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Variational optimization of the quantum annealing schedule for the Lechner-Hauke-Zoller scheme
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The annealing schedule is optimized for a parameter in the Lechner-Hauke-Zoller (LHZ) scheme for quantum
annealing designed for the all-to-all-interacting Ising model representing generic combinatorial optimization
problems. We adapt the variational approach proposed by Matsuura et al. (arXiv:2003.09913) to the annealing
schedule of a term representing a constraint for variables intrinsic to the LHZ scheme with the annealing schedule
of other terms kept intact. Numerical results for a simple ferromagnetic model and the spin-glass problem show
that nonmonotonic annealing schedules optimize the performance measured by the residual energy and the final
ground-state fidelity. This improvement does not accompany a notable increase in the instantaneous energy gap,
which suggests the importance of a dynamical viewpoint in addition to static analyses in the study of practically
relevant diabatic processes in quantum annealing.
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I. INTRODUCTION

Quantum annealing (QA) is a quantum-mechanical meta-
heuristic for combinatorial optimization problems [1–7] and is
related to adiabatic quantum computation [8,9]. An important
goal of QA is to find the ground state of a classical Ising
model, to which the cost function of a combinatorial opti-
mization problem can be mapped [10]. One of the challenges
in the experimental implementation of QA is the realization
of long-range interactions in the Ising model on locally con-
nected qubits on the device, especially in the superconducting
technology [11]. The standard approach to this problem is
embedding [12,13], where a logical qubit is represented by
a set of strongly coupled physical qubits, but it leads to an
overhead in the number of qubits as well as possible errors
caused by misalignment among physical qubits. Although the
former issue still remains, the latter problem is mitigated by
the scheme proposed by Lechner, Hauke, and Zoller (LHZ)
[14], in which a pair of interacting logical qubits is replaced by
a single physical qubit with an appropriate constraint among
the latter qubits being introduced to reproduce the original
Hamiltonian. The classical part of the Hamiltonian in the LHZ
scheme is composed of local longitudinal fields represent-
ing the original problem Hamiltonian and nearest-neighbor
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four-body interactions for the constraint mentioned above.
This scheme has been studied toward practical implementa-
tion [15–22]. It is nevertheless noted that the standard minor
embedding is in some cases more advantageous than the LHZ
scheme according to numerical simulations in Ref. [23]. It
was also reported that the performance of QA under the LHZ
scheme can be enhanced by the counterdiabatic control of
system parameters [24] and inhomogeneous driving of the
transverse field [25]. In addition, a mean-field analysis assum-
ing adiabatic parameter control shows that nonlinear driving
of the coefficient of the constraint term is effective to avoid a
problematic first-order phase transition [26].

Theoretical analyses of QA have traditionally been carried
out in the framework of adiabatic computation, in which the
system stays in the instantaneous static ground state during
the annealing process. However, it has gradually been rec-
ognized that investigating diabatic (i.e., nonstatic) processes
may at least be equally important. The reasons are, first, a
real device usually operates away from the adiabatic regime,
second, a shorter annealing time would be beneficial to avoid
decoherence, third, repeating short annealing processes may
sometimes lead to better results than a single long adiabatic
process, and last, diabatic annealing cannot be efficiently sim-
ulated classically generally, which may lead to a quantum
speedup. See Ref. [27] for a review.1

One of the promising approaches to diabatic annealing is
a variational method recently proposed by Matsuura et al.

1Reference [28] developed a related idea, but their arguments do
not apply directly to the present case.
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[29,30], in which one iteratively improves the time depen-
dence of coefficients in the Hamiltonian to minimize the
energy expectation value. This is an idea inspired by a
variational quantum eigensolver [31,32], a quantum-classical
hybrid algorithm, to find the eigenstate of a quantum system
in the noisy near-term quantum device. They applied the vari-
ational method to a small-scale quantum chemistry problem
and an Ising model with frustration and concluded that much
shorter annealing times (strongly diabatic processes) are suf-
ficient to achieve satisfactory results.

Given these developments, we follow Refs. [29,30] and
adapt the method to the LHZ scheme toward performance
enhancement under diabatic conditions. We numerically show
that the variational optimization of the annealing schedule of
the constraint term in the LHZ scheme leads to a significant
improvement of performance measured by the residual energy
and ground-state fidelity using small-scale examples of a sim-
ple ferromagnet and the spin-glass problem.

This paper is organized as follows. Section II introduces
the LHZ scheme, and Sec. III explains the variational al-
gorithm applied to the LHZ scheme. Numerical results are
presented in Sec. IV and discussions are given in Sec. V.

II. LECHNER-HAUKE-ZOLLER SCHEME

We first recapitulate the LHZ scheme [14] to set the stage
for developments in the following sections. The Hamiltonian
describing QA has traditionally been chosen as

Ĥ (t ) =
(

1 − t

T

) N∑
i=1

σ̂ x
i + t

T
ĤP, (1)

where σ̂ x
i represents the x component of the Pauli operator

of qubit (spin) i. The total annealing time is T . The first
term in the Hamiltonian is the transverse field, and its coef-
ficient is decreased from 1 (t = 0) to 0 (t = T ). The second
term is the problem Hamiltonian ĤP for the cost function of
combinatorial optimization problem written in terms of the z
component of the Pauli operator. More explicitly, the problem

Hamiltonian is often the fully connected Ising model,

ĤIsing = −
∑
i< j

Ji j σ̂
z
i σ̂ z

j −
N∑

i=1

hiσ̂
z
i . (2)

The LHZ scheme converts the all-to-all connectivity in the
above Hamiltonian to local terms. The interaction Ji j σ̂

z
i σ̂ z

j ,
where {σ̂ z

i } are logical qubits, is replaced by a longitudinal-
field term Jkσ

z
k , where σ z

k without a hat is for a physical qubit,
and four-body interactions among neighboring physical qubits
are added as a constraint to recover the original Hamiltonian.
The resulting Hamiltonian is written as

HLHZ = −
K∑

k=1

Jkσ
z
k − C

L∑
l=1

σ z
(l,n)σ

z
(l,w)σ

z
(l,s)σ

z
(l,e), (3)

where K = N (N − 1)/2 is the total number of physical qubits
and L = (N − 1)(N − 2)/2 is the number of constraints. As
long as the product of four qubits takes the value +1, HLHZ

is equivalent to ĤIsing of Eq. (2). A transverse field is added
to the above Hamiltonian in the usual way as in Eq. (1), with
HLHZ replacing ĤP. Reference [33] reports that an appropriate
value of C can be determined according to the class of the
problem and the system size. Reference [26] develops a static
analysis and finds it better to control the value of C differently
from those of other coefficients to avoid a first-order phase
transition. In the present paper, we introduce time dependence
in the coefficient as C(t/T ) and iteratively update its time
functional form to maximize the performance.

III. VARIATIONAL ALGORITHM

We adapt the variational method of Ref. [30] to the de-
termination of the optimal time dependence of the coefficient
C(t/T ). The total Hamiltonian is now

H (t/T ) =
(

1 − t

T

) K∑
k=1

σ x
k − t

T

K∑
k=1

Jkσ
z
k

− C(t/T )
L∑

l=1

σ z
(l,n)σ

z
(l,w)σ

z
(l,s)σ

z
(l,e). (4)

FIG. 1. Flowchart of the algorithm.
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FIG. 2. Numerical results for a ferromagnetic model with Jk = 0.5. (a) and (b) show the energy expectation value 〈E〉(m) and the final
ground-state fidelity F (m) as functions of the iteration number m, respectively. (c) The variational parameters (red circles) and its polynomial
fit (blue solid curve) after ten iterations.

For practical purposes of variational optimization, we dis-
cretize the time as t/T = n/(S + 1) (n = 0, 1, 2, . . . , S + 1)
and represent the function C(t/T ) at discrete points cn =
C(n/(S + 1)) with the boundary condition c0 = C(0) = 0 and
cS+1 = C(1) = 1. The principle of variational optimization
is to iteratively change the value of cn toward minimization
of the expectation value of the final Hamiltonian H (1) by
repeating the process of short-time quantum annealing. The
value of the coefficient at the mth iteration will be denoted
as c(m)

n . The update of the value of cn is performed on a
classical computer. After each step of classical update, we fit
a polynomial of degree D,

C(m+1)(t/T ) =
D∑

d=1

ad (t/T )d , a1 = 1 −
D∑

d=2

ad , (5)

to the discrete values of {c(m+1)
n } and run the next annealing

process using this C(m+1)(t/T ) following the continuous-time
Schrödinger dynamics, a quantum process. This is thus a
classical-quantum hybrid algorithm. Figure 1 summarizes the
whole algorithm.

IV. NUMERICAL RESULT

We now show the results obtained by numerically solving
the Schrödinger equation. The Broyden-Fletcher-Goldfarb-
Shanno algorithm was used as the classical optimizer [34–38].
The initial parameters are chosen as c(0)

n = n/(S + 1) and
C(0)(t/T ) = t/T . The number of physical spins is K = 10 and
we iterate the loop ten times.

A. Ferromagnetic model

First, we test the framework by the simplest ferromagnetic
model with Jk = 0.5 with the results in Fig. 2. The num-
ber of the variational parameters is S = 3, and the order of
fitting polynomial is D = 4. The annealing time is fixed to
T = 10. Figures 2(a) and 2(b) are for the energy expectation
value 〈E〉(m) and the fidelity F (m) = |〈φ(m)|ψGS〉|2, respec-
tively, with |φ(m)〉 the obtained ground state after m iterations
and |ψGS〉 the true ground state. The data point at m = 0
corresponds to the linear schedule function C(0)(t/T ), where it
is clear that the system remains far from the ground state, i.e.,
far from adiabaticity under the linear annealing schedule with
T = 10. By iterating the loop, the energy expectation value

approaches the true ground-state energy and correspondingly
the fidelity is improved toward 1. Figure 2(c) displays the time
dependence of the final variational parameters {c(10)

n } and the
corresponding schedule C(10)(t/T ).

In an effort to clarify the significance of the obtained
annealing schedule, we have calculated the energy gap be-
tween the instantaneous ground state and the first-excited
state as a function of time. The result is displayed in Fig. 3.
We also plot the corresponding energy gaps for the linear
function C(t/T ) = t/T and a monotonically increasing non-
linear function C(t/T ) = (t/T )5, the latter of which avoids
the first-order transition in the static (adiabatic) phase diagram
[26]. The minimum gap of the variationally optimal sched-
ule [Fig. 3(a)] is almost the same as the simple linear case
[Fig. 3(b)], and the nonlinear schedule [Fig. 3(c)] has a little
larger gap, possibly reflecting the avoidance of the first-order
transition. This latter slightness of the increase of the gap
would come from the smallness of the system size. These
results may suggest the difficulty to predict dynamical, dia-
batic properties from the energy gap. We should nevertheless
be cautious since the the data on the energy gap may reflect
finite-size effects.

We have further calculated the probabilities of the three
lowest instantaneous eigenstates as functions of time for the
three schedules used in Fig. 3.

FIG. 3. Energy gap between the ground state and the first-
excited state as a function of time for three schedules, (a) C(t/T ) =
C (10)(t/T ), (b) C(t/T ) = t/T , and (c) C(t/T ) = (t/T )5.
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FIG. 4. Probabilities of three lowest eigenstates as functions of time for the three schedules in Fig. 3. (a)–(c) correspond to the annealing
schedules (a)–(c) in Fig. 3, respectively. Curves in (b) and (c) are distinguished by the same color code and line type as in (a).

As seen in Fig. 4(a), the ground-state probability drops
around the middle of annealing, and but finally increases
toward 1 for the variationally obtained schedule. On the other
hand, as observed in Figs. 4(b) and 4(c), the probability stays
far from 1 after a drop for C(t/T ) = t/T and C(t/T ) =
(t/T )5. It is obvious that the variational algorithm succeeds
to keep the system close to the instantaneous ground state at
least for the present small-size problem with a short annealing
time, where the traditional method fails.

B. Spin-glass problem

Let us next consider the spin-glass problem with Jk

uniformly chosen from the range −0.5 < Jk < 0.5. This in-
dependent random choice of Jk for a local field under the

constraint of a four-body interaction realizes the spin-glass
problem in the LHZ scheme [14]. It is useful to focus on the
final ground-state fidelity because there exist many excited
states with the energy very close to the ground-state energy
in the spin-glass problem, which makes it difficult to measure
the performance by the residual energy.

Figure 5 shows the histogram of the ground-state fidelity
obtained by running the variational algorithm for 1000 ran-
dom instances of {Jk} with a fixed annealing time T = 20.
Four annealing schedules have been studied, the linear func-
tion [Fig. 5(a)], and three variationally optimized functions
with parameters (S, D) = (3, 3) [Fig. 5(b)], (S, D) = (3, 4)
[Fig. 5(c)], and (S, D) = (4, 5) [Fig. 5(d)]. We see in Fig. 5(a)
that with the linear schedule the fidelity falls between 0.1
and 0.6 for most instances. The system did not achieve the

FIG. 5. Histogram of the ground-state fidelity of 1000 random instances of the spin-glass problem. We employ the simple linear function
C(t/T ) = t/T in (a) and the variational ones in (b)–(d), where the values of S and D are chosen as displayed. In all panels, we use the same
instances of randomness.
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FIG. 6. (a) Scatter plot of the fidelity in the variational method against the one for the linear schedule for 1000 random instances of
the spin-glass problem. (b) Scatter plot of the degree of improvement of the fidelity by the variational method against the fidelity in the
linear schedule. The gray dashed curve indicates the upper bound of the fidelity improvement. (c) Histogram of the normalized degree of
improvement. (d) Optimized schedules for 1000 random instances. (e) The fidelity of the instantaneous ground state as a function of time for
1000 random instances with the optimal schedules for each instance shown in (d). In each plot, we use the same instances considered in Fig. 5
and fix the parameters (S, D) = (3, 4).

ground state (fidelity close to one) for any example in this
case. The other histograms for the variational method show
significant improvements. It is observed that larger numbers of
variational parameters S and D naturally lead to better results.

Figure 6(a) is a scatter plot of fidelity for the optimized
schedule with (S, D) = (3, 4) versus the linear schedule.
Figure 6(b) shows the degree of improvement, defined as
the relative difference between fidelity for the optimized
schedule and for the linear one which is (vertical axis −
horizontal axis)/(horizontal axis) in Fig. 6(a), for each
data point in Fig. 6(a). The dotted curve displays
(1 − horizontal axis)/(horizontal axis) representing the upper
bound of the fidelity improvement and the data points near
the dotted curve show the cases where the variational al-
gorithm improves the fidelity to 1. It is observed that an
easy instance for the linear schedule is more likely to benefit
from the variational method than a difficult instance. The
ground-state fidelity is improved mostly over 40% regardless
of the difficulty. Figure 6(c) is the histogram of the degree
of improvement shown in Fig. 6(b). Most of the instances
have values between 0.4 and 0.8 with scattered outliers. The
lower tail of the histogram in Fig. 6(c) may correspond to
the final states with the energy close to the ground state but
the fidelity or the Hamming distance far away. Figure 6(d)
is for optimized schedules, most of which look similar to
the ferromagnetic case in Fig. 2(c). Similarly to Fig. 4, we
investigated the fidelity of the instantaneous ground state for

1000 random instances under the optimized schedule shown
in Fig. 6(d) and the result is plotted in Fig. 6(e). We find that
for all instances the fidelity stays close to 1 until t/T = 0.25,
where the optimized schedules in Fig. 6(d) reach their peak.
This result may suggest that the system is prepared in a su-
perposition of states satisfying the constraint of a four-body
interaction in the early stage of anneal owing to the optimized
schedule. Whether or not such behavior would generically
lead to better performance in other problems is an interesting
problem.

V. DISCUSSION

We have adapted the variational method of Refs. [29,30] to
the determination of an optimal annealing schedule of the con-
straint term in the LHZ scheme for quantum annealing in the
diabatic regime. Numerical studies of small-size systems with
random (spin-glass) and nonrandom (ferromagnetic) interac-
tions reveal that nonmonotonic schedules with a single local
minimum lead to significant improvements in the ground-state
fidelity in almost all cases.

It should be noted that the present method is not guaranteed
to converge to the global optimum as is usually the case
in any variational optimization approach. It is nevertheless
encouraging that the fidelity quickly converges to 1 in the
ferromagnetic model in Fig. 2(b) and improvements in fidelity
after ten steps are remarkable as seen in Fig. 6(a).
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It is also useful to notice that the study of random problems
in Ref. [39] based on the quantum approximate optimization
algorithm (QAOA) shows that the optimized control parame-
ters for a single instance work fairly well in other instances.
Figure 6(d) indicates that the same may apply to the present
case. If this is true, we may perform the process of variational
optimization just once for a single example (learning stage)
and apply the obtained schedule to other instances in the same
problem class (generalization stage) with satisfactory results,
thus significantly saving time for repeated optimization.

Although the present study was performed numerically on
the classical computer due to the lack of quantum hardware
for the LHZ scheme, the result may be suggestive for the
design of future hardware under development. A similar ap-
proach should be applicable to other terms of the Hamiltonian,
and it may serve as a generic framework to find the best
possible diabatic annealing schedule not just for the LHZ
scheme but also for the standard annealing model. In partic-
ular, the present method may greatly mitigate the difficulty

of an appropriate time-dependent control of the coefficient
of the constraint term, which almost always shows up when
we embed a practical problem on the hardware with nearest-
neighbor interactions only.

Another advantage is in the short annealing time for a
single iteration, which allows the quantum device to operate
with less effects of noise and thus with more reliable outputs,
as is always the case for variational classical-quantum hybrid
algorithms. Although quantum annealing is relatively stable
against noise [40], it should nevertheless be better to run a
quantum processor under an environment closer to isolation.
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