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Quantum simulation is one of the most promising scientific applications of quantum computers. Due to
decoherence and noise in current devices, it is however challenging to perform digital quantum simulation
in a regime that is intractable with classical computers. In this work, we propose an experimental proto-
col for probing dynamics and equilibrium properties on near-term digital quantum computers. As a key
ingredient of our work, we show that it is possible to study thermalization even with a relatively coarse
Trotter decomposition of the Hamiltonian evolution of interest. Even though the step size is too large to
permit a rigorous bound on the Trotter error, we observe that the system prethermalizes in accordance
with previous results for Floquet systems. The dynamics closely resemble the thermalization of the model
underlying the Trotterization up to long times. We make our approach resilient to noise by developing
an error mitigation scheme based on measurement and rescaling of survival probabilities, which is appli-
cable to time-evolution problems in general. We demonstrate the effectiveness of the entire protocol by
applying it to the two-dimensional XY model and we numerically verify its performance with realistic
noise parameters for superconducting quantum devices. Our proposal thus provides a route to achieving
quantum advantage for relevant problems in condensed-matter physics.
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I. INTRODUCTION

Quantum computers promise to have a great impact on
scientific research. A particular example is the study of
thermalization of quantum many-body systems. The prob-
lem is computationally challenging with classical methods
[1–3] as it requires simulating the long-time dynamics of
large systems. A fault-tolerant quantum computer would
render this problem tractable by enabling quantum simula-
tion [4–7].

Despite impressive recent progress, present-day quan-
tum devices are still far from the regime of fault tolerance.
Any current quantum simulation is therefore affected by
noise and imperfections. In circuit-based quantum comput-
ers, continuous-time dynamics can be approximated using,
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for example, Trotterization [8]. With state-of-the-art gate
errors [9–14], it is however only possible to run simu-
lations with a controlled Trotter error up to short times,
which are insufficient to explore thermalization in classi-
cally intractable systems (50 or so qubits in two or more
dimensions).

In this work, we demonstrate that thermalization can
already be observed for much larger Trotter steps than
needed to guarantee a bounded Trotter error, making it
feasible to study this phenomenon on near-term quantum
devices. In this regime, the system may be viewed as
subject to a periodic Floquet drive [15–17], where one
Trotter step corresponds to one period. The fate of Flo-
quet systems at late times has been a subject of recent
interest [18–20]. Even though the system generally heats
up to infinite temperatures [21,22], the heating time may
be very long if the driving frequency is large compared to
all local energy scales [23]. The system then prethermal-
izes [24–32]: before it heats up, its dynamics mirror the
equilibration of a closed system. The prethermal regime is
relatively easy to access in practice because the Floquet
heating time increases exponentially with the driving fre-
quency or, equivalently, the inverse Trotter step size (see
Fig. 1).
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FIG. 1. Different regimes of the dynamics of local observables
depending on the Trotter step τ and the evolution time T. The
black lines separate three regimes: bounded Trotter error (bot-
tom), Floquet prethermalization (middle), and chaotic dynamics
(top). The lower line scales as O

(
max

{
τ−p/(d+1), N−1τ−p

})
,

following error bounds for the pth-order Trotter decomposition
with system size N . The upper line is determined by the Flo-
quet heating time and scales as eO(1/τ). The blue shaded area
indicates constant maximum circuit depth, relevant for noisy
quantum computers. The gray area is excluded due to the con-
straint that T ≥ τ . The red shading highlights where the total time
T exceeds a system-dependent (pre)thermalization time scale Tth.
The prethermalized expectation value problem is experimentally
accessible in the purple intersection.

With this in mind, we define the prethermalized expec-
tation value problem (PEVP): given a Floquet unitary and
a product initial state, what value does a local observ-
able reach in the prethermal plateau? We find that this
problem can be solved even in the presence of realistic
noise. Following a small circuit adjustment, the PEVP
turns out to be amenable to a simple but highly effec-
tive error-mitigation scheme based on rescaling survival
probabilities. Using this strategy, the error-mitigated PEVP
reproduces the equilibrium properties of a model that is
closely related to the Hamiltonian underlying the Trotteri-
zation. More precisely, the prethermal expectation values
describe the diagonal ensemble of this model, which is
equivalent to the microcanonical ensemble assuming that
the eigenstate thermalization hypothesis (ETH) [33–36] is
valid. Besides its application to the study of thermaliza-
tion, the PEVP may be viewed as a problem of independent
computational interest, for which noisy quantum comput-
ers can outperform state-of-the-art classical computational
methods.

The paper is structured as follows. In Sec. II, we discuss
thermalization in Floquet systems and present simulation
results for the two-dimensional XY model as an example.
We introduce our error-mitigation strategy based on the
rescaling of survival probabilities in Sec. III, where we also
provide a thorough numerical analysis of its performance.
Equipped with that, we demonstrate the suitability of the
PEVP for near-term devices by simulating it with realistic

noise parameters of superconducting quantum computers.
We conclude in Sec. IV.

II. THE PRETHERMALIZED EXPECTATION
VALUE PROBLEM

A. Time evolution on digital quantum computers

The time evolution under a Hamiltonian H can be repro-
duced on a digital quantum computer using the Suzuki-
Trotter decomposition. In its simplest, first-order form, the
decomposition approximates the time-evolution unitary
U(τ ) = e−iHτ by

UTrotter(τ ) =
�∏

j =1

e−iHj τ , (1)

where H = ∑�
j =1 Hj . Each Hj is a sum of mutually com-

muting local terms, such that e−iHj τ can be efficiently
implemented using local gates. The smaller the Trotter step
τ , the more accurate the Trotter decomposition. For the
pth order Trotter decomposition [37], which generalizes
the previous simple formula, the error of UTrotter(τ ) with
respect to the desired unitary U(τ ) is bounded from above
by O(Nτ p+1), where N is the system size [8]. The depen-
dence on N can be eliminated if all quantities of interest are
local observables. According to the Lieb-Robinson bound,
only a light cone with a radius proportional to the total evo-
lution time T is relevant [38]. Therefore, the system size N
can be replaced with the size of the light cone approxi-
mately Td before it reaches the edges of the system, where
d is the spatial dimension. We hence require that the Trotter
step τ be less than O(max

{
T−(d+1)/p , (NT)−1/p

}
) for the

Trotterized time evolution of local observables to converge
to the continuous evolution under H .

We can now define the following computational prob-
lem.

Problem 1 (The Trotter time-average problem).—Given
a unitary UTrotter(τ ), a state |ψ〉, a local observable A and
a time t = mτ for positive integer m, and a small positive
constant ε, compute the time-averaged observable

〈A〉t = 1
m + 1

m∑

n=0

〈ψ |U†
Trotter(τ )

nAUTrotter(τ )
n|ψ〉 (2)

within additive error ε‖A‖, where ‖ · ‖ is the operator
norm.

Note that the Trotterization is not uniquely defined by
the Hamiltonian and UTrotter must be specified explicitly.
The cost of solving this problem on a classical computer
generically scales exponentially with either the number
of Trotter steps m or the system size N [39], whereas
on a fault-tolerant quantum computer, the effort increases
at most polynomially with both. The hardness of the
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problem is further supported by the fact that it becomes
BQP-complete at times t = poly(n) if the Trotter error is
negligible [40]. In Sec. III, we present evidence that the
problem is solvable on noisy quantum computers up to a
maximum number of Trotter steps, which is independent
of system size. We then show in Sec. III C that noisy quan-
tum devices may reach a classically intractable regime with
realistic noise parameters, even when taking into account
the overhead of our error-mitigation strategy.

B. Prethermalization

Problem 1 is not only interesting from the perspective
of dynamics but it can also yield insight into equilibrium
properties. In condensed matter or statistical physics, one
would typically describe a system in equilibrium in terms
of its temperature, or in the case of the microcanonical
ensemble, its internal energy. Under ETH, the microcanon-
ical ensemble at the mean energy of the state |ψ〉 can be
approximated by solving Problem 1.

More precisely, in the limit of continuous-time evolu-
tion, the long-time average of an observable is described
by the diagonal ensemble. For a given initial state |ψ〉 and
an observable A,

lim
T→∞

1
T

∫ T

0
〈ψ(t)|A|ψ(t)〉 dt =

∑

k

| 〈k|ψ〉 |2 〈k|A|k〉 , (3)

where H = ∑
k Ek |k〉 〈k| is the spectral decomposition

of a nondegenerate Hamiltonian [41]. Assuming ETH,
the expectation value 〈k|A|k〉 is a smooth function of
the energy Ek up to a small, state-dependent correction
[33]. The diagonal ensemble is then equivalent to the
microcanonical ensemble at energy 〈ψ |H |ψ〉 provided the
energy variance of |ψ〉 is sufficiently small. For observ-
ables that are an average of an extensive number of local
terms, e.g., the total magnetization per site, we expect
the microcanonical ensemble to vary significantly only
on an extensive energy scale. It is thus possible to esti-
mate expectation values in the microcanonical ensemble
from the diagonal ensemble of states whose width in
energy is subextensive. Product states satisfy this condi-
tion as their widths in energy are (under weak assumptions)
proportional to

√
N [42].

The above discussion shows that it is possible to probe
the microcanonical ensemble by solving Problem 1 with
product initial states at different mean energies. This is,
however, challenging with current quantum devices for
two reasons. First, the maximum number of Trotter steps
T/τ is limited by the maximum circuit depth in the
presence of noise, while the total time T required to
reach equilibrium may be large. Therefore, noisy quantum
devices are usually unable to reach long enough times with
bounded Trotter error. Secondly, the finite calibration pre-
cision renders it challenging to get high relative precision

in the angle of rotation for gates that are very close to the
identity, bounding from below the size of τ .

We will now argue that it is nevertheless possible to
study equilibrium phenomena. Using larger, experimen-
tally feasible Trotter steps can be viewed as applying a
periodic Floquet drive. The system can be described by the
Floquet Hamiltonian HF , which is implicitly defined by

UTrotter(τ ) = e−iHF τ . (4)

The Floquet Hamiltonian is not unique as its eigenvalues
are only defined modulo ω = 2π/τ , the effective driving
frequency. For large τ , (small ω), i.e., outside the Trot-
ter limit, the Floquet Hamiltonian is highly nonlocal and
will cause a generic initial state to heat up to infinite tem-
perature [21,22]. Despite this, it is possible to observe
(approximate) equilibration if the heating time scale is
much greater than the equilibration time scale. This is
known as Floquet prethermalization [24,30,43].

Floquet prethermalization is relatively easy to access
because Floquet heating occurs on a time scale tF ∝
eO(1/kJ τ), where k is the interaction range and J is the
local energy scale, assuming kJ τ � O(1) [25]. This result
holds for any local Hamiltonian with a finite-dimensional
local Hilbert space. For infinite-dimensional local Hilbert
spaces, a relaxed version with a stretched exponential
dependence applies [28]. We highlight the favorable expo-
nential dependence of tF on 1/kJ τ . Moreover, kJ is inde-
pendent of the system size N such that slow heating can be
accomplished by a constant value of τ .

For times much less than tF , the system evolves approx-
imately according to an effective Hamiltonian, which is
close to, but not the same as, the original Hamiltonian
H . More precisely, the effective Hamiltonian is local and
it is given by the n0th order Magnus expansion [44,45]
of the Floquet Hamiltonian, where n0 = O(1/kJ τ) (see
Appendix B for details). Observables start to equilibrate
under the effective Hamiltonian before eventually heating
up. If the equilibration time t0 is much shorter than tF , then
there exists a prethermal plateau t0 ≤ t � tF , during which
the expectation value of the observable is approximately
constant. We provide a formal definition of a plateau in
Appendix A.

In the prethermal plateau, we expect that the expectation
values of local observables give a good approximation of
their thermal expectation values of the original Hamilto-
nian. The correction term to the Hamiltonian in the case of
the truncated Magnus expansion can be viewed as a local
perturbation of strength O(kJ τ). Assuming the phase of
the system is robust with respect to this perturbation, the
difference between the expectation values of local observ-
ables at the prethermal plateau and their equilibrium values
for the initial Hamiltonian can therefore also be expected
to be of order O(kJ τ). Even though this deviation might be
too large for calculations where high accuracy is required,
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in many models already qualitative physical understanding
is valuable yet unattainable with classical techniques.

The above observations motivate the definition of the
PEVP:

Problem 2 (Prethermalized expectation value prob-
lem).—Given a unitary UTrotter(τ ), a state |ψ〉, and a
local observable A, assume that a prethermal plateau
exists between times t1 to t2, such that maxt∈[t1,t2)〈A〉t −
mint∈[t1,t2)〈A〉t ≤ ε‖A‖ for some positive constant ε. Find
the value of 〈A〉t to within additive error 2ε‖A‖ for any
t ∈ [t1, t2) .

This problem reduces to solving Problem 1 at time t =
t1. In the following sections, we show using the exam-
ple of the two-dimensional XY model that the prethermal
plateau is indeed accessible and that the properties of the
effective Hamiltonian closely resemble those of the initial
Hamiltonian. We further demonstrate that the PEVP can
be solved on a noisy quantum device with realistic param-
eters up to system sizes for which classical simulation of
the dynamics is intractable.

C. PEVP with the XY model

We focus on the two-dimensional quantum XY model on
a square lattice for the remainder of this work. We empha-
size, however, that the approach can be readily applied to
many other models. The Hamiltonian of the XY model is
given by

HXY = −J
∑

〈ij 〉

(
Sx

i Sx
j + Sy

i Sy
j

)
, (5)

where J is the interaction strength, Sαi (α ∈ {x, y, z}) are
spin-1/2 operators on site i, and the sum runs over all pairs
of nearest neighbors. The two-site interaction of the model
generates a partial iSWAP gate,

e−iJ
(

Sx
i Sx

j +Sy
i Sy

j

)
τ = iSWAP

−J τ/π
ij , (6)

which is also called the fSim gate [46]. It can be natively
implemented on superconducting qubits with a tunable
angle θ = J τ/2. A single Trotter step in a first-order
decomposition consists of applying a partial iSWAP gate to
each nearest-neighbor pair of qubits. As nonoverlapping
gates can be performed in parallel, these operations can be
carried out in a circuit whose depth is equal to the number
of nearest neighbors (four in the case of the square lattice).

The XY model in two dimensions can be solved with
quantum Monte Carlo algorithms [47,48] and thus serves
as a good benchmark to our method. It is known to undergo
the Kosterlitz-Thouless (KT) transition [48,49] at nonzero
temperature. This phase transition can be characterized by

the mean-squared in-plane magnetization per site,

m2
x + m2

y = 4 ·
(∑

i Sx
i

)2 + (∑
i Sy

i

)2

N 2 , (7)

which is an approximation to the in-plane susceptibility
[48]. The mean-squared magnetization can be written as
the sum of two-site correlators, which decay exponentially
with the distance between the two sites at high tempera-
ture. Hence, m2

x + m2
y decreases with the system size as

1/N in the thermodynamic limit. Below the critical tem-
perature, the system exhibits quasi long-range order. The
mean-squared magnetization decays only as 1/N 1/8 and its
value remains non-negligible for moderately large systems
[48].

In analogy to the long-time average that gives rise to
the diagonal ensemble, we probe the prethermal plateaus
using the Floquet time average as in Definition 1, where
the Trotterization is shown in the Appendix in Fig. 6(a).
We explore this quantity using exact diagonalization on a
square lattice with N = 4 × 4 spins and open boundary
conditions. Figure 2(a) shows the values of the mean-
squared in-plane magnetization for the initial state

|ψ〉 = |X +〉 =
[

1√
2
(|0〉 + |1〉)

]⊗N

.

The different colors indicate the Trotter step size τ or,
equivalently, the driving frequency ω = 2π/τ . The initial
state is close to the ground state of the XY Hamilto-
nian. We therefore expect the in-plane magnetization to
remain high in the prethermal plateau, provided the effec-
tive Hamiltonian does not differ too much from the XY
model.

We indeed observe prethermal plateaus for large driv-
ing frequencies (ω ≥ 8J , or τ ≤ π/4J ), and these last for
t > 103/J when ω ≥ 9J . The plateau values approach the
diagonal ensemble value (black dashed line) with increas-
ing driving frequencies. They deviate only slightly due to
the correction in the Magnus expansion, which will be
discussed later in this subsection. This confirms that the
dynamics with fast Floquet drive are similar to the dynam-
ics of the original Hamiltonian in this prethermal regime.
By contrast, no plateaus are observed at low driving fre-
quencies, where the time average of the mean-squared
magnetization quickly drops to the expected value at infi-
nite temperature, 2/N . We note that the expectation value
of the initial Hamiltonian exhibits a similar behavior as
shown in Fig. 6(b) in the Appendix. This further confirms
that the Floquet heating happens only on a time scale tF
that is exponential in 1/τ . Moreover, the change of energy
with regard to the initial Hamiltonian at early times is
small such that its use for the horizontal axis in Fig. 2(b)
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FIG. 2. (a) Prethermal plateau of the two-dimensional (2D)
XY model for system size N = 4 × 4. The initial state is |X +〉.
The colored lines show the time averages of the mean-squared
in-plane magnetization for different Trotter step sizes τ , cor-
responding to different driving frequencies ω = 2π/τ , ranging
from 4J to 10J . The large circles stand for the starting and
end points of the plateaus according to Definition 4 with toler-
ance ε = 0.05 and a maximum value of t2J of 103. The black
dashed line represents the value in the diagonal ensemble of the
initial Hamiltonian. (b) Comparison of the value at the prether-
mal plateau with the values in the microcanonical and diagonal
ensemble values of the initial XY Hamiltonian and in the diago-
nal ensemble of the first-order Magnus expansion. The energy on
the x axis is given by the expectation value of the XY Hamiltonian
with regard to initial states. The system size is 4 × 4. The driv-
ing frequency is as ω = 8J and the plateau value is taken from
the time average at t = 20/J , which is on the prethermal plateau
for all computed initial states with tolerance ε = 0.05. For the
microcanonical ensemble, we average over an energy window of
width δ = 0.5J in the mz = 0 subspace (see Appendix A).

is justified. Concretely, the energy of the |X +〉 state [left-
most point in Fig. 2(b)] changes by approximately 0.5J for
τ = π/4J (ω = 8J ).

We may perform the same analysis for different initial
states. We choose product states in which the spins on the
two sublattices of the square lattice are in the respective

states |θ , 0〉 and |π − θ ,φ〉, where |θ ,φ〉 = cos(θ/2) |0〉 +
sin(θ/2)eiφ |1〉 parametrizes an arbitrary state of a qubit
(spin-1/2). This choice of states allows us to cover a wide
range of the spectrum while ensuring that the total mag-
netization in the z direction vanishes. The latter constraint
is convenient because the XY Hamiltonian conserves the
total z magnetization, mz = ∑N

i=1 σ
z
i /N . This is still true

after Trotterization, since we only apply (partial) iSWAP
operators [50]. Thermalization therefore occurs in the
eigenspaces of mz. Low-energy product states however are
not eigenstates of mz. By choosing the expectation value
of mz to be zero, we maximize the overlap of the product
state with the sectors of low z magnetization, for which we
expect similar equilibration dynamics.

We find that all product states of the above form exhibit
prethermal plateaus at similar driving frequencies and evo-
lution times. We evaluate the prethermal values of the
in-plane magnetization by performing the Floquet time
average up to time t = 20/J with driving frequency ω =
8J . The result is shown for various initial states as a func-
tion of their mean energy in Fig. 2(b). For comparison,
we also show the diagonal and microcanonical ensemble
values of the initial XY model, as well as the diago-
nal ensemble one of the first-order Magnus expansion of
Floquet Hamiltonian, given by

H (1)
Magnus = 1

τ

∫ τ

0
dt1H(t1)

+ 1
2iτ

∫ τ

0
dt1

∫ t1

0
dt2 [H(t1), H(t2)] . (8)

Here, H(t) is the piecewise constant Hamiltonian corre-
sponding to the different terms of the Trotter expansion Eq.
(1):

H(t) = �Hj for (j − 1)τ/� ≤ t < j τ/�, (9)

where 1 ≤ j ≤ �. Definitions of the different ensembles
and higher orders of the Magnus expansion can be found
in Appendix A and Appendix B, respectively.

The values at the prethermal plateau are close to those
of the diagonal ensemble H (1)

Magnus, indicating that the first-
order truncation already serves as a good approximation
for Floquet Hamiltonian in the prethermal regime. In
Appendix B, we show that the higher orders lead to no sig-
nificant improvement for ω = 8J . The thermal equilibrium
values of the initial XY Hamiltonian, in both the diagonal
and the microcanonical ensemble, deviate slightly from the
Floquet values. We attribute the deviation to the perturba-
tion from the Magnus expansion as well as to finite-size
effects. The latter are evident from the fact that the diago-
nal ensemble of the XY model differs significantly from the
microcanonical ensemble even though they are expected
to agree in the thermodynamic limit. The reason for this is
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that a product initial state |ψ〉 spans a range of energies of
width σψ = O(

√
N ). In the thermodynamic limit σψ rep-

resents a vanishingly small fraction of the entire spectrum,
which is of width O(N ). For our system sizes, however,
the energy spread σψ is not negligible. Nevertheless, the
comparison indicates that the prethermal properties of the
Floquet system reveals nontrivial thermal properties of the
XY Hamiltonian.

III. ERROR MITIGATION

A. Rescaling of survival probabilities

Without mitigation, noise will frustrate any naive
attempts to observe prethermal plateaus on current quan-
tum hardware. As we show in Appendix C, noise provides
an additional heating source to the Floquet driving already
discussed; one that we expect to be far stronger with
today’s error rates, and one without favorable scaling in
the system size. It is therefore desirable to develop an error
mitigation technique to estimate the result of a noiseless
quantum circuit from multiple measurements in a noisy
circuit [51–53]. However, we do not see a reliable method
for extracting the desired noiseless results from measure-
ments of the noisy state as this would imply the ability
of inferring low-temperature results from high-temperature
ones.

To circumvent this issue, we avoid direct tomography of
the time-evolved observables on the noisy state. Instead,
we convert observable estimation into a survival proba-
bility circuit, in a manner similar to that used in out-of-
time-order correlators (OTOCs) [54] or echo verification
circuits [55,56]. Following forward evolution, we apply
the observable and then evolve backwards in time, fol-
lowed by a projection onto the initial state [see Fig. 3(a)].
This yields a survival probability of the form

LA,ψ(t) = ∣∣〈ψ |eiHtAe−iHt|ψ〉∣∣2 = 〈ψ |A(t)|ψ〉2 . (10)

In the following, we drop the label ψ for notational sim-
plicity. For this procedure to work, A must be a (local) uni-
tary. For spin systems, it is possible to write any observable
as a sum of products of unitary Pauli operators and to mea-
sure each Pauli operator separately. Although LA(t) gives
only the expectation value of an observable up to a sign,
one can infer the sign by tracking it from the known ini-
tial value, assuming 〈ψ |A(t)|ψ〉 is a smooth function [57].
This simplifies previous Loschmidt-echo style methods for
learning 〈ψ |A(t)|ψ〉, which required ancilla qubits, the
preparation of large Greenberger-Horne-Zeilinger (GHZ)
states [55] or intermediate repreparation and measurement
of qubits [56].

As we will now demonstrate, a simple rescaling is
remarkably effective at mitigating errors in the estimation
of the survival probability. The strategy is based on the
observation that the survival probability is approximately

· · · · · ·
· · · · · ·
· · · · · ·

|0〉⊗N V U
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FIG. 3. (a) Quantum circuit to map the expectation value of a
(unitary) observable onto a survival probability. The initial state
is prepared with V, U = U1, U2, U3, or U4 is a single step in
the Trotter decomposition, and N denotes a local noise chan-
nel. (b),(c) Dependence of LNp

1 (t) and LNp
A (t) on the circuit depth

D and system size N in the presence of depolarizing noise with
error probability p = 0.3%. The initial state is |ψ〉 = |X +〉. The
observable A = 4Sx

i Sx
i+1 is a correlator in the center of the lat-

tice. The black dashed lines represent the scaling predicted by
Eq. (11).

proportional to the probability of no error occurring. The
reason is that the state becomes highly entangled during
the evolution, at which point a single-qubit error results in
an orthogonal state with high probability. To be more con-
crete, consider a single Pauli error σμi occurring at time
t′ < t at site i and set the observable A to be identity.
The survival probability is then given by [Tr (ρi(t′)σ

μ
i )]

2,
where ρi(t′) is the reduced density matrix of |ψ(t′)〉 at site
i. If this site is entangled with the other parts of the sys-
tem, the reduced density matrix will be close to the identity
(completely mixed) and the survival probability will be
close to zero.

The above discussion suggests that the survival proba-
bility with noise is related to the noiseless value, times the
probability that no error has occurred. For concreteness,
we consider error models in which a single-qubit noise
channel Np is applied to each qubit after every layer of
unitary gates. Here, p is the probability that the channel
causes an error on the qubit. The state-of-the-art gate error
rate is around 0.5% for two-qubit gates [13,14], motivating
our choice of p = 0.3% per qubit per gate as the reference
value in our model [58].
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Denoting the survival probability in the presence of
noise by LNp

A (t), we then expect that

LNp
A (t)/LA(t) ≈ (1 − p)ND, (11)

where N is the number of qubits and D is the circuit
depth including both forward and backward evolutions.
Crucially, no independent knowledge of the noise chan-
nel is required to estimate LA(t). By setting A = 1, we
obtain LNp

1 (t) ≈ (1 − p)ND since the noiseless survival
probability satisfies L1(t) = 1. Hence,

LA(t) ≈ LNp
A (t)/LNp

1 (t), (12)

where the right-hand side can be obtained from measure-
ments on the noisy quantum device.

We can make this argument more rigorous for channels
that can be represented in terms of unitary Kraus opera-
tors. For such channels, the probability that a particular
error occurs is independent of the state. This class of chan-
nel includes depolarizing and dephasing noise as well as
all other Pauli channels. Even though amplitude damp-
ing error is not included in this class of channels, we find
that the conclusions of this section nevertheless hold to
a good approximation for this noise model as well (see
Appendix D). Furthermore, it is always possible to turn
the Kraus operators into unitary ones by means of Pauli
twirling [59–62].

The survival probability after the noisy circuit can be
expressed as

LNp
A (t) = Tr

[(
AρNp

ψ (t)
)2

]
, (13)

where ρNp
ψ (t) is the mixed state after the noisy forward

evolution [63]. We write the state ρNp
ψ (t) as

ρ
Np
ψ (t) = q |ψt〉 〈ψt| + (1 − q)ρ̃, (14)

where |ψt〉 = Ut/τ
Trotter(τ ) |ψ〉 is the state after noiseless for-

ward evolution and q = (1 − p)ND/2 is the probability that
no error occurred during the forward evolution. The den-
sity matrix ρ̃ is the state conditioned on at least one
error having occurred. The survival probability in noisy
simulation then becomes

LNp
A (t) = q2| 〈ψt|A|ψt〉 |2 + (1 − q)2Tr

[
(ρ̃A)2

]

+ 2q(1 − q) 〈ψt|Aρ̃A|ψt〉 . (15)

Defining r =
√

Tr
[
ρ̃2

]
, we can use Cauchy-Schwarz

inequality to obtain (see Appendix E)
∣
∣∣∣∣
LNp

A (t)
q2 − LA(t)

∣
∣∣∣
∣
≤ (1 − q)2

(
r
q

)2

+ 2(1 − q)
r
q

. (16)

Since 0 < q, r ≤ 1, LNp
A (t)/q2 serves as a good approxima-

tion of LA(t) when q � r. This condition can be satisfied
over a broad range of parameters because r typically
decays with the system size. In the most extreme case of
global depolarizing noise, ρ̃ is a completely mixed state,
for which r2 = 2−N . The condition q � r then gives rise
to

(1 − p)ND >
C
2N ⇒ ND <

N log 2 − log C
log[1/(1 − p)]

(17)

for some constant C. For p = 0.3%, this evaluates to D <

230 in the thermodynamic limit. For more general types
of noise, we similarly expect the scaling with q2 to hold
up to some constant circuit depth in the thermodynamic
limit. The noisy survival probability at this constant circuit
depth will, however, decay exponentially when increasing
the system size such that exponentially many measure-
ments are required to resolve the signal. Nevertheless,
we will show below that the number of measurements
remains experimentally feasible in superconducting quan-
tum devices for moderately sized systems with realistic
error rates.

Two situations where Eq. (12) fails directly follow from
our argument. One is the case when q approaches r, as
already discussed. The other is when the initial state does
not thermalize. For example, the product state |Z+〉 =
|0〉⊗N is invariant under the (Floquet) XY Hamiltonian and
thus will not get entangled. However, even in this case Eq.
(12) works well for many practical channels because two
independent errors are unlikely to cancel each other.

B. Numerical results

We now numerically verify these considerations for the
Floquet evolution of the XY model described in Sec. II C
in the presence of local depolarizing noise. For each qubit,
the noise channel is given by

Np(ρ) = (1 − p)ρ +
3∑

μ=1

p
3
σμρσμ. (18)

Other types of noise are discussed in Appendix D. In
Fig. 3(b) and (c), we, respectively, show LNp

1 (t) and LNp
A (t)

for the initial state |ψ〉 = |X +〉 for different system sizes.
The computations were performed using the Monte Carlo
wave-function method with the Cirq library [64]. Each data
point in the figure corresponds to an average over 2000
quantum trajectories. This number of trajectories is suf-
ficient to observe convergence of the mean value in the
region of our interest. The results agree well with Eq. (11).
This also holds for different types of noise as we show in
Appendix D. We note that the data points start to deviate
from the estimated black dashed lines at ND approximately
linear in N , in line with the expectation from Eq. (17).
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FIG. 4. (a) The mitigation error sNp
A for the range of data in

Fig. 3 where LNp
1 (t) > 0.01. We choose this cutoff due to the lim-

ited number of trajectories in the simulation, which limits the sig-
nificant digits. (b) The root-mean-square of s,

√∑
data s2/

∑
data,

evaluated over the window of circuit depth [D − 16, D + 16] in
(a).

To quantify the error of the mitigation strategy, we
define

sNp
A (t) = LNp

A (t)
/

LNp
1 (t)− LA(t). (19)

Figure 4(a) shows the distribution of s of the mitigated
data from Fig. 3. The error remains small for depths up
to D ≈ 100. To compare different noise rates, we plot in
Fig. 4(b) the square root of the moving average of s2 for
different values of p . Similar plots for types of noise other
than depolarizing noise are presented in Appendix D. For
reference, the typical value of LA(t) in the simulation is
around 0.3, which indicates that for circuit depth D = 80,
the relative error is around 10% for p = 0.3%.

Although these results confirm the effectiveness of our
error mitigation strategy, we also observe a systematic shift
of s towards positive values. This can be explained by the
error terms in Eq. (15). Let us assume for simplicity that
ρ̃ = 1/2N , from which it follows that

LNp
A (t)

LNp
1 (t)

= q2LA(t)+ (1 − q2)/2N

q2 + (1 − q2)/2N , (20)

where we used the fact that A2 = 1 since A is hermitian
and unitary. Hence,

sNp
A (t) = [1 − LA(t)]

(1 − q2)

q2 · 2N + (1 − q2)
> 0. (21)

For certain error models, it may be possible to remove this
systematic error by using a more complicated rescaling for-
mula instead of Eq. (12). Nevertheless, the systematic error
remains small as long as q2 � Tr (ρ̃2).

We will now argue that our mitigation strategy enables
the observation of prethermalization on current and near-
term quantum devices. After Trotterization, the total

required circuit depth D to simulate time evolution of the
two-dimensional XY model up to time tmax is

D = 4 × 2 × tmax/τ , (22)

which, from left to right, represents the number of lay-
ers per Trotter step, back and forward evolution, and the
number of Trotter steps. To see prethermalization of the
Floquet XY model, Fig. 2 indicates that tmax should be at
least 8/J for ω = 8J , which yields D ≈ 80. The estimation
is within the limit of the maximum circuit depth from Eq.
(17) and Fig. 4 for p = 0.3%, showing that our proposal is
suitable for current and near-term quantum devices.

We have now gathered all the ingredients for the full
simulation of the PEVP on a noisy quantum device. We
consider the two-dimensional XY model on a 4 × 4 square
lattice in the presence of depolarizing noise with noise
rate p = 0.3%. For the observable, we focus on the cor-
relator A = 4Sx

i Sx
i+1 of a pair of neighboring sites at the

center of the lattice. In Fig. 5, we plot the time averages
of 〈A(t)〉2 at driving frequency ω = 8J as a function of the
initial state energy E up to t = 10τ , corresponding to cir-
cuit depth D = 80. The initial states were chosen from the
same set as in Fig. 2(b). The black crosses represent the
noise-free results, whereas for the red points the experi-
ment was simulated including noise and error mitigation.
The error bars show statistical errors due to fluctuations
of different Monte Carlo trajectories, propagated from the
standard deviations of LNp

A (t) and LNp
1 (t). Note that the

sign of 〈ψ |A(t)|ψ〉 turns out to be constant during the Flo-
quet time evolution in our range of simulations. In the
long-time limit, the time average of the square is there-
fore equivalent to the square of the time average, given that
they converge to a constant. We further note that the devia-
tion between the noisy and noise-free results is biased since
the red points are systematically above the black crosses,
consistent with the expectation from Eq. (21).

We find that the noise-free results lie within the error
bars for all initial states and that the trend of the observ-
able is well reproduced. Since the rescaling factor is about
q2 = (1 − p)ND ≈ 0.02, the unmitigated points would be
nondiscernibly close to zero. This shows that our error mit-
igation procedure is both viable and needed to solve the
PEVP.

C. Implementation

The results of the previous section show that our error-
mitigation strategy enables the solution of the PEVP for the
XY model at a depolarizing noise rate of p = 0.3%. One
more step remains to assess the experimental viability: an
estimate of the number of required measurements.

In experiments, the survival probabilities are estimated
from binary outcomes (success or failure). This gives rise
to shot noise, which in turn sets a lower bound on the
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FIG. 5. The time average of Lσ x
i σ

x
i+1,ψ(t) at Jt ≈ 7.85 with ω =

8J , or τ = π/4J , corresponding to ten Trotter steps. The black
crosses show the noiseless result. The red points were obtained
by applying our error-mitigation strategy to noisy simulations
with a single-qubit depolarization rate p = 0.3%. Error bars indi-
cate the statistic errors due to fluctuations of different Monte
Carlo trajectories, propagated from the standard deviations of
LNp

A (t) and LNp
1 (t). The system size N = 4 × 4.

necessary number of samples. To achieve a statistical
uncertainty of ε, roughly 1/ε2 samples are needed. For the
error-mitigation scheme to work, the shot noise must be
smaller than the survival probability. As the noisy survival
probability is suppressed by the factor (1 − p)ND, it fol-
lows that the number of needed measurements scales as
(1 − p)−2ND. We note that this number of samples is typ-
ically orders of magnitude larger than the number needed
to suppress the fluctuations in Monte Carlo trajectories due
to noisy dynamics.

Since the sample complexity scales exponentially with
the number of qubits, this is an important limitation to
the system size that can realistically be reached. Neverthe-
less, classically hard regimes are accessible with realistic
parameters. For instance, setting N = 50 while keeping
p = 0.3% and D = 80, we find that (1 − p)−2ND ≈ 3 ×
1010 samples are needed. This is inconveniently large as
current superconducting quantum devices can collect mil-
lions of samples on the time scale of minutes. However, a
modest improvement in the error rate to p = 0.2% reduces
the number of samples to a much more realistic value of
9 × 106.

We have so far neglected the role of measurement errors,
which occur with probability pm ≈ 1% − 2% for each
single-qubit measurement in current devices [14,65]. For-
tunately, these errors are automatically remedied by our
error-mitigation strategy. The measurement errors simply
suppress the survival probability by another factor (1 −
pm)

N , which is independent of the circuit depth. For sys-
tem sizes up to N = 50, this increases the required number
of measurements by at most an order of magnitude.

IV. SUMMARY AND OUTLOOK

We have proposed the prethermal expectation value
problem as a way to study thermal observables on noisy,
intermediate-scale quantum devices. Our approach relies
on the observation that relatively large Trotter steps, which
do not permit a rigorous bound on the Trotter error, can
give rise to prethermalization. We showed that in the
prethermal regime, the equilibration of observables is sim-
ilar to the expected dynamics under the original Hamilto-
nian. It may be possible to approximate evolution under the
original Hamiltonian even better by canceling higher-order
terms of the Magnus expansion at the cost of more complex
circuits. The range of energies at which the observables can
be probed is set by the range of energies of the used ini-
tial states. We restricted ourselves to product states for this
work, but the protocol can straightforwardly be extended
to different initial states, which may increase the range of
accessible energies.

We further demonstrated that the prethermal regime is
experimentally accessible with noise rates of near-term
devices using an error-mitigation scheme based on measur-
ing and rescaling survival probabilities. This scheme is not
limited to the PEVP but can be applied much more broadly
in the context of quantum simulation. Our work provides
all necessary ingredients to also study the approach to equi-
librium and to extract, for instance, diffusion constants.
Care should be taken, though, that the Trotterization does
not break symmetries in the Hamiltonian, which strongly
affect the thermalization process. Prethermalization may be
modified for bosonic models, for which the local Hilbert
space is infinite dimensional [28]. Our approach can be
used to study the prethermal dynamics of such models
and it may further yield insights into models that fail to
thermalize, such as quantum scars [66,67] and many-body
localized systems [68,69].

Our work creates a new avenue to exploring quantum
many-body systems beyond those that can be classically
simulated. Although the XY model studied here can be
efficiently simulated on classical computers with quantum
Monte Carlo methods [48], our approach can be readily
adapted to more complex Hamiltonians. As a simple mod-
ification of the XY model, one might consider adding a
site-dependent sign to the interaction strength J . This ren-
ders classical simulation of this model much harder since
it causes a sign problem in quantum Monte Carlo meth-
ods [70–72]. The complexity of our proposed approach to
quantum simulation however remains unaffected by this
modification.

We highlight that our approach works up to a con-
stant circuit depth that scales approximately as D ∼
O(1/p). While for a fixed p this is not classically hard
in the sense of computational complexity theory, the max-
imal circuit depth D ∼ 200 corresponding to a realistic
noise rate p = 0.3% is currently classically intractable for
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intermediate-size systems. Hence, beyond classical quan-
tum simulation of dynamics and equilibrium properties is
within reach.
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APPENDIX A: DEFINITION OF PROBLEMS

1. Setup

In this section we consider

(i) a local Hamiltonian H as considered in II A, with
spectral decomposition

H =
∑

k

Ek |k〉 〈k| , (A1)

(ii) the Trotterized time-evolution unitary UTrotter(τ )

[see Eq. (1)] with time step τ ,
(iii) an observable A with operator norm ‖A‖,
(iv) and an initial state |ψ〉.

When also given a Trotter step τ , any time appearing in
text will be stroboscopic, i.e., an integer multiple of τ .

2. Definition of thermal ensembles

Here we provide definitions of the microcanonical and
diagonal ensembles in Fig. 2.

Definition 1 (The microcanonical ensemble).—Given an
energy E and energy interval δ, the value of an observable
A in the corresponding microcanonical ensemble is defined
as

〈A〉micro,E =
∑

k∈IE,δ

〈k|A|k〉 /|IE,δ|, (A2)

where IE,δ = {k||Ek − E| < δ/2}.

Alternatively, for the convenience of computation, the
energy cutoff may be replaced by a Gaussian filter.

Definition 2 (The broadened microcanonical ensem-
ble).—With the same setup as Definition 1, the broadened
microcanonical ensemble is defined as

〈A〉micro′,E =
∑

k

〈k|A|k〉 e− (E−Ek)
2

2δ2
/ ∑

k

e− (E−Ek)
2

2δ2 . (A3)

The two definitions are equivalent in the thermody-
namic limit under the eigenstate thermalization hypothesis
[57,73]. In Fig. 2 we take the latter definition, which can
be efficiently computed in one-dimensional systems with
classical computers using filtering algorithms for δ being a
constant [73].

Definition 3 (The diagonal ensemble).—Given a state
|ψ〉, the value of an observable A in the the diagonal
ensemble is defined as

Ad,ψ =
∑

k

|〈ψ |k〉|2〈k|A|k〉. (A4)

The diagonal ensemble values are equivalent to the long
time average of the initial state |ψ〉 and observable A for
nondegenerate Hamiltonians. It can be approximated again
by filtering out the off-diagonal elements of an initial den-
sity matrix [74]. The entanglement entropy of the diagonal
ensemble in operator space, however, obeys a volume-law
scaling, which limits the system size reachable in classical
simulations.

3. Definition of PEVP

To define the PEVP, we first need give a precise
definition of a prethermal plateau. There is not a single
accepted definition for a prethermal plateau in the liter-
ature. Here we formulate the practical definition we use.
First we define what we consider to be a plateau.

Definition 4 (The plateau).—Given a tolerance ε � 1,
a plateau is a time interval [t1, t2) with t1 < t2 ≤ ∞ such
that

(1) maxt1≤t<t2 〈A〉t − mint1≤t<t2 〈A〉t ≤ ε‖A‖, where 〈A〉t
is defined in Eq. (2).

(2) there exists no overlapping interval [t′1, t′2) also sat-
isfying 1 for which t′2/t

′
1 > t2/t1.

The second criterion ensures the plateau we find is
locally the longest. Here we take the ratio t2/t1 as the mea-
sure of the length of the plateau to be more consistent with
the ideas of prethermalization. A plateau can be identified
as a prethermal plateau, if

(i) it is not connected to the final Floquet thermalization
plateau at infinite time and temperature [27],

(ii) the ratio t2/t1 grows exponentially with 1/τ and
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(iii) in the small τ limit, t1 converges to a positive
number.

It is in general hard to identify a prethermal plateau, due
to the difficulty of reaching the exponentially growing t2
in simulations. Nevertheless, assuming its existence, it is
relatively easy to find the plateau and compute the plateau
value. Now let us restate Problem 2 in the main text.

Definition 5 (The prethermalized expectation value
problem).—Given a unitary UTrotter(τ ), a state |ψ〉, and
a local observable A, assume that a prethermal plateau
exists between times t1 to t2, such that maxt∈[t1,t2)〈A〉t −
mint∈[t1,t2)〈A〉t ≤ ε‖A‖. Find the value of 〈A〉t to within
additive error 2ε‖A‖ for any t ∈ [t1, t2) .

APPENDIX B: THE MAGNUS EXPANSION

The Magnus expansion serves as a high-frequency
expansion for the effective Hamiltonian of a Floquet driv-
ing H(t) with period τ :

UF(τ ) = T
(

e−i
∫ τ

0 H(t)dt
)

= e−iτ
∑∞

k=1 �k

�0 = 1
τ

∫ τ

0
dt1H(t1)

�1 = 1
2iτ

∫ τ

0
dt1

∫ t1

0
dt2 [H(t1), H(t2)]

�2 = − 1
6τ

∫ τ

0
dt1

∫ t1

0
dt2

∫ t2

0
dt3

([H(t1), [H(t2), H(t3)]]

+ [H(t3), [H(t2), H(t1)]])

... (B1)

In general, the Magnus expansion is not convergent [16,
45] and thus higher-order contributions are not negligi-
ble for finite driving frequencies. Nevertheless, its finite
truncation is still expected to approximate the quasista-
tionary prethermal plateau [24]. To be more precise, let
H (n)

Magnus = ∑n
j =0�j denote the nth-order truncated effec-

tive Hamiltonian, then there exists n0 = O(ω/kJ ) such
that

‖UF(τ )
m − e−iH

(n0)
Magnusmτ‖ � Nmτ2−n0 . (B2)

The general estimation Eq. (B2) for the unitary evolution
operators has a linear dependence on system size, which
does not imply prethermalization for N � exp(O(ω/kJ )).
When considering local observables acting on a subsystem
L and short-range interacting Hamiltonians, however, the
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FIG. 6. (a) Trotterization of the 2D XY Hamiltonian. The cir-
cles represent qubits and the rectangles on the bounds represent
two-qubit evolution gates on neighboring qubits. (b) Expectation
value of the initial Hamiltonian during the Floquet evolution for
the initial state |X +〉 evolved. The parameters are the same as
Fig. 2(a). (c),(d) Simulation of evolving Floquet XY model with
the Magnus expansion truncated to nth order. Their differences
from Floquet evolution are plotted. The initial state is |X +〉 and
A = m2

x + m2
y . The system size is N = 4 × 3. (c) ω = 4J , (d)

ω = 8J . Note the difference in scale on the y axis.

bound can be tightened for the reduced density matrix ρL:

‖(ρL)F(mτ)− (ρL)
(n0)
Magnus(mτ)‖1 � |L|mτe−O(ω) (B3)
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for the same n0, where the system-size dependence is
erased [24].

For the proof of this relation to hold rigorously, the
required driving frequency is ω ≥ 16πkJ ≈ 100J for
nearest-neighbor interacting Hamiltonians, while in our
numerical simulation in Fig. 2, prethermalization has
occurred for ω ∼ 8J . For all of our numerical simula-
tions of the XY model, we use the Trotterization shown
in Fig. 6(a). In Fig. 6(b), we plot the expectation value
of the initial Hamiltonian during the Floquet evolution
for the initial state |X +〉, where the parameters are the
same as Fig. 2(a). The figure shows that the expectation
value quickly reaches a new quasiequilibrium due to the
evolution under the effective Floquet Hamiltonian. The
expectation value then remains approximately constant up
to the Floquet time scale tF . We highlight that the ini-
tial increase in energy is small for the driving frequency
ω = 8J used in the main text.

In Figs. 6(c) and 6(d) the differences between Floquet
evolution and its Magnus expansions up to the third order
are plotted. Note that the zeroth-order Magnus expansion
is just the original non-Floquet Hamiltonian. For ω = 8J ,
it turns out that the n = 1 case already gives a good
approximation of the Floquet Hamiltonian.

APPENDIX C: DIFFICULTY OF ERROR
MITIGATION IN TIME EVOLUTION

The difficulty of error mitigation of observables by mea-
suring them directly can be explained in the following two
ways.

First, if we take the formalism as in Eq. (14), the aim
will be to obtain Aψ(t) = 〈ψt|A|ψt〉 from

ANp
ψ (t) = Tr

(
AρNp

ψ

)
= qAψ(t)+ (1 − q)Tr (Aρ̃) .

(C1)

Although the second term vanishes for global depolarizing
channel and traceless A, one can not use the same trick as
Eq. (12) to directly estimate q, since setting A = 1 would
not give any meaningful output. Of course, it is in principle
still possible to measure the survival probability with back-
ward evolution that approximates q2 and take its square
root. In the latter circuit, however, any coherent noise will
partially cancel in forward and backward evolutions, which
gives a different value of q from the one we need in Eq.
(C1).

Alternatively, we can think about the problem using a
random-walk picture, where an initial state will be quickly
heated during time evolution on noisy digital simulators,
because of the strong energy dependence of the density
of states (DOS). Let us consider the quantum trajectory
simulation process of a noisy circuit. Assume the absolute
average energy change per error to be a constant g > 0 and
denote the expectation value of the energy of the simulated

state after n errors by En. The probability of increasing or
decreasing energy after each gate of noise will be

P(En+1 = En + g)
P(En+1 = En − g)

= DOS(En + g)
DOS(En − g)

. (C2)

For short-range interacting and locally bounded Hamilto-
nians, the DOS converges weakly to a Gaussian in the
thermodynamic limit [75]:

DOS(E) ∝ exp
(−E2/2Nσ 2) , (C3)

where σ is a constant depending on local energy scale.
Inserting P(En+1 = En + g)+ P(En+1 = En − g) = 1, it
can be concluded that

�E = En+1 − En

= g [P(En+1 = En + g)− P(En+1 = En − g)]

= −g tanh
(

gEn

Nσ 2

)
. (C4)

The circuit depth D required for a single noise to occur is
�D = 1/pN , where p is the noise rate. Therefore,

�E
�D

= −pgN tanh
gE

Nσ 2 , (C5)

whose solution in the continuous limit is

sinh
( g

Nσ 2 E
)

= sinh
( g

Nσ 2 E0

)
e−pg2D/σ 2

. (C6)

It gives rise to an exponential decay in energy with regard
to the circuit depth. In other words, the initial state will
be heated to infinite temperature, and this process is much
faster than the heating caused by Floquet driving in the
prethermal regime. Postselection error-mitigation strate-
gies for direct time evolution would then imply that it is
possible to extract low-temperature properties from higher
temperatures. There is no reason to assume that this would
be the case, especially in the case when phase transitions
exist.

APPENDIX D: PHASE AND AMPLITUDE
DAMPING NOISES

In the main text, we focused on depolarizing noise. In
this Appendix, we show that the effects of phase damping
and amplitude damping noise are qualitatively similar. The
relevant noise channels are given by [76]

(a) the phase damping channel

N P
p (ρ) = (1 − p)ρ + pσ z

i ρσ
z
i , (D1)
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(b) and the amplitude damping channel

N A
p (ρ) = M0ρM †

0 + M1ρM †
1 , (D2)

where M0 =
(

1 0
0

√
1 − p

)
and M1 =

(
0

√
p

0 0

)
.

In Fig. 7 we plot the simulation results for these two types
of noises in the same fashion as in Figs. 3 and 4. From
top to bottom, they are the scaling of survival probability
without (left) and with (right) applying the observable, the
error s of the mitigation strategy and the moving quadratic
average of s. The scalings are also fit well with Eq. (11),
while the error after rescaling is much smaller for phase
damping error than for the other two.

Note that amplitude damping noise involves nonunitary
Kraus operators, and thus the performance of the rescaling
strategy is a priori unclear. The above numerical results,
however, indicate that rescaling still works with an effec-
tive noise rate p/2. Pauli twirling can be useful as a formal
tool to explain such effective noise rate, as it converts
nonunitary Kraus operators into unitary depolarizing ones.
A possible set of Pauli twirling operators for the ampli-
tude damping channel is W = {1, σ x, σ y , σ z} so that the
conjugated noise channel becomes

Ñ A
p (ρ) = 1

|W|
∑

w∈W

∑

k=0,1

wMkw†ρwM †
k w†

=
(

1 + √
1 − p

2

)2

ρ + p
4
σ xρσ x + p

4
σ yρσ y

+
(

1 − √
1 − p

2

)2

σ zρσ z. (D3)

In the small p limit, the effective noise rate of this asym-
metric depolarizing noise is just 1 − (

(1 + √
1 − p)/2

)2 ≈
p/2, in agreement with the numerical result.

In Fig. 8, we show the convergence of the Monte
Carlo simulations of LNp

1 (t) . We observe that phase and
amplitude damping noises require a much smaller number
of trajectories than depolarizing noise to reach the same
estimation error. For circuit depth D = 80 and n = 2000
trajectories, which are the parameters used in Fig. 5, the
error can be read off from Fig. 8(a) to be about 15%.

APPENDIX E: PROOF OF EQ. (16)

The trace of the product of two matrices Tr
(
A†B

)
can be

viewed as an inner product, and thus the Cauchy-Schwarz
inequality applies:

∣∣Tr
(
A†B

)∣∣ ≤
√

Tr
(
A†A

) × Tr
(
B†B

)
. (E1)
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FIG. 7. Simulation results for phase damping (a1)–(a4) and
amplitude damping (b1)–(b4) noise and p = 0.3%. The plotted
quantities are the same as shown in Figs. 3 and 4.

Since A is hermitian and unitary, A2 = 1 and the first
perturbation term in Eq. (15) can be bounded by

∣∣Tr
[
(ρ̃A)2

]∣∣ ≤
√

Tr
[
(Aρ̃A)2

] × Tr
[
ρ̃2

] = r2. (E2)
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FIG. 8. The relative estimation error of LNp
1 (t) as a function of

the number n of Monte Carlo samples for circuit depth D = 40
and 80. The estimation error is defined as the standard devia-
tion of the ensemble of expectation values from the trajectories
divided by

√
n. The figures show the relative estimation error,

i.e., the ratio of the estimation error to the estimated value (mean)
of LNp

1 (t). The system size is 4 × 4 and the initial state is |X +〉.

Similarly, for the other term,

| 〈ψt|Aρ̃A|ψt〉 |

= |Tr (Aρ̃A |ψt〉 〈ψt|)| ≤
√

Tr
[
(Aρ̃A)2

] = r. (E3)

Combining these inequalities, we get Eq. (16).
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