we prove that all conformal transformations of the
wave function can be expressed as a combination of a
subset of them, called circular-sector transformations;

(3) for circular-sector transformations we also provide a
general recipe for designing the corresponding distribution
of sources that is necessary to impart the required phase to
charged-matter waves;

(4) a particularly interesting and promising conse-
quence of all this is the possibility to effect an alternative
decomposition on another basis of “multipole-phase” wave
functions; this is significant since multipoles are of general
interest in physics (magnetism, dielectrics, astigmatism,
etc.).

II. THEORY AND DISCUSSION

In optics, the simplest setup for coordinate transforma-
tion consists of two phase elements [19]: the first one
imparts the coordinate transformation, while the second
one corrects for the phase distortion due to the ensu-
ing free-space propagation. The wave function ψz(u, v)
at a distance z from the first element is given by the
Fresnel-Kirchhoff integral in the paraxial regime:

ψz(u, v) = eikz

iλz

+∞∫

−∞

+∞∫

−∞
ψ0(x, y)ei�(x,y)e−ik xu+yv

z dxdy, (1)

where ψ0(x, y) is the wave function impinging on
the phase element, k = 2π/λ is the wave-vector mod-
ulus, (x, y) and (u, v) are the Cartesian reference
frames located at the input and output planes, respec-
tively, and �(x, y) is the phase imparted by the ele-
ment. Applying the stationary-phase approximation [20]
to the diffraction integral Eq. (1) yields ψz(u, v) ≈∑

{(x∗,y∗)} ψ0(x∗, y∗)ei�(x∗,y∗)kσ/
√|H |, where {(x∗, y∗)} are

the saddle points of the total phase function � ≡ �−
k(xu + yv)/z, H is the Hessian determinant of �, and
σ = sgn(∂2�/∂x2) when H > 0, σ = −i otherwise. The
stationary condition ∇� = 0 leads to the following rela-
tion between the two-dimensional (2D) gradient of the
phase pattern �(x, y) and the point ρ ≡ [u(x, y), v(x, y)]:

ρ = z
k
∇�. (2)

Therefore, the phase element can be thought of as realizing
a mapping between a point (x, y) on the input plane, and a
point [u(x, y), v(x, y)] on the destination plane. As a con-
sequence of Eq. (2), ρ is irrotational, i.e., ∇ × ρ = 0 [21],
and in particular

∂u
∂y

= ∂v

∂x
. (3)

An especially interesting case occurs when the complex
version of the above transformation ρc = u(x, y)+ iv(x, y)

defines a conformal mapping, i.e., it is holomorphic or
antiholomorphic. Then Eq. (3) implies that ρc must neces-
sarily be antiholomorphic, i.e., ∂ζ ρc = 1/2(∂x − i∂y)ρc =
0, where ζ = x + iy, and

∂u
∂x

= −∂v
∂y

. (4)

Taking the divergence of Eq. (2) and substituting Eq. (4)
yields

∇2� = 0. (5)

Therefore, the phase function of an optical element per-
forming an antiholomorphic (conformal) transformation
must be harmonic, i.e., a solution of Laplace’s equation in
2D. The same condition Eq. (5) holds for the second ele-
ment, which can be proved using the same mathematical
argument, or simply a time-reversal argument [11,12].

Due to the work by Hossack et al. [19], we refer
to this kind of two-element antiholomorphic (conformal)
mappings as Hossack’s transformations.

The general statement at the core of this paper is that
every Hossack transformation can be effected by a cas-
cade of suitable harmonic phase elements. Because of
Maxwell’s equations, in the electron-optics scenario such
a transformation inherently admits an electrostatic imple-
mentation: in fact, the phase imparted to the electron wave
function is proportional to the integral of the potential
along the propagation direction, which satisfies Laplace’s
equation ∇2φ = 0 everywhere except on the electrodes
[22]: since the same condition holds for the integrated
potential, the desired transformation can be reproduced by
means of a finite combination of electrodes (or currents),
as stated in claim 1 in the introduction. The claim can be
extended also to holomorphic mappings by cascading two
appropriate Hossack’s transformations (four elements in
total, see Appendix E for details). Then, since holomor-
phic and antiholomorphic transformations cover the whole
space, we prove the general validity of claim 1 for any
conformal mapping.

The log-pol transformation, which is the basis for the
OAM sorter, satisfies the above condition Eq. (5). Indeed
the OAM sorter can be built with charged needles [16–18].
Besides the log-pol case, it is interesting to look at a fam-
ily of polar mappings that has been recently introduced in
optics to perform circular-sector transformations (CSTs),
the combination of which permits the OAM quantum num-
ber of vortex beams to be multiplied or divided [23,24].
Solving the 2D Laplace equation in polar coordinates
(r,ϑ) by separation of variables yields

�(r,ϑ) = Arm cos(mϑ + ϑ0), (6)
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FIG. 1. n-fold circular-sector transforma-
tion elements for different values of n:
n = +1(a), n =+2 (b), n =+1/2 (c), n = −2
(d), n =−1/2 (e). The corresponding phase
plates (first column) exhibit a multipole
phase pattern of order m = 1−1/n. Projected
charge distribution (second column) and
corresponding integrated potential (third
column). Design parameters: a = 4.0 µm,
b = 2.5 µm, f = 50 cm, λ= 1.9687 pm (300
KeV). All the integrated potentials refer to
the black dashed boxes in the projected
charge graphs.

where m is an integer. Applying Eq. (2) yields the corre-
sponding conformal transformation:

(ρ,ϕ) = [zAmrm−1/k, (1 − m)ϑ − ϑ0], (7)

i.e., the functional relation between the two reference
frames (r,ϑ) and (ρ,ϕ) on the input and output planes,
at distance z, respectively. By substituting m = 1 − 1/n,
Eq. (6) provides exactly the functional dependence of

the phase element performing a conformal CST by
a factor n, as described by Eq. (7), that is (ρ,ϕ) =
(zAmr−1/n/k,ϑ/n − ϑ0) (see Appendix A). The corre-
sponding phase corrector is the element performing the
inverse transformation, i.e., mapping a circular sector
with angular amplitude 2π /n onto the whole circle. Its
phase function is provided by the substitution n → 1/n
and is described by the phase profile Eq. (6), with m′ =
1 − n = m/(m − 1). The trivial CST given by n = +1 is
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FIG. 2. Twofold astigmatism measurement using circular-sector transformation with n =−1/2. (a) The input phase is transformed
conformally into a linear phase gradient, determining a bright spot in far field with position depending on the astigmatism strength B
and in-plane rotation angle ϑ0. (b) Numerical simulations for increasing values of B corresponding to 0 (b.1), 8 (b.2), 16 (b.3), and
24 µm (b.4) of astigmatism for a focal length of 3.33 mm (realistic value for a transmission electron microscope), fixed ϑ0= 0. The
generated spot in far field (c.1-4) shifts proportionally to B. (f) Cross section and (g) far-field position R (normalized by�= f L/kb2/a)
as a function of B. (d) Simulations for increasing rotation angle, fixed astigmatism of 16 µm. The far-field spot (e.1-4) appears at
an angular position θ equal to −2ϑ0. (h) Cross section and (i) angular position as a function of the input rotation. Transformation
parameters a = 4.0 µm, b = 2.5 µm, f = 50 cm, λ= 1.9687 pm (300 KeV), f L= 1.2 m. In (a), (b.1-4), and (d.1-4), brightness and
colors refer to intensity and phase, respectively.

effected by the axially symmetric phase element�(r,ϑ) =
A log(r/b), b being a design parameter. Again, this is a
solution of Eq. (5), which completes the set provided by
Eq. (6). It is worth noting that an integer n corresponds to
a fractional value of m. In this case Eq. (6) is still a solution
of Eq. (5) save for the points ϑ = π , where the phase has
a discontinuity in its derivatives.

Finally, by using the uniqueness of the analytical con-
tinuation on a circular domain, it is easy to prove (see
Appendix A) that any harmonic function—i.e., any func-
tion satisfying Eq. (5)—can be expressed as a sum of
the separable harmonic functions given by Eq. (6), which
proves claim 2.

In Fig. 1, the phase patterns of n-fold CSTs are shown
for different values of the parameter n: for positive n,
the visual analogy between the phase correctors and the
projected potentials of electric multipoles is already quite
evident. However, this is more than an analogy, since it
can be proved (see Appendix B) that the phase in Eq.
(6) is proportional to the integral over z of the poten-
tial V(s) ∝ sm−1P|m|

|m|(cos γ ) cos(mϑ) of an in-plane electric
2|m| pole, where s = (r, z), γ is the angle between s and
the z axis, P|m|

|m|(·) is the associated Legendre polynomial
with both indices equal to |m|. For charged-matter waves,
e.g., electrons, this result provides a general method to

impart CST phase patterns by using electrostatic elements
featuring the corresponding in-plane electric charge distri-
butions. For instance, Figs. 1(a) and 1(c) show patterns
corresponding to a single charge and a dipole, imple-
menting the phase correctors of CSTs with n = +1 and
n =+2, respectively. While for the trivial case, the n =+1
transformer and phase corrector coincide, for n =+2 the
phase pattern of the transformer [Fig. 1(b)] exhibits a dis-
continuity at ϑ = π . The same discontinuity is found at
negative integer values, as shown in Fig. 1(d) for n = −2.
By solving the corresponding Poisson equation, one can
prove (see Appendix C) that the phase pattern for n ∈
{Z\{0, ±1}} has the same form as the integrated electro-
static potential generated by a linear distribution of charge,
ρL(r) = QLr−1/nδ(ϑ − π), where QL = −2ε0Am sin(mπ).
The corresponding field is that of a fractional-order multi-
pole, as defined in Refs. [25,26]. An appropriate bound-
ary condition can be added at a radius R, defined by a
charge density ρR(ϑ) = QR cos(mϑ)δ(R − r), where QR =
2ε0AmRm−1 (Appendix C) in order to ensure the charge-
neutrality condition and the convergence of the integral
[27].

Analogously, for negative fractional values of n, the
phase-corrector patterns resemble the integrated field of
magnetic multipoles [see Fig. 1(e) for n =−1/2], and the
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FIG. 3. (a) Magnetic dipole measurement using CST with factor n = +1. (b) Simulations for increasing strength B corresponding to
0 (b.1), 6 (b.2) 12 (b.3), and 18 ×106µB (b.4), and fixed ϑ0= 0, and corresponding far field (c.1-4). The value of 10 ×106µB corresponds
to typical magnetic nanoparticles of around 50-nm diameter (see Ref. [35]). (f) Cross section and (g) far-field position (normalized by
�= f L/k b−1/a) as a function of B. (d) Simulations for increasing ϑ0, fixed B = 12 ×106µB. The far-field spot (e.1-4) appears at an
angular position θ equal to ϑ0. (h) Cross section and (i) angular position as a function of ϑ0. Same transformation parameters as in
Fig. 2. In (a), (b.1-4), and (d.1-4), brightness and colors refer to intensity and phase, respectively.

corresponding integrated potentials [Fig. 1(e.3)] can be
generated by the ring of multipolar charge distribution with
the appropriate m integer value [Fig. 1(e.2)], without any
linear charge distribution.

The charge distributions for all relevant CST phase
elements are summarized in Fig. 1. The desired charge
distribution can be realized by shaping the electrodes
appropriately (by solving the inverse problem [28,29]) or
by substituting the required charges with vertical currents
[30]. This proves claim 3.

In practice, this method provides a lossless approach to
the beam shaping of charged-matter waves, analogous to
phase manipulation in optics with refractive and diffrac-
tive elements (including spatial light modulators) [31] and
metasurfaces [32]. It also provides an alternative recipe for
conformal beam shaping in optics. We foresee two signifi-
cant domains of application in electron optics. On the one
hand, we can produce many different wavefronts by just
finding the appropriate conformal transformation. This is a
valid alternative to hole-based programmable phase plates
[33], offering the added advantage that there is no obstruc-
tion to the beam. On the other hand, we can extend the
paradigm of quantitative measurement by designing trans-
formations that map certain observables of interest into
specific points in the far field, on the detector plane.

For instance, in the case of the log-pol optical
transformation, the corresponding family of wave
functions is represented by beams with an azimuthal

phase gradient (vortex beams) and the composition of log-
pol mapping and subsequent Fourier transform has been
widely demonstrated to work as an OAM sorter [9].

In the case of CSTs, the corresponding family is com-
prised of wave functions endowed with “multipole-phase”
profiles:

ψ(r,ϑ) = exp(ikz) exp{iBrm cos[m(ϑ − ϑ0)]}. (8)

That is, integrating the electric and magnetic potential
along z shows that this is the phase of a charged particle
that has interacted with an in-plane electric (or magnetic)
multipole of order m, where B is related to the multipole
moment (see Appendix D). If we consider the input wave
function Eq. (8) and apply the CST with a factor n =−1/m,
the following output is obtained:

ψz(ρ,ϕ) ∝ C exp[iB′ρ cos(ϕ + mϑ0)]. (9)

The output wave function is endowed with a linear
phase term, with spatial frequency B′ = Bbm/a, (a, b)
being the scaling parameter of the applied transforma-
tion (see Appendix D). The far field at a distance d will
exhibit a spot forming an angle −mϑ0 with the x-axis
positive direction, and shifted by an amount dB′/k with
respect to the origin. This proves claim 4. For instance,
an n = −1/2 CST followed by a Fourier transform trans-
forms an external quadrupole (m =+2) phase object into
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a spot, as shown in Fig. 2, allowing one to measure the
quadrupole moment and its orientation ϑ0 by reading them
directly as a point signal from the sensor. This method
to measure astigmatism could even be combined with a
Zemlin scheme for fast measurement of higher-order aber-
rations [34]. Even more interesting is the fact that we can
measure the strength of a dipole moment, a fundamental
quantity in material science [22]: for m =−1, we can trans-
form the dipole phase profile into a linear one, thanks to the
trivial CST defined by n = +1. Figure 3 shows the trans-
formation of an input dipole phase profile into an output
spot for different values of dipole moment and in-plane
orientation: the axial displacement of the far-field spot
increases proportionally to the dipole strength, while its
angular position is equal to the rotation angle. This map-
ping to a point, which is limited and approximate in the
log-pol case [15], is instead exact here. The linear depen-
dence of the displacement on the dipole moment indicates
that, in principle, one could measure both the strength and
orientation of very small dipoles, using a method that is
much faster than holography and therefore less affected by
drift. This approach also lends itself to studies of magnetic
dipole evolution at very short time scales.

We thus prove the deep link between Hossack’s trans-
formations and the landscape of harmonic phases, which
for charged particles allows the use of simple electrodes to
produce arbitrary conformal mappings of wave functions.
In electron microscopy this provides a general scheme
for beam shaping and for the optimal measurement of
quantum observables. In particular, we prove that circular-
sector transformations can transform multipole-induced
phases into a spot whose position is dependent on the
strength and orientation of the multipole momentum, thus
showing it is possible to directly measure astigmatism and
dipole moments with a compact setup.

ACKNOWLEDGEMENTS

V.G. thanks Prof. Giulio Pozzi for fruitful discussions.
This work is supported by Q-SORT, a project funded by
the European Union’s Horizon 2020 Research and Inno-
vation Program under Grant Agreement No. 766970, and
by VORTEX3, a project funded by the Italian Ministry of
Defence.

APPENDIX A: CIRCULAR-SECTOR
TRANSFORMATIONS AS GENERAL SOLUTIONS

OF LAPLACE’S EQUATION IN 2D

In this section, we prove how the general solution of
the 2D Laplace equation in polar coordinates is endowed
with a potential profile inducing a circular-sector trans-
formation. As a matter of fact, a general solution of
Laplace’s equation ∇2� = 0 in polar coordinates (r,ϑ),

under variable separation, is given by

�(r,ϑ) = Arm cos(mϑ + ϑ0). (A1)

The solution of the Fresnel-Kirchhoff integral in the
stationary-phase approximation expresses a mapping
between the wave function on the input plane (r,ϑ) and
the transformed wave function on the output plane (ρ,ϕ)
upon propagation after a phase element described by Eq.
(A1) [19]. This mapping is related to the gradient of the
phase � as it follows

ρ = f
k

∇�, (A2)

where ρ = ρ(cosϕ, sinϕ). The last relation allows one to
obtain the conformal transformation induced by the given
phase element, i.e., the functional relation between the two
polar reference frames (r,ϑ) and (ρ,ϕ) on the input and
output planes, respectively. From Eq. (A1) it follows

{
∂�
∂x = Amrm−1 cos(ϑ − mϑ − ϑ0)
∂�
∂y = Amrm−1 sin(ϑ − mϑ − ϑ0)

. (A3)

After inserting the previous derivatives in Eq. (A2) it is
straightforward to obtain

(ρ,ϕ) =
[

f
k

Amrm−1, (1 − m)ϑ − ϑ0

]
. (A4)

Under the substitution m = 1 − 1/n, Eq. (A4) describes
a conformal circular-sector transformation by a factor n,
mapping the whole circle onto a 2π /n circular sector
[23,24]:

(ρ,ϕ) = [a(r/b)−1/n,ϑ/n − ϑ0], (A5)

where a and b are scaling parameters. With the previous
definitions, Eq. (A1) can be rewritten in the form:

�(r,ϑ) = kab
f

( r
b

)1−(1/n) cos{[1 − (1/n)]ϑ − ϑ0}
1 − (1/n)

. (A6)

The corresponding phase corrector is the optical element
performing the inverse optical transformation, i.e., map-
ping a circular sector with angular amplitude 2π /n onto the
whole circle. Its phase function is provided by a circular-
sector transformer [Eq. (A6)] under the substitution n →
1/n, a ↔ b, that is

�PC(ρ,ϕ) = kab
f

(ρ
a

)1−n cos[(1 − n)ϕ + nϑ0]
1 − n

. (A7)

Analogously, it can be shown that the trivial circular-sector
transformation given by n = +1 corresponds to the log-
arithmic radial solution of the 2D Laplace equation, that
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is

�(r,ϑ) = A log
( r

b

)
. (A8)

Its partial derivatives are given by
{
∂�
∂x = A

r cos(ϑ)
∂�
∂y = A

r sin(ϑ)
. (A9)

As done above, after inserting the previous expressions
into Eq. (A2) it is straightforward to obtain the relations
between the two reference frames:

(ρ,ϕ) =
(

f
k

A
r

,ϑ
)

, (A10)

which describes a conformal circular-sector transformation
[Eq. (A5)] with n =+1 (i.e., m = 0) and the definition A =
kab/f .

In the following, we provide a straightforward proof
that any harmonic function can be developed as a series
of general solutions as the one in Eq. (A1). For a given
harmonic function F(r,ϑ) satisfying Laplace’s equation in
2D, i.e., ∇2F = 0, we consider a circle r = R. Then F can
be developed in cosine series according to

F(r = R,ϑ) =
∑

m

am cos(mϑ). (A11)

By taking am = bmRm, this is exactly the value that the
function

G(r,ϑ) =
∑

m

bmrm cos(mϑ) (A12)

would take at the same points. For the theorem of unique-
ness of the analytical continuation, the function is therefore
the same over the full domain.

APPENDIX B: PROJECTED POTENTIAL
PRODUCED BY A MULTIPOLE FIELD

In this section we demonstrate that the projected poten-
tial generated by an electric multipole of order 2l exhibits
the same spatial dependence as in Eq. (A1), with negative
m =−l, therefore the transferred phase term induces a n-
fold circular-sector transformation, with n = 1/(1 − m), as
shown above.

The Coulomb potential of a continuous charge distribu-
tion ρ(s) is given by

ϕ(R) = 1
4πε0

∫
dV

ρ(s)
|R − s| . (B1)

Since we want to know the potential far away from said
charge distribution, then we can expand the denominator

in the Coulomb potential according to [36]

1
|R − s| =

+∞∑
l=0

sl

Rl+1 Pl(cos γ ), (B2)

where γ is the angle formed by the vectors R and s. Then
the Coulomb potential can be expressed as

ϕ(R) =
+∞∑
l=0

1
4πε0Rl+1

∫
dVρ(s)slPl(cos γ ). (B3)

Consequently, we can decompose the potential into a series
of multipole potentials:

ϕ(R) =
+∞∑
l=0

Ml(R)
4πε0Rl+1 , (B4)

where Ml(R) is the 2l-pole moment of the charge distribu-
tion in the direction of the vector R. It is useful to consider
the expansion of the Legendre polynomial Pl(cos γ ) into
spherical harmonics Ym

l (ϑ ,ϕ) = Pm
l (cosϑ)eimϕ (Pm

l being
the associate Legendre polynomial), that is

Pl(cos γ ) = 4π
2l + 1

+l∑
m=−l

Ym
l (ϑ ,ϕ)Ym

l (θ ,φ)∗, (B5)

where (ϑ ,ϕ) and (θ ,φ) are the angles of vectors R and
s in spherical coordinates, respectively. Substituting the
last expansion into Eq. (B3), we obtain the following
expression for Eq. (B4):

ϕ(R) = 1
4πε0

+∞∑
l=0

+l∑
m=−l

M m
l

Ym
l (ϑ ,ϕ)
Rl+1 , (B6)

where the spherical harmonics of multipoles are given by

M m
l = 4π

2l + 1

∫
dVslYm

l (θ ,φ)∗ρ(s). (B7)

If we limit our analysis to an in-plane multipole, then the
corresponding 2l-pole contribution can be expressed as

ϕ2l(R,ϑ ,ϕ) = 1
4πε0

M l
l
Pl

l(cosϑ)
Rl+1 cos(lϕ). (B8)
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The corresponding projected potential, as a result of the
integration in z = R cosϑ , in given by

ϕz
2l(ρ,ϕ) = 1

4πε0

+∞∫

−∞
dzM l

l
Pl

l(cosϑ)
Rl+1 cos(lϕ)

= − 1
4πε0

cos(lϕ)

π∫

0

dϑM l
l
Pl

l(cosϑ)
Rl sinϑ

= − 1
4πε0

cos(lϕ)
ρ l

π∫

0

dϑM l
l

Pl
l(cosϑ)

(1 + cos2ϑ)
l/2 sinϑ

= 1
4πε0

cos(lϕ)
ρ l Cl

l, (B9)

where we introduce the polar coordinates (ρ,ϕ) on the

plane z = 0, and we define Cl
l = −

π∫
0

dϑM l
l P

l
l(cosϑ) sinϑ/

(1 + cos2ϑ)l/2.

APPENDIX C: CHARGE-DISTRIBUTION
CALCULATION

In this section, we perform the analytical calculation of
the charge distribution required for the desired circular-
sector transformation when m> 1, i.e., n< 0, and in the
case 0<m< 1, i.e., integer positive n. For fractional pos-
itive n, i.e., integer m ≤ 0, the phase is proportional to
the projected potential of an electric multipole generated
by the proper distribution of charges around the origin,
i.e., electric monopole, electric dipole (n = +1/2, m = −1),
electric quadrupole (n =+1/3, m = −2), etc.), as shown in
the previous section.

The calculation of the charge density is based on the
relationship between the two-dimensional phase shift and
the projected charge. A quick approach is to take the
Laplacian of the phase element, which corresponds to the
projected charge density:

∇2φ(r,ϑ) = −ρ(r,ϑ)
ε0

. (C1)

In polar coordinates we have
[

1
r
∂

∂r

(
r
∂

∂r

)
+ 1

r2

∂2

∂ϑ2

]
φ(r,ϑ) = −ρ(r,ϑ)

ε0
. (C2)

We insert in the phase function in the previous equation:

φ(r,ϑ) = Arm cos(mϑ)�(R − r), ϑ ∈ (−π ,π ], (C3)

where �(·) is the Heaviside function: �(x) = 1 when
x ≥ 0, �(x) = 0 otherwise. When m is fractional, a dis-
continuity line appears at ϑ = π for the first derivative in

the azimuthal direction. The two contributions on the left
side of Eq. (C2) can be easily calculated as it follows

1
r
∂

∂r

(
r
∂

∂r

)
φ(r,ϑ) = Am2rm−2 cos(mϑ)�(R − r)

− 2AmRm−1 cos(mϑ)δ(R − r), (C4)

1
r2

∂2

∂ϑ2φ(r,ϑ) = −Am2rm−2 cos(mϑ)�(R − r)

+ 2Amrm−2 sin(mπ)δ(ϑ − π)�(R − r), (C5)

where δ(·) is the Dirac δ function. Therefore, the total pro-
jected charge density ρ can be split into two contributions,
a ring charge distribution ρR and a line charge distribution
ρL, given by

ρR(ϑ) = QR cos(mϑ)δ(R − r), (C6)

ρL(r) = QLrm−1�(R − r)δ(ϑ − π), (C7)

where QR = 2ε0AmRm−1, QL = −2ε0Am sin(mπ). The
radius R of the charged ring can be selected in order to
satisfy the total charge neutrality.

For positive integer m, the phase resembles the one
induced by an external magnetic multipole, for which only
the ring distribution is required, since there is no discon-
tinuity in the azimuthal direction. On the other hand, for
negative integer m, the phase is generated by a proper dis-
tribution of electric poles around the origin, as mentioned
above.

For a given charge density, the generated potential is
calculated by applying the integral

φ(r, z) = 1
4πε0

∫∫
ρ(r′)√

|r − r′|2 + z2
r′dr′dϑ ′. (C8)

Finally, the integrated potential is given by [22]

φz(r,ϑ) =
+∞∫

−∞
φ(r, z)dz. (C9)

APPENDIX D: SORTING OF MULTIPOLE PHASE
PROFILES WITH A CIRCULAR-SECTOR

TRANSFORMATION

We consider a wave function with the input phase

�in(r,ϑ) = Brm cos[m(ϑ − ϑ0)]. (D1)
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After applying a circular-sector transformation of a factor
n, and parameters (a, b), that is

(ρ,ϕ) =
[

a
( r

b

)−(1/n)
,
ϑ

n

]
. (D2)

The output phase is given by

�out(ρ,ϕ) = Boutρ−mn cos(mnϕ − mϑ0), (D3)

where Bout = Bbm/a−mn. With the choice n = −1/m, Eq.
(D3) reduces to the plane-wave term:

�out(ρ,ϕ) = Boutρ cos(ϕ + mϑ0). (D4)

The far field at a distance z exhibits a spot forming an angle
−mϑ0 with the x axis and shifting zBout/k with respect to
the optical axis. In the main text, we consider the following
examples.

Input external quadrupole field (astigmatism):
m = +2. Sorting transformation: n = −1/2. The far-field
spot is tilted by an angle θ(B) = Bb2/(ka) with respect to
the optical axis, and forms an angle with the x axis equal
to −2ϑ0. An astigmatic phase term is induced by a focal
difference Δf , over a focal length f, between two orthog-
onal axes rotated by ϑ0 with respect to the x-axis positive
direction. The corresponding phase term is given by

φ = πΔf
2λf 2 r2 cos[2(ϑ − ϑ0)]. (D5)

Then, the transferred phase exhibits a multipole-phase
structure as in Eq. (D1), with m = +2, and strength B =
πΔf /(2λf 2).

Input internal dipole: m =−1. Sorting transforma-
tion: n = +1. The far-field spot is tilted by an angle

θ(B) = Bb−1/(ka), and forms an angle with the x axis,
which is equal to ϑ0. If we consider the magnetic potential
generated by a magnetic moment μ on the x-y plane:

A = μ0

4π
μ × r

r2 . (D6)

By integrating in the z direction, the imparted phase is
equal to

φ = q
�

+∞∫

−∞
Azdz = N

qμ0μB

4�

cos(ϑ − ϑ0)

r
, (D7)

where we assume the Bohr magneton as the unit for the
magnetic moment, i.e., |μ| = NμB. Then, the transferred
phase exhibits a multipole-phase structure as in Eq. (D1),
with m = −1, and strength B = Nqμ0μB/(4�). For the
simulations in Fig. 3, a 500× magnification is consid-
ered, which is a practical experimental value in electron
microscopes.

APPENDIX E: SORTING OF MULTIPOLE PHASE
PROFILES WITH A CASCADE OF TWO

CIRCULAR-SECTOR TRANSFORMATIONS

We consider the initial phase profile:

�in(r,ϑ) = Brm cos[m(ϑ − ϑ0)]. (E1)

If we apply a circular-sector transformation of a factor n1,
and parameters (a1, b1)

(ρ ′,ϕ′) =
[

a1

(
r

b1

)−(1/n1)

,
ϑ

n1

]
, (E2)

(a)

(a)

(b)

(b)

(b)

(b)

(c)

(c)

(d)

(d)

(a)

(a)

(c)

(c)

FIG. 4. Numerical simulations
of magnetic dipole sorting using
a sequence of two circular-sector
transformations with parameters
(n1, n2) = (−2, +1/2). The input
dipole phase is transformed into
a far-field spot with position
depending on the dipole strength
[left panel, 1 × 106µB (a), 5 ×
106µB (b), 10 × 106µB (c)], and
rotation (right panel, 5 × 106µB).
In each subfigure, the inset plots
show the input dipole field, where
brightness and colors refer to
intensity and phase, respectively.
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followed by a second circular-sector transformation by a
factor n2, and parameters (a2, b2)

(ρ,ϕ) =
[

a2

(
ρ ′

b2

)−(1/n2)

,
ϕ′

n2

]
, (E3)

we obtain the new kind of transformation:

(ρ,ϕ) =
[

a2a−1/n2
1

b−1/n2
2

(
r

b1

)1/n1n2

,
ϑ

n1n2

]
, (E4)

in which the exponent changes sign with respect to each
separate transformation. This phase change makes this
mapping holomorphic, as opposed to each of the separate
mappings, which are antiholomorphic. This extends claim
1 to every possible conformal transformation.

The final phase term is given by

�out(ρ,ϕ) = Boutρmn1n2 cos(mn1n2ϕ − mϑ0), (E5)

where Bout = Bbm
1 b−mn1

2 /(a−mn1
1 amn1n2

2 ). With the choice
n1n2 = +1/m, and considering an input dipole-phase func-
tion, i.e., m = −1, Eq. (E5) reduces to the plane-wave
term

�out(ρ,ϕ) = Boutρ cos(ϕ + ϑ0), (E6)

where Bout = Bb−1
1 bn1

2 /(a
n1
1 a2).

Therefore, the dipole-phase sorting can be performed
by cascading two distinct CSTs, with factors n1 and n2
satisfying the condition n1n2=−1. In Fig. 4, the trans-
formation of an input dipole-phase profile into an output
spot is shown, by applying in sequence a set of transforma-
tions with factors (n1, n2) = (−2, +1/2). From a practical
point of view, although each transformation requires two
separated elements, i.e., transformer and phase corrector,
the first phase corrector and the second transformer can be
integrated into a single element, therefore reducing to three
the total number of phase plates to be realized.
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