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Dielectric capacitors hold enormous advantage for energy storage that requires fast charg-
ing/discharging rate; but relatively low energy capacity is a key limitation for conventional dielectric
materials. Recently, design strategies by tuning the ferroelectric BiFeO3 (BFO) to antiferroelectric
or relaxor have shown great promise, especially owing to the large polarization at high electric field.
Here, using a first-principle-based method, it is predicted that rare-earth substitution of varied ele-
ments and composition can systematically tune the stability of the antiferroelectric phase, leading to
further enhanced energy densities and high efficiencies, for instance, reaching 239 J cm−3 in thulium
substituted BFO and generally beyond 80%, respectively. The storage performance is further inter-
preted based on a simple model, pointing to the importance of transition fields, polarization of the
ferroelectric state and dielectric constant.

Electrostatic dielectric capacitors are capable of stor-
ing electric energies by displacing electric dipoles with an
applied electric field or voltage. They are famed for their
ultra-high charging-discharging rate and stability, mak-
ing them very promising as indispensable components in
electronic devices and power systems for effective man-
agement of fluctuating energy sources [1, 2]. Despite
their high power density, energy densities based on con-
ventional dielectric materials are generally low (a few J
cm−3), which have greatly hindered their wide applica-
tions. The usable energy density is the integrated area

of the discharging P -E curve, defined as W =
∫ Pm

Pr
EdP ,

where Pr and Pm are the remnant and maximum polar-
ization, respectively. To obtain a large energy density, it
is required to have simultaneously small Pr, large Pm, and
large breakdown strength Eb. To have a high efficiency,
defined as η = W/(W +L) where L is the dissipated en-
ergy density enclosed by the hysteresis loop, a relatively
small hysteresis is desirable.

Antiferroelectrics (AFE), characterized by anti-polar
internal displacements in a unit cell and exhibiting dou-
ble P -E hysteresis loop, hold great promise for energy
storage since it can have small Pr in the AFE state and
large Pm in the ferroelectric (FE) state. The prototype
AFE PbZrO3 suffers from a relatively low Eb, yielding
an energy density of 7.4, 12.2, and 12.5 J cm−3 for (001),
(110) and (111) films on SrTiO3 substrate at 700 kV
cm−1 [3], and many efforts have been devoted to im-
prove the energy density via doping, pushing W in PZO
based materials to 85 J cm−3 [4]. Other AFE or re-
laxor FEs have also been considered, for instance ma-
terials with BiFeO3 (BFO) as a major component, in
which W values can reach as high as 152 J cm−3 [5–
7]. Furthermore, AFE neodymium substitution BFO was
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predicted to potentially yield even higher energy den-
sity with good efficiency [8], as the AFE Pnma phase
becomes the ground state with relatively low amount of
substitution [9, 10]. The increasing stability of the Pnma
phase over the R3c phase is due to the energy gain from
a trilinear coupling among the anti-phase in-plane oc-
tahedral tilting (ωR), in-phase out-of-plane tilting (ωM),
and the anti-polar displacement (X) of the form ωRωMX,
with increasing amount of rare earth substitution of Bi
atoms [11–13]. Such designing strategy can be naturally
extended to substitution with other rare earth element,
which has different ionic radius that can further mod-
ify the storage performance. Interestingly, a universal
behavior was proposed for rare-earth substituted BFO
(Bi1−xRxFeO3, or BRFO) [9], in which the ferroelectric
phase transition and the P -E loop is found to be indepen-
dent of the rare earth dopant species, provided that the
average ionic radius of A-site cations is the same. Hence
one may expect that storage performance of other BRFO
can be deduced from (Bi,Nd)FeO3; however, its validity
is not fully known as it was only verified for x < 0.3 with
rare earth element of Sm, Gd and Dy. Furthermore, for
high compositions, some BRFO with small R cannot be
equivalently represented by other BRFO with large R.
For instance (Bi,Tm)FeO3 with x=0.35 and (Bi,Nd)FeO3

with x=1.0 have the same average A-site ionic radius.
Consequently, (Bi,Tm)FeO3 systems with x larger than
0.35 do not have any equivalent (Bi,Nd)FeO3 compounds,
and direct investigation of them is indispensable.

In this work, we report a systematic study of the en-
ergy storage properties of BRFO at room temperature
with R being La, Nd, Sm, Gd, Dy, and Tm that covers a
wide range of rare earth elements with decreasing ionic
radius. Different compositions and electric field direc-
tions are studied for each BRFO, and these three factors
(including the variation of R) show significant influence
to the energy density and efficiency. The full mapping
of the storage performance is predicted, and the most



2

promising candidates are reported. Detailed analysis of
the contributing factors is also presented.

The finite-temperature P -E curves of BRFO are sim-
ulated via Monte-Carlo (MC) simulations, based on an
effective Hamiltonian approach [13]. The solid solutions
are simulated by 12×12×12 supercells (correspond to
8,640 atoms) with randomly distributed Bi and R atoms.
To ensure convergence, for each electric field, we run
20,000 MC sweeps for equilibration and additional 20,000
MC sweeps to obtain the statistical thermal averages.

The effective Hamiltonian of BRFO include four types
of degrees of freedom: 1) the local modes {ui} centered
on the A sites (i.e., on Bi or R ions), which are directly
related to the local electric dipoles [14, 15]; 2) the ho-
mogeneous {ηH} and inhomogeneous {ηI} strain tensors
[14, 15]; 3) the pseudo-vectors {ωi} that characterize the
oxygen octahedral tiltings [16]; and 4) the magnetic mo-
ments {mi} of the Fe ions. (In all cases, the subscript
i labels unit cells in our simulated supercell.) To quan-
tify the doping effect, a local quantity ηloc(i) centered on
the Fe-site i is also introduced as ηloc(i) = δRionic

8

∑
j σj ,

where σj (0 or 1) accounts for the presence of Bi or R
ion at the A site j and the sum over j runs over the eight
nearest neighbors of Fe-site i and where δRionic represents
the relative difference in ionic radius between R and Bi
ions. ηloc(i) is thus different from zero if at least one of
these eight A sites are occupied by the R ions, while it is
zero for pure BFO.

In this effective Hamiltonian, the total energy can be
expressed as a sum of two terms

Etot = EBFO({ui}, {ηH}, {ηI}, {ωi}, {mi})
+ Ealloy({ui}, {ωi}, {mi}, {ηloc}) (1)

where EBFO is the effective Hamiltonian of pure BFO
[17–20] and Ealloy characterizes the effect of substitut-
ing Bi by R ions. The parameters of the Hamiltonian
are obtained by performing first-principle calculations,
and details about this method with Nd substitution can
be found in Ref. [13] and references therein. For sub-
stitution with other rare earth ions, we adopt a similar
approach for which the coefficient of the harmonic en-
ergy of the local mode is allowed to vary to reproduce
the experimental Curie temperature TC of BRFO solid
solutions, when R=La, Nd, Sm, and Gd [10]. For Dy
and Tm, their TC (experimental values not available) are
obtained by linear extrapolation (see Supplemental Ma-
terial (SM) Fig. S1 [21]). Under an applied electric field,
an additional term −

∑
i pi · Ei is incorporated, where

the local electric dipoles pi are computed from the local
modes {ui} and effective charges Z∗

i .
Furthermore, the theoretical critical field is typically

much larger than that in experiment as explained by Lan-
dauer’s paradox [22]. Numerically an approximate factor
of 23 was found for Bi1−xNdxFeO3 by fitting to the ex-
perimental P -E loop, as adopted in Ref. [8]. In this
work, we estimate the scale factor of Bi1−xRxFeO3 with
R=Sm, Gd, Dy, or Tm, by taking Bi0.9Nd0.1FeO3 as ref-
erence and considering the universal behavior proposed

in Ref. [9]. The corresponding composition to 10% Nd
that yields the same average A-site ionic radius is 6.7%,
5.2%, 4.3%, and 3.5% for Sm, Gd, Dy, and Tm substi-
tuted BFO, respectively, and the respective scale factor
is found to be 27, 28, 27, and 19 (see SM Fig. S2 [21]).
Note that for Bi1−xLaxFeO3, since the ionic radius of
La3+ is almost identical to that of Bi3+, which can not
be described by the universal law; we find a factor of 26
by direct comparison with the experimental P -E curve
of Bi0.85La0.15FeO3 on a (110) substrate [23], i.e., un-
der [110] electric field (see SM Fig. S3 [21]). Also note
that the scale factor for each BRFO is assumed to be
independent of x, which is a reasonable approximation
as it originates from the extrinsic effects in experimental
samples, such as crystal inhomogeneities or “weak spots”
including lattice defects, surface layers, or small residual
nuclei, provided that the samples have similar quality
(see SM Fig. S4 [21]).

From (Bi,La)FeO3 to (Bi,Tm)FeO3, we calculate the
P -E loops using the above-mentioned first-principle-
based effective Hamiltonian approach. The maximum
applied E field is 4.37 MV cm−1, which is estimated to be
the intrinsic breakdown field (Eb) according to an empir-
ical relation and the experimental band gap of pure BFO
[24, 25]. Such magnitude of the field was demonstrated
to be feasible in BFO-based thin films [6, 7, 26]. By in-
creasing the atomic number of the rare earth element,
the hysteresis loops change systematically (see SM Fig.
S5-S10 [21]), and we show here the case of (Bi,Sm)FeO3

as a representative example.

In Fig. 2 we depict the P -E curves at various com-
positions under four different electric-field (E-field) di-
rections. Similar to (Bi,Nd)FeO3 [8], starting from the
same initial Pnma phase that has an anti-polar distortion
in the [110] direction, (Bi,Sm)FeO3 (and other BRFO)
transforms to different FE phases under different E di-
rections, i.e., P4mm (T phase) for [001] and [100] fields,
Amm2 (O phase) for [110] field, and R3c (R phase) for
[111] field. More details about the AFE and FE struc-
tures can be found in Ref. [8]. Since the O and R phases
are more stable than the T phase under zero field, the
AFE state that is recoverable during the discharging pro-
cess for [001] (or [100]) field may not be similar for [110]
and [111] fields at low composition, and only cases with
approximately recoverable AFE states are shown [27].
Also, P -E loops of additional charging/discharging cy-
cles are found to reproduce the loop of the first cycle
reported here. It is worth mentioning that, as verified
in Ref. [8], the computed polarization and critical field
of the R phase (Bi,Nd)FeO3 are in good agreement with
experiments, implying that the predictions here can be
taken semi-quantitatively especially considering also the
uncertainties in measurements.

In (Bi,La)FeO3 (see SM Fig. S5 [21]), due to the close-
ness of ionic radius between La and Bi, i.e., 1.16 vs. 1.17
Å [28], the R3c phase remains the ground state for low La
compositions. In other words, the AFE phase is not re-
covered during the discharging process in those cases, and
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FIG. 1. Structures of Bi1−xRxFeO3 under zero and applied
electric field. a) The antiferroelectric orthorhombic Pnma
phase, characterized by the anti-polar distortions along the
pseudo-cubic [110] direction, and the a−a−c+ octahedral tilt-
ing pattern. b) The ferroelectric tetragonal P4mm phase,
characterized by the polarization along the [001] direction
with no octahedral tiltings. c) The ferroelectric orthorhom-
bic Amm2 phase, characterized by the polarization along the
[110] direction with no octahedral tiltings. d) The ferroelec-
tric rhombohedral R3c phase, characterized by the polariza-
tion and a−a−a− tiltings along the [111] direction. The ar-
rows denote atomic displacements.

the system becomes ferroelectric in the following cycles;
therefore, they are not suitable for energy storage due
to the much reduced energy densities. Approximately
double hysteresis loops can only be achieved for x ≥0.5
under [001] or [100] field and for x ≥0.7 under [110] or
[111] field. Note that increasing x has two general effects
(for all BRFO): 1) the critical fields for the AFE-to-FE
(Eup) and FE-to-AFE (Edown) transitions increase; 2)
polarization of the FE state decreases. Clearly, these two
behaviors affect the energy storage properties in an oppo-
site way: in general large polarization, high FE-to-AFE
transition, and small hysteresis is desired.

As we increase the atomic number of the rare earth
element (see SM Fig. S11 [21]), the critical x for recov-
ering the Pnma phase decreases, i.e., double loops are
available for lower x; however, the AFE-to-FE transition
shifts to higher critical field at the same time (see SM
Fig. S12 [21]). In particular, for small rare earth ele-
ment (Bi,Tm)FeO3 with high composition (see SM Fig.
S10 [21]), the AFE-to-FE transition may not occur even
at the breakdown field, or it transforms only to an in-
termediate phase with much smaller polarization than
the FE state. For those cases, the corresponding energy
density would deteriorate significantly (as we will show
next), which are not suitable for energy storage. Fur-
ther, the hysteresis is found to shrink with increasing x
for rare earth element before Gd, but it enlarges for el-
ements after Gd. For the same x, the hysteresis is also
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FIG. 2. Calculated unipolar P -E hysteresis curves of
Bi1−xSmxFeO3 solid solutions for compositions ranging be-
tween 0.2 and 1.0 under four different electric field orienta-
tions, viz., a) [001]. b) [100]. c) [110]. d) [111]. The displayed
polarization is the projected component of the total polariza-
tion along the direction of the applied E-field. The initial
state is the antiferroelectric Pnma phase. Only curves with
approximately recoverable behaviors are shown.

found to enlarge with smaller-size rare earth substitution.
This implies that the efficiency strongly depend on the
composition x and the R element.

With the computed P -E curves, we are allowed to com-
pute the energy storage density and efficiency for each
BRFO with changing composition under four field direc-
tions. To best illustrate the variations, we plot W as
heatmaps, as shown in Fig. 3. Let us first focus on the
qualitatively similar [001] and [100] fields. In general,
each BRFO exhibits monotonously increasing W with
higher x, except for rare earth with radius smaller than
Dy, in which the AFE-to-FE transition may not occur at
the breakdown field. On the other hand, comparing dif-
ferent BRFO, La and Tm substitution have apparently
smaller W due to their too large or too small ionic radii,
whereas between Nd and Dy the behaviors are very sim-
ilar. For these four cases, the highest W is about 190
J cm−3 given by x = 1.0, i.e., pure RFeO3. If the field
is along [110], the increasing trend with respect to x for
each BRFO remains except (Bi,Tm)FeO3 at x > 0.7, but
changing from La towards Tm shows a different behavior,
i.e., W generally increases and can reach as high as 239 J
cm−3 from (Bi,Tm)FeO3 at x=0.6. Field along [111] has
a similar trend as that of [110] field, but the magnitude
of W is significantly reduced.

The calculated efficiencies η are shown in Fig. 4. The
behaviors with respect to x and rare earth element are
apparently different from that of W . By ignoring La at
low composition and Tm (or Dy) at high compositions
where the double hysteresis loops are absent, increasing
x yields higher η for field along [001] or [100] direction,
while the x dependence is insensitive for [110] and [111]
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FIG. 3. The calculated energy densities of Bi1−xRxFeO3

(R=La, Nd, Sm, Gd, Dy, or Tm) solid solutions at various
compositions (x=0.2-1.0) under four different electric field ori-
entations, viz., a) [001]. b) [100]. c) [110]. d) [111], with the
maximum applied E-field (Emax) being 4.37 MV cm−1.
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FIG. 4. The calculated efficiencies of Bi1−xRxFeO3 (R=La,
Nd, Sm, Gd, Dy, or Tm) solid solutions at various compo-
sitions (x=0.2-1.0) under four different electric field orienta-
tions, viz., a) [001]. b) [100]. c) [110]. d) [111], with the
maximum applied E-field (Emax) being 4.37 MV cm−1.

fields. And in contrast to W , η decreases with the in-
crease of atomic number of the rare earth; which hence
suggests that a balance betweenW and η needs to be con-
sidered when choosing the rare earth element and com-
position. Regarding the field directions, which in reality
rely on the crystallographic orientation of the substrate,
both W and η indicate that the [111] field has an overall
inferior performance than that of the [110] field, while
[001] and [100] fields provide very similar result.

In Table I we list the highest W achieved for each
BRFO solid solution and the corresponding η, in com-
parison with experimental values of other dielectric films,
including FEs [4], AFEs [29, 30], relaxors [6], and super-
paraelectric relaxors [7]. Changing from La to Tm, the
general trend is that the highest W increases (from 136
to 239 J cm−3) while the corresponding η decreases (from
89% to 80%). The predicted W of these representative

TABLE I. Comparison of the energy storage performance of
BRFO solid solutions with that of other best-available dielec-
tric films.

W (J cm−3) η (%) Eb (MV cm−1)
PLZST [29] 56 ∼44 3.7
PLZT [4] 85 65 4.5

Hf0.3Zr0.7O2 [30] 46 51 4.5
0.25BFO-0.75STO [5] 70 68 4.5

0.25BFO-0.3BTO-0.45STO [6] 112 80 4.9
0.3BSFO-0.7BTO [7] 152 ∼78 5.2

(Bi,La)FeO3 (x=1.0, E//[001]) 136 89 4.37
(Bi,Nd)FeO3 (x=1.0, E//[001]) 190 90 4.37
(Bi,Sm)FeO3 (x=1.0, E//[001]) 188 81 4.37
(Bi,Gd)FeO3 (x=1.0, E//[110]) 188 83 4.37
(Bi,Dy)FeO3 (x=0.9, E//[110]) 201 77 4.37
(Bi,Tm)FeO3 (x=0.6, E//[110]) 239 80 4.37

BRFO cases are among the best reported values or even
better, and the relatively low efficiency of (Bi,Tm)FeO3

at x=0.6 and E//[110] is still comparable to the best-
available dielectric thin films. Note that the listed cases
have different optimal compositions and E field direc-
tions. For instance, the optimal x decreases as E changes
from [001] (or [100]) to [110], which means these factors
can effectively influence the energy storage performance.

To understand the origin of the aforementioned trends,
we can express W and η based on a simplified model [8],
assuming the same constant dielectric constant of the
AFE and FE state, and abrupt transitions between the
two states, as sketched in Fig. 5a.

W = P 0
FEEdown +

1

2
ε0χE

2
max (2)

η =
P 0
FEEdown + 1

2ε0χE
2
max

P 0
FEEup + 1

2ε0χE
2
max

(3)

where P 0
FE is the “remnant” polarization of the FE phase

extrapolated to E = 0, χ is the dielectric constant, Edown,
Eup and Emax are the FE-to-AFE, AFE-to-FE, and max-
imum field, respectively. P 0

FE and χ can be extracted by
quadratic fitting to the P -E curve of the FE state (the
effective Hamiltonian predicts a non-linear field depen-
dence of χ), in which P decreases gradually with the
E-field.

This simple model indicates that improving W requires
either large P 0

FE, large Edown, large χ, high Eb, or ideally
all these quantities being large. Assuming approximately
the same Eb, W is determined by the sum of two areas,
i.e., P 0

FEEdown and 1
2ε0χE

2
b. In (Bi,La)FeO3, W at x=1.0

is similar for [001] and [110] fields (136 vs. 137 J cm−3),
but the contributions are different: [001] field has larger
P 0
FE and Edown, and smaller χ; [110] field has smaller
P 0
FE and Edown, and larger χ (see SM Fig. S11, S13, S14

[21]). The difference between Eup and Edown is smaller
under [110] field than that of [001] field (see SM Fig. S11,
S14 [21]), contributing to a slightly higher η.

With the change of rare earth element, Edown, P 0
FE

and χ under [001] field show alike patterns, except
that Edown maximizes and P 0

FE minimizes around Nd
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FE-to-AFE transition fields, respectively. b) Calculated energy density and efficiency of representative Bi1−xRxFeO3 (R=La,
Nd, Sm, Gd, Dy, or Tm) solid solutions as a function of electric field.

at x=0.2, while χ is less sensitive and only slightly fa-
vorable for (Bi,Nd)FeO3. Such compensation explains
the similarity of W found in (Bi,Nd)FeO3, (Bi,Sm)FeO3,
and (Bi,Gd)FeO3 cases. Further considering that Eup in-
creases significantly from (Bi,La)FeO3 to (Bi,Tm)FeO3

under [001] field, η decreases correspondingly. For [110]
field, Edown increases from (Bi,La)FeO3 to (Bi,Tm)FeO3,
P 0
FE and χ are relatively insensitive, contributing to the

improving W . Eup and Edown share similar patterns,
but the difference between them slightly increases, which
explains the slightly decreasing η. While regarding the
larger W of Tm at x=0.6 and [110] field compared with
Nd or Sm at x=1.0 and [001] field, it is mainly due to the
larger χ since P 0

FE and Edown are similar between them.

Finally, we predict the energy density and efficiency of
the representative cases (Table I) as a function of elec-
tric field up to Eb, as shown in Fig. 5b. When the
field strength is below Eup (see Table II), W increases
quadratically according to Eq. 2. (Bi,Tm)FeO3 at x=0.6
and E//[110] can reach a remarkable value of W=239 J
cm−3 even before the transition to the FE O phase. And
ideally η is 100% in these field regime without domain for-
mations, where the discharging curve overlaps with the
charging curve. However, for cases with the occurrence of
intermediate phase(s) during the AFE-to-FE transition,
e.g., in (Bi,Nd)FeO3, (Bi,Dy)FeO3 and (Bi,Tm)FeO3, a
hysteresis loop can form and η drops below 100%.

If the applied field is above Eup, the AFE-to-FE tran-
sition induces an abrupt increase of W and a concomi-
tant sudden decrease of η. Being able to further increase

TABLE II. The AFE-to-FE transition fields (Eup) of the
BRFO solid solutions in Fig. 5b

Eup (MV cm−1)
(Bi,La)FeO3 (x=1.0, E//[001]) 0.808
(Bi,Nd)FeO3 (x=1.0, E//[001]) 2.217
(Bi,Sm)FeO3 (x=1.0, E//[001]) 2.222
(Bi,Gd)FeO3 (x=1.0, E//[110]) 2.400
(Bi,Dy)FeO3 (x=0.9, E//[110]) 2.667
(Bi,Tm)FeO3 (x=0.6, E//[110]) 3.316

the maximum field brings monotonous improvement of
both W and η. In particular, the increase of W with
respect to the electric field is close to linear, i.e., being
below the quadratic trend predicted by Eq. 2, due to
the decreasing dielectric constant χ (see SM Fig. S14
[21]). On the other hand, the increase of η as a func-
tion of Emax is below linear and saturates at high field,
as the 1

2ε0χE
2
max term in Eq. 3 takes increasing propor-

tions. For a fixed field direction, the saturated value of η
is found to decrease with the increasing atomic number
of R, and [110] field appears to yield relatively higher
efficiency than [001] field due to the smaller hysteresis
loop.

In summary, we have systematically studied the en-
ergy storage properties of Bi1−xRxFeO3 solid solutions
with rare earth R from La to Tm and composition from
0.2 to 1.0, based on a state-of-the-art effective Hamilto-
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nian approach. Remarkably high-energy densities can be
achieved in these relatively simple lead-free compounds,
for instance 239 J cm−3 in (Bi,Tm)FeO3 with x=0.6 un-
der an electric field along the [110] direction, thanks to
the tunability of the AFE-to-FE and FE-to-AFE transi-
tions, the large polarization in the FE state, and sizable
dielectric constant. The efficiencies are also generally
above 80%, due to the relatively small energy barriers
between the AFE and FE phases. The full analysis of
the energy storage performance with respect to the con-
trollable variables, including the R element, composition,
and the field direction, demonstrates that Bi1−xRxFeO3

is a rich system that can provide excellent performance
with many choices, even with intermediate composition
or electric field. In real applications, epitaxial strain
is another handle that may further enhance the storage

properties. We hope our predictions can soon be actual-
ized in experiments.
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