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The quantum Fisher information (QFI), as a function of quantum states, measures the amount of infor-
mation that a quantum state carries about an unknown parameter. The (entanglement-assisted) QFI of a
quantum channel is defined to be the maximum QFI of the output state assuming an entangled input state
over a single probe and an ancilla. In quantum metrology, people are interested in calculating the QFI of N
identical copies of a quantum channel when N →∞, which is called the asymptotic QFI. Over the years,
researchers found various types of upper bounds of the asymptotic QFI, but they were proven achievable
only in several specific situations. It was known that the asymptotic QFI of an arbitrary quantum channel
grows either linearly or quadratically with N . Here we show that a simple criterion can determine whether
the scaling is linear or quadratic. In both cases, the asymptotic QFI and a quantum error correction proto-
col to achieve it are computable via a semidefinite program. When the scaling is quadratic, the Heisenberg
limit, a feature of noiseless quantum channels, is recovered. When the scaling is linear, we show that
the asymptotic QFI is still in general larger than N times the single-channel QFI and, furthermore, that
sequential estimation strategies provide no advantage over parallel ones.

DOI: 10.1103/PRXQuantum.2.010343

I. INTRODUCTION

Quantum metrology studies parameter estimation in a
quantum system [1–5]. Usually, a quantum probe interacts
with a physical system and the experimentalist performs
measurements on the final probe state and infers the value
of the unknown parameter(s) in the system from the mea-
surement outcomes. It has wide applications in frequency
spectroscopy [6–9], gravitational-wave detectors [10–13],
and other high-precision measurements [14–18].

The quantum Fisher information (QFI), which is
inversely proportional to the minimum estimation vari-
ance, characterizes the amount of information a quantum
state carries about an unknown parameter [19–22]. To
explore the fundamental limit on parameter estimation,
we usually consider the situation where the number of
quantum channels N (or the probing time t) is large.
The Heisenberg limit (HL), an O(N 2) [or O(t2)] scal-
ing of the QFI, is the ultimate estimation limit allowed
by quantum mechanics. It could be obtained, for exam-
ple, using Greenberger-Horne-Zeilinger (GHZ) states in
noiseless systems [9,23]. On the other hand, the standard
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quantum limit (SQL), an O(N ) [or O(t)] scaling of the QFI,
usually appears in noisy systems and could be achieved
using product states. Much work has been done towards
determining whether or not the HL is achievable for a
given quantum channel and some necessary conditions
were derived [24–37].

In general, the asymptotic QFI of a quantum system,
i.e., the QFI in the N →∞ limit [29], follows either the
HL or the SQL and there was not a unified approach
to determine the scaling. For quantum channels where
the scalings are known, it is also crucial to understand
how to achieve the asymptotic QFI. For example, for uni-
tary channels, the HL is achievable and a GHZ state in
the multipartite two-level systems consisting of the low-
est and highest energy states is optimal [23]. Under the
effect of noise, a variety of quantum strategies were also
proposed to enhance the QFI [8,10,38–52], but no con-
clusions for general quantum channels were drawn. One
natural question to ask is whether entanglement between
probes can improve the QFI. For example, when esti-
mating the noise parameter in the dissipative low-noise
channels [53,54] or teleportation-covariant channels [55–
58] (e.g., Pauli or erasure channels), the asymptotic QFI
follows the SQL and is achievable using only prod-
uct states. However, when estimating the phase param-
eter in dephasing channels, although the HL is still not
achievable, product states are no longer optimal and the
asymptotic QFI is then achievable using spin-squeezed
states [8,31,39].
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Given a quantum channel, we aim to answer the follow-
ing two important questions: how to determine whether the
HL is achievable, and in both cases, how to find a metro-
logical protocol achieving the asymptotic QFI? In this
paper, we answer these two open problems in the setting
of entanglement-assisted channel estimation by providing
an optimal quantum error correction (QEC) metrological
protocol that entangles both the probe and a clean ancil-
lary system. QEC has been a powerful tool widely used in
quantum computing and quantum communication to pro-
tect quantum information from noise [59–62]. In quantum
metrology, QEC is also useful in protecting a quantum sig-
nal from quantum noise [32–34,63–76]. Here is a typical
example: when a qubit is subject to a Pauli-Z signal and
a Pauli-X noise, the QFI follows the SQL if no quantum
control is added, but the HL is recoverable using fast and
frequent QEC [63–68]. The result could be generalized
to any system with a signal Hamiltonian and Markovian
noise [33,34]. These QEC protocols, however, can only
estimate Hamiltonian parameters and all rely on fast and
frequent quantum operations that have limited practical
applications.

In this paper, we construct a two-dimensional QEC pro-
tocol that reduces every quantum channel to a single-qubit
dephasing channel where both the phase and the noise
parameter could vary with respect to the unknown param-
eter. We first identify the asymptotic QFI for all single-
qubit dephasing channels (where the unknown parameter
is encoded in both the noise and phase parameters) and
then show that the asymptotic QFI of the logical dephas-
ing channel is no smaller than that of the original quantum
channel after optimizing over the encoding and the recov-
ery channel, proving the sufficiency of our QEC protocol.
Using the above proof strategy, we obtain the asymptotic
theory of quantum channel estimation, closing a long-
standing open question in theoretical quantum metrology.
We also push one step further towards achieving the ulti-
mate estimation limit in practical quantum sensing experi-
ments by providing efficiently computable asymptotic QFI
and corresponding optimal estimation protocols.

II. OVERVIEW

A. Preliminaries

The quantum Cramér-Rao bound is a lower bound of the
estimation precision [19–22],

δω ≥ 1
√

NexprF(ρω)
, (1)

where ω is an unknown real parameter to be estimated, δω
is the standard deviation of any unbiased estimator of ω,
Nexpr is the number of repeated experiments, and F(ρω) is
the QFI of the state ρω. The quantum Cramér-Rao bound is

saturable asymptotically (Nexpr � 1) using maximum like-
lihood estimators [77,78]. Therefore, the QFI is a good
measure of the amount of information a quantum state
ρω carries about an unknown parameter. It is defined by
F(ρω) = Tr(L2ρω), where L is a Hermitian operator called
the symmetric logarithmic derivative (SLD) satisfying

ρ̇ω = 1
2 (ρωL+ Lρω), (2)

where �̇ denotes ∂�/∂ω. We use LA[B] to represent Her-
mitian operators satisfying B = 1

2 (LA+ AL). Here L =
Lρω [ρ̇ω]. The QFI could also be equivalently defined
through purification [24,29]:

F(ρω) = 4 min
|ψω〉 : TrE(|ψω〉〈ψω|)=ρω

〈ψ̇ω|ψ̇ω〉 . (3)

Here ρω ∈ S(HP), |ψω〉 ∈ S(HP ⊗HE), HP is the
probe system that we assume to be finite dimensional, HE
is an arbitrarily large environment, and S(�) denotes the
set of density operators in �.

We consider a quantum channel Eω(ρ) =
∑r

i=1 KiρK†
i ,

where r is the rank of the channel. The entanglement-
assisted QFI of Eω [see Fig. 1(a)] is defined by [24,29]

F1(Eω) := max
ρ∈S(HP⊗HA)

F[(Eω ⊗ 1)(ρ)]. (4)

Here we utilize the entanglement between the probe and
an arbitrarily large ancillary system HA. We omit the word
“entanglement assisted” or “ancilla assisted” in the defini-
tions below for simplicity. Practically, the ancilla should be
a quantum system with a long coherence time, e.g., nuclear
spins [67] or any QEC-protected system [34]. The ancilla
also helps simplify the complicated calculation of the QFI.
The convexity of QFI implies that the optimal input state
is always pure. Using the purification-based definition of
the QFI [Eq. (3)], we have [24,28,29]

F1(Eω) = 4 max
ρ∈S(HP )

min
K′=uK

for all u such that u†u=I

Tr(ρK̇′†K̇′) (5)

= 4 min
K′=uK

for all u such that u†u=I

‖K̇′†K̇′‖ = 4 min
h∈Hr
‖α‖ , (6)

where ‖·‖ is the operator norm, Hr is the space of
r× r Hermitian matrices, and K = (K1, . . . , Kr)

T. K′ =
(K ′1, . . . , K ′r)

T = uK represents all possible Kraus repre-
sentations of Eω via isometric transformations u [24]. Let
h = iu†u̇ and α = K̇′†K̇′ = (K̇− ihK)†(K̇− ihK). The
minimization is performed over arbitrary Hermitian opera-
tor h in C

r×r [28]. Any purification of the optimal ρ in Eq.
(5) is an optimal input state in HP ⊗HA and it in general
depends on the true value of ω and should be chosen adap-
tively throughout the experiment [79,80]. The QFI F1(Eω)
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FIG. 1. (a) The single-channel QFI F1(Eω) = maxρ F[(Eω ⊗
1)(ρ)]. The ancillary system is assumed to be arbitrarily
large. (b) Parallel strategies. We have FN (Eω) = F1(E⊗N

ω ) =
maxρ F[(E⊗N

ω ⊗ 1)(ρ)] for N identical copies of Eω. (c) Sequen-
tial strategies. Let FN (Eω, S ) be the QFI of the output state,
given a sequential strategy S that contains both an input state
and quantum controls acting between Eω. Here F

(seq)
N (Eω) =

maxS FN (Eω, S ) is the optimal QFI maximized over all sequen-
tial strategies; F

(seq)
N (Eω) ≥ FN (Eω).

can be found via a semidefinite program (SDP) [28,29],
as well as the optimal input state (see Appendix F). As an
example, we show in Appendix G that, when viewing the
ancilla as a lossless arm in the Mach-Zehnder interferome-
ter [81,82], the SDP in Appendix F leads to a SDP solving
for the optimal input state with a definite photon number.

Consider N identical copies of the quantum channel Eω
[24,28] [see Fig. 1(b)]. Let

FN (Eω) := F1(E⊗N
ω ) = max

ρ
F[(E⊗N

ω ⊗ 1)(ρ)]. (7)

Clearly, FN ≥ NF1 using the additivity of the QFI. An
upper bound on FN (Eω) could be derived from Eq. (6)
[24,28] (see also Appendix A),

FN (Eω) ≤ 4 min
h

[N ‖α‖ + N (N − 1) ‖β‖2], (8)

where β = iK†(K̇− ihK). If there is an h such that β = 0,

FN (Eω) ≤ 4 min
h : β=0

N ‖α‖ (9)

and FN (Eω) follows the SQL asymptotically.

The metrological protocols we considered in Fig. 1(b)
are usually called parallel strategies where N identical
quantum channels act in parallel on a quantum state [31].
Researchers also consider sequential strategies where we
allow quantum controls (arbitrary quantum operations)
between each quantum channel [see Fig. 1(c)]. The QFI
optimized over all possible inputs and quantum controls
has the upper bound [31,32]

F
(seq)
N (Eω) ≤ 4 min

h
[N ‖α‖ + N (N − 1) ‖β‖ (‖β‖

+ 2
√
‖α‖)]. (10)

Therefore, for all h, β 
= 0 is also a necessary condition
to achieve the HL for sequential strategies. When the
condition is violated, there exists an h such that β = 0
and F

(seq)
N (Eω) has the same upper bound [Eq. (9)] as

FN (Eω). Sequential strategies are more powerful than par-
allel strategies because they can simulate parallel strategies
using the same input states and swap operators as quantum
controls [31].

B. Main results

In fact, the condition that, for all h, β 
= 0 is equivalent
to H /∈ S , where

H = iK†K̇, S = span
H
{K†

i Kj for all i, j }. (11)

Here span
H
{·} represents all Hermitian operators that are

linear combinations of operators in {·}. We call it the
“Hamiltonian-not-in-Kraus-span” (HNKS) condition. One
can check that H and β are always Hermitian by taking
the derivative of K†K = I . Note that different Kraus rep-
resentations may lead to different H , but they only differ
by some operator inside S , so whether H ∈ S or H /∈ S
does not depend on the choice of Kraus representation.
For a unitary channel r = 1 and K1 = Uω = e−iHω, H =
iU†

ωU̇ω is exactly the Hamiltonian for ω, explaining its
name. The HL is achievable for unitary channels because
S = span

H
{I} and we always have H /∈ S for nontrivial

H . It is only possible to achievable the HL if the HNKS
condition holds.

We show in Sec. V that the HNKS condition is also a
sufficient condition to achieve the HL for parallel strate-
gies in Fig. 1(b), and, hence, sequential strategies in Fig.
1(c) that contain the former. We summarize this in the
following theorem.

Theorem 1. We have FN (Eω) = 
(N 2) if and only if H /∈
S . Otherwise, FN (Eω) = 
(N ). The statement is also true
for F

(seq)
N (Eω).

Furthermore, the QFI upper bound in Eq. (9) is achiev-
able asymptotically when H ∈ S for both parallel and
sequential strategies.
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Theorem 2. When H ∈ S ,

FSQL(Eω) := lim
N→∞

FN (Eω)/N = 4 min
h : β=0

‖α‖ . (12)

For any η > 0, there exists an input state |ψη,N 〉
computable via a SDP such that limN→∞ F((E⊗N

ω ⊗
1)(|ψη,N 〉))/N > FSQL(Eω)− η. Furthermore, F

(seq)
SQL (Eω)= FSQL(Eω).

Note that FSQL(Eω) is called the “asymptotic channel
QFI” in Ref. [29]. The quadratic term of the QFI upper
bound in Eq. (8) is also achievable when H /∈ S for parallel
strategies.

Theorem 3. When H /∈ S ,

FHL(Eω) := lim
N→∞

FN (Eω)/N 2 = 4 min
h
‖β‖2 . (13)

There exists an input state |ψN 〉 computable via a SDP
such that F((E⊗N

ω ⊗ 1)(|ψN 〉))/N 2 = FHL(Eω).

Note that, without the help of the ancilla system, the QFI
upper bound in Eq. (9) may not be achievable asymptot-
ically [30,71]. For example, the upper bound in Eq. (9)
for phase estimation in amplitude damping channels is
reduced by a factor of 4 without an ancilla [30,31].

Although the theorems above for general quantum chan-
nel estimation have not been proven prior to this work,
we note here that in the special case of Hamiltonian esti-
mation under Markovian noise with the assistance of fast
and frequency quantum controls, i.e., sequential strategies
[Fig. 1(c)] where Eω,dt(ρ) = −i[ωH ′, ρ]dt+∑

i(LiρL†
i −

1
2 {L†

i Li, ρ})+ O(dt2), with t the probing time and N =
t/dt, the results (when taking the limit dt→ 0) are already
known. The necessity part was proven in Refs. [32–34]
and the sufficiency part was proven in Refs [34,52]. In
particular, it was shown that in this case, the HNKS
condition reduces to the condition H ′ /∈ S ′, where S ′ =
span

H
{I , Li, L†

i , L†
i Lj , for all i, j } is called the Lindblad

span. The condition was first named the “Hamiltonian-not-
in-Lindblad-span” condition in Ref. [34].

Theorem 2 indicates that, when the HNKS condition
is violated (which almost surely happens statistically),
there is no advantage of sequential strategies over paral-
lel strategies asymptotically, as conjectured in Ref. [31].
Interestingly, similar results were discovered for quan-
tum channel discrimination, a related field [35,36,83–87].
It was recently proven that sequential strategies cannot
outperform parallel strategies asymptotically in asym-
metric discrimination of two arbitrary quantum channels
[88–92]. Our result is different, however, because the QFI
cannot be characterized as the limit of quantum relative
entropy [83] and it is also unclear how to interpret the

(a)

(b) (d)

(e)
(c)

Probes

Ancillae

H S H S

Noiseless logical qubits Noisy logical qubits

Logical spin-squeezed stateLogical GHZ state

FIG. 2. The optimal metrological protocol. (a) The origi-
nal physical system where we have N noisy probes and N
noiseless ancillae. Each pair of probe-ancilla subsystem (pur-
ple box) encodes a logical qubit (see Sec. IV). (b),(c) When
H /∈ S , the logical qubits are noiseless. We choose the GHZ
state of N -logical qubits as the optimal input. (d),(e) When
H ∈ S, each logical qubit is subject to an effective dephas-
ing noise. We choose the spin-squeezed state of the N -logical
qubits with suitable parameters as the optimal input. We plot the
quasiprobability distribution Q(θ ,ϕ) = |〈θ ,ϕ|ψ〉|2 on a sphere
using coordinates (x, y, z) = (sin θ cosϕ, sin θ sinϕ, cos θ) [94],
where |θ ,ϕ〉 = [cos(θ/2) |0〉 + eiϕ sin(θ/2) |1〉]⊗N and N = 50.
(Darker colors indicate larger values.)

HNKS condition in terms of asymmetric channel discrim-
ination. Moreover, we provide a constructive proof with
explicit and efficiently computable QEC metrological pro-
tocols, which paves the way for practical implementation
of error-corrected sensing schemes.

Based on the previous discussion, in order to prove the
theorems, it is sufficient to provide a QEC protocol using
parallel strategies that achieve the QFI upper bound [Eq.
(8)] asymptotically when H ∈ S or H /∈ S . Thus, we focus
only on parallel strategies in the following. We first show
that Theorems 3 and 2 hold for the generalized single-qubit
dephasing channels in Sec. III where both the phase and
the noise parameter vary with respect to ω. Then we gen-
eralized the results to arbitrary quantum channels Eω using
a QEC protocol in Secs. IV and VI. The two steps are
summarized in Fig. 2.

III. SINGLE-QUBIT DEPHASING CHANNELS

According to Eq. (8), FHL ≤ F(u)HL and FSQL ≤ F(u)SQL,
where F(u)HL := 4 minh ‖β‖2 and F(u)SQL := 4 minh : β=0 ‖α‖.
The superscript “(u)” refers to the upper bounds here. In
this section, we show that the above equalities hold for any
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single-qubit dephasing channel

Dω(ρ) = (1− p)e−iφσz/2ρeiφσz/2 + pσze−iφσz/2ρeiφσz/2σz,
(14)

which is the composition of the conventional dephas-
ing channel ρ �→ (1− p)ρ + pσzρσz (0 ≤ p < 1) and the
rotation in the z direction ρ �→ e−iφσz/2ρeiφσz/2. Both p and
φ are functions of an unknown parameter ω. As shown in
Appendix B, the HNKS condition is equivalent to p = 0
and the QFI upper bounds for Dω are

F(u)HL(Dω) = |ξ̇ |2, F(u)SQL(Dω) = |ξ̇ |2
1− |ξ |2 , (15)

where ξ = 〈0|Dω(|0〉 〈1|) |1〉 = (1− 2p)e−iφ .
Now we show that FHL,SQL(Dω) = F(u)HL,SQL(Dω) and

provide the optimal input states in both cases. When the
HNKS condition is satisfied (p = 0), Dω is unitary. Using
the GHZ state |ψ0〉 = (1/

√
2)(|0〉⊗N + |1〉⊗N ) as the input

state, we could achieve

F(D⊗N
ω (|ψ0〉 〈ψ0|)) = |ξ̇ |2N 2, (16)

which implies that FHL(Dω) = F(u)HL(Dω).
To calculate the optimal QFI when the HNKS condi-

tion is violated (p > 0), we use the following two useful
formulae. For any pure state input |ψ0〉 and output ρω =
D⊗N
ω (|ψ0〉 〈ψ0|), we have, for all N ,

F(ρω) = Fp(ρω)+ Fφ(ρω), (17)

where Fp(ρω) = Tr(L2
pρω) is the QFI with respect to ω

when only the noise parameter p varies with respect to ω,
where the SLD Lp satisfies

∂ρω

∂p
ṗ = 1

2
Lpρω + ρωLp . (18)

Similarly, Fφ(ρω) is the QFI with respect to ω when only
the phase parameter φ varies with respect to ω. The proof
of Eq. (17) is provided in Appendix C. Another useful
formula is the error propagation formula [93]

F(ρ) ≥ 1
〈�J 2〉ρ

(
∂ 〈J 〉ρ
∂ω

)2

(19)

for arbitrary ρ as a function of ω and arbitrary Hermitian
operator J , where 〈J 〉ρ = Tr(Jρ) and 〈�J 2〉ρ = 〈J 2〉ρ −
〈J 〉2ρ . The equality holds when J is equal to the SLD
operator of ρ.

Consider an N -qubit spin-squeezed state [39,94]

|ψμ,ν〉 = e−iνJx e−iμJ 2
z /2e−iπJy/2 |0〉⊗N , (20)

where Jx,y,z = 1
2

∑N
k=1 σ

(k)
x,y,z with the superscript “(k)”

denoting operators on the kth qubit. Let |ψ0〉 =

TABLE I. Comparison between Sec. III and previous works.

Case Channel Attainability of Eq. (15)

H /∈ S (p = 0) Dω = Uω Attainable (see, e.g., Ref. [23])
H ∈ S (p 
= 0) Dω when ṗ = 0 Attainable (see, e.g., Ref. [39])
H ∈ S (p 
= 0) Dω when φ̇ = 0 Attainable (see, e.g., Ref. [95])
H ∈ S (p 
= 0) General Dω Unknown until this work

eiφJz |ψμ,ν〉. Using Eqs. (17) and (19), we have, for ρω =
D⊗N
ω (|ψ0〉 〈ψ0|),

F(ρω) ≥ 1
〈�J 2

x 〉ρω

(
∂ 〈Jx〉ρω
∂p

ṗ
)2

+ 1
〈�J 2

y 〉ρω

(
∂ 〈Jy〉ρω
∂φ

φ̇

)2

. (21)

As shown in Appendix D, as N →∞, with suitable
choices of (μ, ν), we have (up to the lowest order of
N ) 〈�J 2

x 〉ρω ≈ 〈�Jy〉2ρω ≈ p(1− p)N , (∂〈Jx〉ρω/∂p)ṗ ≈
−ṗN , and (∂〈Jy〉ρω/∂φ)φ̇ ≈ (1− 2p)φ̇N/2. For example,
we can choose

μ = 4
(

2
N

)5/6

and

ν = π

2
− 1

2
arctan

4 sin(μ/2) cosN−2(μ/2)
1− cosN−2 μ

.

The corresponding |ψμ,ν〉 is illustrated in Fig. 2(e)
using the quasiprobability distribution Q(θ ,ϕ) =∣∣〈θ ,ϕ|ψμ,ν〉

∣∣2 on a sphere [94]. Therefore,

F(ρω) ≥ |ξ̇ |2
1− |ξ |2 N + o(N ), (22)

which implies that FSQL(Dω) = F(u)SQL(Dω). Compared
with F1(Dω) (see Appendix B), FSQL(Dω) has a factor of
1/[4p(1− p)] enhancement when we estimate the phase
parameter (ṗ = 0). When we estimate the noise param-
eter (φ̇ = 0), however, FSQL(Dω) = F1(Dω). In general,
FSQL/F1 is between 1 and 1/[4p(1− p)].

In summary, Theorems 2 and 3 hold for dephasing chan-
nels. We also compare our results in this section with
the known results in Table I. The ancilla is not required
here. When the noise is nonzero, the QFI must follow the
SQL and there exists a spin-squeezed state achieving the
QFI asymptotically. In particular, the squeezing parame-
ter should be tuned carefully such that both the Jx and Jy
variance are small such that both the noise and the phase
parameter are estimated with optimal precision.

IV. THE QEC PROTOCOL

In this section, we introduce a QEC protocol such that
every quantum channel simulates the dephasing channel
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introduced in Sec. III. To be specific, we find the encoding
channel Eenc and the recovery channel R such that

R ◦ Eω ◦ Eenc = DL,ω. (23)

The construction fully utilizes the advantage of the ancilla,
which has the same dimension as the probe with an extra
qubit. Let dimHP = d and dimHA = 2d. We pick a QEC
code

|0L〉 =
d∑

i,j=1

A0,ij |i〉P |j , 0〉A , |1L〉 =
d∑

i,j=1

A1,ij |i〉P |j , 1〉A,

(24)

with encoding channel Eenc(·) = V(·)V†, where V =
|0L〉 〈0| + |1L〉 〈1|, and a recovery channel

R(·) =
M∑

m=1

(|0〉 〈Rm, 0| + |1〉 〈Qm, 1|)(·)

× (|Rm, 0〉 〈0| + |Qm, 1〉 〈1|). (25)

Here A0,1 are matrices in C
d×d satisfying Tr(A†

0,1A0,1) =
1, and R = (|R1〉 · · · |RM 〉) and Q = (|Q1〉 · · · |QM 〉) are
matrices satisfying RR† = QQ† = I . The last ancillary
qubit in HA guarantees the logical channel to be dephas-
ing, which satisfies

ξ =
∑

i,m

〈Rm, 0|Ki |0L〉 〈1L|K†
i |Qm, 1〉 , (26)

and FHL,SQL(DL,ω) could then be directly calculated using
Eq. (15). Note that in the equation above and in what fol-
lows we use Ki as a substitute for Ki ⊗ I to ease notation.
Below, we show that, by optimizing FHL,SQL(DL,ω) over
both the recovery channel (R,Q) and the QEC code (A0,1),
the QFI upper bounds F(u)HL,SQL(Eω) are achievable.

V. ACHIEVING THE HL UPPER BOUND

When H /∈ S , we construct a QEC code such that the HL
upper bound F(u)HL(Eω) is achieved. For dephasing channels,
the HL is achievable only if |ξ | = 1. Since any transfor-
mation R← eiϕR does not affect the QFI, without loss
of generality, we assume that ξ = 1. This means that the
QEC has to be perfect, i.e., satisfies the Knill-Laflamme
condition [60]

PK†
i Kj P ∝ P for all i, j , (27)

where P = |0L〉 〈0L| + |1L〉 〈1L|. Moreover, there exists a
Kraus representation {K ′i }r

′
i=1 such that PK ′†i K ′j P = μiδij P

and K ′i P = Ui
√
μiP. The unitary Ui has the form

Ui = U0,i ⊗ |0〉 〈0| + U1,i ⊗ |1〉 〈1| , (28)

where U0,i and U1,i are also unitary. Let

|Ri〉 = 〈0|Ui |0L〉 , |Qi〉 = 〈0|Ui |0L〉 , (29)

for 1 ≤ i ≤ r′. We could also add some additional |Ri〉 and
|Qi〉 to them to make sure that they are two complete and
orthonormal bases. Then one could verify that ξ = 1 and

ξ̇ = −iTr[(H ⊗ I)σz,L], (30)

where σz,L = |0L〉 〈0L| − |1L〉 〈1L|. Let C̃ = A0A†
0 − A1A†

1,
ξ̇ = −iTr(HC̃). Then the Knill-Laflamme condition is
equivalent to Tr(C̃S) = 0 for all S ∈ S . The optimization
of the QFI over the QEC code becomes

maximize |ξ̇ | = |Tr(HC̃)| (31)

subject to ‖C̃‖1 ≤ 2, Tr(C̃S) = 0

for all C̃ ∈ Hd, S ∈ S , (32)

where ‖·‖1 is the trace norm. A similar SDP problem
was considered in Ref. [34]. The optimal |ξ̇ | is equal to
2 minS∈S ‖H − S‖ and the optimal C̃ could be found via
a SDP. Any A0, A1 such that C̃ is optimal would achieve
the optimal QFI. This means that there exists an encoding,
and therefore an optimal input state |ψN 〉 that is the logical
GHZ state such that

lim
N→∞

F((E⊗N
ω ⊗ 1)(|ψN 〉))

N 2 = 4 min
S∈S
‖H − S‖2 . (33)

Clearly, 4 minS∈S ‖H − S‖2 = 4 minh ‖β‖2 = F(u)HL(Eω),
where we have used the fact that, for any S ∈ S , there
exists an h ∈ Hr such that S = K†hK and vice versa.
Theorem 3 is then proven. Note that, given the optimal C̃,
we can always choose A0A†

0 and A1A†
1 with orthogonal sup-

ports and the last ancillary qubit in HA could be removed
because |0L〉 and |1L〉 in this case could be distinguished
using projections onto the orthogonal supports in HA [34].
Therefore, a d-dimensional ancillary system is sufficient.

We have demonstrated the QEC code achieving the
optimal HL for arbitrary quantum channels. The code is
designed to satisfy the Knill-Laflamme condition and opti-
mize the QFI. The logical dephasing channel is exactly the
identity channel at the true value of ω and any change in ω
results in a detectable phase, allowing it to be estimated at
the HL.
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VI. ACHIEVING THE SQL UPPER BOUND

When H ∈ S , the situation is much more complicated
because, when |ξ | = 1, we must also have |ξ̇ | = 0 and no
signal can be detected. Therefore, we must consider the
trade-off between maximizing the signal and minimizing
the noise. To be exact, we want to maximize

FSQL(DL,ω) = |ξ̇ |2
1− |ξ |2 . (34)

We show, for any η > 0, there exists a near-optimal
code and recovery such that FSQL(DL,ω) > F(u)SQL(Eω)− η,
proving Theorem 2. We only consider the case where
FSQL(Eω) > F1(Eω) > 0 because otherwise F1(Eω) =
FSQL(Eω) and product states are sufficient to achieve
FSQL(Eω). Detailed derivations can be found in Appendix
E; we provide a sketch of the proof here. To simplify
the calculation, we consider a special type of code, the
perturbation code, first introduced in Ref. [52], where

A0 =
√

1− ε2C+ εD, A1 =
√

1− ε2C− εD, (35)

satisfying Tr(C†D) = 0 and Tr(C†C) = Tr(D†D) = 1. In
this section, we define C̃ = CD† + DC† (differing by a fac-
tor of ε

√
1− ε2 from the C̃ defined in Sec. V) and also

assume that C is full rank so that C̃ can be an arbitrary Her-
mitian matrix. Here ε is a small constant and we calculate
FSQL(DL,ω) up to the lowest order of ε. We adopt the small
ε treatment because it allows us to mathematically simplify
the optimization of Eq. (34), though it is surprising that the
optimal QFI is achievable in such a regime where both the
signal and the noise are small. Heuristically, it comes from
an observation that sometimes the absolute strengths of the
signal and the noise are not important—they could cancel
each other out in the numerator and the denominator and
only the ratio between them matters. See Appendix G of
Ref. [52] for an example.

To proceed, we first introduce the vectorization of matri-
ces |�〉〉 =∑

ij �ij |i〉 |j 〉 for all � ∈ C
d×d to simplify the

notation. We define E0,1, E, F ∈ C
d2×r as

E0,1 = (|K1A0,1〉〉 · · · |KrA0,1〉〉), (36)

E = (|K1C〉〉 · · · |KrC〉〉), F = (|K1D〉〉 · · · |KrD〉〉),
(37)

which satisfy E0,1 =
√

1− ε2 ± εF , Tr(E†F) = 0, and
Tr(E†E) = Tr(F†F) = 1. Let the recovery matrix T =
QR† ∈ C

d2×d2
; then

ξ = Tr(TE0E†
1), ξ̇ = Tr(TĖ0E†

1)+ Tr(TE0Ė†
1). (38)

We consider the regime where both the signal and the
noise are sufficiently small—both the denominator and the

numerator in Eq. (34) will be O(ε2). The recovery matrix
T should also be close to the identity operator. We assume
that T = eiεG, where G is Hermitian, and let σ = EE†,
σ̃ = i(FE† − EF†). Expanding T, E0, E1 around ε = 0, we
first optimize FSQL(DL,ω) over all possible G, i.e.,

FSQL(DL,ω) ≈ max
G

|Tr(Gσ̇ )|2
4− 2Tr(Gσ̃ )+Tr(G2σ)− |Tr(Gσ)|2 ,

(39)

up to the lowest order of ε. The maximization can be cal-
culated by taking the derivative with respect to G. We can
show that the optimal G is

Gopt = [4− Tr(Lσ [σ̃ ]σ̃ )]
Tr(Lσ [σ̇ ]σ̃ )

Lσ [σ̇ ]+ Lσ [σ̃ ] (40)

and that the corresponding optimal QFI is

FSQL(DL,ω) ≈ Tr(Lσ [σ̇ ]σ̇ )+ Tr(Lσ [σ̇ ]σ̃ )2

4− Tr(Lσ [σ̃ ]σ̃ )
. (41)

Now FSQL(DL,ω) is a function of the code (C and D) only.
We further simplify by writing it as a function of only C
and C̃. Let τ = E†E, τ̃ = E†F + F†E, τ ′ = iE†Ė − iĖ†E
such that

τij = Tr(C†K†
i Kj C), τ̃ij = Tr(C̃K†

i Kj ), (42)

τ ′ij = iTr(C†K†
i K̇j C)− iTr(C†K̇†

i Kj C). (43)

Then we can verify that

Tr(Lσ [σ̇ ]σ̇ ) = 4Tr(C†K̇†K̇C)− Tr(Lτ [τ ′]τ ′), (44)

Tr(Lσ [σ̇ ]σ̃ ) = −2Tr(C̃H)+ Tr(Lτ [τ ′]τ̃ ), (45)

Tr(Lσ [σ̃ ]σ̃ ) = 4− Tr(Lτ [τ̃ ]τ̃ ), (46)

and

FSQL(DL,ω) ≈ f (C, C̃)

= 4Tr(C†K̇†K̇C)− Tr(Lτ [τ ′]τ ′)

+ [−2Tr(C̃H)+ Tr(Lτ [τ ′]τ̃ )]2

Tr(Lτ [τ̃ ]τ̃ )
. (47)

At this stage, it is not obvious why the maximization of
FSQL(DL,ω) over C and C̃ is equal to F(u)SQL(Eω). To see this,
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we need to reformulate the SQL upper bound using its dual
program. First we note that

F(u)SQL(Eω) = max
C : Tr(C†C)=1

min
h : β=0

4Tr(C†αC), (48)

where we are allowed to exchange the orders of maximiza-
tion and minimization thanks to Sion’s minimax theorem
[96,97]. Fixing C, we consider the optimization prob-
lem minh : β=0 4Tr(C†αC). When C is full rank, we can
show that it is equivalent to maxC̃∈Hd

f (C, C̃), where C̃ is
introduced as the Lagrange multiplier associated with the
constraint β = 0 [98] and the optimal C̃ is traceless.

The procedure to find a near-optimal code such that
FSQL(DL,ω) > F(u)SQL(Eω)− η for any η > 0 is as fol-
lows.

(1) Find a full rank C� such that Tr(C�†C�) = 1 and
minh : β=0 4Tr(C�†αC�) > F(u)SQL(Eω)− η/2.

(2) Find a Hermitian C̃� such that f (C�, C̃) is maxi-
mized and let D� = 1

2 C�−1C̃�. Rescale D� such that
Tr(D�†D�) = 1.

(3) Calculate FSQL(DL,ω)|C=C�, D=D� using
Eqs. (35)–(38) and Eq. (40). Find a small ε� > 0
such that FSQL(DL,ω) > f (C�, C̃�)− η/2.

The numerical algorithms for steps (1) and (2) are provided
in Appendix F, where the most computationally intensive
part is a SDP. Note that in contrast to the HL case, here we
require 2d-dimensional ancillae, twice as large as probes.
In principle, however, d-dimensional ancillae are sufficient
to achieve the asymptotic QFI, considering the Schmidt
decomposition on the input state, though we no longer
have explicit encoding and decoding protocols when using
d-dimensional ancillae.

To conclude, we propose a perturbation code that can
achieve the SQL upper bound with an arbitrarily small
error. We take the limit where the parameter ε that distin-
guishes the logical zero and one states is sufficiently small.
Note that if we take ε = 0, the probe state will be a product
state and we can only achieve F1(DL,ω). This discontinu-
ity appears because we must first take the limit N →∞
before taking the limit ε→ 0 and the impact of a small ε
becomes significant in the asymptotic limit.

VII. EXAMPLES

In this section, we provide three applications of our
theorems. We first compute the asymptotic QFI of single-
qubit depolarizing channels, which were not fully explored
before. It is a case where FSQL > F1 whenever the HNKS
condition is violated. Second, we consider amplitude
damping channels and obtain an analytical solution of
a near-optimal QEC protocol. We directly see how the
gap between the attainable QFI and FSQL shrinks when

ε approaches 0. In the third example, we consider a spe-
cial type of channel that always satisfies FSQL = F1 and
provide a new simple proof of it.

A. Single-qubit depolarizing channels

Here we calculate F1, FSQL, and FHL for depolarizing
channels N d

ω(ρ) = N d[Uω(ρ)], where

N d(ρ) = (1− p)ρ + pxσxρσx + pyσyρσy + pzσzρσz,
(49)

px,y,z ≥ 0, p = px + py + pz < 1, and Uω(·) = e−iωσ/2z(·)
eiωσz/2. The px,y,z are independent of ω.

First, we note that the HNKS condition is satisfied if and
only if px = pz = 0 or py = pz = 0. When the HNKS con-
dition is satisfied, FHL(N d

ω) = 1. It is the same as the FHL
when there is no noise (p = 0) because the Kraus oper-
ator (σx or σy) is perpendicular to the Hamiltonian (σz)
and could be fully corrected. It is consistent with previous
results for single-qubit Hamiltonian estimation that the HL
is achievable if and only if the Markovian noise is rank
one and not parallel to the Hamiltonian [32,63–68]. As
calculated in Appendix H,

F1(N d
ω) = 1− w, (50)

where w = 4[pxpy/(px + py)+ (1− p)pz/(1− p + pz)]
≤ 1. When the HNKS condition is violated,

FSQL(N d
ω) = (1− w)/w. (51)

In the equations above, when px = py = 0, we take
pxpy/(px + py) = 0, in which case N d

ω becomes the
dephasing channel introduced in Sec. III where φ = ω and
p is independent of ω.

We observe that

FSQL(N d
ω) = F1(N d

ω)/w ≥ F1(N d
ω), (52)

and the equality (w = 1) holds if and only if px = py and
pz + px = 1

2 , in which case FSQL(N d
ω) = F1(N d

ω) = 0, and
N d
ω = N d becomes a mixture of a completely dephasing

channel and a completely depolarizing channel [99] where
ω cannot be detected.

In general, FSQL(N d
ω) is nonadditive. In particu-

lar, when p � 1, we have w� 1 and FSQL(N d
ω)�

F1(N d
ω). We also illustrate the difference between

FSQL(N d
ω) and F1(N d

ω) in Fig. 3 by plotting FSQL(N d
ω),

F1(N d
ω) as functions of px and py when pz = 0.1.

At (px, py , pz) = (0.4, 0.4, 0.1), FSQL(N d
ω) = F1(N d

ω) = 0.
The ratio FSQL(N d

ω)/F1(N d
ω) increases near the boundary

of px + py < 0.9.
We remark here that, when the dimension of the sys-

tem is large, for example, a qudit depolarizing channel or
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FIG. 3. Plots of F1(N d
ω) and FSQL(N d

ω) as functions of px and
py when pz = 0.1. The lower-left and upper-right parts are plots
of F1(N d

ω) and FSQL(N d
ω), respectively.

a collective dephasing channel [100], although F1, FSQL
and the optimal input states can be found numerically via
SDPs, analytical solutions may not exist. In that case, it
might be helpful to compute analytical upper bounds on the
QFI (see Appendix F of Ref. [101]) or consider the limit of
large ensembles and use variational methods to solve for
the QFI [30].

B. Amplitude damping channels

In the first example, we focus on computing the asymp-
totic QFI for single-qubit depolarizing channels, but we
do not provide explicit QEC protocols achieving the QFI.
Here we present a second example, where we obtain an
analytical solution of the optimal QEC protocol and also
analyze its performance when ε is not a small constant.

Here we consider amplitude damping channels N AD
ω (ρ)

= N AD[Uω(ρ)] defined by

N AD(ρ) = KAD
1 ρKAD†

1 + KAD
2 ρKAD†

2 , (53)

where KAD
1 = |0〉 〈0| + √1− p |1〉 〈1| and KAD

2 = √p |0〉
〈1|, and p represents the probability of a particle switching
from |1〉 to |0〉 that is independent of ω. Again, Uω is the
Pauli-Z rotation e−i(ω/2)σz . We assume that ω = 0 in this
section for simplicity because, for nonzero ω, the QFI is
the same and we only need to rotate the code accordingly.

As before, amplitude damping channels follow the SQL
as long as p > 0. Thus, we only focus on the situa-
tion where the HNKS condition is violated. As shown in
Appendix I, FSQL(N AD

ω ) = 4(1− p)/p [28] and the near-
optimal QEC protocol can be obtained using our algorithm
from Sec. VI. The QEC code is characterized by two small
but nonzero constants δ and ε, where δ is to make sure C�

is full rank [see step (1) of our algorithm in Sec. VI] and
ε = o(δ) is the small constant in the perturbation code:

|0L〉 = sin(δ + ε) |0〉P |00〉A + cos(δ + ε) |1〉P |10〉A ,
(54)

|1L〉 = sin(δ − ε) |0〉P |01〉A + cos(δ − ε) |1〉P |11〉A .
(55)

Note that we use trigonometric functions instead of ε and√
1− ε2 as before just to simplify the notation. We also

need the optimal recovery channel, which is determined
by

Gopt = 2i√
1− p

|00〉 〈11| + −2i√
1− p

|11〉 〈00| . (56)

The asymptotic channel QFI FSQL(DL,ω) attainable using
the QEC protocol above is FSQL(DL,ω) = |ξ̇ |2/(1− |ξ |2),
where

ξ = 1− 2p sin2(δ)

1− p
ε2 + O(ε4), (57)

ξ̇ = −2i sin(2δ)ε + O(ε3), (58)

and

FSQL(DL,ω) = 4(1− p) cos2(δ)

p
+ O(ε2), (59)

which approaches FSQL(N AD
ω ) for small δ. Note, however,

that we cannot take δ = 0 because then ξ̇ = 0. This means
that FSQL(N AD

ω ) is achievable with an arbitrarily small but
nonzero error. The exact values of ξ and ξ̇ as functions of
δ and ε can be found in Appendix I.

To visualize the gap between FSQL(DL,ω) and FSQL
(N AD

ω ), we plot it in Fig. 4. We take p = 0.5, 0.001 in
Figs. 4(a) and 4(b), and ε = 0.9δ, 0.5δ, 0.1δ, ε→ 0 in
each figure, and plot the ratio between the attainable QFI
FSQL(DL,ω) and the optimal QFI FSQL(N AD

ω ) as a function
of δ. Figures 4(a) and 4(b) are almost identical, showing
the robustness of our code against the change in noise rates.
We also see that the curve from ε = 0.1δ almost overlaps
with the limiting one [Eq. (59)] as ε→ 0. Moreover, we
compare our ancilla-assisted QEC protocol with ancilla-
free protocols that achieve at most FSQL(N AD

ω )/4 [30,31].
It outperforms the optimal ancilla-free protocols in a large
range (of δ and ε), showing the power of noiseless ancillae
in phase estimation under amplitude damping noise. This
type of phenomenon does not occur in dephasing channels
where ancilla-free protocols are optimal [30,31,39].
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(b)

(a)

AD

AD

FIG. 4. Plots of FSQL(DL,ω)/FSQL(N AD
ω ) as a function of δ.

We take p = 0.5, 0.001 in (a),(b) and ε = 0.9δ, 0.5δ, 0.1δ, ε→ 0
in each figure. The curves from ε = 0.1δ and ε→ 0 are almost
indistinguishable from each other. The dashed lines are at 1 and
1
4 , where the former represents the upper bound FSQL(N AD

ω )

and the latter represents the optimal asymptotic QFI without the
assistance of ancillae FSQL(N AD

ω )/4 [30,31]. Our QEC protocol
outperforms the ancilla-free protocols even for large δ and ε.

C. U-covariant channels

Finally, we consider a special class of channel that satis-
fies FSQL = F1. It covers many typical noise channels such
as Pauli channels where noise rates are unknown, whereas
in the first two examples we focus on phase estimation.
Let U = {Ui}ni=1 ⊂ C

d×d be a set of unitary operators such
that, for some probability distribution {pi}ni=1, {(pi, Ui)}ni=1
is a unitary 1-design [102], satisfying

n∑

i=1

piUiAU†
i = Tr(A)

I
d

for all A ∈ C
d×d. (60)

For example, when U is a unitary orthonormal basis of
C

d×d, {(1/d2, Ui)}d2

i=1 is a unitary 1-design. Given a quan-
tum channel Tω(·) =

∑r
i=1 Ki(·)K†

i , we call it U-covariant
if, for all U ∈ U, there is a unitary V such that

Tω(UρU†) = VTω(ρ)V†. (61)

Note that here it is important that U and V are independent
of ω, a feature called joint covariance [58]. It can be shown
that F1(Tω) = FSQL(Tω)when Tω is U-covariant, using the
teleportation simulation technique [55,56,103,104]. Here
we provide an alternative proof using only the definitions
of F1 and FSQL in the minimax formulation.

Let h� be a solution of minh maxρ 4Tr(ρα). As
explained in Appendix F, for every ρ� that is a solution
of maxρ minh 4Tr(ρα), (h�, ρ�) is a saddle point, i.e.,

4Tr(ρα�) ≤ 4Tr(ρ�α�) ≤ 4Tr(ρ�α) (62)

for all ρ and h, where α� = α|h=h� . Then |C�〉〉 ∈ HP ⊗
HA is an optimal input state of a single quantum channel
Tω if and only if ρ� = C�C�† satisfies Eq. (62). Accord-
ing to Eq. (61), if |C�〉〉 is an optimal input, |UC�〉〉 =
(U⊗ I)|C�〉〉 is also an optimal input for all U ∈ U and
satisfies Eq. (62). Then

∑n
i=1 piUiρ

�U†
i = I/d also satis-

fies Eq. (62), implying that the maximally entangled state
|I/d〉〉 is an optimal input for Tω. The discussion above
also works for T ⊗N

ω because T ⊗N
ω is U

⊗N -covariant and
{(�kpik ,⊗kUik )} is a unitary 1-design on C

Nd×Nd. There-
fore, |I/dN 〉〉 is an optimal input for T ⊗N

ω , which implies
that FN (Tω) = NF1(Tω).

VIII. CONCLUSIONS AND OUTLOOK

In this paper, we focus on the asymptotic behavior
of the QFI of a quantum channel when the number of
identical channels N is infinitely large. We consolidate
the HNKS condition by showing it unambiguously deter-
mines whether or not the scaling of the asymptotic QFI is
quadratic or linear. In both cases, we show that the opti-
mal input state achieving the asymptotic QFI could be
found via a SDP. To find the optimal input state, we reduce
every quantum channel to a single-qubit dephasing chan-
nel where both the phase and the noise parameter vary with
respect to the unknown parameter and then optimize the
asymptotic QFI of the logical dephasing channel over the
encoding and the recovery channel. The optimal input state
is either the logical GHZ state (when the HNKS condi-
tion is satisfied) or the logical spin-squeezed state (when
the HNKS condition is violated). This provides a unified
framework for channel estimation while previous results
were centered on either Hamiltonian estimation or noise
estimation in special situations.

Furthermore, our results imply that, when the HNKS
condition is violated, sequential strategies provide no
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advantage over parallel strategies asymptotically, answer-
ing another open problem in quantum metrology. The
regularized channel QFI FSQL(Eω) is a useful information-
theoretic measure and was recently shown to be useful
in deriving bounds in covariant QEC [101,105]. It can
also serve as a useful benchmark for practical quan-
tum metrological tasks—one could compare the attain-
able Fisher information with FSQL(Eω) to determine how
far a metrological protocol is from optimal. Moreover,
we propose a two-dimensional QEC protocol to achieve
FSQL(Eω), where the optimal input state is a concatenation
of many-body spin-squeezed states and two-dimensional
QEC codes (Fig. 2). This allows us to reduce the opti-
mization in the entire Hilbert space that is exponentially
large to that in a local Hilbert space, providing a new
inspiration for numerical methods in quantum metrology
[51,72,106–108].

It is left open whether sequential strategies provide no
advantage over parallel strategies asymptotically when the
HNKS condition is satisfied. The statement was proven
true only for unitary channels [23], but there is still a
gap between FHL(Eω) and state-of-the-art upper bounds
on F

(seq)
HL (Eω) for general quantum channels [31,32,35,36].

Note that, for multiparameter estimation, a gap between
parallel strategies and sequential strategies exists even for
unitary channels [109].
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APPENDIX A: DERIVING THE UPPER BOUND ON
FN (Eω)

For completeness, we provide a proof [24] of Eq. (8).
Let K (1)

i = Ki for i ∈ [r], where [r] = {1, 2, . . . , r}. Induc-
tively, let

K (n+1)
ι = K (n)

ι1
⊗ K (1)

ι2
for all ι = (ι1, ι2) ∈ [r]n × [r],

(A1)

where {K (n)
ι }ι∈[r]n is a Kraus representation of E⊗n

ω for all n.
Then let α(n) =∑

ι1
K̇ (n)†
ι1 K̇ (n)

ι1
,β(n) = i

∑
ι1

K (n)†
ι1 K̇ (n)

ι1
. We

have

α(n+1) =
∑

ι1,ι2

(
∂(K (n)

ι1
⊗ K (1)

ι2
)

∂ω

)†(∂(K (n)
ι1
⊗ K (1)

ι2
)

∂ω

)

= α(n) ⊗ I + 2β(n) ⊗ β(1) + I ⊗ α(1), (A2)

β(n+1) = i
∑

ι1,ι2

(
∂(K (n)

ι1
⊗ K (1)

ι2
)

∂ω

)†

(K (n)
ι1
⊗ K (1)

ι2
)

= β(n) ⊗ I + I ⊗ β(1). (A3)

The solution is β(N ) =∑N−1
k=0 I⊗k ⊗ β(1) ⊗ I⊗N−1−k and

α(N ) =
N−1∑

k=0

I⊗k ⊗ α(1) ⊗ I⊗N−1−k + 2
N−2∑

k1=0

N−2−k1∑

k2=0

I⊗k1

⊗ β(1) ⊗ I⊗k2 ⊗ β(1) ⊗ I⊗N−2−k1−k2 . (A4)

Therefore, FN (Eω) ≤ 4‖α(N )‖ ≤ 4N‖α(1)‖ + 4N (N − 1)
‖β(1)‖2 and the inequality holds for any Kraus represen-
tation of Eω. We can choose K′ = uK, then

FN (Eω) ≤ 4 min
h

[N‖α‖ + N (N − 1)‖β‖2], (A5)

where h = iu†u̇ is an arbitrary Hermitian matrix, α =
K̇′†K̇′ = (K̇− ihK)†(K̇− ihK), and β = iK′†K̇′ = iK†

(K̇− ihK).

APPENDIX B: CALCULATING THE QFI UPPER
BOUNDS FOR DEPHASING CHANNELS

Here we calculate F(u)HL = 4 minh ‖β‖2 and F(u)SQL =
4 minh : β=0 ‖α‖ for dephasing channels

Dω(ρ) = (1− p)e−iφσz/2ρeiφσz/2 + pσze−iφσz/2ρeiφσz/2σz

=
2∑

i=1

KiρK†
i , (B1)

where K1 =
√

1− pe−iφσz/2, K2 = √pσze−iφσz/2. Assume
that p > 0; then

K =
(√

1− pe−iφσz/2√
pσze−iφσz/2

)
, (B2)

K̇ =

⎛

⎜⎜⎜
⎝

( −ṗ
2
√

1− p
−√1− p

iφ̇
2
σz

)
e−iφσz/2

(
ṗ

2
√

p
−√p

iφ̇
2
σz

)
e−iφσz/2σz

⎞

⎟⎟⎟
⎠

, (B3)
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K̇− ihK =

⎛

⎜⎜
⎝

( −ṗ
2
√

1− p
− ih11

√
1− p −√1− p

iφ̇
2
σz − ih12

√
pσz

)
e−iφσz/2

(
ṗ

2
√

p
σz − ih22

√
pσz −√p

iφ̇
2
− ih21

√
1− p

)
e−iφσz/2

⎞

⎟⎟
⎠ , (B4)

β = iK†(K̇− ihK) = φ̇

2
σz + (1− p)h11 + ph22 +

√
p(1− p)(h12 + h21)σz, (B5)

α = (K̇− ihK)†(K̇− ihK)

= ṗ2

4p(1− p)
+ h2

11(1− p)+ h2
22p + φ̇

2

4
+ |h12|2 + 2

√
p(1− p)φ̇Re[h12]

+ 2Re
[
− ṗ

√
p√

1− p
ih12 + [(1− p)h11 + h22p]

φ̇

2
+ (h11h12 + h22h21)

√
p(1− p)− i

ṗ
√

1− p√
p

h21

]
σz. (B6)

Here β = 0 is equivalent to (1− p)h11 + ph22 = 0 and
φ̇/2+√

p(1− p)(h12 + h21) = 0, which is achievable
for any p > 0. When h11 = h22 = 0 and h12 = h21 =
−φ̇/4√

p(1− p), ‖α‖ = minh : β=0 ‖α‖ = (1− 2p)2φ̇2/

[16p(1− p)]+ ṗ2/[4(1− p)p]. Then

F(u)SQL(Dω) = 4 min
h : β=0

‖α‖ = (1− 2p)2φ̇2

4p(1− p)
+ ṗ2

(1− p)p

= |ξ̇ |2
1− |ξ |2 , (B7)

where ξ = (1− 2p)e−iφ = 〈0|Dω(|0〉 〈1|) |1〉 is a com-
plex number completely determining the channel.

When p = 0, we must also have ṗ = 0. Then β =
φ̇σz/2+ h11 and

F(u)HL(Dω) = 4 min
h
‖β‖2 = |φ̇|2 = |ξ̇ |2. (B8)

We can also calculate the channel QFI

F(u)1 (Dω) = 4 min
h
‖α‖

=
⎧
⎨

⎩
(1− 2p)2φ̇2 + ṗ2

(1− p)p
, p > 0,

(1− 2p)2φ̇2, p = 0.
(B9)

This can be achieved using |ψ0〉 = (|0〉 + |1〉)/
√

2.

APPENDIX C: A USEFUL FORMULA FOR
CALCULATING THE QFI OF DEPHASING

CHANNELS

In this appendix, we prove Eq. (17). Let |ψ〉 =
e−iφJz |ψ0〉, and let a subspace

Z = span
{ N∏

k=1

(σ (k)z )jk |ψ〉 , (j1, . . . , jN ) ∈ {0, 1}N
}

. (C1)

Assume that dimZ = n. Here Z must have an orthonor-
mal basis {|e�〉}n�=1, where |e�〉 =

∑1
j1,...,jN=0 r�,(j1,...,jN )∏N

k=1(σ
(k)
z )jk |ψ〉 with real r�,(j1,...,jN ). For example, one can

use the Gram-Schmidt procedure to find {|e�〉}n�=1 because
〈ψ |∏N

k=1(σ
(k)
z )jk |ψ〉 ∈ R for all (j1, . . . , jN ) ∈ {0, 1}⊗N .

Then

ρω = D⊗N
ω (|ψ0〉 〈ψ0|)

= (Dω|φ=0)
⊗N (|ψ〉 〈ψ |)

=
1∑

j1,...,jN=0

(1− p)(N−
∑N

k=1 jk)p (
∑N

k=1 jk)

×
N∏

k=1

(σ (k)z )jk |ψ〉 〈ψ |
N∏

k=1

(σ (k)z )jk

=
n∑

�,�′=1

χ��′ |e�〉 〈e�′ | , (C2)

where χ ∈ R
n×n is a symmetric matrix; χ =∑n

i=1 μiviv
T
i ,

where the vi are real orthonormal eigenvectors of
χ . Then we can write ρω =

∑n
�=1 μ� |ψ�〉 〈ψ�|, where

|ψ�〉 =
∑n

�′=1 v��′ |e�′ 〉. Then, according to the definition of
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QFI,

F(ρω) = 2
∑

��′ : μ�+μ�′ 
=0

|〈ψ�| ρ̇ω |ψ�′ 〉|2
μ� + μ�′ . (C3)

Note that, in principle, Eq. (C3) only holds when {|ψ�〉}
is a complete basis of H⊗N

P , that is, span{|ψ�〉} =

H⊗N
P . However, we are allowed to restrict the sum-

mation on the right-hand side of Eq. (C3) to states
in the subspace Z , i.e., span{|ψ�〉} = Z , because
�Zρω�Z = ρω and �Z ρ̇ω�Z = ρ̇ω, i.e., any state
perpendicular to Z does not contribute to
the QFI.

The derivative of ρω with respect to ω is

ρ̇ω = ∂ρω

∂p
ṗ + ∂ρω

∂φ
φ̇

=
1∑

j1,...,jN=0

∂(1− p)(N−
∑N

k=1 jk)p (
∑N

k=1 jk)

∂ω

N∏

k=1

(σ (k)z )jk |ψ〉 〈ψ |
N∏

k=1

(σ (k)z )jk

+
1∑

j1,...,jN=0

(1− p)(N−
∑N

k=1 jk)p (
∑N

k=1 jk)
N∏

k=1

(σ (k)z )jk
∂ |ψ〉 〈ψ |
∂ω

N∏

k=1

(σ (k)z )jk . (C4)

Then we have

〈ψ�| ρ̇ω |ψ�′ 〉 = a��′ + ib��′ , (C5)

where a��′ = 〈ψ�| (∂ρω/∂p)ṗ |ψ�′ 〉 ∈ R, b��′ = −i
〈ψ�| (∂ρω/∂φ)φ̇ |φ�′ 〉 ∈ R. Therefore,

F(ρω) = 2
∑

��′ : μ�+μ�′ 
=0

|〈ψ�| ρ̇ω |ψ�′ 〉|2
μ� + μ�′

= 2
∑

��′ : μ�+μ�′ 
=0

|a��′ |2 + |b��′ |2
μ� + μ�′ = Fp(ρω)+ Fφ(ρω),

(C6)

which is the same as Eq. (17).

APPENDIX D: OPTIMAL SQUEEZED STATE FOR
DEPHASING CHANNELS

Let the input state |ψ0〉 = eiφJz |ψμ,ν〉, where |ψμ,ν〉 is an
N -qubit spin-squeezed state

|ψμ,ν〉 = e−iνJx e−iμJ 2
z /2e−iπJy/2 |0〉⊗N . (D1)

The output state is ρω = D⊗N
ω (|ψ0〉 〈ψ0|) = (Dω|φ=0)

⊗N

(|ψ〉 〈ψ |). Then

〈Jx,y〉ρω = (1− 2p) 〈Jx,y〉|ψμ,ν 〉 , (D2)

〈J 2
x,y〉ρω =

N
4
+ (1− 2p)2

(
〈J 2

x,y〉|ψμ,ν 〉 −
N
4

)
, (D3)

∂〈Jx〉ρω
∂p

ṗ = −2ṗ 〈Jx〉|ψμ,ν 〉 , (D4)

∂〈Jy〉ρω
∂φ

φ̇ = (1− 2p)φ̇ 〈Jx〉|ψμ,ν 〉 . (D5)

It was shown in Ref. [94] that, choosing ν = π/2−
1
2 arctan(b/a),

〈Jx〉|ψμ,ν 〉 =
N
2

cos
(
μ

2

)N−1

, 〈Jy〉|ψμ,ν 〉 = 0, (D6)

〈�J 2
x 〉|ψμ,ν 〉

= N
4

[
N

(
1− cos2(N−1) μ

2

)
−

(
N − 1

2

)
a
]

, (D7)

〈�J 2
y 〉|ψμ,ν 〉 =

N
4

[
1+ N − 1

4
(a−

√
a2 + b2)

]
, (D8)

where a = 1− cosN−2 μ, b = 4 sin(μ/2) cosN−2(μ/2).
Let N � 1, μ = 
(N−5/6). Then

〈Jx〉|ψμ,ν 〉 ≈
N
2

, 〈�J 2
x 〉|ψμ,ν 〉 ≈ O(N 2/3),

〈�J 2
y 〉|ψμ,ν 〉 ≈ O(N 2/3), (D9)
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and 〈�J 2
x 〉ρω ≈ 〈�Jy〉2ρω ≈ p(1− p)N , (∂〈Jx〉ρω/∂p)ṗ ≈

−ṗN , and (∂〈Jy〉ρω/∂φ)φ̇ ≈ (1− 2p)φ̇N/2.

APPENDIX E: OPTIMIZING THE QFI WHEN THE
HNKS CONDITION IS VIOLATED

In this appendix, we optimize the QFI

FSQL(DL,ω) = |ξ̇ |2
1− |ξ |2 (E1)

using Eqs. (37)–(38). We expand T and E0E†
1 around ε =

0, i.e.,

T = eiεG = 1+ iεG− ε
2

2
G2 + O(ε3), (E2)

E0E†
1 = (1− ε2)EE† − ε

√
1− ε2(EF† − FE†)− ε2FF†

= σ − iεσ̃ − ε2(FF† + EE†)+ O(ε3), (E3)

where σ = EE† and σ̃ = i(FE† − EF†). Then

Tr(TE0E†
1) = 1− 2ε2 − ε

2

2
Tr(G2σ)

− iεTr(Gσ)− ε2Tr(Gσ̃ )+ O(ε3), (E4)

Tr[T(Ė0E†
1 + E0Ė†

1)] = iεTr(Gσ̇ )+ O(ε2), (E5)

where we have used Tr(F†F) = 1 and Tr(σ̃ ) = 0 because
Tr(E†F) = 0. Then

FSQL(DL,ω) = max
G

|Tr(Gσ̇ )|2
4− 2Tr(Gσ̃ )+ Tr(G2σ)− |Tr(Gσ)|2 + O(ε)

= max
G,x

|Tr(Gσ̇ )|2
4x2 + 2xTr(Gσ̃ )+ Tr(G2σ)− |Tr(Gσ)|2 + O(ε)

= max
G

|Tr(Gσ̇ )|2
−|Tr(Gσ̃ )|2/4+ Tr(G2σ)− |Tr(Gσ)|2 + O(ε), (E6)

shown as Eq. (39) in the main text, where in the second line we have used the fact that any rescaling of G (G←−G/x)
should not change the optimal QFI. Note that to obtain the solution of the original G in T, we need to rescale the final
solution back using G← 4G/Tr(Gσ̃ ).

To find the optimal G, we first observe that Tr(σ̇ ) = Tr(σ̃ ) = 0. Therefore, without loss of generality, we assume that
Tr(Gσ) = 0 because G← G− Tr(G)I/r does not change the target function. Let the derivative of Eq. (E6) be zero.
Then we have

2σ̇
(

Tr(G2σ)− |Tr(Gσ̃ )|2
4

)
− Tr(Gσ̇ )

[
(σG+ Gσ)− 2Tr(Gσ̃ )σ̃

4

]
= 0 (E7)

⇐⇒ σ̇

Tr(Gσ̇ )

(
Tr(G2σ)− |Tr(Gσ̃ )|2

4

)
+ Tr(Gσ̃ )σ̃

4
= 1

2
(σG+ Gσ) (E8)

⇐⇒ G = Lσ [xσ̇ + yσ̃ ], 4y = Tr(Gσ̃ ) = Tr(Lσ [xσ̇ + yσ̃ ]σ̃ ), (E9)

⇐= x = 4− Tr(Lσ [σ̃ ]σ̃ ), y = Tr(Lσ [σ̇ ]σ̃ ). (E10)

Note that in Eq. (E9) we have used xσ̇ + yσ̃ = 1
2 (Gσ + σG) and Tr(G2σ) = Tr[G(xσ̇ + yσ̃ )]. Substituting the optimal

G = Lσ [xσ̇ + yσ̃ ] into Eq. (E6) where x, y satisfy Eq. (E10), we obtain

FSQL(DL,ω) = Tr(Lσ [σ̇ ]σ̇ )+ Tr(Lσ [σ̇ ]σ̃ )2

4− Tr(Lσ [σ̃ ]σ̃ )
+ O(ε), (E11)

shown as Eq. (41) in the main text.
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Next we express Tr(Lσ [σ̇ ]σ̇ ), Tr(Lσ [σ̇ ]σ̃ ), and Tr(Lσ [σ̃ ]σ̃ ) in terms of C and C̃. Let τ = E†E, τ̃ = E†F + F†E, τ ′ =
iE†Ė − iĖ†E such that

τij = Tr(C†K†
i Kj C), τ̃ij = Tr(C̃K†

i Kj ), (E12)

τ ′ij = iTr(C†K†
i K̇j C)− iTr(C†K̇†

i Kj C). (E13)

Without loss of generality, assume that τij = Tr(C†K†
i Kj C) = λiδij , which could always be achieved by performing a

unitary transformation on K. We also have λi > 0 for all i because C is full rank and the {|Ki〉〉}ri=1 are linearly independent.
Using an orthonormal basis {|i〉〉}d2

i=1, where |i〉〉 = (1/√λi)|KiC〉〉 for 1 ≤ i ≤ r, we have

σ =
(
(λiδij ) 0

0 0

)
, (E14)

σ̇ =

⎛

⎜
⎝

(
〈〈KiC|K̇j C〉〉

√
λj

λi
+

√
λi

λj
〈〈K̇iC|Kj C〉〉

)
(〈〈K̇iC|j ′〉〉

√
λi)

(〈〈i′|K̇j C〉〉√λj ) 0

⎞

⎟
⎠ , (E15)

σ̃ =

⎛

⎜
⎝

(
i〈〈KiC|Kj D〉〉

√
λj

λi
− i

√
λi

λj
〈〈KiD|Kj C〉〉

)
(−i〈〈KiD|j ′〉〉

√
λi)

(i〈〈i′|Kj D〉〉√λj ) 0

⎞

⎟
⎠ , (E16)

where 1 ≤ i, j ≤ r and r+ 1 ≤ i′, j ′ ≤ d2. Then we can show Eqs. (44)–(46) in the main text:

Tr(Lσ [σ̇ ]σ̇ ) = 2
∑

i,j : λi+λj>0

|(σ̇ )ij |2
λi + λj

= 2
r∑

i,j=1

|〈〈KiC|K̇j C〉〉√λj /λi + (
√
λi/λj )〈〈K̇iC|Kj C〉〉|2

λi + λj
+ 4

d2∑

i′=r+1

r∑

j=1

|〈〈i′|K̇j C〉〉√λj |2
λj

= 4Tr(C†K̇†K̇C)+ 2
r∑

i,j=1

|〈〈KiC|K̇j C〉〉√λj /λi + (
√
λi/λj )〈〈K̇iC|Kj C〉〉|2

λi + λj
− 2
|〈〈KiC|K̇j C〉〉|2

λi

= 4Tr(C†K̇†K̇C)− 2
r∑

i,j=1

|τ ′ij |2
λi + λj

= 4Tr(C†K̇†K̇C)− Tr(Lτ [τ ′]τ ′), (E17)

Tr(Lσ [σ̃ ]σ̃ ) = 2
∑

i,j : λi+λj>0

∣∣(σ̃ )ij
∣∣2

λi + λj

= 2
r∑

i,j=1

|i〈〈KiC|Kj D〉〉√λj /λi − i(
√
λi/λj )〈〈KiD|Kj C〉〉|2

λi + λj
+ 4

d2∑

i′=r+1

r∑

j=1

∣∣i〈〈i′|Kj D〉〉√λj
∣∣2

λj
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= 4+ 2
r∑

i,j=1

|i〈〈KiC|Kj D〉〉√λj /λi − i(
√
λi/λj )〈〈KiD|Kj C〉〉|2

λi + λj
− 2
|〈〈KiC|Kj D〉〉|2

λi

= 4− 2
∑

ij

∣∣τ̃ij
∣∣2

λi + λj

= 4− Tr(Lτ [τ̃ ]τ̃ ), (E18)

and

Tr(Lσ [σ̇ ]σ̃ ) = 2
∑

i,j : λi+λj 
=0

σ̇ij σ̃ji

λi + λj

= 2
r∑

i,j=1

σ̇ij σ̃ji

λi + λj
+ 2

d2∑

i′=r+1

r∑

j=1

σ̇i′j σ̃ji′

λj
+ 2

d2∑

i′=r+1

r∑

j=1

σ̇ji′ σ̃i′j
λj

= −2Tr(C̃H)+ 2
r∑

i,j=1

σ̇ij σ̃ji

λi + λj
+ 2i

r∑

i,j=1

〈〈Kj D|KiC〉〉〈〈KiC|K̇j C〉〉
λi

− 〈〈K̇j C|KiC〉〉〈〈KiC|Kj D〉〉
λi

= −2Tr(C̃H)+ 2
r∑

i,j=1

τ ′ij τ̃ji

λi + λj

= −2Tr(C̃H)+ Tr(Lτ [τ ′]τ̃ ). (E19)

Therefore, we conclude that

FSQL(DL,ω) ≈ f (C, C̃)

= 4Tr(C†K̇†K̇C)− Tr(Lτ [τ ′]τ ′)+ [−2Tr(C̃H)+ Tr(Lτ [τ ′]τ̃ )]2

Tr(Lτ [τ̃ ]τ̃ )
. (E20)

Next, we want to show that

max
C̃∈Hd

f (C, C̃) = min
h : β=0

4Tr(C†αC) (E21)

when C is full rank. To calculate the dual program of the right-hand side, we introduce a Hermitian matrix C̃ as a Lagrange
multiplier of β = 0 [98]. The Lagrange function is

L(C̃, h) = 4Tr[C†(K̇− ihK)†(K̇− ihK)C]+ Tr[C̃(H +K†hK)]. (E22)

Then

min
h

L(C̃, h) = min
h

4Tr[C†(K̇− ihK)†(K̇− ihK)C]+ Tr[C̃(H +K†hK)]

= min
h

4Tr(C†K̇†K̇C)+ 4Tr(τh2)+ 4Tr(iC†K†hK̇C− iC†K̇†hKC)+ Tr[C̃(H +K†hK)]

= min
h

4Tr(C†K̇†K̇C)+ 4Tr(τh2)+ 4Tr(hTτ ′)+ Tr(C̃H)+ Tr(hTτ̃ )

= 4Tr(C†K̇†K̇C)+ Tr(C̃H)− 1
8

r∑

i,j=1

∣∣4τ ′ij + τ̃ij
∣∣2

λi + λj
. (E23)
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The dual program is

max
C̃

min
h

L(C̃, h) = max
C̃

4Tr(C†K̇†K̇C)+ Tr(C̃H)− 1
8

r∑

i,j=1

16|τ ′ij |2 + |τ̃ij |2 + 4(τ̃ij τ
′
ji + τ̃jiτ

′
ij )

λi + λj

= max
C̃,x

4Tr(C†K̇†K̇C)+ xTr(C̃H)− 1
8

r∑

i,j=1

16|τ ′ij |2 + x2|τ̃ij |2 + 8xτ̃ij τ
′
ji

λi + λj

= max
C̃

4Tr(C†K̇†K̇C)− 2
r∑

i,j=1

|τ ′ij |2
λi + λj

+ [−Tr(C̃H)+∑r
i,j=1 τ̃ij τ

′
ji/(λi + λj )]2

(1/2)
∑r

i,j=1 |τ̃ij |2/(λi + λj )

= max
C̃

f (C, C̃), (E24)

where we have used the fact that C̃← xC̃ does not change the result. Equation (E21) is then proved.
Moreover, the optimal C̃ in Eq. (E21) must be traceless. Suppose that C̃ is optimal in Eq. (E21). We prove that Tr(C̃) =

0. Let z be a real number. Then

q(z) := f (C, C̃+ zCC†) = s(z)2

t(z)
+ const. (E25)

Since maxz q(z) = q(0), we have q′(0) = s(0)[2s′(0)t(0)− s(0)t′(0)]/t(0)2 = 0. We have

s(z) = −Tr[(C̃+ zCC†)H ]+
r∑

i,j=1

(τ̃ij + zλiδij )τ
′
ij

λi + λj
, (E26)

s′(0) = −Tr(CC†H)+
r∑

i=1

1
2
τ ′ii = 0, (E27)

t(z) = 1
2

r∑

i,j=1

∣∣τ̃ij + zλiδij
∣∣2

λi + λj
= 1

2

r∑

i,j=1

∣∣τ̃ij
∣∣2 + zλiδij (τ̃

∗
ij + τ̃ij )+ z2λ2

i δij

λi + λj
, (E28)

t′(0) = 1
2

r∑

i,j=1

λiδij (τ̃
∗
ij + τ̃ij )

λi + λj
= 1

2

r∑

i=1

τ̃ii = 1
2

Tr(C̃). (E29)

Then q′(0) = 0 implies that Tr(C̃) = 0.

APPENDIX F: NUMERICAL ALGORITHM TO
FIND THE OPTIMAL CODE WHEN THE HNKS

CONDITION IS VIOLATED

1. Finding the optimal C

We first describe a numerical algorithm finding a full
rank C� such that Tr(C�†C�) = 1 and

min
h:β=0

4Tr(C�†αC�) > F(u)SQL(Eω)− η/2 (F1)

for any η > 0. We first note that F(u)SQL(Eω) = minh : β=0 4
‖α‖ can be calculated via the SDP [28]

min
h

x subject to

⎛

⎜⎜⎜
⎝

xId K̃†
1 · · · K̃†

r

K̃1 Id′ · · · 0
... 0

. . .
...

K̃r 0 · · · Id′

⎞

⎟⎟⎟
⎠
� 0, β = 0,

(F2)

where d and d′ are the input and output dimensions of Eω,
In is a n× n identity matrix, and K̃ = K̇− ihK.

To find the full rank C�, we first find a density matrix ρ�
such that

min
h : β=0

4Tr(ρ�α) = min
h : β=0

4 ‖α‖ . (F3)
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This can be achieved via the following algorithm [52].

(i) Find an h� using the SDP [Eq. (F2)] such that α� =
α|h=h� satisfies ‖α�‖ = minh : β=0 ‖α‖.

(ii) Let �� be the projection onto the subspace spanned
by all eigenstates corresponding to the largest eigen-
value of α�. We find an optimal density matrix ρ�
satisfying ��ρ��� = ρ� and

Re{Tr[ρ�(iK†�h)(K̇− ih�K)]} = 0

for all η ∈ Hr such that K†�hK = 0. (F4)

Then C� = [(1− η′)ρ� + η′I/d]1/2, where η′ = η/[2F(u)SQL
(Eω)] is a full-rank matrix satisfying

min
h:β=0

4Tr(C�†αC�) > (1− η′)F(u)SQL(Eω)

= F(u)SQL(Eω)− η/2. (F5)

The algorithm above can also be used to find ρ�, whose
purification is the optimal input state of a single quantum
channel Eω achieving F1(Eω).

(i) Find an h� using the SDP in Eq. (F2) without
the requirement that β = 0, such that α� = α|h=h�
satisfies

∥∥α�∥∥ = minh ‖α‖.
(ii) Let�� be the projection onto the subspace spanned

by all eigenstates corresponding to the largest eigen-
value of α�. We find an optimal density matrix ρ�

satisfying ��ρ��� = ρ� and

Re{Tr[ρ�(iK†�h)(K̇− ih�K)]} = 0

for all �h ∈ Hr. (F6)

2. Validity of the algorithm to find the optimal C

For completeness, we prove the validity of the above
algorithm. According to Sion’s minimax theorem [96,97],
for convex compact sets P ⊂ R

m and Q ⊂ R
n and g : P ×

Q→ R such that g(x, y) is a continuous convex (concave)
function in x (y) for every fixed y (x),

max
y∈Q

min
x∈P

g(x, y) = min
x∈P

max
y∈Q

g(x, y). (F7)

In particular, if (x�, y�) is a solution of maxy∈Q minx∈P
g(x, y) then there must exist an x� such that (x�, y�)
is a saddle point. Let (x�, y�) be a solution of
minx∈P maxy∈Q g(x, y). Then we must have

g(x�, y�) ≤ g(x�, y�) ≤ g(x�, y�). (F8)

According to Eq. (F7), g(x�, y�) = g(x�, y�) and all
equalities must hold for the above equation. Moreover,

g(x�, y) ≤ g(x�, y�) ≤ g(x, y�) for all (x, y) ∈ P×Q,
(F9)

which means that (x�, y�) is a saddle point. For exam-
ple, we can take x = h ∈ Hr, y = CC† = ρ ∈ S(HP), and
g(x, y) = 4Tr(ρα). (We can also add the constraint β = 0
on h that does not affect our discussion below.) Then the
solution of the above optimization problem is F1(Eω) [or
FSQL(Eω) with the constraint β = 0]. Note that we can
always confine h in a compact set such that the solutions
are not altered and the minimax theorem is applicable [52].
Let (h�, ρ�) be any solution of the optimization prob-
lem maxρ minh 4Tr(ρα). Then there exists an h� such that
(h�, ρ�) is a saddle point. Similarly, if g(x�, y�) is a solu-
tion of minx∈P maxy∈Q g(x, y), which in our case is a SDP
[Eq. (F2)], there must exist a y� such that (x�, y�) is a
saddle point. Let (h�, ρ�) be any solution of the optimiza-
tion problem minh maxρ 4Tr(ρα). Then there exists an ρ�

such that (h�, ρ�) is a saddle point. Moreover, (h�, ρ�) is
a saddle point if and only if

(i) Tr(ρ�α�) = ∥∥α�∥∥ if and only if Tr(ρ�α�) ≥
Tr(ρα�) for all ρ,

(ii) Re{Tr[ρ�(iK†�h)(K̇− ih�K)]}= 0 for all �h∈Hr
if and only if Tr(ρ�α�) ≤ Tr(ρ�α) for all h.

This justifies the validity of the algorithm we described
above.

3. Finding the optimal C̃

Next, we describe how to find C̃� such that f (C�, C̃�) =
maxC̃ f (C�, C̃) = minh : β=0 4Tr(C�†αC�). According to
Appendix E,

f (C, C̃) = 4Tr(C†K̇†K̇C)− 2
r∑

i,j=1

|τ ′ij |2
λi + λj

+ [−Tr(C̃H)+∑r
i,j=1 τ̃ij τ

′
ji/(λi + λj )]2

1
2

∑r
i,j=1 |τ̃ij |2/(λi + λj )

,

(F10)

where we have assumed that τij = Tr(C†K†
i Kj C) = λiδij .

For a fixed C, τ̃ is a linear function in C̃. We can always
write

f (C, C̃) = f1(C)+ |〈〈C̃|f2(C)〉〉|
2

〈〈C̃|f3(C)|C̃〉〉
, (F11)

where f1(C) ∈ R, f2(C) ∈ C
d×d is Hermitian, and f3(C) ∈

C
d2×d2

is positive semidefinite. Moreover, |f2(C)〉〉 is in
the support of f3(C). The f1,2,3(C) are functions of C only.
According to the Cauchy-Schwarz inequality,

max
C̃

f (C, C̃) = f1(C)+ 〈〈f2(C)|f3(C)−1|f2(C)〉〉 (F12)

with the maximum attained when |C̃〉〉 = f3(C)−1|f2(C)〉〉,
where the superscript “−1” here means the Moore-Penrose
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pseudoinverse. Therefore, we take

|C̃�〉〉 = f3(C�)−1|f2(C�)〉〉. (F13)

APPENDIX G: A SDP TO FIND THE OPTIMAL
INPUT STATE OF A NOISY MACH-ZEHNDER

INTERFEROMETER

Here we consider a two-arm Mach-Zehnder interferom-
eter with one noisy arm and one noiseless arm, where the
input state is an M -photon state

|ψ0〉 =
M∑

m=0

γm |m〉 |M − m〉 . (G1)

Here |m, M − m〉 represents a two-mode Fock state where
m is the number of photons in the first mode and M −
m is the number of photons in the second mode. The
noisy quantum channel Eω(·) acting on the first mode is
described by the Kraus operators

Ki =
√
(1− p)i

i!
e−iωâ†âp â†â/2âi, i = 0, 1, . . . , M ,

(G2)

where ω is the unknown phase to be estimated, â is the
photon annihilation operator, 0 < p < 1 is the loss rate,
and Ki is associated with losing i photons. Note that we
are allowed to truncate the maximum photon number at M
because of the restriction on the input state [Eq. (G1)].

We show that the algorithm described in Appendix F
naturally gives a SDP for obtaining the optimal {γm}Mm=0.
We emphasize here that it was already shown in Ref. [82]
that solving for the optimal input state in an interferome-
ter with two noisy arms is a convex optimization problem.
Here we provide an alternative algorithm as a demonstra-
tion of our approach that also contains a proof that states
of form (G1) are optimal for Eω.

Recall that, given Eω, we can find an optimal input state
achieving F1(Eω) by purifying ρ�, which is a solution of

F1(Eω) = max
ρ

min
h

4Tr(ρα) = min
h

4 ‖α‖ . (G3)

We show that the optimization problem above has a diag-
onal solution of ρ. Note that

α =
M∑

i=0

(
K̇i − i

M∑

i,j=0

hij Kj

)†(
K̇i − i

M∑

j ′=0

hij ′Kj ′

)

=
M∑

i=0

(K̇i − ihiiKi)
†(K̇i − ihiiKi)

+
M∑

i=0

∑

j 
=i

K†
j h∗ij hij Kj + off-diagonal terms, (G4)

where we divided α into diagonal terms and off-diagonal
terms (in the Fork basis). The second term is always non-
negative and the off-diagonal terms will only increase ‖α‖.
It is then clear that we can always assume that the optimal
h� and the corresponding α� are diagonal because

‖α‖ ≥
∥∥∥∥

M∑

i=0

(
K̇i − ihiiKi

)†(K̇i − ihiiKj
)
∥∥∥∥. (G5)

Choose a diagonal h�, and let �� be the projection onto
the subspace spanned by all eigenstates corresponding to
the largest eigenvalue of α�; ρ� is optimal if it satisfies
��ρ��� = ρ� and

Re{Tr[ρ�(iK†�h)(K̇− ih�K)]} = 0 for all �h ∈ HM+1.
(G6)

We observe that, when ρ� is optimal, the equation above
still holds by replacing ρ� with its diagonal part. Then any
diagonal ρ� that satisfies

Re{Tr[ρ�iK†
i �hii(K̇i − ih�

ii Ki)]} = 0

for all {�hii}Mi=0 ∈ R
M+1 (G7)

is optimal. Therefore, we can always assume that the input
state has form (G1). Moreover, by assuming that h and ρ
are diagonal, we only need to deal with diagonal oper-
ators in this algorithm and the problem is essentially a
quadratically constrained quadratic program, which might
admit more efficient numerical methods than the SDP
formulation.

APPENDIX H: CHANNEL QFI FOR THE
SINGLE-QUBIT DEPOLARIZING CHANNELS

Here we calculate F1, FSQL, and FHL for depolarizing
channels

N d
ω(ρ)= (1−p)e−iωσz/2ρeiωσz/2+ pxσxe−iωσz/2ρeiωσz/2σx

+ pyσye−iωσz/2ρeiωσz/2σy

+ pzσze−iωσz/2ρeiωσz/2σz =
4∑

i=1

KiρK†
i , (H1)

where K1 =
√

1− pe−iωσz/2, K2 = √pxσxe−iωσz/2, K3 =√pyσye−iωσz/2, and K4 = √pzσze−iωσz/2. We have

K =

⎛

⎜
⎝

√
1− p√
pxσx√pyσy√
pzσz

⎞

⎟
⎠ e−iωσz/2, K̇ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜
⎝

− i
2
√

1− pσz

−1
2
√

pxσy

1
2
√pyσx

− i
2
√

pz

⎞

⎟⎟⎟⎟⎟⎟⎟⎟
⎠

e−iωσz/2,

(H2)
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β = iK†(K̇− ihK) = 1
2σz +K†hK, (H3)

where

β = 0 =⇒ (1− p)h11 + pxh22 + pyh33 + pzh44 = 0, (H4)
√
(1− p)px(h12 + h21)+ i

√
pypzh34 − i

√
pypzh43 = 0, (H5)

√
(1− p)py(h13 + h31)− i

√
pxpzh24 + i

√
pxpzh42 = 0, (H6)

1
2 +

√
(1− p)pz(h14 + h41)+ i

√
pxpyh23 − i

√
pxpyh32 = 0. (H7)

Clearly, the HNKS condition is satisfied if and only if px =
pz = 0 or py = pz = 0. It is easy to see that, when hij = 0
for all i, j except h23, h32, h14, and h41, α = ‖α‖ I , ‖α‖
takes its minimum and

‖α‖ = 1
4 +

√
(1− p)pz(h14 + h41)+ i

√
pxpy(h23 − h32)

+ (1− p + pz) |h14|2 + (px + py) |h23|2 . (H8)

Then

F1(N d
ω) = 4 min

h
‖α‖ = 1− 4

(
pxpy

px + py
+ (1− p)pz

1− p + pz

)
.

(H9)

When the HNKS condition is satisfied,

FHL(N d
ω) = 4 min

h
‖β‖2 = 1, (H10)

and when the HNKS condition is violated,

FSQL(N d
ω) = 4 min

h : β=0
‖α‖

= −1+ 1
4

(
pxpy

px + py
+ (1− p)pz

1− p + pz

)−1

. (H11)

APPENDIX I: SOLVING THE OPTIMAL QEC
CODE FOR AMPLITUDE DAMPING CHANNELS

In this appendix, we use the algorithm in Appendix F
to solve for the optimal QEC protocol analytically for
amplitude damping channels with two Kraus operators:

K =
(|0〉 〈0| + √1− p |1〉 〈1|√

p |0〉 〈1|
)

e−iωσz/2

=
(|0〉 〈0| e−iω/2 +√1− p |1〉 〈1| eiω/2

√
p |0〉 〈1| eiω/2

)
. (I1)

Clearly, H = iK†K̇ = σz/2.

1. Finding the optimal C

First, we want to find a full-rank normalized C� such
that minh : β=0 4Tr(C�†αC�) is close to F(u)SQL(Eω) and we
follow the algorithm described in Appendix F 1.

We first compute α and β. Note that

K̇ =

⎛

⎜
⎝
− i

2
|0〉 〈0| + i

2
√

1− p |1〉 〈1|
i
2
√

p |0〉 〈1|

⎞

⎟
⎠ e−iωσz/2. (I2)

We first observe that in order to make β = iK†(K̇− ihK) = 0, h has to be diagonal and then

K̇− ihK =

⎛

⎜⎜
⎝

(
− i

2
− ih11

)
|0〉 〈0| +

(
i
2
− ih11

)√
1− p |1〉 〈1|

(
i
2
− ih22

)√
p |0〉 〈1|

⎞

⎟⎟
⎠ e−iωσz/2. (I3)

We also assume that ω = 0 for simplicity. Then

010343-20



ASYMPTOTIC QUANTUM CHANNEL ESTIMATION PRX QUANTUM 2, 010343 (2021)

β = iK†(K̇− ihK)

=
(

1
2
+ h11

)
|0〉 〈0| +

(
− 1

2
+ h11

)
(1− p) |1〉 〈1| +

(
− 1

2
+ h22

)
p |1〉 〈1|

= 0, (I4)

=⇒ h11 = −1
2

, h22 = 2− p
2p

. (I5)

Therefore, α = (K̇− ihK)†(K̇− ihK) = [(1− p)+ (1− p)2/p] |1〉 〈1| = [(1− p)/p] |1〉 〈1|.
Since there is only one solution of h such that β = 0, there is no need to solve minh : β=0 ‖α‖ using a SDP and the

only solution is α� = [(1− p)/p] |1〉 〈1| and FSQL(N AD
ω ) = 4(1− p)/p . We could take C� = sin δ |0〉 〈0| + cos δ |1〉 〈1|,

where δ is small. Note that here we use the small constant δ instead of η′ in Eq. (F5) for simplicity. They are related by
η′/2 = sin2(δ).

2. Finding the optimal C̃

Next we find the optimal C̃� that minimizes

[−Tr(C̃H)+∑r
i,j=1 τ̃ij τ

′
ji/(λi + λj )]2

(1/2)
∑r

i,j=1 |τ̃ij |2/(λi + λj )
= |〈〈C̃|f2(C)〉〉|

2

〈〈C̃|f3(C)|C̃〉〉
, (I6)

and the solution is |C̃�〉〉 = f3(C�)−1|f2(C�)〉〉.
We first compute

τ =
(

sin2 δ + (1− p) cos2 δ 0
0 p cos2 δ

)
≈

(
1− p 0

0 p

)
, (I7)

τ ′ =
(

sin2 δ − (1− p) cos2 δ 0
0 −p cos2 δ

)
≈

(−(1− p) 0
0 −p

)
, (I8)

τ̃ =

⎛

⎜⎜⎜
⎝

Tr
[

C̃
(

1 0
0 1− p

) ]
Tr

[
C̃

(
0
√

p
0 0

)]

Tr
[

C̃
(

0 0√
p 0

) ]
Tr

[
C̃

(
0 0
0 p

) ]

⎞

⎟⎟⎟
⎠

, (I9)

where by “≈” we ignore the small contribution of O(δ). Then we have

f2(C�) ≈ − |00〉 , (I10)

f3(C�)−1 ≈ p |01〉 〈01| + p |10〉 〈10|

+ (|00〉 + (1− p) |11〉)(〈00| + (1− p) 〈11|) 1
2(1− p)

+ (p |11〉)(p 〈11|) 1
2p

, (I11)

f3(C�)−1 ≈ 1
p
|01〉 〈01| + 1

p
|10〉 〈10| + 2

p
[(1− p) |00〉 〈00|

+ |11〉 〈11| − (1− p) |00〉 〈11| − (1− p) |11〉 〈00|]. (I12)

Then |C̃�〉〉 ≈ |00〉 − |11〉 and we can take D� = cos δ |0〉 〈0| − sin δ |1〉 〈1|.
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3. Attaining the asymptotic QFI

Now we have the optimal code from the previous two steps, i.e.,

|0L〉 = sin(δ + ε) |0〉P |00〉A + cos(δ + ε) |1〉P |10〉A ,

|1L〉 = sin(δ − ε) |0〉P |01〉A + cos(δ − ε) |1〉P |11〉A ,
(I13)

where δ and ε = o(δ) are small values. The last step is to find the exact relation between δ and ε and FSQL(N AD
ω )−

FSQL(DL,ω).
To this end, we need the near-optimal recovery channel computed using Eq. (40)

Gopt = 2i√
1− p

|00〉 〈11| + −2i√
1− p

|11〉 〈00| :=

⎛

⎜⎜⎜⎜⎜
⎝

0 0 0
2i√

1− p
0 0 0 0
0 0 0 0
−2i√
1− p

0 0 0

⎞

⎟⎟⎟⎟⎟
⎠

(I14)

and

Topt = eiεGopt =

⎛

⎜⎜⎜⎜⎜⎜
⎝

cos
(

2ε√
1− p

)
0 0 − sin

(
2ε√

1− p

)

0 1 0 0
0 0 1 0

sin
(

2ε√
1− p

)
0 0 cos

(
2ε√

1− p

)

⎞

⎟⎟⎟⎟⎟⎟
⎠

. (I15)

Then, using Eq. (38) and

E0,1 =
(|K1A0,1〉〉 |K2A0,1〉〉

) =

⎛

⎜
⎝

sin(δ ± ε) 0
0

√
p cos(δ ± ε)

0 0√
1− p cos(δ ± ε) 0

⎞

⎟
⎠ , (I16)

we finally obtain

ξ = p[cos(2δ)+ cos(2ε)] sin2
(

ε√
1− p

)

+
√

1− p sin(2ε) sin
(

2ε√
1− p

)
+ cos(2ε) cos

(
2ε√

1− p

)

= 1− 2p sin2 δ

1− p
ε2 + O(ε4), (I17)

ξ̇ = −i
√

1− p sin(2δ) sin
(

2ε√
1− p

)
= −2i sin(2δ)ε + O(ε3). (I18)

Clearly,

FSQL(DL,ω) = 4(1− p) cos2 δ

p
+ O(ε2), (I19)

as expected. When δ is small and ε = o(δ), we have FSQL(DL,ω) ≈ FSQL(N AD
ω ).
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and Wolfgang Dür, Quantum metrology with full and fast
quantum control, Quantum 1, 27 (2017).
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Using quantum metrological bounds in quantum error cor-
rection: A simple proof of the approximate eastin-knill
theorem, arXiv:2004.11893 [quant-ph] (2020).

[106] Raphael Kaubruegger, Pietro Silvi, Christian Kokail, Rick
van Bijnen, Ana Maria Rey, Jun Ye, Adam M. Kaufman,
and Peter Zoller, Variational Spin-Squeezing Algorithms
on Programmable Quantum Sensors, Phys. Rev. Lett. 123,
260505 (2019).

[107] Bálint Koczor, Suguru Endo, Tyson Jones, Yuichiro Mat-
suzaki, and Simon C. Benjamin, Variational-state quan-
tum metrology, New J. Phys. 22, 083038 (2020).

[108] Johannes Jakob Meyer, Johannes Borregaard, and Jens
Eisert, A variational toolbox for quantum multi-parameter
estimation, arXiv:2006.06303 [quant-ph] (2020).

[109] Haidong Yuan, Sequential Feedback Scheme Outperforms
the Parallel Scheme for Hamiltonian Parameter Estima-
tion, Phys. Rev. Lett. 117, 160801 (2016).

010343-25

https://doi.org/10.1088/1367-2630/ab7257
http://arxiv.org/abs/arXiv:2003.13010
https://doi.org/10.1088/0305-4470/33/24/306
https://doi.org/10.1103/PhysRevA.61.042312
https://doi.org/10.1103/PhysRevA.78.063828
https://doi.org/10.1103/PhysRevA.80.013825
https://doi.org/10.1088/0305-4470/35/36/302
https://doi.org/10.1038/s41534-018-0113-z
https://doi.org/10.1103/PhysRevA.100.022336
https://doi.org/10.1103/PhysRevLett.101.180501
https://doi.org/10.1103/PhysRevLett.123.110501
https://doi.org/10.1109/TIT.2009.2023726
https://doi.org/10.1007/s00220-016-2645-4
https://doi.org/10.1007/s11005-020-01297-7
https://doi.org/10.1103/PhysRevResearch.1.033169
https://doi.org/10.1103/PhysRevLett.124.100501
https://doi.org/10.1103/PhysRevLett.102.100401
https://doi.org/10.1103/PhysRevA.47.5138
https://doi.org/10.1088/0305-4470/36/29/314
https://doi.org/10.2996/kmj/1138038812
https://doi.org/10.1088/1367-2630/14/4/043011
http://arxiv.org/abs/arXiv:2005.11918v2
http://arxiv.org/abs/arXiv:quant-ph/0512217
https://doi.org/10.1063/1.3105923
https://doi.org/10.1109/TIT.2017.2648825
http://arxiv.org/abs/arXiv:2004.11893
https://doi.org/10.1103/PhysRevLett.123.260505
https://doi.org/10.1088/1367-2630/ab965e
http://arxiv.org/abs/arXiv:2006.06303
https://doi.org/10.1103/PhysRevLett.117.160801

	I.. INTRODUCTION
	II.. OVERVIEW
	A.. Preliminaries
	B.. Main results

	III.. SINGLE-QUBIT DEPHASING CHANNELS
	IV.. THE QEC PROTOCOL
	V.. ACHIEVING THE HL UPPER BOUND
	VI.. ACHIEVING THE SQL UPPER BOUND
	VII.. EXAMPLES
	A.. Single-qubit depolarizing channels
	B.. Amplitude damping channels
	C.. U-covariant channels

	VIII.. CONCLUSIONS AND OUTLOOK
	. ACKNOWLEDGMENTS
	. APPENDIX A: DERIVING THE UPPER BOUND ON FN(E)
	. APPENDIX B: CALCULATING THE QFI UPPER BOUNDS FOR DEPHASING CHANNELS
	. APPENDIX C: A USEFUL FORMULA FOR CALCULATING THE QFI OF DEPHASING CHANNELS
	. APPENDIX D: OPTIMAL SQUEEZED STATE FOR DEPHASING CHANNELS
	. APPENDIX E: OPTIMIZING THE QFI WHEN THE HNKS CONDITION IS VIOLATED
	. APPENDIX F: NUMERICAL ALGORITHM TO FIND THE OPTIMAL CODE WHEN THE HNKS CONDITION IS VIOLATED
	1.. Finding the optimal C
	2.. Validity of the algorithm to find the optimal C
	3.. Finding the optimal 

	. APPENDIX G: A SDP TO FIND THE OPTIMAL INPUT STATE OF A NOISY MACH-ZEHNDER INTERFEROMETER
	. APPENDIX H: CHANNEL QFI FOR THE SINGLE-QUBIT DEPOLARIZING CHANNELS
	. APPENDIX I: SOLVING THE OPTIMAL QEC CODE FOR AMPLITUDE DAMPING CHANNELS
	1.. Finding the optimal C
	2.. Finding the optimal 
	3.. Attaining the asymptotic QFI



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


