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Using first principles calculations, {111} intrinsic stacking fault (ISF) energies in group IVB, VB,
and VIB high-entropy transition metal carbides (HETMCs) are shown to be predictable from an
optimized rule of mixtures based on the atomic arrangement near the stacking fault. A composition-
independent linear relationship is demonstrated between the ISF energies and the unstable stacking
fault (USF) energies along the ⟨112̄⟩{111} gamma surface slip path. This relationship represents
a new application of the Evans-Polanyi-Semenov principle by treating the ISF and USF energies
as analogous to the heat of reaction and transition state barrier in chemical reactions. Further,
a full defect energy distribution can be obtained from the predicted ISF energies for each early
transition metal HETMC. Balancing the elastic repulsion between partial dislocations with the
distribution of ISF energies, we show that Shockley partial edge dislocations should remain bound
for HETMCs with valence electron concentration up to 9.6, even when the average stacking fault
energy is negative.

I. BACKGROUND AND MOTIVATION

The first high-entropy ceramic, a five cation rocksalt
oxide, was reported in 2015 [1]. Since then, the num-
ber of high-entropy ceramics has rapidly expanded and
now includes a range of different oxides, carbides, di-
borides, nitrides, carbo-nitrides, perovskites and other
related materials [2–16]. One of the central questions as-
sociated with these materials is the degree to which the
structural, thermal, mechanical, electronic and chemical
properties can be predicted by a rule of mixtures (RoM)
based on their constituent compounds, and which prop-
erties are unique to a high-entropy ceramic. For exam-
ple, the rocksalt oxide with cations Mg+2, Ni+2, Co+2,
Cu+2, and Zn+2 was found to have a lattice constant
that is well described by a RoM and Bader charges that
are transferable between the binary, ternary, and high-
entropy compositions [17]. However, adding aliovalent
cations such as Li+1 and Sr+3 results in a range of cation
and oxygen charges, multiple valence states, and a re-
duction in thermal conductivity due to enhanced phonon
scattering from the different charge states [18, 19]. For
stoichiometric high-entropy carbides with transition met-
als (HETMCs) from groups IVB, VB, and VIB, theory
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predicts that lattice constants, bulk moduli, and cohe-
sive energies are all well described by a RoM from the
constitutive rocksalt binaries [20]. The carbon vacancy
formation energies, on the other hand, cannot be ac-
curately estimated from a simple RoM, but have been
estimated using a neural network trained on computa-
tional energies [21]. Additionally, the Vickers hardness
of high-entropy carbides and diborides has been found
to exceed that of a RoM under similar processing condi-
tions [22, 23].

Of particular interest to this work is the potential for
high-entropy ceramics as ultra-hard materials [5, 22, 24–
26]. To that end, the gamma surface can be used as
a powerful and convenient computational tool to under-
stand slip systems in crystals which give rise to their me-
chanical properties. The gamma surface is generated by
moving two adjacent regions of a crystal along a given in-
terfacial plane and calculating the potential energy after
relaxing the system in the direction normal to the inter-
face. The potential energy is given as a function of the
relative in-plane displacement of the slabs to produce an
energy landscape equivalent to a topological map. The
gamma surface was introduced by Vitek to find energeti-
cally stable stacking faults in bcc materials [27], and has
since become an invaluable tool for understanding slip
and related mechanical deformations. For example, in-
trinsic stacking fault (ISF) energies (energy valleys) are
used to predict partial dislocation separations, while un-
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stable stacking fault (USF) energies (peaks in the gamma
surface) can be used to predict energetically favorable
slip systems. USF and ISF energies are also used in an-
alytic expressions to predict quantities such as fracture
and twinning tendencies. Tadmor and Bernstein, for ex-
ample, developed an expression to predict twinning that
includes the ISF / USF ratio [28, 29].

A recent computational study by Shuang et al. estab-
lished relationships between intrinsic strength in high-
entropy alloys and the standard deviations of both the
maximum stacking fault restoring force and USF ener-
gies [30]. This result suggests that a global RoM would be
insufficient to describe the bulk mechanical properties in
high-entropy materials, instead requiring a robust anal-
ysis of the configuration-dependent local stacking fault
energy landscape. It follows that a predictive local RoM
would be invaluable in the evaluation of lattice interac-
tions that dictate slip and deformation in disordered sys-
tems.

For this work, it is important to distinguish between
the gamma surface and quasi-static shear calculations
where a shear deformation is applied to the entire unit
cell to model the slip process. This distinction was shown
for two fcc metals by Jahnatek et al. [31], with the two
methods producing similar USF energies, but different
stresses. Hence, stress along a given slip path on the
gamma surface is not necessarily equivalent to the criti-
cal stress for dislocation mobility [31, 32].

Experimental and computational studies have estab-
lished that the rocksalt (Fm3̄m) group IVB carbides TiC,
ZrC, and HfC and the group VB carbides VC, NbC, and
TaC prefer to slip along ⟨110⟩ directions [33]. However,
the group IVB carbides slip along {110} planes, while
the group VB carbides slip along {111} planes. Stud-
ies of mixed IVB-VB carbides have reported either slip
on both planes, or on {111} planes exclusively [34, 35].
By examining the gamma surface with energies calcu-
lated from Density Functional Theory (DFT), Thomp-
son, Weinberger and co-workers have shown that the
transition from slip on {110} to {111} planes can be at-
tributed to a lowering of the barrier along the ⟨112⟩{111}
slip direction due to a decrease in the high-symmetry ISF
energy as composition goes across the columns [33, 36].
Further, slip along the [112̄] direction to the low energy
ISF followed by slip along [1̄21̄] on {111} planes leads to
a net slip along the [011̄] direction. The decomposition
of ⟨110⟩{111} slip is illustrated for fcc Ni by Shang et al.
using an alias shear deformation model [37].

Ma et al. have used DFT to calculate the energies
along the slip and twinning paths on {111} planes for
rocksalt HETMCs containing Zr, Nb, Ta, Hf, Ti, and
V [38]. They report that USF energies for composi-
tions with mixed cations are lower than those for the
single-metal carbides, suggesting that dislocation nucle-
ation would be more prevalent in the latter compared to
the binaries. Our calculations in this work do not repro-
duce this result. Instead, we find that the binaries and
the high-entropy compositions studied all fall along well-

TABLE I. High-entropy carbide compositions studied for
each calculation. Compositions are experimentally single-
phase [22, 40, 41] except as noted.

Calculation Compositions

ISF

(Cr,Mo,Nb,Ta,W)C (Cr,Mo,Nb,V,W)C
(Hf,Mo,Nb,Ta,W)Ca (Hf,Mo,Ta,W,Zr)Cb

(Hf,Mo,Ti,W,Zr)C (Hf,Mo,V,W,Zr)Cb

(Hf,Nb,Ta,Ti,V)C (Hf,Nb,Ta,Ti,W)C
(Hf,Nb,Ta,Ti,Zr)C (Hf,Ta,Ti,W,Zr)C
(Mo,Nb,Ta,Ti,V)C (Mo,Nb,Ta,V,W)C
(Mo,Nb,Ta,W,Zr)Ca (Nb,Ta,Ti,V,W)C

⟨112̄⟩{111}
(Hf,Nb,Ta,Ti,Zr)C (Mo,Nb,Ta,V,W)C

slip path

USF
(Hf,Nb,Ta,Ti,V)C (Hf,Nb,Ta,Ti,Zr)C
(Mo,Nb,Ta,V,W)C (Nb,Ta,Ti,V,W)C

a Phase data not available.
b Multi-phase [22].

behaved RoM relations for ISF and USF energies. This
discrepancy likely stems from an inadequate sampling of
the configuration space in the prior work, as well as re-
ported USF energies for the single-metal carbides which
are higher than those reported in literature [39] by a fac-
tor of 2. In addition, the Ma et al. study did not char-
acterize the shift in the position of the USF away from
the midpoint between the pristine crystal and the ISF
configuration. As shown below, accounting for this shift
is critical to accurately calculating the USF energy, and
leads to a previously unreported relationship between the
ISF and USF.
The intent of this research is to explore the degree

to which ISF and USF energies along the ⟨112̄⟩{111}
gamma surface path in stoichiometric group IVB-VB-
VIB HETMCs can be estimated from a RoM using the
corresponding values for the single-metal rocksalt car-
bides, and to use these relationships to predict stacking
fault energy distributions as a function of the local com-
position. The HETMCs compositions in this study are
listed in Table I.
As discussed in more detail below, three general con-

clusions come from the research. First, based on the DFT
results, a RoM with an optimized weighting scheme for
atomic layers near the stacking fault provides energies
within ±0.2 J/m2 for both the average and local ISF en-
ergies. Second, by including group VIB elements, the
average ISF energy of a HETMC can be negative even in
compositions which are predicted by entropy descriptors
and confirmed by experiment to form stable single-phase
materials [40, 41]. A random cation arrangement can
lead to regions of positive and negative stacking fault en-
ergies, which we evaluate statistically. Similar to other
work on lattice roughness and slip in high-entropy mate-
rials [42–44], it is expected that the upper tails of these
energy distributions contribute to the Peierls stress that
prevents separation of partial dislocations into extended
stacking faults. Finally, it was found that the USF does
not occur at the high-symmetry midpoint between the
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ideal system and the ISF, but rather is shifted along
the slip path. This peak shift is apparent from litera-
ture gamma surfaces for transition metal carbides, such
as those presented by Yu et al. [33], but has not previ-
ously been quantified. We find that the peak shift can
be defined as a monotonic function of the ISF, enabling
efficient calculation of the USF energy and uncovering a
linear relationship between USF and ISF energies span-
ning net negative and net positive ISF values.

As a result of these relationships, the ISF energy can
be found via a RoM, while the associated USF and the
peak shift can be estimated as a function of the ISF. The
linear relation between the USF and ISF is analogous to
the well-established Evans-Polanyi-Semenov (EPS) rela-
tion [45], where for a class of similar chemical reactions,
the energy barrier is linearly proportional to the heat of
reaction.

II. CALCULATION DETAILS

DFT energies were calculated using the plane-wave
projector-augmented-wave pseudopotential methods [46]
in the Vienna Ab initio Simulation Package [47–49]. The
exchange-correlation potential used was the Perdew et
al. [50] parameterization of the generalized gradient ap-
proximation. The plane-wave basis cutoff energy was 520
eV with a 6×6×1 Γ-centered k-point mesh. Spin po-
larization was enabled for all simulations to account for
possible magnetism in the group VIB transition metals.

Gamma surface configurations for the rocksalt carbides
were constructed as translations of an 80-atom slab with
two (111) free surfaces separated by at least 12 Å of
vacuum. The a and b supercell vectors were defined as
1
2 [112̄] and [1̄10], respectively. For each composition, 50
random arrangements of the cation sites were generated.
Relaxations were performed with respect to the atomic
positions in the [111] direction, while keeping the posi-
tions fixed in a and b to ensure that the interpolated
atom paths are parallel in the a-b plane. Lattice pa-
rameters for the high-entropy carbide compositions were
determined by the average result of energy minimization
performed on 10 randomly arranged 80-atom bulk rock-
salt structures with supercell vectors [210], [1̄20], and
[002].

All calculations in these studies were performed with
full carbon stoichiometry. Transition metal carbides are
often carbon deficient, especially at elevated tempera-
tures, and carbon vacancies can affect stacking fault en-
ergies [51]. However, vacancy effects in small supercells
require additional considerations and are not captured in
this work.

Gamma surface energies γ were calculated for each
configuration and the constituent binaries using the ex-
pression

γ =
Eγ − Eslab

A
(1)

TABLE II. Lattice distortions in the [1̄10] direction for the
interpolated relaxation scheme, measured as the root-mean-
squared displacement from the ideal lattice position (Å). Dis-
tortions for each composition are given for the defect-free slab
(x = 0), USF (0.375 < x < 0.625), and ISF (x = 1) configu-
rations along the interpolated 1

6
[112̄] slip path.

Composition ϵslab ϵusf ϵisf
(Mo,Nb,Ta,V,W)C 0.040 0.033 0.032
(Nb,Ta,Ti,V,W)C 0.037 0.034 0.032
(Hf,Nb,Ta,Ti,W)C 0.034 0.032 0.029

where Eγ and Eslab are the energy of the translated and
vacuum slab configurations, respectively, and A is the
cross-sectional area of the supercell in the (111) plane.
The local environment of any point on the (111) gamma
surface can be defined by the translation vector between
the upper and lower portions of the slab and the local
atomic environment in the nearby (111) cation planes.
An example supercell used for the slab and ISF calcula-
tions is shown in Fig. 1.
An alternative to the out-of-plane relaxation scheme

was performed for select compositions to evaluate the ef-
fect of lattice distortions on dislocation paths and barri-
ers. For these simulations, the endpoints of the slip path
are well-defined as the local minima in the energy land-
scape. The slip path is then defined as the interpolated
path between the fully-relaxed structure in the defect-free
and ISF configurations, with relaxations allowed perpen-
dicular to the overall [112̄] slip direction. The relaxed
trajectories are included in Fig. 2 and the distortions in
the perpendicular [1̄10] direction are given in Table II.
Lattice distortions are found to be less than 1% of the
lattice constant and decrease along the slip path.
Simulations allowing in-plane relaxations may be use-

ful for evaluating lattice distortions in high-entropy ma-
terials, but the disordered relaxations give rise to a va-
riety of complications. First, when evaluating a two-
dimensional energy landscape, these simulations do not
produce a unique energy for a given coordinate (x, y)
due to their dependence on the prescribed slip direc-
tion. Additionally, relaxations in b may allow for dis-
continuous relaxations of nearby atoms such that saddle
points on intersecting atom paths are bypassed, resulting
in systematic underestimation of energy barriers. Con-
versely, the energy barriers may be overestimated due to
the restricted a-b and a-c relaxation interactions. De-
spite these complications, this relaxation scheme results
in only small deviations from the ideal slip path and, as
discussed in Section III, produces ISF and USF energies
consistent with the out-of-plane gamma surface method.

III. RESULTS AND DISCUSSION

The compositions in Table I were studied to determine
the relationship between ISF energy, USF energy, and the
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FIG. 1. DFT supercell structures for gamma surface calculations. The cation stacking sequence of the pristine and ISF
configurations are shown in (a) with the stacking fault indicated by the red dashed line. The slip directions of the carbon plane
sliding over the cation plane are indicated in (b) for ⟨112̄⟩ (blue arrow) and ⟨110⟩ (red arrow) directions. The solid and dashed
blue arrows illustrate the decomposition of ⟨110⟩{111} slip in fcc materials.

USF position along the ⟨112̄⟩{111} slip path. Because
the shape of the gamma surface varies with composition
at the stacking fault, a larger set of calculations was re-
quired to find the USF peak position for a given configu-
ration. Compositions were divided into three simulation
regimes to efficiently characterize the critical points of
the slip path.

A. Stacking Fault Energies

Stacking faults in high-entropy compounds differ from
those of single-component materials in that the energy is
dependent on the arrangement of nearby atoms in the
structure. Similar to vacancies and surfaces in high-
entropy alloys and ceramics, the defect energy can be
defined as a distribution of energies based on the local
atomic environment [20, 21, 52–54], in this case defined
as the composition along the interface. To capture the
energy dependence on the local arrangement of atoms, a
sample of atomic configurations is required for each com-
position. The sample can then be used to fit a model and
predict the total energy distribution across the configu-
rational space, enabling analysis of the impact of defects

TABLE III. Single-metal carbide stacking fault energies γisf

(J/m2) used in Eq. 2.

IVB VB VIB
Ti 2.757 V 0.453 Cr -0.777
Zr 2.645 Nb 0.667 Mo -1.002
Hf 2.691 Ta 0.572 W -1.353

on bulk properties and phenomena [53]. Here, DFT en-
ergies were calculated for 50 random ISF configurations
of 14 HEC compositions (see Table I).
For these HEC compositions, the ISF energy is found

to be approximated by a weighted RoM of the single-
metal carbide stacking fault energies for atoms within
0.5 nm of the defect plane as

γisf
ω =

∑
i

∑
k

ωknikγ
isf
i

nk
. (2)

Here, nik are the number of atoms of each alloying el-

ement i in each layer k, γisf
i are the {111} stacking fault

energies in the single-metal carbides, and ωk are the fit-
ted layer weights. For the 80-atom supercell in this work,
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FIG. 2. Relaxed pathways for 1
6
[112̄](111) slip for select HETMC compositions. Metal (blue) and carbon (gray) atoms along

the stacking fault plane are shown at several displacements on the slip path, indicated by the slip vector (black arrow) and ISF
(dashed circle). Dashed lines represent the interpolated path prior to relaxation in [1̄10].

nk = 4, and the normalized weights ω1−4 are found to
be 0.589, 0.321, 0.045, and 0.045, respectively. While the
layer weights are calculated as fitted parameters, they
decrease with increasing distance from the defect, cor-
responding to a qualitative decay function representing
some unknown physical interaction. The energies of the
single-metal carbide stacking faults are given in Table III.

Here we note that the ISF energies for group VIB metal
carbides are all negative, as these compositions prefer the
hexagonal WC or Mo2C structure (P6̄m2) to the rock-
salt structure (Fm3̄m). In HETMCs, these elements can
be present as equimolar components [22, 40], resulting in
negative stacking fault energies for certain configurations
within the stable structure. The consequences of nega-
tive stacking fault energies in HETMCs are considered in
Section III C.

Using the single-metal carbide stacking fault energies
and the given weights ωk, the optimized RoM gives a
reasonable approximation of the high-entropy ISF ener-
gies, as plotted for five compositions in Fig. 3a. How-
ever, comparing the RoM prediction to the DFT data in
Fig. 3, it is apparent that compositions with high and
low ISF energies are underestimated by a RoM and that
the distribution of energies within each composition is
itself biased. This bias is accounted for by fitting two
quadratic corrections, first to the bulk RoM ISF energies
γ̄ for each composition and second to the local weighted
RoM γω as expressed in Eq. 2. The results are plotted

for the same five compositions in Fig. 3b. These empir-
ical corrections reduce the root mean squared error by
26% from 182 mJ/m2 to 135 mJ/m2. The error for high
[(Hf,Nb,Ta,Ti,Zr)C] and low [(Cr,Mo,Nb,V,W)C] valence
electron concentration (VEC) compositions are reduced
by 55% and 27% respectively. The fitted model is given
as

γisf
c = (0.456γ̄ − 0.335)2

−(0.303γω − 1.835)2 + 3.393, (3)

with model errors for each composition presented in Ta-
ble IV. In all cases, the ISF energies for stacking fault
configurations in HETMCs are well described as an av-
erage of the single-metal carbide constituents near the
interface for both gamma surface and fully relaxed con-
figurations.

These results compare favorably to predictions from
axial nearest-neighbor Ising (ANNI) and axial next-
nearest-neighbor Ising (ANNNI) models, which approxi-
mate the ISF as the energy associated with a combination
of fcc, hcp, and dhcp planes corresponding to the local
stacking sequence. [55, 56] Accounting for the layer in-
teractions with the carbon sublattice, these models are
given as

γisf
ANNI =

4(Ehcp − Efcc)

a2
√
3

(4)
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TABLE IV. Root mean squared errors (J/m2) for HETMC
ISF energies from weighted RoM models γisf

ω and γisf
c , and

from near-neighbor Ising models γisf
ANNI and γisf

ANNNI .

Composition γisf
ω γisf

c γisf
ANNI γisf

ANNNI

(Cr,Mo,Nb,Ta,W)C 0.294 0.220 0.285 0.207
(Cr,Mo,Nb,V,W)C 0.263 0.192 0.286 0.234
(Hf,Mo,Nb,Ta,W)C 0.164 0.121 0.269 0.247
(Hf,Mo,Ta,W,Zr)C 0.163 0.135 0.265 0.261
(Hf,Mo,Ti,W,Zr)C 0.111 0.124 0.268 0.281
(Hf,Mo,V,W,Zr)C 0.146 0.126 0.291 0.304
(Hf,Nb,Ta,Ti,V)C 0.171 0.103 0.450 0.176
(Hf,Nb,Ta,Ti,W)C 0.082 0.088 0.331 0.279
(Hf,Nb,Ta,Ti,Zr)C 0.227 0.102 0.188 0.176
(Hf,Ta,Ti,W,Zr)C 0.145 0.117 0.226 0.251
(Mo,Nb,Ta,Ti,V)C 0.146 0.151 0.547 0.314
(Mo,Nb,Ta,V,W)C 0.163 0.123 0.388 0.209
(Mo,Nb,Ta,W,Zr)C 0.170 0.113 0.308 0.265
(Nb,Ta,Ti,V,W)C 0.137 0.136 0.489 0.289
CrC -0.036 0.011
HfC -0.043 -0.405
MoC -0.122 0.114
NbC 0.890 0.380
TaC 0.907 0.345
TiC -0.179 -0.586
VC 0.996 0.283
WC -0.278 0.066
ZrC -0.209 -0.455

and

γisf
ANNNI =

2(Ehcp + 2Edhcp − 3Efcc)

a2
√
3

, (5)

where a is the fcc lattice constant. These equations
can be modified for the high-entropy case by summing
over the atoms occupying each layer of the stacking fault
structure, with Ehcp corresponding to the weighted RoM
plane ω1 and Edhcp corresponding to ω2 and ω3.

The Ising models have proved useful for stacking fault
energy estimates in metallic systems, [55] however their
accuracy for the early transition metal carbides is incon-
sistent. Specifically, the ANNI model overestimates the
ISF energy for the group VB carbides while the ANNNI
model underestimates the ISF for the group IVB car-
bides. The HETMC and single-metal carbide Ising model
errors are included in Table IV.

The USF energy is another useful tool for understand-
ing dislocation slip in fcc materials. However, because it
is not necessarily at a high-symmetry position, it can be
expensive to calculate in DFT compared to the ISF. This
is illustrated by the energies along the 1

6 ⟨112̄⟩{111} slip
path for four arrangements of two high-entropy compo-
sitions plotted in Fig. 4.

While the intrinsic stacking fault is always at the high-
symmetry position, the USF can vary significantly from
the center of the slip path depending on the composi-
tion and the cation arrangement. Using a traditional
approach of scanning the gamma surface along the dis-
location vector can require dozens of calculations to find
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(a)

FIG. 3. DFT calculated ISF energies as a function of
RoM estimates fit to (a) layer weights only using Eq. 2 and
(b) weighted RoM with empirical corrections using Eq. 3.
DFT ISF energies using the alternate relaxation scheme are
included as red open diamonds.

the accurate maximum value for the energy barrier. This
becomes especially expensive for high-entropy materials,
where multiple configurations must be considered.

Here, an estimate of the USF peak location is combined
with a Newton-Raphson (N-R) root-finding algorithm to
predict the coordinates of the barrier on the gamma sur-
face and minimize the computation time required to sim-
ulate the relevant configurations. Using a N-R method,
the root of a differentiable function can be found with
increasing accuracy by calculating the x-intercept of the
tangent line at an initial guess and iterating until suffi-
cient accuracy has been obtained. In the case of the USF,
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we must consider the second derivative of the gamma sur-
face to locate the local maximum of the function.

The shape of the energy surface is characterized along
the ⟨112̄⟩ vector by evaluating a coarse mesh of the
gamma surface for ten random configurations of the two
compositions (Hf,Nb,Ta,Ti,Zr)C and (Mo,Nb,Ta,V,W)C,
representing the range of ISF energies for the HETMCs
(Fig. 4). The USF is near the high-symmetry position
at 1

12 [112̄] for (Mo,Nb,Ta,V,W)C, but is shifted toward
the ISF for (Hf,Nb,Ta,Ti,Zr)C. From these two compo-
sitions, a preliminary estimate for peak shift is obtained
as a third order polynomial of interpolated peak position
with respect to the ISF. This function is used to initiate a
N-R search wherein the DFT energy is calculated at the
predicted peak and two adjacent positions to find the fi-
nite differences second derivative of energy with respect
to position. Extrapolating this slope to the x-intercept
gives the improved estimate for the USF peak location,
where the final DFT energy can be obtained. Because
the first derivative of the gamma surface is nearly linear
in the region surrounding the USF, a single N-R iteration
is sufficient.

Plotted in Fig. 5 are the calculated USF energies on the
⟨112̄⟩{111} gamma surface as a function of ISF energy.
For the data plotted in Fig. 5a, the energy is calculated
at the midpoint along the slip direction ( 1

12 [112̄]), while
the USF energy plotted in Fig. 5b is the N-R estimated
maximum along the slip path. This data illustrates the
importance of USF peak shift when calculating the en-
ergy barrier and uncovers a linear relationship between
ISF and USF energies that is discussed in the following
section in terms of the EPS principle.

The tested HETMC compositions are taken as a rep-
resentative sample of the 126 quinary high-entropy car-
bides containing the group IVB, VB, and VIB transition
metals. Applying the observed relationships to these ma-
terials, the full ISF and USF energy distributions, derived
in Section III C, can be predicted to give insights into a
wide range of compositions. For compositions with more
or fewer metallic components, differences in the lattice
strain may result in small deviations from the empirical
fitting parameters calculated in this work.

B. Evans-Polanyi-Semenov Relations

The EPS relation (also called the Bell–Evans–Polanyi
or Brønsted–Evans–Polanyi principle) states that for a
set of related chemical reactions, the activation energy
EA for a chemical process is proportional to the heat of
reaction ∆H as

EA = E0
A + α∆H (6)

where E0
A and α are constants [45]. This simple rela-

tion has impacted multiple areas of chemistry, includ-
ing combustion [57], organic synthesis [58, 59], photo-
chemistry [60, 61], polymerization [62], interstellar chem-
istry [63], heterogeneous catalysis [64–67], gel degrada-

-2

-1

0

1

2

3

0.0 0.5 1.0 1.5IS
F 

(J
/m

2 )

USF Position
(Fractional Coordinate)

(b)

-1

0

1

2

3

0.0 0.5 1.0 1.5

𝛾
(J/

m
2 )

Fractional Coordinate

 (Hf,Nb,Ta,Ti,Zr)C
 (Mo,Nb,Ta,V,W)C

(a)

FIG. 4. USF peak shift shown as (a) gamma surface en-
ergies along the 1

6
⟨112̄⟩{111} slip direction, and (b) interpo-

lated USF positions with the initial polynomial N-R estimate.
Dashed vertical lines indicate the midpoint and ISF positions.

tion [68], surface diffution [69], energetic materials sensi-
tivity [70–72], materials discovery [73], and fundamental
chemical kinetics [74–76]. Adding to this body of work,
we propose the ISF and USF energies as an analogous
set of quantities to the heat of reaction and activation
energy, respectively.
One central premise of HETMCs has been that their

properties are continuously tunable by a RoM through
the IVB-VIB elements. As an example, VEC is a quan-
tity calculated as a RoM from constituent elements, used
both as a theoretical construct within the electronic band
structure [77] and as a way of accounting for composition,
including cations as well as carbon and nitrogen frac-
tion [78]. In the context of the EPS relation for stacking
fault energies, it is relevant to explore (1) whether the
EPS relation is maintained for the continuous range of
ISF and USF values on a gamma surface, and if so (2)
whether the E0

A and α values are constant or composition
dependent.
The energy at the high-symmetry position, plotted
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FIG. 5. High-entropy carbide USF energies as a function of
ISF. Energies are calculated at (a) the midpoint along the slip
path, and (b and c) the N-R predicted USF position. USF
energies from the alternate relaxation scheme are included in
(c) as red open diamonds.
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FIG. 6. USF peak shift from N-R search along ⟨112̄⟩{111}
gamma surface path. Fitting function obtained from Eq. 7
using data from the four compositions specified in Table I.

in Fig. 5a, is grouped by composition with a sepa-
rate linear fit for each. For (Mo,Nb,Ta,V,W)C and
(Nb,Ta,Ti,V,W)C, the data is relatively well described
by an EPS relation, but with a composition-dependent
slope α that approaches zero with increasing ISF energy.
As noted, however, the energy at this position does not
represent the gamma surface energy barrier. After ac-
counting for the peak shift, the energy at the N-R pre-
dicted USF position (Fig. 5b) exhibits a linear EPS re-
lation for all compositions with similar α and intercept
E0

A values. In Fig. 5c the combined data is plotted for all
compositions at the maximum energy estimate along the
slip path, indicating a composition-independent EPS re-
lation between the ISF and USF energies when the USF
peak shift is properly taken into consideration. USF en-
ergies produced by allowing [1̄10] relaxations perpendicu-
lar to the interpolated slip path are consistent with those
produced by the gamma surface calculations.
Plotted in Fig. 6 are the distances between the USF po-

sition estimates and the midpoint along the ⟨112̄⟩{111}
gamma surface path for the data in Fig. 5c. There is
a monotonic, continuous relationship between the posi-
tion of the USF (the transition state) and the ISF en-
ergy (the reaction product). For increasing ISF, the USF
occurs later along the slip direction, asymptotically ap-
proaching the ISF position as the ISF and USF energies
converge. This behavior is approximated by the error
function plotted along the length of the slip path, where

I(x) = B erf(αx) + ∆ (7)

for fitting parameters B = 2.245 J/m2, a = 4.605, and
∆ = 0.559 J/m2. Although the physical interpretation of
an error function is unclear, it provides a good quantita-
tive fit to the data (a logistic function provides a similar
fit). In particular, the asymptotic behavior of the error
function is consistent with the range of possible positions
of the USF along the slip path, existing only on the region
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FIG. 7. Shifted Gaussian energy well model along the
1
6
⟨112̄⟩{111} slip direction for (top) positive, (middle) zero,

and (bottom) negative ISF.

between the ideal structure and the ISF.

This function enables the evaluation of critical points
on the gamma surface while minimizing the number of
necessary calculations along the slip path. Given an ISF
energy, which is well approximated by a weighted RoM,
one can identify the position of the USF and perform a
single DFT calculation without the need for an iterative
search algorithm along the slip path.

The relationships in Fig. 5 and Fig. 6 can be concep-
tualized as overlapping energy wells [45, 79], illustrated
in Fig. 7. In this framework, two energy wells of equal
depth correspond to local energy minima on the gamma
surface along the ⟨112̄⟩{111} sliding direction. One curve
has a minimum at the ideal structure, while the other has
a minimum at the ISF and is shifted uniformly in energy
according to the ISF energy. The energy along the path
within this model is taken as the minimum of the two
curves at any given point. Fig. 7 depicts the model for
the three cases of ISF>0, ISF=0, and ISF<0, with the
barrier (USF) at the intersection of the two curves (the
maximum in the solid curve). The energy barrier and
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FIG. 8. Maximum USF energies (blue circles) and corre-
sponding peak shift along the 1

6
⟨112̄⟩{111} gamma surface

path (red squares). Solid lines are the two-parameter fit for
a simple energy curve overlap model using Eq. 8.

its position along the slip direction both increase with
higher ISF energy, consistent with the simulation data.
The energy wells in the analysis for Fig. 8 are calcu-

lated as a two-parameter fit assuming identical Gaussian
functions of the form

E(x) =
A

σ
√
2π

[
1− exp

[
1

2

(
x− x0

σ

)]]
(8)

for the overlapping curves. Here x0 = 0 for the curve
starting at the ideal structure, x0 = 1 for the curve start-
ing at the ISF, and the energy well depth is defined by
σ = 0.7 and A = 9.15 J/m2. This simple approxima-
tion is able to qualitatively describe the relationships dis-
cussed in this work, both between ISF and USF energies,
and between ISF energy and the shift in USF position
along the ⟨112̄⟩{111} direction.
Similar fits to the data can be achieved with other po-

tential energy approximations such as quadratic energy
wells, sine fitting, or a Lennard-Jones potential. None of
the approximations tested, however, offer a clear advan-
tage over the two-parameter Guassian fit.

C. Shockley Partial Dislocation Separations

Pairs of Shockley partial dislocations in an fcc crystal
are separated by a stacking fault at an equilibrium dis-
tance determined from a balance between the elastic re-
pulsion of the dislocation cores and the stacking fault en-
ergy. One of the interesting phenomena in high-entropy
materials is that stable single-phase compositions can ex-
hibit negative stacking fault energies [44, 80]. In non-
random crystals, negative stacking fault energies would
suggest that Shockley partial dislocations should move
as far apart as possible, because both the elastic repul-
sion and the stacking fault formation energy would fa-
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FIG. 9. Depiction of two Shockley partial dislocations separated by a stacking fault along the horizontal plane. Brightly
colored atoms at the edge dislocations correspond to the local atomic environment that contributes to the Peierls stress, with
blue regions representing negative local stacking fault energies and orange peaks on the energy landscape representing the high
energy pinning sites preventing partial dislocation separation.

vor infinite distances. However, large concentrations of
extended stacking faults are not always observed experi-
mentally. As an example in a HETMC, the simulations
in Section IIIA indicate that (Mo,Nb,Ta,V,W)C has an
average stacking fault energy of -0.09 J/m2 such that the
elastic repulsion between any Shockley partials should
drive the formation of abundant stacking faults. Experi-
mentally, however, this composition exhibits sharp x-ray
diffraction peaks that suggest a low defect density [22].

One suggestion to account for the apparent lack of
stacking faults associated with Shockley partials is that
“roughness” from the atomic disorder in high-entropy
materials inhibits the ability of the partials to fully sep-
arate [42, 43]. While the relation between Peierls stress
and stacking fault energy is unclear [80], it is reasonable
to assume that this roughness is related to the variations
in stacking fault energies from the fluctuations in com-
position along the interface as the partial dislocations
attempt to separate.

This concept is illustrated in Fig. 9, which shows a
schematic of two Shockley partial edge dislocations sep-
arated by a stacking fault along the blue plane. The
peaks on the energy landscape represent a measure of the
stacking fault energy contributions to the Peierls stress.
A negative stacking fault energy should lower the Peierls
stress, while a positive stacking fault energy (denoted by
the orange peaks) should increase the Peierls stress. Be-
cause the extra half plane exists along the length of an
edge dislocation, the positive regions will pin the plane
at different points despite the negative stacking fault re-
gions exhibiting a lower local Peierls barrier. Taken to
an extreme, even when the net stacking fault energy is

negative, positive regions may prevent the Shockley dis-
locations from moving. More generally, the concentra-
tion and magnitude of high energy pinning sites along
with the lattice properties in the negative regions will
determine the ability of dislocations to move through a
material by slip, bowing, or other means.

In a set of atomic simulations by Shih et al. [44] mod-
eling random NiCo alloys with dissociated Shockley par-
tial edge dislocations and negative stacking fault ener-
gies, the partial separation distances remained finite at
low temperatures. For all compositions tested, the av-
erage equilibrium separation distance was less than the
distance at which the mean plus one standard deviation
(µ+σ) of the stacking fault energy distribution balanced
the repulsive elastic stress. The mechanism for the sta-
bilization of finite stacking fault separations with high
concentrations of negative stacking fault energies, how-
ever, is not well-established. Shih et al. propose a force
balance with an increased contribution from the solute
atoms acting on the dislocation cores [44], while Ding et
al. find that the stacking fault energy in NiCoCr is dom-
inated by chemical short-range order (SRO) [81]. Baruffi
et al. report a contradictory result, finding that SRO and
solute pinning effects would be insufficient to produce the
positive experimental stacking fault energies in NiCoCr,
arguing instead that other contributions to the stack-
ing fault free energy should be evaluated [82]. Analysis
by Shuang et al. finds that the distribution of the local
maximum restoring force defines the critical stress at pin-
ning sites for dislocation motion across a range of high-
entropy alloy compositions [30]. Despite disagreement
on the mechanism driving this behavior, the literature



11

FIG. 10. Predicted ISF distributions for three HETMCs.
Blue lines show the mean and red dashed lines show the mean
plus one standard deviation for each distribution.

agrees that the effective stacking fault energy in medium-
and high-entropy compositions significantly exceeds the
average of the ISF distribution. For the HETMC stack-
ing fault analysis in this work, we take the result from
Shih et al. and set a lower bound estimate for energy as-
sociated with partial dislocation separation as the mean
plus one standard deviation of the ISF distribution.

For this “mean plus one” model, we generalize the
trend for partial edge dislocation separation length s with
the expression

s <
Gb2

2π(µ+ σ)
(9)

where G is the shear modulus, b is the Burger’s vector.
To generate a distribution of predicted ISF energies for

a given composition, a sample of configurations is drawn
from the multinomial distribution such that

P (Xi, n, pi) =
n!∏k

i=1 Xi!

k∏
i=1

pXi
i (10)

and

k∑
i=1

Xi = n, (11)

where P is the combinatorial probability of a local atomic
environment with composition X = (X1, . . . , Xk) for
k species occupying n lattice sites. The site occupa-
tion probabilities are taken as pi = 1

k for a disordered
equiatomic composition. Critically, the distribution is
dependent on the volume that is considered to be part of
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FIG. 11. (a) Mean, standard deviation, and skew of the 126
predicted HETMC ISF energy distributions and (b) the sum
of first two moments as a function of VEC.

the local environment. For example, a single-atom vol-
ume will consist of sharp peaks corresponding to each
constituent element and containing an equal fraction of
the total distribution. Conversely, the distribution will
approach the delta function centered on the distribution
mean as the volume of the local environment goes to in-
finity.
In this work, the depth of the local environment is

taken as four (111) planes with weighted contributions
as determined by the fitting in Section IIIA. Treating
each (111) plane separately, the distribution of interface
cation arrangements is built from 10,000 samples of the
multinomial distribution with n = 6, equating to a naive
assumption that the cutoff distance for local pinning in-
teractions is on the order of 2b.
The predicted ISF distributions from multinomial sam-

pling and the modified RoM model in Section IIIA are
plotted in Fig. 10 for three different compositions along
with the mean and mean plus one standard deviation
for each distribution. For (Mo,Nb,Ta,V,W)C, the mean
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TABLE V. RoM linear regression coefficients and errors
(J/m2) for the standard deviation and skew of the predicted
ISF distributions.

β̂1 β̂0 RMSE
Standard deviation 0.251 0.022 0.030
Skew 0.338 -0.217 0.040

stacking fault energy and standard deviation are 0.03
J/m2 and 0.27 J/m2, respectively. Using G = 193 GPa
and b = 0.437 nm [83] in Eq. 9 yields a Shockley par-
tial separation s of less than 20 nm. Hence, although
44% of the sampled stacking fault energy distribution is
negative, the naive model predicts a finite partial separa-
tion for this composition. Similarly, (Cr,Mo,Nb,Ta,W)C,
(Cr,Mo,Nb,V,W)C, and (Cr,Mo,Ta,V,W)C have all been
found to stable experimentally [40] despite each compo-
sition exhibiting a negative mean stacking fault energy
(-0.15, -0.17, and -0.18 J/m2 respectively) and negative
stacking fault energies for more than 70% of the sampled
configurations.

The sampling procedure was carried out on each of the
126 HETMC compositions consisting of five-cation com-
binations from Cr, Hf, Mo, Nb, Ta, Ti, V, W, and Zr.
The mean, standard deviation, and skew of the predicted
ISF distributions are plotted in Fig. 11 as a function of
the same quantities calculated from the five constituent
single-metal carbides. The mean stacking fault energy
deviates slightly from the linear RoM as a direct result
of the quadratic terms in Eq. 3; however, there are strong
linear relations for standard deviation and skew, adding
another facet to the stacking fault RoM. The linear co-
efficients and fitting errors are given in Table V.

Finally, the µ + σ stacking fault energies, as calcu-
lated from the predicted distribution moments, are plot-
ted as a function of VEC in Fig. 11b. There is a mono-
tonic decrease in energy, suggesting that the separation
between Shockley partial dislocations increases with in-
creasing VEC. However, with the “mean plus one” model
as a lower bound estimate of the energy barrier for dis-
location pinning, partial dislocation separation distances
are expected to be finite for all VEC values ≤ 9.6.

IV. CONCLUSION

First principles calculations were used to establish new
RoMs for interfacial defects in group IVB, VB, and VIB
stoichiometric HETMCs. {111} ISF energies were shown

to be predictable from an optimized RoM based on values
from the respective single-metal carbide compositions. A
linear relationship was discovered between these stacking
fault energies and the USF energies along the ⟨112̄⟩{111}
slip path on the gamma surface. Provided that the shift
of the USF barrier from the high-symmetry position is ac-
counted for, the linear coefficient is independent of com-
position across the range of early transition metal car-
bides. The ISF and USF energies are analogous to the
heat of reaction and transition state barrier in chemical
reactions, and this linear relationship is similarly anal-
ogous to the EPS relationship that is ubiquitous across
chemical systems, but not applied to plasticity in solids.
It was further found that the standard deviation and

skew for the distribution of stacking fault energies result-
ing from cation disorder at the interface are predictable
from linear relations that connect the stacking fault en-
ergies of the single-metal carbides to the corresponding
high-entropy compositions. Using a model where the up-
per tail of the ISF distribution balances the elastic repul-
sion between partial dislocations, we demonstrate that
Shockley partial edge dislocations should remain bound
for HETMC compositions with VEC ≤ 9.6 despite cer-
tain compositions exhibiting negative mean ISF energies.
This is consistent with experiment, where compositions
predicted to have large concentrations of negative stack-
ing fault energies, such as (Mo,Nb,Ta,V,W)C, are phase
stable with relatively low defect densities [22].
The RoMs and linear relations discovered in this study

are important for understanding and predicting the de-
fect structure and mechanical properties of HETMCs. In
addition, the EPS relation has been an invaluable tool for
estimating reaction kinetics across diverse areas of chem-
istry, and based on our results we anticipate that it will
find other applications in predicting mechanical proper-
ties of high-entropy materials. Future work on this topic
should include vacancy effects on gamma surface ener-
gies, and may require more sophisticated machine learn-
ing techniques for quantitative predictability [21, 84].
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