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The quantum Fisher information (QFI), as a function of quantum states, measures the amount of infor-
mation that a quantum state carries about an unknown parameter. The (entanglement-assisted) QFI of a
quantum channel is defined to be the maximum QFTI of the output state assuming an entangled input state
over a single probe and an ancilla. In quantum metrology, people are interested in calculating the QFI of N
identical copies of a quantum channel when N — oo, which is called the asymptotic QFI. Over the years,
researchers found various types of upper bounds of the asymptotic QFI, but they were proven achievable
only in several specific situations. It was known that the asymptotic QFI of an arbitrary quantum channel
grows either linearly or quadratically with N. Here we show that a simple criterion can determine whether
the scaling is linear or quadratic. In both cases, the asymptotic QFI and a quantum error correction proto-
col to achieve it are computable via a semidefinite program. When the scaling is quadratic, the Heisenberg
limit, a feature of noiseless quantum channels, is recovered. When the scaling is linear, we show that
the asymptotic QFI is still in general larger than N times the single-channel QFI and, furthermore, that

sequential estimation strategies provide no advantage over parallel ones.
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I. INTRODUCTION

Quantum metrology studies parameter estimation in a
quantum system [ 1—5]. Usually, a quantum probe interacts
with a physical system and the experimentalist performs
measurements on the final probe state and infers the value
of the unknown parameter(s) in the system from the mea-
surement outcomes. It has wide applications in frequency
spectroscopy [6—9], gravitational-wave detectors [10—13],
and other high-precision measurements [14—18].

The quantum Fisher information (QFI), which is
inversely proportional to the minimum estimation vari-
ance, characterizes the amount of information a quantum
state carries about an unknown parameter [19-22]. To
explore the fundamental limit on parameter estimation,
we usually consider the situation where the number of
quantum channels N (or the probing time ¢) is large.
The Heisenberg limit (HL), an O(N?) [or O(#*)] scal-
ing of the QFIL is the ultimate estimation limit allowed
by quantum mechanics. It could be obtained, for exam-
ple, using Greenberger-Horne-Zeilinger (GHZ) states in
noiseless systems [9,23]. On the other hand, the standard
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quantum limit (SQL), an O(IV) [or O(¢)] scaling of the QFI,
usually appears in noisy systems and could be achieved
using product states. Much work has been done towards
determining whether or not the HL is achievable for a
given quantum channel and some necessary conditions
were derived [24-37].

In general, the asymptotic QFI of a quantum system,
i.e., the QFI in the N — oo limit [29], follows either the
HL or the SQL and there was not a unified approach
to determine the scaling. For quantum channels where
the scalings are known, it is also crucial to understand
how to achieve the asymptotic QFI. For example, for uni-
tary channels, the HL is achievable and a GHZ state in
the multipartite two-level systems consisting of the low-
est and highest energy states is optimal [23]. Under the
effect of noise, a variety of quantum strategies were also
proposed to enhance the QFI [8,10,38-52], but no con-
clusions for general quantum channels were drawn. One
natural question to ask is whether entanglement between
probes can improve the QFI. For example, when esti-
mating the noise parameter in the dissipative low-noise
channels [53,54] or teleportation-covariant channels [55—
58] (e.g., Pauli or erasure channels), the asymptotic QFI
follows the SQL and is achievable using only prod-
uct states. However, when estimating the phase param-
eter in dephasing channels, although the HL is still not
achievable, product states are no longer optimal and the
asymptotic QFI is then achievable using spin-squeezed
states [8,31,39].
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Given a quantum channel, we aim to answer the follow-
ing two important questions: how to determine whether the
HL is achievable, and in both cases, how to find a metro-
logical protocol achieving the asymptotic QFI? In this
paper, we answer these two open problems in the setting
of entanglement-assisted channel estimation by providing
an optimal quantum error correction (QEC) metrological
protocol that entangles both the probe and a clean ancil-
lary system. QEC has been a powerful tool widely used in
quantum computing and quantum communication to pro-
tect quantum information from noise [59—62]. In quantum
metrology, QEC is also useful in protecting a quantum sig-
nal from quantum noise [32—34,63—76]. Here is a typical
example: when a qubit is subject to a Pauli-Z signal and
a Pauli-X noise, the QFI follows the SQL if no quantum
control is added, but the HL is recoverable using fast and
frequent QEC [63—68]. The result could be generalized
to any system with a signal Hamiltonian and Markovian
noise [33,34]. These QEC protocols, however, can only
estimate Hamiltonian parameters and all rely on fast and
frequent quantum operations that have limited practical
applications.

In this paper, we construct a two-dimensional QEC pro-
tocol that reduces every quantum channel to a single-qubit
dephasing channel where both the phase and the noise
parameter could vary with respect to the unknown param-
eter. We first identify the asymptotic QFI for all single-
qubit dephasing channels (where the unknown parameter
is encoded in both the noise and phase parameters) and
then show that the asymptotic QFI of the logical dephas-
ing channel is no smaller than that of the original quantum
channel after optimizing over the encoding and the recov-
ery channel, proving the sufficiency of our QEC protocol.
Using the above proof strategy, we obtain the asymptotic
theory of quantum channel estimation, closing a long-
standing open question in theoretical quantum metrology.
We also push one step further towards achieving the ulti-
mate estimation limit in practical quantum sensing experi-
ments by providing efficiently computable asymptotic QFI
and corresponding optimal estimation protocols.

II. OVERVIEW

A. Preliminaries

The quantum Cramér-Rao bound is a lower bound of the
estimation precision [19-22],

b > —— (1)

= /NeseF (00)

where w is an unknown real parameter to be estimated, Sw
is the standard deviation of any unbiased estimator of w,
Nexpr is the number of repeated experiments, and F'(p,,) is
the QFI of the state p,,. The quantum Cramér-Rao bound is

saturable asymptotically (Nexpr >> 1) using maximum like-
lihood estimators [77,78]. Therefore, the QFI is a good
measure of the amount of information a quantum state
Pw carries about an unknown parameter. It is defined by
F(ps) = Tr(L?p,,), where L is a Hermitian operator called
the symmetric logarithmic derivative (SLD) satisfying

o = 2(puL + Lpo), 2)

where x denotes dx/dw. We use L,[B] to represent Her-
mitian operators satisfying B = %(LA + AL). Here L =
L,,[0s]. The QFI could also be equivalently defined
through purification [24,29]:

F(p,) =4 (Yol Vo) - 3)

min
[Vw): Tre([Yw) (Vo) =pPw

Here p, € G(Hp), |V¥w) € G(Hp ® Hg), Hp is the
probe system that we assume to be finite dimensional, H g
is an arbitrarily large environment, and G(x) denotes the
set of density operators in *.

We consider a quantum channel &,(p) = >, KipKl.T,
where r is the rank of the channel. The entanglement-
assisted QFI of &, [see Fig. 1(a)] is defined by [24,29]

8:1 (gw) =

max
PES(HPOH A

)F[(é'w ® D)(p)]- “4)
Here we utilize the entanglement between the probe and
an arbitrarily large ancillary system H 4. We omit the word
“entanglement assisted” or “ancilla assisted” in the defini-
tions below for simplicity. Practically, the ancilla should be
a quantum system with a long coherence time, e.g., nuclear
spins [67] or any QEC-protected system [34]. The ancilla
also helps simplify the complicated calculation of the QFI.
The convexity of QFI implies that the optimal input state
is always pure. Using the purification-based definition of
the QFI [Eq. (3)], we have [24,28,29]

F1(E,) =4 max min Tr(pK'K) (5)

PES(HP) K'=uK
for all u such that utu=1I

=4 min
K'=uK
for all u such that ufu=1

K'K'| = 4mi 6
IR = 4min o], (6)

where ||-|| is the operator norm, H, is the space of
r x r Hermitian matrices, and K = (X;,...,K)]. K =
(Ki,... ,K))T = uK represents all possible Kraus repre-
sentations of &, via isometric transformations u [24]. Let
h=iu'i and o = KTK = (K — itK)"(K — ihK). The
minimization is performed over arbitrary Hermitian opera-
tor 2 in C™" [28]. Any purification of the optimal p in Eq.
(5) is an optimal input state in Hp ® H 4 and it in general
depends on the true value of w and should be chosen adap-
tively throughout the experiment [79,80]. The QFI §(&,)
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FIG. 1. (a) The single-channel QFI §(&,) = max, F[(£, ®

1)(p)]. The ancillary system is assumed to be arbitrarily
large. (b) Parallel strategies. We have Fy(&,) = §1(EEY) =
max, F[(E2Y ® 1)(p)] for N identical copies of &,. (c) Sequen-
tial strategies. Let Fy(&,,%) be the QFI of the output state,
given a sequential strategy . that contains both an input state

and quantum controls acting between &,. Here Sﬁeq) (&) =
max o Fy(E,,-7) is the optimal QFI maximized over all sequen-

tial strategies; Fo ¥ (£,) = Fv (En)-

can be found via a semidefinite program (SDP) [28,29],
as well as the optimal input state (see Appendix F). As an
example, we show in Appendix G that, when viewing the
ancilla as a lossless arm in the Mach-Zehnder interferome-
ter [81,82], the SDP in Appendix F leads to a SDP solving
for the optimal input state with a definite photon number.

Consider N identical copies of the quantum channel &,
[24,28] [see Fig. 1(b)]. Let

Iv () =F1(EX) = mng[(é‘fN ®(p]. (1)

Clearly, §y > N§:1 using the additivity of the QFI. An
upper bound on Fy(E,) could be derived from Eq. (6)
[24,28] (see also Appendix A),

Sn(Ey) < 4min[N Jlaf + NN =D IBIPL ()

where 8 = iKY (K — inK). If there is an % such that B =0,

§n(€,) <4 min N o] ©)

and §y (&,) follows the SQL asymptotically.

The metrological protocols we considered in Fig. 1(b)
are usually called parallel strategies where N identical
quantum channels act in parallel on a quantum state [31].
Researchers also consider sequential strategies where we
allow quantum controls (arbitrary quantum operations)
between each quantum channel [see Fig. 1(c)]. The QFI
optimized over all possible inputs and quantum controls
has the upper bound [31,32]

Cea g, < 4min[N llafl + NN =D 181 (IB]

+ 2/ llelD]- (10)

Therefore, for all 4, 8 # 0 is also a necessary condition
to achieve the HL for sequential strategies. When the
condition is violated, there exists an 4 such that § =0
and F°V(E,) has the same upper bound [Eq. (9)] as
Fn(E,). Sequential strategies are more powerful than par-
allel strategies because they can simulate parallel strategies
using the same input states and swap operators as quantum
controls [31].

B. Main results

In fact, the condition that, for all 4, 8 # 0 is equivalent
to H ¢ S, where
H=iK'K, 8=spang{K/K; foralli,j}. (11)
Here spany{-} represents all Hermitian operators that are
linear combinations of operators in {-}. We call it the
“Hamiltonian-not-in-Kraus-span” (HNKS) condition. One
can check that H and B are always Hermitian by taking
the derivative of KK = /. Note that different Kraus rep-
resentations may lead to different H, but they only differ
by some operator inside S, so whether H € Sor H ¢ S
does not depend on the choice of Kraus representation.
For a unitary channel r =1 and K| = U, = e7 11 H =
iU, U, is exactly the Hamiltonian for w, explaining its
name. The HL is achievable for unitary channels because
S = spany{/} and we always have H ¢ S for nontrivial
H. It is only possible to achievable the HL if the HNKS
condition holds.

We show in Sec. V that the HNKS condition is also a
sufficient condition to achieve the HL for parallel strate-
gies in Fig. 1(b), and, hence, sequential strategies in Fig.
1(c) that contain the former. We summarize this in the
following theorem.

Theorem 1. We have Fy(E,) = O(N?) ifand only if H ¢
S. Otherwise, §n(E,) = O(N). The statement is also true

Jor 5V (E,).

Furthermore, the QFI upper bound in Eq. (9) is achiev-
able asymptotically when H € § for both parallel and
sequential strategies.

010343-3



SISI ZHOU and LIANG JIANG

PRX QUANTUM 2, 010343 (2021)

Theorem 2. When H € S,

SsqL(&w) = ]\}i_)n;ogN(gw)/N = 4th220 el . (12)

For any n >0, there exists an input state |y, y)
computable via a SDP such that limy_ o F ((Sf’N ®

D(Yn))/N > FsoL(Ew) — 0. Furthermore, Tt (£)
= FsoL(&w)-

Note that Fsqr(Ey) is called the “asymptotic channel
QFI” in Ref. [29]. The quadratic term of the QFI upper
bound in Eq. (8) is also achievable when H ¢ S for parallel
strategies.

Theorem 3. When H ¢ S,

Fu(€y) = lim Fy(E,)/N? = 4min B, (13)

There exists an input state |Yy) computable via a SDP
such that F(E®Y @ 1)(|Yw)))/N? = Fur(Ew).

Note that, without the help of the ancilla system, the QFI
upper bound in Eq. (9) may not be achievable asymptot-
ically [30,71]. For example, the upper bound in Eq. (9)
for phase estimation in amplitude damping channels is
reduced by a factor of 4 without an ancilla [30,31].

Although the theorems above for general quantum chan-
nel estimation have not been proven prior to this work,
we note here that in the special case of Hamiltonian esti-
mation under Markovian noise with the assistance of fast
and frequency quantum controls, i.e., sequential stratef,iies
[Fig. 1(c)] where &, 4(p) = —ilwH', pldt + Y_,(LipL} —
%{L:Li,p}) + O(df?), with ¢t the probing time and N =
t/dt, the results (when taking the limit dt — 0) are already
known. The necessity part was proven in Refs. [32-34]
and the sufficiency part was proven in Refs [34,52]. In
particular, it was shown that in this case, the HNKS
condition reduces to the condition H' ¢ S’, where &' =
spang (I, L, L}, LIL;, foralli,j} is called the Lindblad
span. The condition was first named the “Hamiltonian-not-
in-Lindblad-span” condition in Ref. [34].

Theorem 2 indicates that, when the HNKS condition
is violated (which almost surely happens statistically),
there is no advantage of sequential strategies over paral-
lel strategies asymptotically, as conjectured in Ref. [31].
Interestingly, similar results were discovered for quan-
tum channel discrimination, a related field [35,36,83-87].
It was recently proven that sequential strategies cannot
outperform parallel strategies asymptotically in asym-
metric discrimination of two arbitrary quantum channels
[88-92]. Our result is different, however, because the QFI
cannot be characterized as the limit of quantum relative
entropy [83] and it is also unclear how to interpret the

(a)

Probes

Ancillae  }

Noisy logical qubits

© . (e) \

Logical GHZ state Logical spin-squeezed state

FIG. 2. The optimal metrological protocol. (a) The origi-
nal physical system where we have N noisy probes and N
noiseless ancillae. Each pair of probe-ancilla subsystem (pur-
ple box) encodes a logical qubit (see Sec. IV). (b),(c) When
H ¢ S, the logical qubits are noiseless. We choose the GHZ
state of N-logical qubits as the optimal input. (d),(e) When
H € §, each logical qubit is subject to an effective dephas-
ing noise. We choose the spin-squeezed state of the N-logical
qubits with suitable parameters as the optimal input. We plot the
quasiprobability distribution Q(0, ) = (0, ¢|¥)|* on a sphere
using coordinates (x,y,z) = (sin6 cos ¢, sinf sin ¢, cos6) [94],
where |6, @) = [cos(9/2) |0) + €% sin(8/2) [1)]®Y and N = 50.
(Darker colors indicate larger values.)

HNKS condition in terms of asymmetric channel discrim-
ination. Moreover, we provide a constructive proof with
explicit and efficiently computable QEC metrological pro-
tocols, which paves the way for practical implementation
of error-corrected sensing schemes.

Based on the previous discussion, in order to prove the
theorems, it is sufficient to provide a QEC protocol using
parallel strategies that achieve the QFI upper bound [Eq.
(8)] asymptotically when H € S or H ¢ S. Thus, we focus
only on parallel strategies in the following. We first show
that Theorems 3 and 2 hold for the generalized single-qubit
dephasing channels in Sec. III where both the phase and
the noise parameter vary with respect to w. Then we gen-
eralized the results to arbitrary quantum channels £, using
a QEC protocol in Secs. IV and VI. The two steps are
summarized in Fig. 2.

I11. SINGLE-QUBIT DEPHASING CHANNELS

According to Eq. (8), §u. < Jiii and FsoL < Feor-
where Fii} :=4min, |8 and Fo; := 4miny; 5o [le].
The superscript “(u)” refers to the upper bounds here. In
this section, we show that the above equalities hold for any
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single-qubit dephasing channel

Dy(p) = (1 = p)e =2 pe??/? 4 po.e™ 0=/ pel?: 20,
(14)

which is the composition of the conventional dephas-
ing channel p — (1 —p)p + po.po, (0 <p < 1) and the
rotation in the z direction p > e~#%:/2 pei#:/2 Both p and
¢ are functions of an unknown parameter w. As shown in
Appendix B, the HNKS condition is equivalent to p = 0
and the QFI upper bounds for D, are

1§12

1— &% (1

i (Do) = 1€, T (Do) =
where & = (0] D, (|0) (1) [1) = (1 —2p)e ™.

Now we show that $ursoL(Dw) = 3%5@(%) and
provide the optimal input states in both cases. When the
HNKS condition is satisfied (p = 0), D,, is unitary. Using
the GHZ state |vo) = (1/+/2)(J0)®Y + [1)®V) as the input
state, we could achieve

F(D2N (1) (¥ol)) = |E*N?, (16)

which implies that Fuy (D) = T (D,,).

To calculate the optimal QFI when the HNKS condi-
tion is violated (p > 0), we use the following two useful
formulae. For any pure state input |v/y) and output p, =
DEN (|190) (Yol), we have, for all N,

where F,(p,) = Tr(Lf7 Pw) 18 the QFI with respect to w
when only the noise parameter p varies with respect to w,
where the SLD L, satisfies

s L oo+ pol (18)
3p p - 2 pIOCU pa) D+
Similarly, F(p,) is the QFI with respect to @ when only
the phase parameter ¢ varies with respect to w. The proof
of Eq. (17) is provided in Appendix C. Another useful
formula is the error propagation formula [93]

1 (3),\*
F(p)zm< ”» ) (19)

for arbitrary p as a function of w and arbitrary Hermitian
operator J, where (J), = Tr(Jp) and (AJz)p = (Jz)p -
i )f). The equality holds when J is equal to the SLD
operator of p.

Consider an N-qubit spin-squeezed state [39,94]

. .2 .
Vo) = e e IERTTAZ 100N (20)

N
where Jy,. =15 o)

X V.Z
denoting operators on the kth qubit. Let

with the superscript “(k)”
1Yo) =

TABLE I. Comparison between Sec. III and previous works.
Case Channel Attainability of Eq. (15)
H¢Sp=0 D,=U, Attainable (see, e.g., Ref. [23])

HeS (p #0) D, whenp = 0 Attainable (see, e.g., Ref. [39])
HeS (p #0) D, when ¢ = 0 Attainable (see, e.g., Ref. [95])
HeS(p#0) General D, Unknown until this work

e’z |y,,.,). Using Egs. (17) and (19), we have, for p,, =

DEY (1) (o),
1 (a Vi), .)2
@, \"op 7

1 8<Jy)pw.)2
+<AJ5>pw( e )

As shown in Appendix D, as N — oo, with suitable
choices of (u,v), we have (up to the lowest order of

N) (AJ2), ~ (ALY ~p(l=p)N, (), /dp)p ~
—pN,and 3(J,), /3¢)p ~ (1 — 2p)pN /2. For example,
we can choose

2\ %/6
w= 4<N> and

4sin(u/2) cosN2(u/2)
1 —cosV2p '

F(pw) =

2

b
Vv = — — —arctan

2 2
The corresponding |v,,,) is illustrated in Fig. 2(e)

using the quasiprobability distribution Q(9,¢) =
|(6, Ol |2 on a sphere [94]. Therefore,
s
F(po) 2 7=V +0(V). (22)

which implies that FsoL(Do) = For (D). Compared
with §1(D,) (see Appendix B), §sqr(D,) has a factor of
1/[4p (1 — p)] enhancement when we estimate the phase
parameter (p = 0). When we estimate the noise param-
eter ((i) = 0), however, §sqr(D,) = §1(Dy). In general,
Ssor/S1 is between 1 and 1/[4p (1 — p)].

In summary, Theorems 2 and 3 hold for dephasing chan-
nels. We also compare our results in this section with
the known results in Table I. The ancilla is not required
here. When the noise is nonzero, the QFI must follow the
SQL and there exists a spin-squeezed state achieving the
QFI asymptotically. In particular, the squeezing parame-
ter should be tuned carefully such that both the J; and J,
variance are small such that both the noise and the phase
parameter are estimated with optimal precision.

IV. THE QEC PROTOCOL

In this section, we introduce a QEC protocol such that
every quantum channel simulates the dephasing channel
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introduced in Sec. 1. To be specific, we find the encoding
channel &, and the recovery channel R such that

R 0Ep 0 Eenc = Dy (23)

The construction fully utilizes the advantage of the ancilla,
which has the same dimension as the probe with an extra
qubit. Let dim Hp = d and dim H 4 = 2d. We pick a QEC
code

10.) ZAOHM:UO I12) ZAU,MM
ij=I ij=I

24)

with encoding channel E..(-) = V(-)Vf, where V=
|02) (O] + [12) (1], and a recovery channel

M
R() = Z(IO) (R, O] 4 11) (O, 1D ()

m=1

X (IR, 0) (O] + 1Qm, 1) (1. (25)

Here Ay are matrices in C?*4 satisfying Tr(Ag’le,l) =
I and R = (|Ri)---|Ry)) and Q0 =(Q1)---|Qu)) are
matrices satisfying RR' = QQ" = [. The last ancillary
qubit in ‘H 4 guarantees the logical channel to be dephas-
ing, which satisfies

§ = (R 0K 00) (11K 10, 1), (26)

ijm

and §ur soL (D) could then be directly calculated using
Eq. (15). Note that in the equation above and in what fol-
lows we use K; as a substitute for K; ® I to ease notation.
Below, we show that, by optimizing $ur soL(Dr ) over
both the recovery channel (R,Q) and the QEC code (4y,1),

the QFI upper bounds Sg{ﬁ,SQL (€,,) are achievable.

V. ACHIEVING THE HL UPPER BOUND

When H ¢ S, we construct a QEC code such that the HL
upper bound §} w (&) is achieved. For dephasing channels,
the HL is achlevable only if |§| = 1. Since any transfor-
mation R < ¢“R does not affect the QFI, without loss
of generality, we assume that £ = 1. This means that the
QEC has to be perfect, i.e., satisfies the Knill-Laflamme
condition [60]

PK/K;P x P foralli,j, 27)

where P = |0.) (Oz| 4+ |1.) (1.|. Moreover, there exists a
Kraus representation {K’}’/ , such that PK/TK’P wid; P

and K/P = U;,/it;P. The unitary U; has the form
Ui = Up; ® 10) (0] + U1; ® [1) (1], (28)
where U ; and U ; are also unitary. Let
|R;) = (0] U; 10) 10:) = (0] U; 10) (29)
for 1 <i <#. We could also add some additional |R;) and

|Q;) to them to make sure that they are two complete and
orthonormal bases. Then one could verify that £ = 1 and

£ = —iTt[(H ® Do ], (30)

where 0., = [0.) (02| — [1.) (1.]. Let C = Aod] — 4,41,
é = —iTr(H 6') Then the Knill-Laflamme condition is

equivalent to Tr(CS) = 0 for all S € §. The optimization
of the QFI over the QEC code becomes

ITr(HC)| 31)

maximize || =

ICIh <2, Tr(CS) =0
forallCeHy, Se8,  (32)

subject to

where ||-]|; is the trace norm. A similar SDP problem
was considered in Ref. [34]. The optimal |£| is equal to
2minges [[H — S| and the optimal C could be found via
a SDP. Any Ay, A4, such that C is optimal would achieve
the optimal QFI. This means that there exists an encoding,
and therefore an optimal input state |y ) that is the logical
GHZ state such that

y F((ESN @ D)(Iyw))
1m
N—oo N2

=4min|H - S|*>. (33)
Ses

Clearly, 4minges [|H — S||* = 4min, | B]* = Fiil (Eu).
where we have used the fact that, for any S € S, there
exists an 4 € H, such that S = K'AK and vice versa.
Theorem 3 is then proven. Note that, given the optimal C,
we can always choose AOA(T) andAlAT with orthogonal sup-
ports and the last ancillary qubit in H 4 could be removed
because |0.) and |1.) in this case could be distinguished
using projections onto the orthogonal supports in H 4 [34].
Therefore, a d-dimensional ancillary system is sufficient.

We have demonstrated the QEC code achieving the
optimal HL for arbitrary quantum channels. The code is
designed to satisfy the Knill-Laflamme condition and opti-
mize the QFI. The logical dephasing channel is exactly the
identity channel at the true value of w and any change in w
results in a detectable phase, allowing it to be estimated at
the HL.
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VI. ACHIEVING THE SQL UPPER BOUND

When H € S, the situation is much more complicated
because, when |£| = 1, we must also have |§| = 0 and no
signal can be detected. Therefore, we must consider the
trade-off between maximizing the signal and minimizing
the noise. To be exact, we want to maximize

i
NEE

We show, for any n > 0, there exists a near-optimal
code and recovery such that Fsor(Dr ) > 3;'& (&) — 1,
proving Theorem 2. We only consider the case where
SsoL(Ew) > F1(E,) > 0 because otherwise §(&E,) =
SsoL(&,) and product states are sufficient to achieve
Ssqr(Ey). Detailed derivations can be found in Appendix
E; we provide a sketch of the proof here. To simplify
the calculation, we consider a special type of code, the
perturbation code, first introduced in Ref. [52], where

Ao =+1—e2C+eD, A =+1—C—eD, (35)

satisfying Tr(C'D) = 0 and Tr(C'C) = Tr(D'D) = 1. In
this section, we define C = CD' + DCT (differing by a fac-
tor of e+/1 — &2 from the C defined in Sec. V) and also
assume that C is full rank so that C can be an arbitrary Her-
mitian matrix. Here ¢ is a small constant and we calculate
SsoL(Dr ) up to the lowest order of . We adopt the small
& treatment because it allows us to mathematically simplify
the optimization of Eq. (34), though it is surprising that the
optimal QFI is achievable in such a regime where both the
signal and the noise are small. Heuristically, it comes from
an observation that sometimes the absolute strengths of the
signal and the noise are not important—they could cancel
each other out in the numerator and the denominator and
only the ratio between them matters. See Appendix G of
Ref. [52] for an example.

To proceed, we first introduce the vectorization of matri-
ces |x) = ZU *;; i) |j) for all » € C¥*? to simplify the

notation. We define Ey |, E, F € C#=" g5

SsoL(Drw) = (34)

Eoq1 = (IK1do1) - - - 1KAo1 ), (36)

E=(KC)---|KC)),  F=(KD)---|KD)),

(37)

which satisfy Eq; =+/1—¢e2+eF, Tr(E'F) =0, and
Tr(E'E) = Tr(FTF) = 1. Let the recovery matrix 7T =
OR' € Cdedz; then

£ =Tr(TEE]),  &=TuTEE)) + Tr(TEET). (38)

We consider the regime where both the signal and the
noise are sufficiently small—both the denominator and the

numerator in Eq. (34) will be O(&?). The recovery matrix
T should also be close to the identity operator. We assume
that 7= €Y, where G is Hermitian, and let 0 = EET,
& = i(FE" — EF"). Expanding T, Ey, E| around & = 0, we
first optimize §sqr(Dr,,) over all possible G, i.e.,

ITr(Go)|?
SsoL(DLw) &~ max ~ 5
G 4 —2Tr(Go) + Tr(G%*0) — |Tr(Go)|

(39)

up to the lowest order of €. The maximization can be cal-
culated by taking the derivative with respect to G. We can
show that the optimal G is

4 Tr(L,[516)]
T Tr(L,[6]5)

Ls[6]1+ Ls[6]  (40)

and that the corresponding optimal QFI is

Tr(L,[615)

3SQL(DL,w) ~ Tr(Ls[o]o) + WLU[&]&)'

(41)

Now §sqr (D) is a function of the code (C and D) only.
We further simplify by writing it as a function of only C
and C. Let t = EYE, T = E'F + F'E, v/ = iE'E — iE'E
such that

r;, = Tr(CTK K, 0), 7 =Tr(CKK),  (42)

7, = iM(C'KJK O — (KK ©). (43)

1}

Then we can verify that

Tr(L,[6]6) = 4Tr(C'K'KC) — Tr(L.[t']7)),  (44)
Tr(L,[616) = —2Tr(CH) + Tr(L.[t']?), (45)

Tr(L,[6]6) = 4 — Tr(L.[7]7), (46)
and
FsoL(Drw) ~f (C,0)
= 4Tr(CTK'KC) — Tr(L.[t']7)

[—2Tr(CH) + Tr(L.[t']%)]?
Tr(L,[Z]F) '

47

At this stage, it is not obvious why the maximization of
S$soL(Dr ) over C and Cis equal to Sé’gL (€,). To see this,
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we need to reformulate the SQL upper bound using its dual
program. First we note that

max min 4Tr(CTaC),

48
C: Tr(CTC)=1h: B=0 ( )

where we are allowed to exchange the orders of maximiza-
tion and minimization thanks to Sion’s minimax theorem
[96,97]. Fixing C, we consider the optimization prob-
lem miny. g=o ATr(CTaC). When C is full rank, we can
show that it is equivalent to maXggy, 1 (C, C), where C is
introduced as the Lagrange multiplier associated with the
constraint g = 0 [98] and the optimal C is traceless.

The procedure to find a near-optimal code such that
SsaL(Dre) > %ggL(Ew) —n for any n >0 is as fol-
lows.

(1) Find a full rank C°® such that Tr(C°TC®) = 1 and
ming. g=o ATr(CTaC®) > 3"(3181_(5(») —n/2.

(2) Find a Hermitian C° such that fe, C) is maxi-
mized and let D°® = %CO ~1C° Rescale D° such that
Tr(D°'D®%) = 1.

(3) Calculate SsoL(Drw)lc=ce, p=p° using
Egs. (35)+38) and Eq. (40). Find a small &° > 0
such that Fsqr (D,) > f (C°, C°) — /2.

The numerical algorithms for steps (1) and (2) are provided
in Appendix F, where the most computationally intensive
part is a SDP. Note that in contrast to the HL case, here we
require 2d-dimensional ancillae, twice as large as probes.
In principle, however, d-dimensional ancillae are sufficient
to achieve the asymptotic QFI, considering the Schmidt
decomposition on the input state, though we no longer
have explicit encoding and decoding protocols when using
d-dimensional ancillae.

To conclude, we propose a perturbation code that can
achieve the SQL upper bound with an arbitrarily small
error. We take the limit where the parameter ¢ that distin-
guishes the logical zero and one states is sufficiently small.
Note that if we take ¢ = 0, the probe state will be a product
state and we can only achieve §,(Dy ). This discontinu-
ity appears because we must first take the limit N — oo
before taking the limit ¢ — 0 and the impact of a small ¢
becomes significant in the asymptotic limit.

VII. EXAMPLES

In this section, we provide three applications of our
theorems. We first compute the asymptotic QFI of single-
qubit depolarizing channels, which were not fully explored
before. It is a case where §sqr > §1 whenever the HNKS
condition is violated. Second, we consider amplitude
damping channels and obtain an analytical solution of
a near-optimal QEC protocol. We directly see how the
gap between the attainable QFI and §sqL shrinks when

¢ approaches 0. In the third example, we consider a spe-
cial type of channel that always satisfies FsoL = §1 and
provide a new simple proof of it.

A. Single-qubit depolarizing channels

Here we calculate 1, §sqr, and §ur for depolarizing
channels N9(p) = N9[U,(p)], where

N p) = (1 —p)p + p0ypoy + py0, 00, + p.o.pos,
(49)

Pxy.z > 0, P =Dx +py +pz < 1, and uw() = e_iwg/zz(’)
¢oz/2_ The p,, . are independent of w.

First, we note that the HNKS condition is satisfied if and
only if p, = p. = 0 or p, = p. = 0. When the HNKS con-
dition is satisfied, Ty (N a‘f) = 1. It is the same as the L
when there is no noise (p = 0) because the Kraus oper-
ator (o, or o,) is perpendicular to the Hamiltonian (o)
and could be fully corrected. It is consistent with previous
results for single-qubit Hamiltonian estimation that the HL
is achievable if and only if the Markovian noise is rank
one and not parallel to the Hamiltonian [32,63—68]. As
calculated in Appendix H,

FIND =1—w, (50)

where w = 4[pxpy/(px +py) + A —P)Pz/(l — P +pz)]
< 1. When the HNKS condition is violated,

Fsat WD = (1 — w)/w. (51)
In the equations above, when p, =p, =0, we take
pupy/(x +py) =0, in which case N? becomes the
dephasing channel introduced in Sec. 1l where ¢ = w and
p is independent of w.
We observe that

Fsat WD =FND/w=F VD, (52)
and the equality (w = 1) holds if and only if p, = p,, and
D-+pr = %, in which case FsqL(NVY) = F1(NF) = 0, and
N4 = N4 becomes a mixture of a completely dephasing
channel and a completely depolarizing channel [99] where
w cannot be detected.

In general, §sqL W f,l) is nonadditive. In particu-
lar, when p < 1, we have w < 1 and Fsor(N9) >
1NV a‘f). We also illustrate the difference between
FsoL V) and F1(NVY) in Fig. 3 by plotting Fsqr(NV9),
51 (Na‘f) as functions of p, and p, when p,=0.1.
At (P, pyop2) = (0.4,0.4,0.1), Fsor (N = F1(NV9) = 0.
The ratio Fsqr(N9)/F1(NY) increases near the boundary
of p, +p, < 0.9.

We remark here that, when the dimension of the sys-
tem is large, for example, a qudit depolarizing channel or
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FIG. 3. Plots of §1(N9) and Fsqr(N9) as functions of p, and
py when p. = 0.1. The lower-left and upper-right parts are plots
of & (Na‘f) and §sqL (Ng), respectively.

a collective dephasing channel [100], although §i, §sor
and the optimal input states can be found numerically via
SDPs, analytical solutions may not exist. In that case, it
might be helpful to compute analytical upper bounds on the
QFI (see Appendix F of Ref. [101]) or consider the limit of
large ensembles and use variational methods to solve for
the QFI [30].

B. Amplitude damping channels

In the first example, we focus on computing the asymp-
totic QFI for single-qubit depolarizing channels, but we
do not provide explicit QEC protocols achieving the QFI.
Here we present a second example, where we obtain an
analytical solution of the optimal QEC protocol and also
analyze its performance when ¢ is not a small constant.

Here we consider amplitude damping channels V2P (p)
= N2P[U,(p)] defined by

N (p) = KPP ok + KPP oK), (53)

where K{*P = 10) (0] + /T—p 1) (1] and K2*P = /p |0)
(1], and p represents the probability of a particle switching
from |1) to |0) that is independent of w. Again, U4, is the
Pauli-Z rotation e~"(“/2: We assume that @ = 0 in this
section for simplicity because, for nonzero w, the QFI is
the same and we only need to rotate the code accordingly.

As before, amplitude damping channels follow the SQL
as long as p > 0. Thus, we only focus on the situa-
tion where the HNKS condition is violated. As shown in
Appendix I, FsoL V2P) = 4(1 — p)/p [28] and the near-
optimal QEC protocol can be obtained using our algorithm
from Sec. VI. The QEC code is characterized by two small
but nonzero constants § and ¢, where § is to make sure C°

is full rank [see step (1) of our algorithm in Sec. VI] and
& = 0(§) is the small constant in the perturbation code:

10) = sin(8 + ) [0) |00) 4 4 cos(8 + £) 1) [10) 4,
(54)

1) = sin(8 — £)10) [01) 4 + cos(8 — &) [1)p |11) 4 .
(55)

Note that we use trigonometric functions instead of ¢ and
~/1 — &2 as before just to simplify the notation. We also
need the optimal recovery channel, which is determined
by

2i —2i
Gopt = = I11) (00].  (56)

——=[00) (11| + —
= 100 (11+ =

The asymptotic channel QFI §sqL(Dy,,) attainable using
the QEC protocol above is Fsor(Drw) = 1£12/(1 — |E]?),
where

_ 2psin’(3)

£=1 &2 + 0(eh), (57)
l—p
£ = —2isin(28)e + O(&>), (58)
and
41 — 2(8
SsoL(Drw) = 24 = p)eos®) + 0(e?), (59)

which approaches FsqL (VAP) for small 8. Note, however,
that we cannot take § = 0 because then & = 0. This means
that FsorL (NVAP) is achievable with an arbitrarily small but
nonzero error. The exact values of & and & as functions of
8 and ¢ can be found in Appendix I.

To visualize the gap between FsqrL(Dr,) and Fsor
(NAD), we plot it in Fig. 4. We take p = 0.5,0.001 in
Figs. 4(a) and 4(b), and & = 0.95,0.55,0.18, ¢ = 0 in
each figure, and plot the ratio between the attainable QFI
FsoL(DL,) and the optimal QFI Fsqr (VAP) as a function
of 8. Figures 4(a) and 4(b) are almost identical, showing
the robustness of our code against the change in noise rates.
We also see that the curve from ¢ = 0.1§ almost overlaps
with the limiting one [Eq. (59)] as ¢ — 0. Moreover, we
compare our ancilla-assisted QEC protocol with ancilla-
free protocols that achieve at most FsoL (N2P)/4 [30,31].
It outperforms the optimal ancilla-free protocols in a large
range (of § and ¢), showing the power of noiseless ancillae
in phase estimation under amplitude damping noise. This
type of phenomenon does not occur in dephasing channels
where ancilla-free protocols are optimal [30,31,39].
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FIG. 4. Plots of FsoL(Drw)/FsoL(NVAP) as a function of §.
We take p = 0.5,0.001 in (a),(b) and ¢ = 0.94,0.55,0.15,& — 0
in each figure. The curves from ¢ = 0.1 and ¢ — 0 are almost
indistinguishable from each other. The dashed lines are at 1 and
%, where the former represents the upper bound Fsqr(NAP)
and the latter represents the optimal asymptotic QFI without the
assistance of ancillae FsqL(NAP)/4 [30,31]. Our QEC protocol

outperforms the ancilla-free protocols even for large § and ¢.

C. U-covariant channels

Finally, we consider a special class of channel that satis-
fies §sor = §1. It covers many typical noise channels such
as Pauli channels where noise rates are unknown, whereas
in the first two examples we focus on phase estimation.
Let U = {U;}"_, C C¥? be a set of unitary operators such
that, for some probability distribution {p;}?_,, {(pi, UD}._,
is a unitary 1-design [102], satisfying

‘ s I
> piliAU] = Tr(d)- foralld € i, (60)

i=1

For example, when U is a unitary orthonormal basis of
C?™4 {(1/d?, U,-)}fi1 is a unitary l-design. Given a quan-
tum channel 7,,(-) = >, K;(-)K;, we call it U-covariant
if, for all U € U, there is a unitary ¥ such that

T,(UpU" = VT,(0)V'. (61)

Note that here it is important that U and V" are independent
of w, a feature called joint covariance [58]. It can be shown
that §1(7,) = Fsor(7Z,) when 7, is U-covariant, using the
teleportation simulation technique [55,56,103,104]. Here
we provide an alternative proof using only the definitions
of §1 and §sqr in the minimax formulation.

Let #* be a solution of min, max, 4Tr(pa). As
explained in Appendix F, for every p* that is a solution
of max, min;, 4Tr(pa), (h*, p*) is a saddle point, i.e.,

4Tr(pa®) < 4Tr(p*a®) < 4Tr(p*w) (62)

for all p and &, where a® = a|;,_,¢. Then |C*) € Hp ®
'H 4 is an optimal input state of a single quantum channel
7, if and only if p* = C*C*' satisfies Eq. (62). Accord-
ing to Eq. (61), if |C*) is an optimal input, |UC*) =
(U®D)|C*) is also an optimal input for all U € U and
satisfies Eq. (62). Then ) ;_, p,»U,»,o’U,T = I/d also satis-
fies Eq. (62), implying that the maximally entangled state
|I/d)) is an optimal input for 7,. The discussion above
also works for 7®V because 7" is U®"-covariant and
{(Tlp;,, ®,U;, )} is a unitary 1-design on CM>*N_ There-
fore, |I/d")) is an optimal input for Z®V, which implies
that §y(7,) = N§1(7.,).

VIII. CONCLUSIONS AND OUTLOOK

In this paper, we focus on the asymptotic behavior
of the QFI of a quantum channel when the number of
identical channels N is infinitely large. We consolidate
the HNKS condition by showing it unambiguously deter-
mines whether or not the scaling of the asymptotic QFT is
quadratic or linear. In both cases, we show that the opti-
mal input state achieving the asymptotic QFI could be
found via a SDP. To find the optimal input state, we reduce
every quantum channel to a single-qubit dephasing chan-
nel where both the phase and the noise parameter vary with
respect to the unknown parameter and then optimize the
asymptotic QFI of the logical dephasing channel over the
encoding and the recovery channel. The optimal input state
is either the logical GHZ state (when the HNKS condi-
tion is satisfied) or the logical spin-squeezed state (when
the HNKS condition is violated). This provides a unified
framework for channel estimation while previous results
were centered on either Hamiltonian estimation or noise
estimation in special situations.

Furthermore, our results imply that, when the HNKS
condition is violated, sequential strategies provide no
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advantage over parallel strategies asymptotically, answer-
ing another open problem in quantum metrology. The
regularized channel QFI §sqr (,,) is a useful information-
theoretic measure and was recently shown to be useful
in deriving bounds in covariant QEC [101,105]. It can
also serve as a useful benchmark for practical quan-
tum metrological tasks—one could compare the attain-
able Fisher information with §sqr(&,) to determine how
far a metrological protocol is from optimal. Moreover,
we propose a two-dimensional QEC protocol to achieve
Fsor(&w), where the optimal input state is a concatenation
of many-body spin-squeezed states and two-dimensional
QEC codes (Fig. 2). This allows us to reduce the opti-
mization in the entire Hilbert space that is exponentially
large to that in a local Hilbert space, providing a new
inspiration for numerical methods in quantum metrology
[51,72,106-108].

It is left open whether sequential strategies provide no
advantage over parallel strategies asymptotically when the
HNKS condition is satisfied. The statement was proven
true only for unitary channels [23], but there is still a
gap between Fur(E,) and state-of-the-art upper bounds
on SSEq) (&,) for general quantum channels [31,32,35,36].
Note that, for multiparameter estimation, a gap between
parallel strategies and sequential strategies exists even for
unitary channels [109].
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APPENDIX A: DERIVING THE UPPER BOUND ON
SN (gw)

For completeness, we provide a proof [24] of Eq. (8).
Let K" = K; for i € [r], where [r] = {1,2,...,7}. Induc-
tively, let

KD = KL(I”) ® Kl(zl) forall ¢t = (t1,10) € [r]" x [r],
(A1)

where {K™},c[,pn is a Kraus representation of £2” for all n.
Then let «® = Y, K"TK®, 0 =iy, KK, We

have

(n) 1) (n) M
LD Z(W& ® K ))*(augl ® K ))

ow w
L1t

8(K(”) ® K(l)) T
(n+1) _ l © (n) 1)
g _lz< do > Eam @£

Lst2

=" QI+1xpY. (A3)

The solution is BN = SV ' 1% @ D @ 1®¥~1-k and

N-1 N—-2 N-2—k
a(N) — Z[@k ® Ol(]) ®I®N_]_k 42 Z Z [®k1
k=0 k1=0 k=0

® B QRI% g Q [®N—2-ki—ky (A4)

Therefore, Fn(E,) < 4lla™| <4N[aV || +4NWN — 1)
|BV]1? and the inequality holds for any Kraus represen-
tation of &,,. We can choose K’ = uK, then

Sy (&w) = Amin[N ]| + NN — DIBIPL — (AS)

where h = i is an arbitrary Hermitian matrix, o =
KK = (K —irK)"(K — irK), and B =iK'K =K'
(K — ihK).

APPENDIX B: CALCULATING THE QFI UPPER
BOUNDS FOR DEPHASING CHANNELS

Here we calculate 33’{ = 4min, |]|> and &ggL =
4 miny. g—g ||| for dephasing channels

Du(p) = (1 = p)e =2 pe'?/2 4 po.e™0%/2 pel?=2g,
2

_ i

=) _KinKk!,
i=1

where K| = /T —pe /2 K, =, /po,e”#7/2. Assume
that p > 0; then

(B1)

JT—pe-ite:2
= ( o9l | (52)
—p ip \ _,
<— -1 —p—az)e igoz/2

. — 2
K= | \2Vi-p . . (B3)

P B ﬁ o, e—i¢az/2o_z

2Up 2
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—p . »
——lhlu/l—p J1—p 1h12f0> ipoz/2
—ihK = <2~/ 1— ’ B
<2\/_ lhzz\/_dz ﬁ? —ihZIM)eid’Uz/z
B = iK' (K — ihK) = %UZ + (1 = p)hiy + phay + /p(1 = p)(hiz + hay)o, (B5)
a = (K—ihK)' (K — ihK)
- -
= R R O Il 42T = phRelc)
P ¢ — PV
+ 2Re[ — i ihiy + [(1 —p)hi + hzzp] + (hi1hiy + hzzhzl)\/r ﬁ h21j| (B6)

Here 8 = 0 is equivalent to (1 — p)h;; + phy, = 0 and
/2 + /p(I —p)(hiy + hy1) =0, which is achievable
fop any p > 0. When h;y =hyp =0 and A = h21. =
—¢/4yp(1 —p), llall = min,. g | = (1 —2p)*¢?*/
[16p(1 — p)] +p*/[4(1 — p)p]. Then

(1 —2p)*¢’ p’

FioL(Dw) =4 min_ flo| =

4p(l—-p) (A—-pp
£
== B7
1—&P B7

where & = (1 —2p)e™ = (0| D,(|0) (1)) |1) is a com-
plex number completely determining the channel.

When p =0, we must also have p = 0. Then 8 =
$0./2 + hyy and

St (Do) = 4min||B]> = o = 5. (BY)
We can also calculate the channel QFI
31" (D,) = 4min |
. p?
(1-2p)*¢*+ ——, p>0,
= P ~ (d-=pp P (B9)
(1 - zp)2¢2’ P =

This can be achieved using |vy) = (]0) + |1))/«/§.

APPENDIX C: A USEFUL FORMULA FOR
CALCULATING THE QFI OF DEPHASING
CHANNELS

In this appendix, we prove Eq. (17). Let |¢) =
e~z |ry), and let a subspace

N
Z=span{H(o;k>y'k|x/f>,<fl,...,m>e{o1 } (1
k=1

Assume that dim Z = n. Here Z must hlave an orthonor-
mal basis '{|€g>}2’:1, where lee) =3, 070G v
]—[2/: L (@®Yk |yr) with real 7 j, .- For example, one can
use the Gram-Schmidt procedure to find {|e;)};_, because

(WITT, 0Py |y) € R forall (jy, . ... ,jn) € {0, 1)®V.
Then

P = D" (1%0) (Yol)
= (Dolp=0)®" (%) (Y1)

1
= Y (-p

J1s--JN=0

N N
< [Ty 1) @i
k=1 k=1

n
= Z Xee lec) (el

0,0=1

)<N722“:1.ik> " 03/

(€2)

where x € R"™” is a symmetric matrix; y = Z;’Zl /,L,-v,-vl.T,
where the v; are real orthonormal eigenvectors of
x. Then we can write p, = y_; ¢ [V¥e) (Yel, where
[¥e) = Y p_; veer leg). Then, according to the definition of
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QFT,

[(Vel poo IW)IZ'

F(py) =2
¢ He + [

2

L8 wgtingr #0

(C3)

Note that, in principle, Eq. (C3) only holds when {|v/)}

is a complete basis of H , that is, span{|y,)} =
|
Pw = P + ¢ ¢

! (1 — p)™- Y- 170 p (T

HZN. However, we are allowed to restrict the sum-
mation on the right-hand side of Eq. (C3) to states

w

+ Z (1—p YW= pl 1Jk) N o l_[( (k))lk

J1s-JN=0

Then we have
(Yol po Vo) = ager +ibgy, (Cs5)

where  aw = (Yl (3p0/3p)p [Yv) € R,
(el (3p0/0¢)¢ |pe) € R. Therefore,

3 (Ve b 1) 1
@ pornpo P + we

by = —i

F(py) =2

|ace |* + 1bee |
We + Ue

=2
e ety #0

= Fp(pw) +F¢(:0a))>
(Ceé)

which is the same as Eq. (17).

APPENDIX D: OPTIMAL SQUEEZED STATE FOR
DEPHASING CHANNELS

Let the input state |o) = €7 |y, ,,), where [, ) is an
N-qubit spin-squeezed state

W) = e—ivae—iquzﬂe—iﬂJy/Z |O>®N (D1)

The output state is p, = DIV (%) (Yol) = (Dulp=0)®"
(I) (¥ ). Then

Vi), = (1 (D2)

2p)< xy)w, vy 2

N N
V2, ——+(1_2p)2<<w>w Z)’ (D3)

Pw

in the subspace Z, ie., span{|yy)} = Z, because
Nzp,llz =p, and Tzp,Iz = p,, ie., any state
perpendicular to Z does not contribute to
the QFL.
The derivative of p,, with respect to w is
3
]"[(o“‘))'w x/f|]'[<a<">w
1Y) Wl Ty, s
. C4
o 1‘[<Z Y (C4)
k=1
[
Widn o0, o
p P—‘P(ﬁww)s (D4)
9(J,)
pr¢—(1—2p)¢( )WW)- (D5)

It was shown in Ref. [94] that, choosing v =m/2 —
% arctan(b/a),

N N N-1
(Jx)w,“’v) =5 cos (5) , Uy)l%,u) =0, (Do6)
(AT
N N -1
= Z[N(l — cos?®™~D %) — ( 5 >a], (D7)

AJ? _N 1
< y >W/u,v) - Z +

N; 1(a —Va + bZ)], (D8)

where a=1—cos™ 2 u, b=4sin(/2)cos¥2(u/2).
LetN > 1, u = ©(N/%). Then

N

(Jx>|g//w) ~ >
~ O,
/J.v)

(A7), & ONP),

(A, (D9)
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and (AJ2),, ~ (AJ)2 ~p(1=pIN, (3(:),,/0p)p ~
—pN,and (), /3¢)d ~ (1 — 2p)¢N /2.

APPENDIX E: OPTIMIZING THE QFI WHEN THE
HNKS CONDITION IS VIOLATED

In this appendix, we optimize the QFI

HE

SsoL(Dre) = T_ P

(E1)

using Eqgs. (37)+38). We expand T and EOEIr around ¢ =
0, 1.e.,

2
T=e0 =1 +ieG — %GZ +0EY,  (E2)

EE] = (1 — e)EE" — /1 — e2(EFt — FE") — ¢2FF1

=0 —ig6 — > (FF' + EE") + O(&%), (E3)
where 0 = EE" and 6 = i(FE" — EF"). Then
82
Tr(TEE]) = 1 — 2% — - Tr(Go)
— ieTr(Go) — 2 Tr(G&) + O(e*), (E4)
THT(EE] + EoED)] = ieTr(Go) + O(?),  (ES)

where we have used Tr(FTF) = 1 and Tr(6) = 0 because
Tr(ETF) = 0. Then

ITr(Go)|?

SsoL(Dr) = ma

X — 7+
G 4 —2Tr(G6) + Tr(G?0) — |Tr(Go)|

O(e)

ITr(G6) |

max — >+
Gx 4x2 4 2xTr(Go) + Tr(G%0) — |Tr(Go)|

O(e)

Te(Go)?

ax — 3 +
G —|Tr(Go)|* /4 + Tr(G30) — |Tr(Go)|

O(e), (E6)

shown as Eq. (39) in the main text, where in the second line we have used the fact that any rescaling of G (G <— —G/x)
should not change the optimal QFI. Note that to obtain the solution of the original G in 7, we need to rescale the final

solution back using G < 4G/Tr(Ga).

To find the optimal G, we first observe that Tr(¢) = Tr(c) = 0. Therefore, without loss of generality, we assume that
Tr(Go) = 0 because G <— G — Tr(G)I /r does not change the target function. Let the derivative of Eq. (E6) be zero.

Then we have

~ 2 ~ ~
26 (Tr(Gzo) _ W) — THGE) |:(0G + Go) — W] —0 (E7)
& s THGHPY | THGE)E 1
THGS) (Tr(G o) — 1 1 = E(GG + Go) (E8)
<— G=Lys[xc+yo], 4y = Tr(Go) = Tr(Ly[x6 + y5]o), (E9)
= x=4-TrL,[6]5), v=Trl.[6]5). (E10)

Note that in Eq. (E9) we have used xo + yo = %(Go + 0G) and Tr(G?0) = Tr[G(x6 + y5)]. Substituting the optimal
G = L,[xc + ya] into Eq. (E6) where x, y satisfy Eq. (E10), we obtain

SsoL(Prew) = Tr(Lo[0]6) + ——————=—= + O(e),

shown as Eq. (41) in the main text.

S1=32
Tr(La[U]f)~ (E11)
4 —Tr(Ly[o]0)
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Next we express Tr(L,[c]0), Tr(Ls[6]6), and Tr(L,[6]6) in terms of C and C.lett =E'E, T =E'F+F'E, ¢/ =
iETE — iETE such that

1, = Te(C'KK,0), % = Tr(CKK)), (E12)

= iTr(C'K[K; ©) — iTr(C'K[K; ©). (E13)

i

Without loss of generality, assume that 7; = Tr(C'K, TK C) = A;d;;, which could always be achieved by performing a
unitary transformation on K. We also have A; > 0 for all i because Cis full rank and the {|K;))};_, are linearly independent.

Using an orthonormal basis {|1)>}l 1» where [i)) = (1/4/A;)|K;C)) for 1 <i <r, we have

(%0 9). -

. A Ao
5= <<<K,»C|K,»c>> TI-+ ;((K,»CIIQC))) (K ClJ "N/ A)
— V v ]
(('|K; C) /2y 0

; (E15)

) A A
5 (z((KiC|1<jD>>\/%—z\/;j«KiDIKJ-C») (—i{K:DY /%) , (E16)

(i7" |K; DY) /%) 0

where 1 <i,j <randr+ 1 </,j’ < d*. Then we can show Egs. (44)<46) in the main text:

7Y 12
T =2 Y @

A+ A
ij: )»,‘+)»‘/' >0 ! + J

r . -A . . . . .A . d
—2y (K CIK; O) /2 /2 + (A /2 (K CIK; O) P a4y Z IKC fl

A+ A
ij=1 it A i=r+1j=1

KClK OV Aj /i + (JAi/Aj) G KCIK Yl 2|((KiC|I§/C))|2
Ai A A

= 4Tr(C'K'KCO) + 2 Z
ij=1

= 4Tr(C'K'KC) -2 Z il

B kit

= 4Tr(CTK'KC) — Tr(L.[t']7)), (E17)

@)y

Tr(L,[616) =2 ) Py
i J

ij: Ai+d; >0

"\ |i(KiCIK; DY) /A; [Ai — i(\/Ai/3;)) (KiDIK; C) | |i('|K; D)) \F|2
=2y / / Y Z Z—

ij=1 i'=r+1j=1
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i(y/2i/2)) (KiD|K; C))| 2|<<KiC|KjD»|2

(KiCIK; D) /A A —
—4q 22“ | /

ij=1

=4 2Zx Jurix

— 4 — Tr(L.[%]%),

and

TrL,[616) =2 Y L
- Ai A
ij: Ait+h;#0

,
‘711‘7]1

-2y
A+)L /=r+1 j=1

=—2Tr(CH)—|—2Z i %
it

/ ~

—2Tr(CH)+ZZ Tty
kit

= —2Tr(CH) + Tr(L,[t']?).
Therefore, we conclude that

FsoL(Drw) ~ f (C,C)

= 4Tr(C'K'KC) — Tr(L.[t']7) +

Next, we want to show that

3y

A+ A A

(E18)
d? roo. o~
9ji Oty
Z.Z Z A
i'=r+1j=1
L Z (K; DIKiC) (KiCIK; C)  (K; CIK:CO) (KiCIK; D))
z )ki
ij=1
(E19)
_ p 7112\12
[-2Tr(CH) + Tr(L.[1]7)] (E20)
Tr(L.[T]7)
max f (C,C) = min, n 4Tr(ClaC) (E21)

CeHy

when C is full rank. To calculate the dual program of the right-hand side, we introduce a Hermitian matrix Casa Lagrange

multiplier of 8 = 0 [98]. The Lagrange function is
L(C,h) = 4Tr[CT (K —
Then

mhinL(é, h) = min 4Tr[CT (K —

iK' (K —

inK) (K —

ihK)C] + Tr[C(H + K'hK)]. (E22)

ihK)C] + Tr[C(H + K'hK)]

= min ATr(C'KTKC) + 4Tr(th?) + 4Tr(iCTK'hKC — iC'KThKC) + Tr[C(H + K hK)]

= mhin ATr(C'K'KC) + 4Tr(th?) + 4Tr(h't') + Tr(CH) + Tr(h'%)

= 4Tr(C'K'KC) + Tr(CH) —

}41’ + 'El] ’2
2 (E23)
iT A

le
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The dual program is

maxminL(C, h) = max4Tr(C'K'KC) + Tr(C’H) - = Z
c h c 8

e . 1 ¢
— i ’d S
= max4Tr(C'K'KC) + xTr(CH) 3 E

1 & 161712 + 15 1* + 4T T + Tit))

A+ A

ij=1

167/ 1> + x*|7; 1> + 8x%; 7,

e ij=1 Ait A
s r |Ti/‘ 2 [—Tr(C’H) + :_z fi'f'/i ()»i+)»-)]2
= max 4Tr(C'K'KC) — 2 Z Y rz J ~1 2] il j
c = Ai A (1/2) Zi,i:l 1T 12/ (A + A7)

c

(E24)

where we have used the felct that C < xC does not change the result. Eq}lation (E21) is then proved. 5
Moreover, the optimal C in Eq. (E21) must be traceless. Suppose that C is optimal in Eq. (E21). We prove that Tr(C) =

0. Let z be a real number. Then

q(z) =1 (C,C+zCC" =

Since max, ¢(z) = q(0), we have ¢'(0) = s(0)[25'(0)#(0) — s(0)# (0)]/#(0)> = 0. We have

s(z) = =Tr[(C+zCCHH] + )
ij=1
"1
§'(0) = —Tr(CC'H) + Y " -1/, =0,
i=1

Hz) = % Z

ij=1

£(0) = % >

ij=1

|%1] +Z)‘i8ij|2 _ 1
M+A 2

2idy (F + %
Ait A

Then ¢/ (0) = 0 implies that Tr(C) = 0.

APPENDIX F: NUMERICAL ALGORITHM TO
FIND THE OPTIMAL CODE WHEN THE HNKS
CONDITION IS VIOLATED

1. Finding the optimal C

We first describe a numerical algorithm finding a full
rank C° such that Tr(C°TC®) = 1 and

min, ATr(CTaC?) > FEoL(Ew) —n/2  (F1)

for any n > 0. We first note that S(SlgL(Ew) = miny,. g=o 4

||| can be calculated via the SDP [28]

N
=§§‘[ﬁ=

2
—S(Z) ~+ const. (E25)
t(z)
" (T 4 zhd) T
e e (E26)
Ai A
(E27)
-2 - -
Lo |E |+ 2hady (T 4 T) 4+ 22478y
Z | J| iy \"ij y y , (E28)
< A+ A
ij=1 :
1 ~

STr(O). (E29)

x[d f(lT f(j

_ . K Iy 0
min.x subject to ) .1 =0, g=0,

: 0 :

K. 0 Ly
(F2)

where d and d’ are the input and output dimensions of &,,
I, is a n x n identity matrix, and K = K — iAK.

To find the full rank C°, we first find a density matrix p°
such that

in 4Tr(p°¢) = min 4 ) F3
hr:r}slgo r(p°a) hI:T}S}EO flell (F3)
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This can be achieved via the following algorithm [52].

(i) Find an A° using the SDP [Eq. (F2)] such that «® =
o|p=pe satisfies [|a®|| = miny. g—o [lc]|.

(ii) Let IT° be the projection onto the subspace spanned
by all eigenstates corresponding to the largest eigen-
value of o®. We find an optimal density matrix p®
satisfying I1°p°T1® = p° and

Re{Tr[p° (K AR (K — ih°K)]} = 0

for all n € H, such that K'AAK = 0. (F4)
Then C° = [(1 — n')p° + 1/1/d]'/?, where 0’ = n/[28%0,
(€,)] is a full-rank matrix satisfying

min 4Tr(CaC) > (1 - )T sor (Ew)

= FioL(Ew) — n/2. (F5)
The algorithm above can also be used to find p*, whose
purification is the optimal input state of a single quantum
channel &, achieving §1(&,).

(i) Find an h* using the SDP in Eq. (F2) without
the requirement that 8 = 0, such that a® = a|;,_,e
satisfies [|o*|| = min, [l].

(ii) Let IT* be the projection onto the subspace spanned
by all eigenstates corresponding to the largest eigen-
value of *. We find an optimal density matrix p*
satisfying T1* p*T1* = p* and

Re{Tr[p* (K'Ah)(K — ih*K)]} = 0

for all Ak € H,. (Fo6)

2. Validity of the algorithm to find the optimal C

For completeness, we prove the validity of the above
algorithm. According to Sion’s minimax theorem [96,97],
for convex compact sets B C R” and Q C R”and g: P x
0O — R such that g(x, y) is a continuous convex (concave)
function in x (y) for every fixed y (x),

ing(x,y) = mi V). F7
ryneg(ggg;g(xy) g;gll;gg(xy) (F7)

In particular, if (x*,y*) is a solution of max,cq Minyey
g(x,y) then there must exist an x* such that (x*,y*)
is a saddle point. Let (x*,y%) be a solution of
Mmin,eq MaxX,eq g(x,y). Then we must have
gty <g(®y® <g(* . (F8)
According to Eq. (F7), g(x*,y*%) =g(x*,y*) and all
equalities must hold for the above equation. Moreover,

g(x*y) <gx*»y* < glx,y* forall (x,y) € P x Q,
(F9)

which means that (x*,y*) is a saddle point. For exam-
ple,wecantakex = h € H,,y = CC" = p € G(Hp), and
g(x,y) = 4Tr(pa). (We can also add the constraint 8 = 0
on / that does not affect our discussion below.) Then the
solution of the above optimization problem is §;(&,) [or
Ssor(&y) with the constraint B = 0]. Note that we can
always confine % in a compact set such that the solutions
are not altered and the minimax theorem is applicable [52].
Let (h*, p*) be any solution of the optimization prob-
lem max, minj, 4Tr(pa). Then there exists an 4* such that
(h*, p*) is a saddle point. Similarly, if g(x*,y4) is a solu-
tion of min,ep max,cq g(x,y), which in our case is a SDP
[Eq. (F2)], there must exist a y* such that (x*,y?) is a
saddle point. Let (h*, p*) be any solution of the optimiza-
tion problem minj, max, 4Tr(pc). Then there exists an p*
such that (h*, p*) is a saddle point. Moreover, (h*, p*) is
a saddle point if and only if

(i) Tr(p*a®) = |«*| if and only if Tr(p*a?*) >
Tr(pa*) for all p,

(ii) Re{Tr[p* (K'Ah)(K — in*K)]} =0 for all AheH,
if and only if Tr(p*a*) < Tr(p*«) for all A.

This justifies the validity of the algorithm we described
above.

3. Finding the optimal c

Next, we describe how to find C® such that f(ce, ce ) =
maxg/ (C°,C) = miny. g9 4Tr(C°TaC®). According to
Appendix E,

£(C.0) =4Tr(C'K'KO) —2 )
ij=1
[=Tr(CH) + Y7,y Tt/ i + 1)T

% Z;,/=1 |fij 12/(xi + A)

|7} 17
PNy

>

(F10)

where we have assumed that 7; = Tr(Ct KijC) = Aibjj .
For a fixed C, T is a linear function in C. We can always
write

|<<§U6<C>>3 2
(ClBOIC)

where £1(C) € R, 5(C) € C?*? is Hermitian, and £;(C) €

CPxd g positive semidefinite. Moreover, |f2(C))) is in
the support of f3(C). The f1,3(C) are functions of C only.
According to the Cauchy-Schwarz inequality,

mgxf (C,0) =/i(O) + (HOIBOTAWQ)  (F12)

f(C,0 =A(0)+ (F11)

with the maximum attained when |C)) = £4(C)~!|A(C)),
where the superscript “—1” here means the Moore-Penrose
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pseudoinverse. Therefore, we take

IC%) = /(C)HAC))). (F13)

APPENDIX G: A SDP TO FIND THE OPTIMAL

INPUT STATE OF A NOISY MACH-ZEHNDER
INTERFEROMETER

Here we consider a two-arm Mach-Zehnder interferom-
eter with one noisy arm and one noiseless arm, where the
input state is an M -photon state

M
W0} =D Vi lm) M —m).

m=0

(G

Here |m, M — m) represents a two-mode Fock state where
m 1is the number of photons in the first mode and M —
m is the number of photons in the second mode. The
noisy quantum channel &,(-) acting on the first mode is
described by the Kraus operators

[C=pY _iita stann
Ki= %efzwa}apa u/Zaz, i=0,1,...,M,
I

(G2)

where w is the unknown phase to be estimated, a is the
photon annihilation operator, 0 < p < 1 is the loss rate,
and K; is associated with losing i photons. Note that we
are allowed to truncate the maximum photon number at M
because of the restriction on the input state [Eq. (G1)].

We show that the algorithm described in Appendix F
naturally gives a SDP for obtaining the optimal {y,,}}.
We emphasize here that it was already shown in Ref. [82]
that solving for the optimal input state in an interferome-
ter with two noisy arms is a convex optimization problem.
Here we provide an alternative algorithm as a demonstra-
tion of our approach that also contains a proof that states
of form (G1) are optimal for &,

Recall that, given &,, we can find an optimal input state
achieving §(&,) by purifying p*, which is a solution of

S1(&) = max mhin4Tr(poz) = mhin4 ol . (G3)
We show that the optimization problem above has a diag-
onal solution of p. Note that

M M T M
i=0 iy=0 j'=0

M
= Z(Ki — ihiK) (K; — ihiK;)
i=0

M
+ Z Z K;h; hijK; + off-diagonal terms, (G4)
i=0 j#i

where we divided « into diagonal terms and off-diagonal
terms (in the Fork basis). The second term is always non-
negative and the off-diagonal terms will only increase |||
It is then clear that we can always assume that the optimal
h* and the corresponding a* are diagonal because

M
Z (Ki - ihiiKi)T (ki — ih;iK;)

i=0

lleell =

‘ . (G5)

Choose a diagonal 4*, and let TT* be the projection onto
the subspace spanned by all eigenstates corresponding to
the largest eigenvalue of a®; p* is optimal if it satisfies
[1*p*11* = p* and

Re{Tr[p* (K AR)(K — ih*K)]} = 0 forall Ak € Hyyy.
(G6)

We observe that, when p* is optimal, the equation above
still holds by replacing p* with its diagonal part. Then any
diagonal p* that satisfies

Re(Tr[p*iK; Ay (K; — ih®K)]} = 0

for all {Ah;}¥, € RM*! (G7)

is optimal. Therefore, we can always assume that the input
state has form (G1). Moreover, by assuming that 4 and p
are diagonal, we only need to deal with diagonal oper-
ators in this algorithm and the problem is essentially a
quadratically constrained quadratic program, which might
admit more efficient numerical methods than the SDP
formulation.

APPENDIX H: CHANNEL QFI FOR THE
SINGLE-QUBIT DEPOLARIZING CHANNELS

Here we calculate §1, §sqL, and §ur for depolarizing
channels

Nac)l(p) — (1 _p)efiwoz/2peia)az/2 +pxo_xefiwaz/2peiwaz/20,x

_{_pyo,yefiwcrz/Zpeiwaz/Zo_y
4
+pzo'zeiiw(7:/2peiwa2/2o-z = ZKipKiTﬂ (Hl)

i=1

where  Kj = /1 —pei@z2 K, = JDr0ce @2 Ky =
pyoye_"‘"’z/z, and K4 = /p.0.e""®%/2. We have

i

2«/1 — po;
J1—p 1
K= «/ITXGX e—iwa;/Z K — _5\/19_ny e—iu)a'z/Z
VProy ’ L /o ’
20, VYT
N ,-
VP
(H2)
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B = iK' (K —ihK) = 1o, + K"K,

where

B=0 = (1 —p)h+phn+phyz+phy=0,
V(U= D)pe(hia + hay) + i/pypahsa — i/pypahas = 0,
V= ppy(his + h31) — i/pup-hoa + i/pxp-hay = 0,
3+ V(= p)p.(hia + hay) + iyppyhos — i/Dapyhan = 0.

Clearly, the HNKS condition is satisfied if and only if p, =
p: =0orp, =p, = 0. Itis easy to see that, when /; =0
for all i,j except ho3, h3p, hig, and hyy, o = || 1, |lo|
takes its minimum and

lall = 1+ /(1 = p)p-(his + har) + i/pxpy (hos — h32)

+(L=p +p) |l + (e +py) Ihs*. (HY)
Then
X, 1 - z
51N = 4min o] = 1 —4( py | d-pp )
h pxt+py  l—p+p:
(H9)
When the HNKS condition is satisfied,
Fm W) = 4mhin||/3||2 =1, (H10)

and when the HNKS condition is violated,

Ssau W) =4 min [le

1 x
=—1+—( Py 4
4 Dx+py

-1
(1 —p)pz> @
1_p +pz

J

(H3)

(H4)
(H5)
(Ho)

(H7)

APPENDIX I: SOLVING THE OPTIMAL QEC
CODE FOR AMPLITUDE DAMPING CHANNELS

In this appendix, we use the algorithm in Appendix F
to solve for the optimal QEC protocol analytically for
amplitude damping channels with two Kraus operators:

K — <|0> O]+ T=p 1) <1|) o
VP 10) (1]
_ (I0> (Oe™2 + JT=p 1) (1] e’w/z)

\/ﬁ|0> <1|eiw/2 (Il)

Clearly, H = iIK'K = 0. /2.

1. Finding the optimal C

First, we want to find a full-rank normalized C° such
that miny,. g—o ATr(C*TaC?) is close to %’ggL(Ew) and we
follow the algorithm described in Appendix F 1.

We first compute o and . Note that

—§|0> <0|+§¢_1 —p I

K= i
§ﬁ|o>(1|

e %2 (12)

We first observe that in order to make 8 = iK' (K — i#K) = 0, & has to be diagonal and then

K — ihK =

We also assume that @ = 0 for simplicity. Then

(— : —ihll) 10) (0] + (% —ihll)«/—l 5 1]
%-ihzz)ﬁ|0><1|

e 2, (I3)
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B = iK' (K — ihK)
1 1 1
= (5 +h11> 10) (O] + (— > +h11>(1 -p) I (1 + (— 3 +h22>P 1) (1]
=0, 14)
2—p

1
hyy=—= hyy = ——. 15
- 11 > 22 > (I5)

Therefore, & = (K — ikK)T(K — ifK) = [(1 — p) + (1 — p)*/p] 1) (1] = [(1 = p)/p] 1) (1].

Since there is only one solution of / such that 8 = 0, there is no need to solve miny. g—o |||l using a SDP and the
only solution is «® = [(1 — p)/p]|1) (1] and SSQL(NQ‘?D) =4(1 — p)/p. We could take C° = sin g |0) (0] + cos s |1) (1],
where & iszsmall. Note that here we use the small constant § instead of " in Eq. (F5) for simplicity. They are related by
n'/2 = sin”(§).

2. Finding the optimal C

Next we find the optimal C° that minimizes

[—Tr(CH) + X7,y Tt/ i+ )P [(CLAO) P

= = — =, I6
(1/2) 3701 1T 12/ (i + Ap) (ClIO10) 1o
and the solution is |C®)) = (C)"HA(C))Y.
We first compute
_ (sin’8 + (1 —p)cos? 8 0 _(1-p O
= ( 0 peosts) T\ 0 p)° a7
, (sin*8 — (1 —p)cos®s 0 _(-0=p) 0
t= ( 0 —p cos? 5) - ( 0 —p)’ (I8)
~ (1 0 ~ (0 P
(G 2] e ).
i - (0 0 - (0 0 ’ )
e o)) el o)

where by “~” we ignore the small contribution of O(8). Then we have

£(C°) ~ —00), (110)
A(C)7 & pjo1) (01] +p [10) (10]
1
+ (100) + (1 — p) [11)((00] + (1 — p) (11]) + (@ (1) (11) 5—, (I11)
2(1-p) 2p
1 1 2
AHC)T & —01) (01] + = [10) (10| + —[(1 — p) |00) (00|

p p p

+[11) (11| — (1 = p) [00) (11| — (1 — p) [11) (00[]. I12)

Then |C°)) ~ |00) — |11) and we can take D° = cos§ |0) (0] — siné |1) (1].
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3. Attaining the asymptotic QFI
Now we have the optimal code from the previous two steps, i.e.,

0,) = sin(8 + &) [0)5 [00) 4 + cos(8 + &) [1), [10) 4

. 113)
1) = sin(@ — ) [0) [01) 4 + cos(8 — &) [ 1) [11) 4

where § and ¢ = 0(§) are small values. The last step is to find the exact relation between 6 and ¢ and Fsqr N LfD ) —
SsoL(DrLw)-
To this end, we need the near-optimal recovery channel computed using Eq. (40)

2i
0 0 0
I—p
2i —2i ] 0 0 0 0
Gopt—ﬁw())(l”'i'ﬁ“])(()m = 02. 0 0 0 (I14)
—zl
0 0 0
Vi=p
and
< 2e ) 0 0 ) ( 2e )
cos — sin
O1 - 1 0 O1 -
Topt = €00t = 0 0 1 0 . (115)
(i) 00 e (5 )
sin cos
VI-p VI-p
Then, using Eq. (38) and
s1n(8 +¢) 0
s+
Eoy = (IK1do,1)  |1Kz2do1) ( ﬁcosi)( g ; (I16)
J1—p cos(S +¢) 0
we finally obtain
e
£ = p[cos(28) + cos(2¢)] sin’ ( )
Vi=p
4 .(2).<28 )+ (26) (25)
— p sin(2¢) sin cos(2¢) cos
J1=p J1=p
2p sin’ §
—1— lism &2+ 0(sh, (117)
. 2¢e
£ = —iy/1 — psin(28) sin ( ) = —2isin(28)e + O(&>). (118)
V1=p
Clearly,
4(1 —p)cos?$
FsoL(Dro) = — 222 4 0(E?), (119)

as expected. When § is small and & = 0(8), we have FsoL(DL») ~ FsoL (NVAD).
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