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In density functional theory, traditional explicit density functionals such as the Local Density
Approximation and Generalized Gradient Approximations can not accurately predict the band gap
of solids for a fundamental reason: They lack the exchange-correlation derivative discontinuity.
By comparing Kohn-Sham and generalized Kohn-Sham calculations, we here show that the non-
empirical meta-Generalized Gradient Approximation (meta-GGA) TASK predicts the right gaps
for the right reason, i.e., as a combination of a proper Kohn-Sham gap and a substantial derivative
discontinuity contribution. For many materials from small-gap semiconductors to large-gap insula-
tors, the proper band gap is thus obtained. We further study a group of metal-halide perovskites
for which the band gap is notoriously hard to predict. For these materials, TASK yields band
gaps very similar to the non-local screened hybrid HSE, yet at a fraction of the hybrid functional’s
computational cost. We discuss the influence of correlation functionals, and open questions in the

comparison of calculated band gaps to experimental ones.

I. INTRODUCTION

The discovery of new materials is key for many ap-
plications [1] such as the next generation of solar mod-
ules [2—4], catalysts with improved efficiency [5], or bat-
teries for energy storage [6, 7]. For the computational
screening of new materials, numerically efficient methods
are required that predict material properties with suffi-
cient accuracy [7-9]. Density functional theory (DFT)
is very popular for such electronic structure calculations
due to its balance between useful accuracy and reason-
able computational cost. An example for an ongoing ma-
terials discovery quest is the search for non-toxic, earth-
abundant, and stable semiconductors that can serve as
light-converting materials in a wide range of applica-
tions. Metal-halide perovskites are a broad family of
materials with outstanding chemical and electronic di-
versity that have received a lot of attention because of
their versatile and highly tunable material properties [10—
13]. The quintessential metal-halide perovskite, methy-
lammonium (MA) lead iodide (CH3NH3Pbl3), e.g., has
been used in solar cells with certified power conversion
efficiencies exceeding 26% [14]. Since the family of metal-
halide perovskites comprises thousands of stable mate-
rials [15, 16], material-selection procedures have to be
based on suitable criteria. The band gap is one of the
most important properties for high-throughput mate-
rial discovery, and should be slightly larger than 1eV
for single-junction solar cells as a consequence of the
detailed-balance limit [17]. Predicting the band gaps of
perovskites with a reasonable reliability, yet at the same
time low computational cost such that many materials
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can be computationally screened, is therefore an impor-
tant task.

The (fundamental) band gap E, of a system with N
electrons is defined by

Eg = I(N) — A(N), (1)

where I(N) is the ionization potential and A(N) the elec-
tron affinity of the N-electron system, respectively. In
a DFT calculation within the Kohn-Sham scheme, the
band gap splits [18, 19] into the Kohn-Sham gap Akg
and the exchange-correlation (xc) derivative discontinu-
ity Axe,

E, = I(N) — A(N) = Aks + Axe. (2)
The Kohn-Sham gap
Aks = €10 — €10 (3)

stems from the orbital-dependent kinetic energy [20] and
is the difference between the lowest unoccupied (LU) and
the highest occupied (HO) one-electron energy. For oc-
cupation numbers that respect the Aufbau principle, it
is always non-negative [21].

The xc derivative discontinuity on the other hand van-
ishes for density functional approximations that explic-
itly depend only on the density, or quantities directly
derived from it, e.g., its spatial derivatives [18, 22-26].
Therefore, the Local Density Approximation (LDA) [27]
and Generalized Gradient Approximations (GGAs) [28,
29], severely underestimate the band gaps of semicon-
ductors and insulators. The comparison with Green’s-
function based quasi-particle calculations has led to the
estimate that the xc derivative discontinuity often is re-
sponsible for 30-50% or more of the band gap [30, 31],
and recent reconstructions of the exact Kohn-Sham sys-
tem for solids have confirmed the substantial contribution
that Ay, makes to the gap [32].
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Within the Kohn-Sham scheme, Akg would not gen-
erally correspond to the fundamental gap even for the
unknown exact xc functional [22, 30, 32-35]. However,
for orbital-dependent functionals, the generalized Kohn-
Sham formalism offers an attractive alternative [36]. In
generalized Kohn-Sham theory the potential is no longer
multiplicative. Depending on the xc approximation used,
it leads to a set of orbital-dependent differential (meta-
GGA) or integral (exact exchange) operators. This al-
lows one to strive for xc approximations where the eigen-
value gap of the generalized partially interacting refer-
ence system equals the fundamental gap, i.e., for which

_ _gKS gKS __
Agis = epy —eno = Pa (4)

This is exploited, for example, in the range-separated
hybrid HSE (Heyd-Scuseria-Ernzerhof) [37-39], where
the short-range/long-range splitting parameter is used
to empirically find a good generalized Kohn-Sham sys-
tem. A more sophisticated choice of the generalized
Kohn-Sham system is made in the optimally tuned range-
separated hybrids [40, 41], where a system-dependent pa-
rameter is fixed by enforcing the IP theorem [42] for the
N and N+1 electron system as closely as possible. This
tuning amounts to choosing the generalized Kohn-Sham
system which minimizes Ay, [41, 43, 44] and aims for
Agks = E,.

Comparison of Egs. (2) and (4) shows that for a
given xc functional, the difference between the general-
ized Kohn-Sham gap and the Kohn-Sham gap equals the
xc derivative discontinuity,

Axc = AgKS - AKS- (5)

Note that Eq. (5) only holds under the assumption that
the orbitals do not change when switching from the
Kohn-Sham to a generalized Kohn-Sham formalism. The
latter is at least true in perturbation theory to first order
[45].

In the past, local multiplicative potentials were con-
structed yielding a Kohn-Sham gap that closely approx-
imates the fundamental gap [46, 47]. These construc-
tions, however, lead to other problems, e.g., divergences
[48, 49], too narrow bands [50], the lack of an energy func-
tional and therefore, e.g., no prediction of bond lengths
[46], a rather poor description of energetic binding [51],
and numerical issues [52]. In the light of Eq. (2), one
might interpret these issues as reflections of intrinsic in-
consistencies that result when trying to map the effects
of the non-local Ay, into a local potential.

Meta-Generalized Gradient Approximations (meta-
GGAs) [53-62] that depend on the kinetic energy den-
sity 7, and thus on the occupied Kohn-Sham orbitals,
can have a non-vanishing xc derivative discontinuity [62—
64], because the orbitals are implicit, non-local function-
als of the density. Thus, meta-GGAs in principle can
improve band-gap prediction when evaluated in a gener-
alized Kohn-Sham scheme [64, 65]. In practice, however,

the derivative discontinuity of many meta-GGAs is rel-
atively small [63, 64, 66], so that the band gaps are not
quantitatively accurate.

Therefore, so far functionals used for band-gap predic-
tion typically include exact exchange [39, 40, 67, 68] and
thus come at a computational expense much larger than
an LDA or GGA calculation. As a consequence, they
have rarely been used for computationally demanding
applications such as extensive materials screening. Be-
cause meta-GGAs have semi-local computational costs,
they are the natural choice for large-scale calculations,
provided they achieve the desired accuracy. Therefore,
understanding the nature of the xc derivative disconti-
nuity in meta-GGAs and how it relates to the prediction
of band gaps is a topic of substantial current interest
[62, 64, 69-71].

In the present work, we show that the TASK [62] meta-
GGA yields the right band gaps for the right reason,
namely by incorporating a substantial contribution from
the derivative discontinuity on top of a Kohn-Sham gap
with a magnitude similar to exact Kohn-Sham gaps.

II. GENERATING A SIZEABLE DERIVATIVE
DISCONTINUITY IN META-GGAS

The meta-GGAs that we study here [72] depend on the
electron density n, its gradient Vn, and the (positive)
non-interacting kinetic energy density
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In the single-orbital limit, the kinetic energy density
tends to the von Weizsacker kinetic energy density
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while in the uniform-density limit it becomes

3h2
10m

Tunit = —~— (37%)%/#n?/% = An/3, (8)

The exchange energy is typically parametrized in di-
mensionless quantities that have a physical interpretation
in certain limits. Here, we consider the reduced density
gradient

B 4(37r2)2/3 nd/3 "’

which can be used to detect non-covalent interactions
[73], and the iso-orbital indicator
T —TW

a= , (10)

Tunif

which tends to zero in the iso-orbital limit, to one in the
uniform density limit, and to infinity in regions domi-
nated by density overlap between closed shells [74]. Thus,



the meta-GGA exchange energy of a spin unpolarized
system reads

EmGGA - /G;HGGA(TL,V’I?,,T)dST
= Ax/n%F;(“GGA(sQ,a)dSr (11)

with the (exchange) enhancement factor FMSGA(s2 )
and A, = —(3e2/4) (3/7r)1/3. To obtain the exchange
energy of a spin polarized system, the exact spin scaling
relation [75] can be applied to Eq. (11). The correla-
tion energy is often defined via the (correlation) energy
density per particle .. For a direct comparison between
exchange and correlation, the enhancement factor of cor-
relation over LDA exchange is defined as

EC“‘G’G’A = /naZ:”GGA(n,Vn,T)dBT
=: Ax/n%FénGGA(TS,SQ,a)d%, (12)

where the correlation enhancement factor, in addition
to the dependence on s and «, depends on the Seitz
radius rg = (47rn/3)71/ 3. Typically, it also depends on
a quantity for modeling the spin-dependence, e.g., the
spin-polarization ¢ = (ny —ny) / (ny +ny), but we have
suppressed the spin-dependence here for ease of notation.

It is well established that the xc derivative discontinu-
ity is an important feature of the exact functional [18—
20, 76]. It was already discussed 40 years ago in the
context of the straight line condition of Perdew, Parr,
Levy, and Balduz [20], which states that the total energy
as a function of the (fractional) particle number consists
of straight lines between integer particle numbers. At
integer particle numbers, however, the total energy has
a kink, corresponding to a jump in its derivative. This
derivative discontinuity with respect to the particle num-
ber equals the fundamental band gap of a solid,
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where |_ and | denote derivatives evaluated on the elec-
tron deficient and electron rich side of the integer parti-
cle number. On the right-hand side all energy contribu-
tions that are continuous in the density do not contribute.

Thus,
_ [ dT[n]|  OTi[n] 0Exc[n]|  0Ex[n]
By = <5n(r) . on) ) + < on(r) |, on(r)
Axks Axe
(14)

where the discontinuity originating in the noninteract-
ing kinetic energy equals the Kohn-Sham gap of Eq. (3),
and the second term is the derivative discontinuity of the
exchange-correlation energy. In a meta-GGA, the latter

is due to the orbital-dependence of Ey.. Consequently,
the xc derivative discontinuity of a meta-GGA reads
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To obtain further insight, one can simplify this expression
by approximating the first term by its average over an
‘energetically important region’,

Oexc -~ Oexc
or o

(16)

This derivation has been used in the construction of
the TASK functional for exchange [62], and here we
underpin it with additional considerations. The ’ener-
getically important region’ denotes the spatial region in
which the dominant contributions to the above integral
emerge. The accuracy of this approximation may vary
from system to system and especially between solids and
molecules. Still, it provides useful insights on how an xc
derivative discontinuity of desired sign and size can be
generated.

The approximation of Eq. (16) allows one to pull the
approximated term in front of the integral. Since the
noninteracting kinetic energy density 7 integrates to the
usual noninteracting kinetic energy functional Tj, this
leads to

Oexe

or
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This implies that the xc derivative discontinuity of a
meta-GGA is approximately proportional to the Kohn-
Sham gap — if the approximation of Eq. (16) is justified.
When one goes beyond this approximation, then there
is the possibility for a non-vanishing xc discontinuity de-
spite a vanishing Kohn-Sham gap. We discuss such a case
(CdO) below. Within the approximation, the sign as well
as the size of the xc derivative discontinuity can be con-
trolled via the proportionality factor dey./0T, since the
Kohn-Sham gap is nonnegative.

It has been conjectured that the total xc derivative dis-
continuity as well as that of exchange must be positive
in electronic systems. These conclusions have been based
on, e.g., the numerical evidence that typical semi-local
functionals (LDA and GGAs) systematically underesti-
mate band gaps of solids [32] and explicit calculations of
Ay and Ay, [77-81], as well as the observation that the
ground-state energy as a function of particle number is
concave upwards for systems with repulsive interactions.
Because the exchange contribution to the xc derivative
discontinuity, Ay, is typically much larger than that from
correlation, we first consider exchange. A detailed dis-
cussion of the contribution from correlation follows in
Section V.

To obtain a positive exchange derivative discontinuity,
the proportionality condition Eq. (17) implies that one
has to construct the meta-GGA exchange energy such



that

Odex

oy >0 (18)
in the energetically important region. Moreover, the
magnitude of dey /0T, together with the Kohn-Sham gap,
determines the size of Ax. For a parametrization of the
exchange enhancement factor Fy in s and « the condition
of Eq. (18) is equivalent to the condition [62]

OFy
< 0. 19
Do (19)
Thus, there is a construction principle for the meta-GGA
enhancement factor by which one can control the sign as
well as the size of the x(c) derivative discontinuity.

III. RIGHT BAND GAPS FOR THE RIGHT
REASON

In the following, we show that this construction princi-
ple indeed leads to the proper prediction of band gaps. In
the context of this discussion, it is helpful to have in mind
some general aspects of band gap calculations. First, one
must be aware of that the calculated gaps depend on the
lattice parameters and on numerical choices such as the
size of the basis set, whether a pseudopotential is used or
not, and possibly the details of the employed pseudopo-
tential. Second, relativistic effects can influence the band
structure of some materials noticeably. Third, the xc
approximation influences the band structure via the sin-
gle particle gap and possibly the derivative discontinuity.
Fourth and finally, for orbital-dependent xc approxima-
tions, it can make an important difference whether one
is using the Kohn-Sham or the generalized Kohn-Sham
scheme. In the Supplemental Material [82] we discuss
these different aspects and show, e.g., in Tables II and
III, results for different density functionals and differ-
ent levels of taking into account relativistic effects. Here
in the main article, our focus is on the above discussed
meta-GGA construction principle.

The TASK meta-GGA for exchange [62] adheres to
this principle and combines it with the fulfillment of
non-empirical exact constraints. A correlation functional
to go along with TASK is the iso-orbital corrected cor-
relation (CC) [83]. It is based on the LSDA in the
parametrization of Perdew and Wang [84]. For sys-
tems without spin-polarization, such as the solids in the
test set studied below, the CC correlation is identical to
LSDA correlation. In the following, we just write TASK
to refer to TASK exchange with LSDA correlation to sim-
plify the notation.

The decisive step for disentangling the single-particle
and the derivative discontinuity contribution to the band
gap is to compare the gaps obtained within the Kohn-
Sham scheme to those obtained from the generalized
Kohn-Sham scheme, cf. Eq. (5) [85]. This logic has al-
ready been followed in Ref. 64. Additionally, we compare

the Kohn-Sham gaps of TASK with those of the LDA and
with very recent quasi-exact Kohn-Sham gaps obtained
by inversion of highly accurate Quantum Monte Carlo
(QMCQC) ground-state densities [32].

We have performed all calculations using the BAND
code [86-92] of the Amsterdam Modeling Suite. To this
end, we have implemented an optimized effective poten-
tial (OEP) routine for TASK, using the Krieger-Li-Iafrate
(KLI) approximation [93]. The Supplemental Material
[82] lists the numerical details. It has previously been re-
ported that the OEP routine for meta-GGAs in BAND
needs an extremely fine (radial) Becke grid [64]. Our
calculations with the TASK functional did not need this
fine grid, cf. Section VI and the Supplemental Material
[82]. Our experience that TASK (with both LDAc and
CC correlation) is numerically stable and efficient is in
line with several very recent numerical stability analyses
[94-96], which conclude that the numerical stability of
TASK is on par with the one of PBE [97].

Fig. 1 shows the computed band gaps compared to the
experimental reference values for a) small (i.e., smaller
than 4eV) and b) large (i.e., larger than 4eV) gap sys-
tems. On the one hand, the figure confirms the previous
finding [62] that TASK evaluated in generalized Kohn-
Sham predicts band gaps reliably for a large variety of
systems. Especially for large gap systems, which are very
challenging for many other methods [70], TASK predicts
the band gap quite accurately. The same trend has very
recently been observed in a comprehensive study on the
impact of the exchange enhancement factor on band gaps
[71].

The important new insight, on the other hand, emerges
when looking at the Kohn-Sham gaps of TASK, which
had not been available so far. The figures show that these
Kohn-Sham gaps are close to or slightly larger than the
gaps from LDA. Comparison of the Kohn-Sham and the
generalized Kohn-Sham gaps thus demonstrates that the
accurate prediction of the band gaps with TASK is not
obtained by incorrectly opening large Kohn-Sham gaps.
Instead, TASK correctly includes a substantial contribu-
tion from the derivative discontinuity, which here stems
from the TASK exchange. The difference between the
generalized Kohn-Sham gap and the Kohn-Sham gaps
indicates the derivative discontinuity, as highlighted for
the example of Kr by the blue arrow in Fig. 1. One sees
that here, Ay = 3.7 eV, i.e., the discontinuity is respon-
sible for about a third of the gap.

For most small gap semiconductors, the fact that
TASK achieves larger gaps than LDA can be attributed
to two effects: First, the Kohn-Sham gaps are larger than
those of the LDA, closing about half of the difference
with respect to experiment. The remaining difference is
then closed by the derivative discontinuity contribution
that is included in the generalized Kohn-Sham eigenvalue
gap. The situation is different for the large gap systems.
There, the relative increase of the TASK Kohn-Sham
gaps over the LDA gaps is much smaller. This trend is
in line with the accurate QMC-derived Kohn-Sham gaps
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FIG. 1. Calculated vs. experimental band gaps of a) small gap systems and b) large gap systems. The difference between
the generalized Kohn-Sham gaps and the Kohn-Sham gaps shows the x(c) derivative discontinuity, illustrated for Kr by a blue
arrow. Experimental bond lengths and experimental band gaps have been chosen as in Ref. [62] for all systems except NaCl.
The bond length and reference value of NaCl are taken from Ref. [32] to allow for comparison with the QMC data. The green
crosses mark the QMC-derived Kohn-Sham gaps of Si (0.69 eV) and NaCl (5.25 eV) from Ref. [32]. The dotted line illustrates

exact agreement with the reference values.

from Ref. [32]: Also for the quasi-exact Kohn-Sham gaps,
the relative increase compared to the LDA gaps is larger
for the small-gap system Si than for the large-gap system
NaCl. Furthermore, also in terms of the absolute mag-
nitude, the QMC-derived gaps support the meta-GGA
results, as similar Kohn-Sham gaps are found in both ap-
proaches. The meta-GGA generalized Kohn-Sham gaps,
on the other hand, are much larger and close to the ex-
perimental band gaps.

These results thus demonstrate that the meta-GGA
predicts the right band gaps for the right reason: TASK
does not require to spuriously open up the Kohn-Sham
gap to match the experiment, but instead yields a Kohn-
Sham gap that is somewhat larger than the LDA gap yet
still of similar magnitude. It combines the Kohn-Sham
gap with a substantial contribution from the derivative
discontinuity to reach a band gap close to the experimen-
tal one. The high accuracy of the meta-GGA generalized
Kohn-Sham gaps attests the usefulness of the construc-
tion principle of Eq. (19).

As a side remark, and in view of Section VI, we note
that we also compared the band gaps obtained with
TASK to the ones obtained with the HSE functional. The
corresponding data are shown in Table IV of the Supple-
mental Material. It shows that (with the exception of di-
amond, see below), TASK and HSE yield similar results
for systems with gaps of up to ca. 5 eV, whereas TASK

yields larger gaps than HSE for systems with larger band
gaps, in agreement with experiment.

IV. ENERGETICALLY IMPORTANT REGIONS
IN DIFFERENT TYPES OF SYSTEMS

The trends described in the previous Section hold for
the large majority of systems. However, it is worthwhile
to discuss the concept of averaging over the ’energetically
important region’, cf. Eq. (16), in greater detail, because
there are two interesting exceptions in our set of data.

The first one is diamond, where we observe a rather
large deviation of the TASK generalized Kohn-Sham gap
from the experimental band gap. TASK enhances the
Kohn-Sham gap of diamond only marginally compared to
LDA and the derivative discontinuity is insignificant. At
least as remarkable is CdO. There, the Kohn-Sham gap
of TASK vanishes like that of LDA, but the generalized
Kohn-Sham gap is nevertheless in very good agreement
with the experimental data.

These effects must have their origin in the electronic
structure. In order to understand what is special about
these two systems, we analyze their electronic structure
in comparison to other materials. For this comparison
we chose as one reference Ge, because its band gap is
of very similar magnitude as the one of CdO, and its
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lattice structure is similar to the one of diamond. As a
second reference we chose NaCl, as its lattice structure is
similar to the one of CdO and the QMC reference data is
available. In the Supplemental Material we also discuss
Si as a third natural reference system.

Fig. 2 shows the electronic structure parameters rg,
s, and «, which enter the meta-GGA as the input, as
well as the enhancement factor of TASK and (minus)
its derivative with respect to « for Ge and C (diamond),
and NaCl and CdO in panels a) and b), respectively. The
input parameters are taken from a self-consistent TASK
calculation in BAND. From these, we calculate F1ASK
and —OFTASK /9 and finally plot all quantities along a
path in the unit cell as indicated in the caption.

First, we compare Ge and diamond. Both systems are
covalently bond and have a diamond cubic lattice, so
one might expect that they are similarly well described.

However, Fig. 1 shows that for Ge the derivative discon-
tinuity Ay is responsible for about half of the experi-
mental gap, while it nearly vanishes for diamond. It is
not obvious where this difference comes from, therefore
we take a closer look at the electronic structure. Fig. 2
a) shows that in both systems, F.LASK /9a has a similar
magnitude everywhere except for the core region and the
bonding region, where we define the bonding region as
the central region between the nuclei with the shortest
core-core distance, as denoted in Fig. 2. The core region,
however, is unlikely to contribute significantly to Ay.. In
the bonding region the magnitude of OFIASK /9a is ca.
a factor of two larger for Ge than for diamond, as seen
in the insets in Fig. 2 a). This is a relevant observation
in view of Eq. (19): a more negative OF 125K /9a leads
to a larger derivative discontinuity. Therefore, we con-
clude that the bonding region is very important for these
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strongly bound systems, i.e., the bonding region makes a
large part of the ’energetically important region’ in the
sense of Egs. (15) and (16). The reason for the different
values of AFIASK /9 are the different values of « in the
bonding region. In the bonding region of diamond, «
takes rather small values down to a &~ 0.2, while in Ge,
as well as in NaCl and CdO, « is larger than 0.4 every-
where (except for the core region). However, for o & 0.2
TASK has much less a-derivative than for larger values
of a, cf. Fig. 3. Furthermore, in diamond the density
in the bonding region is larger, i.e., ry is smaller than
for Ge, and this also reduces the derivative discontinuity
because Oey./0T n’l/?’@FXC/Ba X rs0Fy./0c. Thus,
in the case of diamond, the chosen parametrization of
the TASK functional misses to sufficiently pick up the
energetically important region.

Next, let us compare Ge and CdO. Ge and CdO have
a similar experimental band gap and TASK predicts
similar generalized Kohn-Sham gaps for both. How-
ever, TASK predicts a vanishing Kohn-Sham gap for
CdO, while for Ge the predicted Kohn-Sham gap is of
the magnitude that one expects for such semiconductors
[30, 32, 34]. Fig. 2 reveals the obvious substantial dif-
ferences between Ge and CdO as a consequence of their
different crystal structures. While Ge is in the diamond
cubic structure, CdO is in the rock-salt cubic structure,
like NaCl. This reflects their different bonding types: Ge
and diamond are covalently bound, while CdO and NaCl
are ionic crystals. Therefore, a Kohn-Sham gap close to
the (vanishing) LDA Kohn-Sham gap for CdO — and con-
sequently, a larger contribution from the derivative dis-
continuity — is in line with the discussion in the previous
Section: There, we already observed that the difference
between the Kohn-Sham gaps of LDA and TASK is dif-
ferent for ionic crystals and covalently bound crystals.

For the ionic crystals NaCl and CdO, it is not as

clear as for the covalently bound systems what the en-
ergetically important region is. While the size of the
Kohn-Sham gap of TASK in NaCl corresponds to about
two thirds of the size of the experimental gap, which
is the right order of magnitude as confirmed by the
QMC-derived Kohn-Sham gap, TASK predicts a vanish-
ing Kohn-Sham gap for CdO. Still, the generalized Kohn-
Sham gap of TASK matches the experimental value quite
accurately in both systems. From Fig. 2, we observe
that in a large part of the bonding region dFIASK /9
nearly vanishes in NaCl and is small in CdO. This sug-
gests that in the ionic crystals the bonding region is not
as important for the gap as it is in the covalently bound
semi-conductors. Instead, the inner valence region, and
possibly the core-valence region, become more important.
(Here we define the inner valence region in the following
way: Starting from the point where the reduced density
gradient s has a minimum between two nuclei, go in the
direction of one of the neighboring nuclei towards the
highest maximum of s. The inner valence region starts
at this maximum and reaches to the next minimum of s
in the direction of the nearest nucleus.) The dependence
of Fyc onry, s, and «, i.e., many input quantities, hinders
a detailed analysis. However, the overall more negative
OFIASK /9a in CdO compared to NaCl can explain a
larger relative contribution from the derivative disconti-
nuity in CdO. For gaining further insight, it would be of
great interest to know the exact Kohn-Sham gap of CdO
and see whether it indeed vanishes. QMC calculations
in the spirit of Ref. [32] for CdO would therefore be of
great interest.

Finally, we summarize the influence of the different
bonding types on the energetically important region. In
Fig. 2, we observe that for the covalently bound systems,
a has a local minimum at the bond center, while in the
ionic crystals « has a local maximum at the bond center.
Therefore, different regions of « are energetically impor-
tant for the different types of bonds. On the one hand,
in Ge and C the bonding region and thus values of a be-
tween 0.2 and 1 are very important. On the other hand,
in NaCl and CdO the inner valence and the core-valence
regions and thus values of a between 0.4 and 2 appear to
be energetically most important. Fig. 3 shows that the
magnitude of IFFASK /9q is particularly high for a be-
tween 0.4 and 2. This underlines the importance of the
construction principle, Eq. (19), and explains why TASK
yields reliable band gaps for many systems.

V. THE IMPACT OF CORRELATION

While there is a lot of evidence that the total xc deriva-
tive discontinuity as well as the one of pure exact ex-
change should be positive, there are several hints that
the contribution from correlation should typically be neg-
ative: Exact exchange typically yields a derivative dis-
continuity that is too large [34, 78], which implies that
the correlation part of the exact functional must have



a negative contribution to Ay.. For the correlation that
corresponds to the dynamical (random phase approxima-
tion) screening in the GW approximation, this has also
been confirmed explicitly [34].

In the context of meta-GGAs, we have a further ar-
gument supporting this point of view based on the en-
hancement factor for fully spin-polarized systems. As
shown above, the derivative discontinuity can be linked
to the derivative of the enhancement factor with respect
to a via Eq. (19). In the one-electron case (o = 0), the
exact correlation must vanish identically to make the cor-
relation free from self-interaction. Since the correlation
energy of the exact functional is non-positive, we have
98] ec(a = 0) > ec(a), and thus F.(a = 0) < F.(a)
for all values of a and of the remaining parameters. In
particular, the correlation energy density of the homo-
geneous electron gas is negative everywhere and thus
F.(n,Vn = 0,a = 0) < F(n,Vn = 0,a = 1) for all
values of the density n. Consequently, the average of
OFc/da for a between 0 and 1 must be positive. Be-
cause 0 < a < 1 typically makes a large part of the
energetically important region, the analog of Eq. (19) for
correlation indicates A. < 0.

These considerations indicate which trends are to be
expected for exact exchange and exact correlation. In the
construction of approximate functionals, however, one
additionally has to take into account that semi-local ex-
change functionals do not model exact exchange, but ef-
fectively cover exchange and non-dynamical correlation
[76, 99-104]. Therefore, the relative contributions of
meta-GGA exchange and meta-GGA correlation to the
total derivative discontinuity may differ depending on the
specific functional construction strategy, and only their
sum, i.e., the total Ay, is of decisive relevance. This is in
line with the long-known experience that semi-local ap-
proximations for x and ¢ must match and are therefore
best designed together. The correlation functionals of
popular meta-GGAs such as SCAN [61], r2SCAN [105],
and M06-L [57] have a noticeable negative contribution to
the derivative discontinuity. They are therefore expected
to reduce band gaps (cf. the Supplemental Material [82],
where this is explicitly confirmed for SCAN). The results
shown in Fig. 1 indicate that TASK exchange, which has
been constructed differently from previous meta-GGAs
by following the philosophy of Eq. (18), needs a differ-
ent kind of correlation functional. The CC-meta-GGA
correlation [83] takes this into account: While having a
non-positive derivative discontinuity in general, it pre-
serves the high-quality of the band gaps for the systems
in the test set.

VI. BAND GAPS OF METAL-HALIDE
PEROVSKITES

The test set studied in Section III provides a rea-
sonable benchmark as it spans a broad range of mate-
rials with band gaps from large to small. While the

focus of section III is on the comparison of the gaps
from generalized Kohn-Sham and Kohn-Sham theory,
it is reassuring to know that the high quality of the
generalized Kohn-Sham gaps from the TASK functional
has been confirmed also for other, yet larger test sets
[70]. However, from a materials science perspective,
the question of how reliably DFT can predict the gaps
of very complex materials is also highly relevant. For
many such materials, definite reference values have not
been established yet, excluding them from typical test
sets. Furthermore, for some materials predicting the
band gap correctly is challenging in general, i.e., not
only for DFT, but also for other many-body methods.
A paradigm example is the material family of metal-
halide perovskites, which pose a serious challenge even for
Green’s function-based many-body perturbation theory
in the GW approximation [106-109]. The GW approach
is currently considered to be the ”gold standard” for
the prediction of band gaps of solids [110], but requires
material-dependent, sufficiently accurate DFT starting
points [109, 111] or computationally-demanding (partial)
self-consistency and the incorporation of vertex correc-
tions for halide perovskites [108, 112]. While the con-
siderations presented in the literature [57, 64, 70, 113]
and in this paper suggest that a meta-GGA such as the
TASK functional is an attractive option for predicting
band gaps, the question arises whether it can also predict
the band gaps of metal-halide perovskites with quantita-
tive accuracy.

The HSE screened hybrid functional [37-39] is one of
the most reliable common functionals for the purposes
of band-gap prediction [70]. A reasonable description of
the band gaps of semiconductors has been part of its con-
struction strategy, and HSE generalized Kohn-Sham gaps
often give reasonable estimates of the true fundamental
gaps. A major drawback is, however, that the Fock-like
integrals that are required in an HSE calculation are com-
putationally demanding, and especially so in plane-wave
calculations, limiting the possibilities of rapid materials
screening. A computationally efficient meta-GGA giving
band gaps similar to the HSE functional would thus be
an attractive alternative. Therefore, we examine in the
following whether the TASK meta-GGA can fulfill this
promise by comparing TASK band gaps to HSE band
gaps.

Table I summarizes results for ten different metal-
halide perovskites. These systems span a broad range of
gaps from below 1 eV to over 2.5eV, and a broad range of
chemical complexity from single perovskites with chemi-
cal formula ABX3 to the quarternary double perovskites
with formula A;BB’Xg, where A is a monovalent cation
such as Cs™ or CH3NH; (MA), B and B’ are metal
cations, and X halide anions. In all cases we used ex-
perimental structures with structural details reported in
Ref. 109. In the compounds in which A = MA, we re-
placed MA with Cs in our calculations to avoid spurious
symmetry-breaking induced by the dipole moment of the
MA molecule in the primitive cubic unit cell [117, 118].



TABLE I. Kohn-Sham (for PBE) and generalized
Kohn-Sham (for HSE and TASK) band gaps (in eV)
calculated with the different programs VASP [114, 115] and
BAND [116]. The VASP values are taken from Ref. 109;
other values are this work. See main text for details.

PBE PBE HSE TASK HSE
System VAsp BAND VAasp BAND BAND
MAPDI; 0.21 0.09 0.82 0.81
MAPDBr; 0.55 0.41 1.30 1.38
CsSnBry 0.06 0.01 0.63 0.73

(MA),BiTIBrg| 0.60 0.44 1.00 1.25
Cs,Tl1AgBrg [-0.66 -0.57 0.20 -0.05 0.08
Cs,Tl1AgCl; | 0.00 0.00 1.09 0.75 1.07
Cs,BiAgBrg | 1.09 1.05 1.95 1.86
CsoInAgCly | 1.16 1.18 2.61 249 2.49
Cs,SnBryg 110 1.10 2.14 2.07
CsoAu,lg 0.70 0.71 1.16 0.91

This choice, as well as other technical choices, e.g., re-
garding pseudopotentials, basis sets, k-grid, and other
convergence criteria, influence the calculated numbers.
We report these parameters and resulting estimates of
the technical accuracy of the calculations in the supple-
mental material [82].

We use the all-electron code BAND for the TASK cal-
culations. In this way we avoid any inconsistency that
would result from the fact that self-consistent pseudopo-
tentials are not yet available for the TASK functional.
On the other hand, we cannot use BAND for all HSE cal-
culations, because in BAND, HSE via the LibXC inter-
face [119] is only available for calculations without spin-
orbit-coupling (SOC) or with scalar-relativistic SOC. Full
SOC, however, plays an important role in some of the ma-
terials in Table I. Therefore, for the HSE band gaps we
rely on the VASP values reported in Ref. 109 (with self-
consistent SOC) for most of the halide perovskites and
double-check only the ones for which SOC plays a neg-
ligible role (CsyT1AgBrg, CsyT1AgClg, CsyInAgClg) with
HSE in BAND. The TASK calculations with BAND use
the ZORA approximation [90] for including SOC for all
materials except the above mentioned three exceptions,
for which we performed scalar-relativistic calculations.

To give an impression of the possible consequences of
the technical differences between vASP and BAND, we re-
port in the first column the PBE band gaps calculated
with VASP using plane-waves and projector-augmented
wave pseudopotentials, and in the second column the
PBE gaps from our calculations using BAND with an all-
electron localized basis set. This comparison shows that
differences of ca. 0.15eV can result just due to technical
differences between the VASP calculations from Ref. 109
and the BAND calculations from this work.

With this in mind, we now compare the HSE band
gaps in column three to the TASK band gaps in col-
umn four. For most systems, the values are rather close
and differences are within the ~0.15eV range that we
already observed in the PBE comparison. However, for
MA,BiTIBrg, the TASK gap is larger by 0.25eV, and for

CsyT1AgBrg, CspAuslg, and CsyT1AgClg, the HSE gap
is larger by 0.25eV, 0.25eV, and 0.34 eV, respectively.
We therefore take a closer look at these special cases
before drawing general conclusions. Among these out-
liers, Cs,T1AgBrg appears particularly noteworthy, be-
cause with TASK the gap is close to zero but negative,
whereas with HSE we find a gap close to zero but positive.
We look into this case in more detail in order to check
whether this reflects a qualitative difference between the
two xc approximations, or just sensitivity to the com-
putational details. To this end, we repeated the HSE
calculation for CsyT1AgBrg using BAND. This is possible
because SOC plays a minor role here, as discussed above.
The corresponding number is shown in column five of Ta-
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FIG. 4. PBE, HSE and TASK band structure as calculated
with BAND for Cs,;InAgClg. Not only the gap, but also the
band structure are rather similar for HSE and TASK. The
hatched region indicates experimental values for the band
gap, with different hatchings indicating the range from
different experiments [120-122].

ble I. With BAND, the HSE gap of Csy;TIAgBrg is 0.12
eV smaller than with VASP. As a further test we also
calculated the band gap of CsyT1AgBrg using the TASK
functional in QUuANTUM EsSpPRrESSO (QE) [123, 124], i.e.,
another plane-wave code. In QE, the TASK gap of
CsyT1AgBrg is 0.04 €V, i.e., small but positive. Both re-
sults show that technical differences play a major role for
the sign of the band gap in this system, and we conclude
that CsyT1AgBrg does not reveal a qualitative difference
between HSE and TASK, but the gap is so close to zero
in either case that technical differences can be decisive for
whether the gap is slightly positive or slightly negative.

For the sake of completeness we also calculated the
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TABLE II. Computational time required for an SCF calculation with PBE, TASK, and HSE with BAND including the
sampling of the band structure. The last column reports the compute time of HSE and TASK relative to a PBE calculation.
For completeness, the prior columns report absolute numbers obtained on a compute node with 2 CPUs of type Intel Xeon
E5-2630 v4 @ 2.20GHz (Broadwell) with 2x 32GB RAM (in total 20 physical cores, hyperthreading enabled) using a 4 x 4 X 4
k-grid, without a frozen core, normal numerical quality, disabled symmetry, and including scalar relativistic effects in the
ZORA approximation. Note that the TASK calculations do not require the grid boost, which many programs switch on as a

default for meta-GGAs.

CPU Time (s) CPU Time relative to PBE

System XC Basis Grid Boost SCF Step Total SCF Step Total

Cs,T1AgClg PBE TZP X 45 1021 1.00 1.00
Cs,T1AgClg TASK TZP X 140 2969 3.11 2.88
Cs,T1AgClg TASK TZP v 324 6890 7.20 6.75
Cs,T1AgClg HSE TZP X 4560 78 699 106.05 77.09
Cs,T1AgBrg PBE D7z X 25 561 1.00 1.00
Cs,T1AgBrg  TASK DZ X 106 2170 4.24 3.87
Cs,;T1AgBrg TASK DZ v 258 5153 10.32 9.18
Cs,T1AgBrg  HSE DZ X 2867 53006 114.68 94.47
Cs,InAgCl;  PBE DZ X 13 153 1.00 1.00
CsyInAgClg TASK DZ X 56 1268 4.31 2.80
Os,InAgCly; TASK  DZ v 141 2913 10.85 6.43
CsyInAgClg HSE D7 X 1320 23518 101.54 51.91

band gaps of the other two materials for which full SOC
does not play a role with HSE in BAND. The corre-
sponding numbers in the fifth column of Table I show
that TASK and HSE yield identical gaps for CsyInAgClg
with BAND, and for Cs,TIAgClg the difference between
HSE and TASK is slightly reduced when the functionals
are compared within BAND. As a further check, we not
only compared the gaps, but also the band structure.
Fig. 4 shows the comparison for the exemplary case of
CsyInAgClg. The band structure obtained with TASK
and HSE is very similar, with slight differences in the
dispersion of the conduction band at the L and X points.

In summary, we therefore conclude that the band gaps
obtained from HSE and TASK are not identical, but
close to each other. Both functionals seem to capture
the band-structure physics of complex metal-halide per-
ovskite materials in a similar way. This finding suggests
that instead of basing band-structure estimates on the
non-local, screened hybrid functional HSE, one may as
well use the meta-GGA TASK for these purposes. Our
findings also suggest that the TASK functional may be
an attractive starting point for a subsequent GW calcu-
lation.

The reason for why this is is an attractive option from
a computational perspective is summarized in Table II. It
shows the computational time required for an HSE and
a TASK calculation for each of the three metal-halide
perovskites for which SOC plays a minor role and which
therefore can reasonably be compared within BAND. The
most relevant column is the last one. It reports the time
relative to a PBE calculation with the same computa-
tional settings for a complete calculation with the given
xc functional. By reporting these relative values, Table IT
provides an impression of the computational expense in-
dependent of the specific hardware that we used. For the
sake of transparency and completeness, we further report

the hardware and absolute timings. The numbers reveal
that a calculation using TASK takes about three times
as long as the PBE calculation, whereas an HSE calcula-
tion can take more than a factor 90 longer than the PBE
calculation. Using TASK instead of HSE typically saves
a factor of about 25 in computational time. As a rele-
vant side note we point out that calculations with TASK
do not require a finer numerical grid than the PBE cal-
culations. Many program packages have default settings
that use an extra fine radial grid (“grid boost”) in meta-
GGA calculations, because meta-GGAs such as SCAN
and M06-L require a fine grid due to their numerical sen-
sitivity. TASK calculations, however, converge well to
the proper values on the regular grid. Therefore the grid
boost, which typically more than doubles computational
times, can be disabled.

We thus arrive at the final important finding of this pa-
per: The TASK meta-GGA functional that only requires
semi-local orbital input predicts band gaps similar to the
ones from the fully non-local screened hybrid HSE, but
at much lower computational cost — in the cases that we
studied typically lower by a factor of 25.

Finally, we briefly comment on the comparison to ex-
perimental band gaps, which is particularly challeng-
ing for complex materials such as the metal-halide per-
ovskites for which the range of experimentally reported
band gaps can be substantial. While the focus of our pa-
per is not on the comparison to experiment, it is worth
noting that for some systems, e.g., Cs,BiAgBrg, the gaps
calculated with HSE and TASK are close to the mea-
sured gaps, while for others the difference can be as large
as ~0.8eV, e.g., for MAPbDI; and CsyInAgClg, cf. Fig.
4. These differences are generally in line with observa-
tions from molecular-dynamics simulations showing that
anharmonic structural fluctuations at elevated temper-
atures can lead to a significant renormalization of the



band gap [108, 125, 126], reported to be as large as 0.7eV
for some halide perovskites [108]. Furthermore, exciton
binding energies of some metal-halide perovskites are of
the order of several 100meV [127] and orbital symme-
tries can lead to parity-forbidden transitions [128, 129].
This further complicates the comparison with experi-
mentally measured band gaps, which are typically ex-
tracted from optical absorption measurements. A de-
tailed, benchmark-like comparison of theory and exper-
iment is therefore challenging for the broad family of
metal-halide perovskites. Nevertheless, in itself and as
a starting point for subsequent GW calculations, it is
a promising finding for computational materials science
that the TASK meta-GGA allows for a qualitatively rea-
sonable prediction of the gap similar to HSE at much
reduced computational cost.

VII. SUMMARY AND CONCLUSIONS

In summary, we have shown why and how meta-GGAs
can predict the right band gaps of solids for the right
reason by generating a sizeable derivative discontinuity.
This demonstrates that meta-GGAs can provide accurate
band gaps at semi-local computational cost without suf-
fering from the shortcomings that other semi-local meth-
ods have. By comparing calculations within the Kohn-
Sham scheme and the generalized Kohn-Sham scheme
for the TASK functional, we have demonstrated how the
construction principle dey./0T > 0, which corresponds
to OFx./0a < 0, is crucial for the derivative discontinu-
ity and thus the nonlocality of a meta-GGA. We further
argued that the contribution that correlation makes to
the derivative discontinuity should generally be negative,
and that the relative magnitude of the contributions from
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exchange and correlation for semi-local functionals may
depend on the specific construction principles that are
used. In addition to a test set of well-studied solids for
which TASK yields band-gaps close to the experimen-
tally measured ones, we have also investigated a set of
ten metal-halide perovskites for which the band gaps are
notoriously difficult to predict. We have shown that for
these systems, the band gaps found with TASK are close
to the band gaps that one finds with HSE, yet the com-
putational cost of the TASK calculation is lower by a
factor of about 25. The combination of reasonable ac-
curacy and numerical efficiency thus makes the TASK
meta-GGA a natural choice for computationally efficient
first-principles band-gap screening.
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