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Thermoelectric conversion, which is the generation of electricity from waste heat, can play an
important role in renewable energy use. Lowering the dimensionality of semiconductor thermoelec-
tric materials is a promising approach for improving thermoelectric performance, and ultimately,
one-dimensional (1D) semiconductor materials have the potential to exhibit maximized performance
because of the presence of a 1D electronic structure, such as the van Hove singularity (vHs) in the
density of states. However, experimentally verifying the effect of the 1D nature on the thermo-
electric performance in semiconductor nanomaterials has been difficult because we cannot observe
any traces of the 1D electronic structure in terms of conventional thermoelectric parameters, such
as the Seebeck coefficient or power factor. Here, we show that a thermoelectric parameter, the
thermoelectrical conductivity (L12), is strongly correlated with the electronic structure and exhibits
a unique 1D trace with single-walled carbon nanotubes (SWCNTs). We experimentally clarify that
the L12 of high-purity semiconducting SWCNTs has a peak structure with a chemical potential in
the vicinity of the vHs. For comparison, the L12 of monolayer molybdenum disulfides and graphene,
which are chosen as 2D models, show a different behavior, simply exhibiting constant values. Fur-
thermore, we find that theoretical calculations support these L12 behaviors, which are consistent
with the expected behaviors of 1D and 2D electronic structures. Our results demonstrate that L12 is
a very good parameter for evaluating the traces of dimensionalities, thereby advancing the elucida-
tion of the fundamental thermoelectric properties necessary for the development of low-dimensional
materials.

I. INTRODUCTION

The demands for flexible high-performance thermo-
electric materials to power wearable electronics and sen-
sors have been increasing [1]. Semiconductor materials
with low dimensions have been pursued for their supe-
rior thermoelectrics, as predicted in seminal papers by
Hicks and Dresselhaus [2]. In particular, one-dimensional
(1D) semiconductor materials are expected to achieve the
highest performance owing to the decrease in thermal
conductivity and the formation of 1D electronic struc-
tures, such as the van Hove singularity (vHs) in the den-
sity of states (DOS) [3, 4]. The former factor has been
experimentally confirmed by many studies [5, 6]; how-
ever, the experimental verification of how the 1D elec-
tronic structure influences the thermoelectric properties
remains elusive. One of the reasons is that it is very diffi-
cult to discuss the dimensionalities of conventional ther-
moelectric parameters, such as the Seebeck coefficient S
and power factor P . For example, within conventional
theoretical models, such as the Boltzmann transport the-
ory with a constant relaxation time approximation and
an effective mass approximation, S within the band gap
of a d-dimensional (d = 1, 2, 3) semiconductor as a func-
tion of the chemical potential µ can be expressed as

S =
kB
q

(

d

2
− µ

kBT
+ 1

)

(1)

where kB is Boltzmann’s constant, q is the charge of car-
riers and T is the temperature [7]. Eq. (1) indicates that
the difference in d does not influence the line shapes of
S as a function of µ. Thus, the doping dependence of S,
i.e., the shift of µ, never signals the dimensionality. These
characteristics make it difficult to understand how low-
ering the dimensions of materials enhances the thermo-
electric performance, except for the apparent tendency
of lowering the thermal conductivity.
However, recently, a theoretical study using the linear-

response theory by Yamamoto and Fukuyama noted the
importance of the L12 term, which they called the “ther-
moelectrical conductivity,” for understanding the ther-
moelectric properties of nanomaterials [8]. Here, we
briefly discuss their notations. The current density J
in the presence of an electric field E and a temperature
gradient dT/dx along the x-direction is described as

J = L11E − L12

T

dT

dx
(2)

when there is a temperature difference ∆T and an in-
duced voltage ∆V between the two ends of the mate-
rials, where E = −∆V/L and dT/dx = ∆T/L for a
spatially uniform system with length L. L11 corresponds
to the electrical conductivity σ. According to the defi-
nition, S is expressed as S = L12/Tσ. Yamamoto and
Fukuyama’s paper implied that the structure of the DOS
significantly affected the line shape of the L12 term. The
line shape of the DOS reflects the dimensionality of the
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electronic structure of the samples, suggesting that traces
of the dimensionalities can be found in the L12 term. The
clarification of the independent thermoelectric parame-
ter, which strongly couples with the dimensionality of the
electronic structure or the structure of the DOS, will pro-
vide a bottom-up strategy for applying low-dimensional
effects to improve thermoelectric performance.
Therefore, in this study, we first theoretically discuss

the relationships between the dimensionality and ther-
moelectric parameters, including L12, in the Boltzmann
transport theory framework, and then we discuss the
line shapes of L12 using actual samples that utilize semi-
conducting single-walled carbon nanotubes (SWCNTs),
which are 1D models. We compare these line shapes with
the L12 line shape of molybdenum disulfide (MoS2) and
graphene, which are 2D models, and then we demon-
strate how the 1D characteristics appear in the L12 of
semiconducting SWCNTs.

II. RESULTS AND DISCUSSION

A. Relationships Between the Dimensionality and

Thermoelectric Properties

First, we briefly discuss the relationships among the
dimensionalities, S, P , and L12. Figure 1 describes the
calculated DOS, S, P , and L12 for semiconductor models
with 1D, 2D, and 3D electronic structures. Here, we plot
the figures by setting the potential of µ at the charge
neutral point as zero. The calculations are performed
within the Boltzmann transport theory with a constant
relaxation time approximation and effective mass approx-
imation. Note that the Boltzmann transport theory can-
not apply to the disordered state in the energy region
around the band edges. The detailed calculation method
is provided in the Supplemental Materials (SM) [9]. As
shown in the figures, although the line shapes of the DOS
change depend on the dimensionalities, the line shapes of
S are similar among all the dimensions. Regarding P , the
value just becomes the maximum around the band edge
in any dimensionality, and the line shapes are almost the
same. Therefore, we cannot distinguish the dimensional-
ities of the samples from the conventional thermoelectric
parameters S and P . However, in the case of L12, the
line shapes exhibit distinct characteristics depending on
the dimensionalities. The L12 values are negligible in all
dimensions when µ is located within the band gap. In
3D, the absolute values of L12 monotonically increase as
µ shifts from the band-edge position. However, in 2D,
the values are constant, and in 1D, the value becomes
the maximum around the band edge and decreases as
µ shifts from the band edge. These simple theoretical
analyses clearly indicate that L12 is a good parameter to
discuss the dimensionalities of thermoelectric properties.
From an experimental point of view, it is rather dif-

ficult to precisely discuss the thermoelectric parameters
as a function of µ. Thus, we plotted the relationship be-

tween the thermoelectric parameters and σ in the 3D,
2D, and 1D semiconductors in Figure 2.
Here, σ at the band edge is described as σb. Fig-

ures 2(a)-(c) indicate the relationships between S and
σ in the case of the 3D, 2D, and 1D electronic struc-
tures. As shown in the figures, it is very difficult to
distinguish the dimensionalities from these plots. Fig-
ures 2(d)-(f) indicate the relationships between L12 and
σ. These panels clearly present the characteristic behav-
iors that depend on the dimensionalities. In all dimen-
sionalities, when µ is located within the bandgap, i.e.,
σ < σb, L12 increases as σ increases. When µ is located
outside the band gaps, i.e., σ > σb, in the 3D case, L12

increases as σ increases, and in the 2D case, L12 stays
constant, whereas in the 1D case, L12 decreases as σ in-
creases. Therefore, L12 strongly reflects the dimension-
alities of the electronic structure of materials, indicating
that we can deduce the dimensionality of samples from
this term. Thus, to clarify this point, we experimentally
investigated the L12 term with SWCNTs.

B. Effect of the Dimensionality of Semiconducting

SWCNTs on the Thermoelectric Properties

SWCNTs are one of the most suitable materials for
tackling this subject because they have a sharp vHs in
the DOS of their individual states. Since the discovery
of SWCNTs, many studies have been conducted regard-
ing the thermoelectric properties of SWCNTs in their
individual and thin-film forms (see a recent review) [10].
Regarding the topic of the 1D characteristics of thermo-
electric properties, a recent paper revealed the unique-
ness of the 1D thermoelectric properties of the “metallic”
type as breaking the thermoelectric trade-off [11], but not
the “semiconducting” type, because, as discussed above,
we cannot identify the 1D characteristics in the behavior
of conventional thermoelectric parameters in the case of
semiconductors. Here, we focused on the thermoelectri-
cal conductivity, namely, the L12 term, of semiconducting
SWCNTs to verify the traces of the vHs on the thermo-
electric properties.
To experimentally investigate the thermoelectric prop-

erties over a wide range of carrier densities, we systemati-
cally controlled the carrier injection by an electrolyte gat-
ing technique, which is a method used in previous studies
[11, 12]. We depict a schematic image of the measured
device in Figure S1 of the SM. By changing the gate volt-
age VG, the carrier injection is precisely controlled. L12

and P are obtained experimentally by measuring σ and
S at each VG. On the other hand, it is rather difficult to
precisely determine the relationships between the VG and
the location of µ in the SWCNT networks; thus, the L12

obtained in this study is plotted and discussed as a func-
tion of σ. Details of the experimental setup are written in
the Methods section. To systematically understand the
relationships between the electronic structures of semi-
conducting SWCNTs and the thermoelectric properties,
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FIG. 1. Thermoelectric properties for homogenous semiconductors calculated using the Boltzmann transport theory within an
effective mass approximation. The top panels show the energy dependence of the density of states (DOS) for (a) 3D, (b) 2D, and
(c) 1D structures. Underneath the top row and from top to bottom, the panels show the Seebeck coefficient (S), power factor
(P ) and thermoelectrical conductivity (L12) as a function of chemical potential (µ) for an effective mass m∗ = 9.11× 10−31 kg,
a relaxation time τ = 100 fs and a unit-cell length a = 1 nm at T = 300 K. The vertical axes of (b) and (c) are in common
with (a). The band edges of the valence and conduction bands for all semiconductors are set to ±0.5 eV (dotted lines). Details
are provided in Table S1 of the SM.

we prepared several kinds of semiconducting SWCNTs,
namely, (6,5), (9,4), and (10,3) SWCNTs, by gel chro-
matography [13], and semiconducting SWCNTs with a
diameter of 1.4 nm (Semi) by density gradient ultracen-
trifugation [14].

Figure 3(a) presents the experimental result of the rela-
tionship between L12 and σ of the (6,5) SWCNTs. Here,
to focus on the appearance of the dimensionalities on the
data, we plotted only the p-type regions of L12. The
full line shapes of L12 and the experimental data of S
and σ as a function of VG are described in Figure S2
of the SM. As shown in the figure, L12 exhibits a clear
peak structure around σ ∼ 1.6 × 104 Sm−1 and then
gradually decreases as σ increases. The position of σb

is determined from the power factor vs. σ (Figure S3
of the SM). We find that σ at this peak position almost
corresponds to σb. Therefore, we find that L12 reaches
its maximum around the band edge and decreases as σ
increases. These behaviors are similar to the 1D behav-

ior of L12 predicted in Figure 2(f) except for the energy
region around the band edges. To evaluate the correct-
ness of the observed behavior of L12, we compare this
experimental result to the theoretical calculation based
on the Kubo-Lüttinger theory, which can apply even to
disordered states around band edges [8, 16, 17]. Here, we
used the linear response theory combined with the ther-
mal Green’s function method (see the Methods section).
The calculation results are plotted as a solid line in Fig-
ure 3(a). As shown here, the theoretical calculation based
on the 1D Dirac model of (6,5) SWCNTs can reproduce
the experimental L12 behavior of (6,5) SWCNTs.

For comparison, we checked the L12 line shape of
monolayer MoS2, which is a model for 2D semiconduc-
tors. L12 is derived from the data of S and σ in Ref.
[15]. As shown in Figure 3(b), in the case of MoS2, L12

does not show a peak structure but rather a plateau, re-
flecting the L12 behavior of the 2D-like semiconductor
(see Figure 2(e)). Additionally, we also checked the L12
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FIG. 2. Thermoelectric parameters as a function of electrical conductivity (σ), calculated using the Boltzmann transport theory
within an effective mass approximation. Relationship between the Seebeck coefficient (S) and σ for the (a) 3D, (b) 2D, and
(c) 1D structures. σ at the band edge is described as σb (yellow gradient color). The vertical axes of (b) and (c) are common
with (a). Relationship between thermoelectrical conductivity (L12) and σ for the (d) 3D, (e) 2D, and (f) 1D structures. The
vertical axes of (e) and (f) are in common with (d).

line shape of graphene using the data of S and σ in Ref.
[18]. We observe that L12 becomes almost constant in
the high-conductivity region (see Figure S5 of the SM).
These results indicate that the peak structure of L12 can
only be observed in (6,5) SWCNTs. Therefore, we con-
clude that the experimentally observed peak structure of
L12 in (6,5) SWCNT thin films reflects the 1D trace of
the (6,5) SWCNT samples.

Although we find such 1D character in the L12 of (6,5)
SWCNTs, we sometimes find other-dimensional behavior
in other samples. Figure 4 indicates L12 vs. σ plots in
(9,4), (10,3), and Semi SWCNTs. In contrast to the case
of (6,5) SWCNTs, we cannot observe clear peak struc-
tures in the L12 results of (9,4), (10,3), and Semi SWC-
NTs. In the figures, the position of σb is determined from
P vs. σ (Figure S3 of the SM). In all of the samples,
when σ < σb, we observe increases in L12 as σ increases.
However, the (9,4), (10,3), and Semi SWCNTs did not
show a clear decrease in L12 as σ increases, when σ > σb.
In these samples, the L12 value becomes constant or in-
creases as σ increases, when σ > σb. These behaviors
are relatively similar to the L12 behaviors in 2D or 3D
electronic structures.

To understand the background, we discuss the follow-
ing two possible mechanisms: (i) the influence of bun-
dle and network formation in films and (ii) the influence
of metallic SWCNTs as impurities. Regarding the for-
mer mechanism, in thin films of SWCNTs, the SWCNTs
form a bundled structure in which individual SWCNTs
are tightly packed and form networks. The bundle for-
mation will broaden the peak of the vHs and will blur the
1D characteristics. SWCNTs with large diameters tend
to form bundles more easily than SWCNTs with small di-
ameters [19]. Therefore, we assume that the peak behav-
ior in the L12 of large-diameter semiconducting SWCNTs
may be blunted by the broadening of the vHs through the
formation of strongly bundled structures. In addition,
the presence of junctions between the bundles will also
contribute to the thermoelectric properties, and these
junctions will make the transport in SWCNT networks
deviate from that of 1D-like transport. These factors will
cause 2D or 3D-like thermoelectric properties in the thin
films of (9,4), (10,3), and Semi SWCNTs.

For the latter mechanism, we describe how the pres-
ence of metallic SWCNTs in the sample influences the
line shape of L12. There have been many reports that
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voltage is shown in Figure S5 of the SM.
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metallic impurities can significantly affect the thermo-
electric properties [16, 20, 21]. Figure S6 compares the
line shapes of L12 for the 100% (6,5) SWCNTs and mixed
samples with metallic SWCNTs (9:1 and 1:1). These
L12 line shapes are derived from the data of S and σ in
Ref. [11]. According to the results, the slight presence of
metallic SWCNTs significantly influence the peak struc-
ture of L12. Only a 10% inclusion of metallic SWCNTs
in the thin film decreases the value of L12 over the entire
range, while a 50% inclusion completely eliminates the

peak structure. In the present study, the purity of the
(6,5) SWCNTs is greater than 99%, whereas the purities
of the other semiconducting SWCNTs are not (see Fig-
ure S7 of the SM). Therefore, we may assume that the
presence of metallic SWCNTs or other chiral SWCNT
impurities will influence the decrease in the L12 peak
structure results of semiconducting SWCNT thin films.

From the above discussion, we find that L12 is an im-
portant parameter for discussing the dimensionality of
thermoelectric properties, but it should be further noted
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that L12 is also an important parameter for improving the
thermoelectric performance. The power factor (= S2σ)
can be expressed using L12 as P = (L12)

2/T 2σ. Ac-
cording to this equation, to improve the value of P , it
is necessary to prepare materials with a large L12 and a
small σ. A small σ also leads to a small thermal con-
ductivity; thus, finding materials with a large L12 at a
small σ is a good strategy for improving the thermo-
electric performance. In fact, recently, the enhancement
of thermoelectric generation using the anomalous Nernst
effect was reported in iron-based materials [22], and the
enhancement is found to be due to the large increase in
L12. Therefore, the understanding of L12 in materials
will help us to understand the background of thermo-
electric phenomena and to improve the thermoelectric
performance.

III. CONCLUSIONS

In summary, the present study discusses how the di-
mensionalities of low-dimensional semiconductor elec-
tronic structures influence the thermoelectric properties.
In the line shape of conventional thermoelectric parame-
ters, such as S and P , it is very difficult to find traces of
the dimensionality of the electronic structure. However,
the thermoelectrical conductivity, L12, strongly depends
on the line shape of the DOS, and we can evaluate the
dimensionality of the sample from the L12 line shape.
We find that L12 of the (6,5) SWCNTs exhibits a unique
character that reflects the 1D electronic structure: the
peak structure of L12 reflects the presence of a sharp
DOS due to a vHs. Our results indicate the importance
of L12 for understanding the relationships between the
semiconducting electronic structure and thermoelectric
properties. In addition, our results imply that the 1D
properties of nanomaterials can also be observed at a
macroscopic scale, such as in films. This fact can be ben-
eficial for promoting the potential thermoelectric appli-
cation of 1D materials and encouraging further research.

IV. METHODS

SWCNT film preparation and device fabrication for

evaluation of thermoelectric properties. High-purity
semiconducting (6,5), (9,4) and (10,3) SWCNTs were
prepared through gel chromatography from the origi-
nal SWCNTs synthesized by the CoMoCAT c© method
(SG65, Sigma-Aldrich) for (6,5) and by HiPco (HiPco
Raw SWNTs HR32-166, NanoIntegris) for (9,4) and
(10,3). The details of these separation procedures can
be found in Ref. [13] in the main text. Semiconducting
SWCNTs (Semi) and metallic SWCNTs with a diameter
of 1.4 nm which was used in the purity dependence exper-
iments (Figure S6), were prepared using density gradient
ultracentrifugation from the original SWCNTs synthe-
sized by the arc-discharge method (Arc SO, Meijyo Nano

Carbon Co.). In the purity dependence experiments, we
prepared samples by mixing the (6,5) and metallic SWC-
NTs. The optical absorbance spectra for all samples
can be found in Figure S7. The films were prepared us-
ing conventional transfer techniques using a polycarbon-
ate membrane filter (Whatman Nuclepore Track-Etched
membrane 25 mm 0.2 µm) to form a thin film.
The fabrication processes of the devices for thermoelec-

tric measurements were the same as those in Ref. [11] in
the main text. We used a combined method of electrolyte
gating and thermoelectric measurements, which we re-
ported previously. We used an ionic liquid (TMPA-TFSI,
Kanto Chemical Co.) for the electrolyte. All the mea-
surements were conducted in vacuum (∼ 10−3 Pa) using
a vacuum- and low-temperature probe station (Grail 10,
Nagase Techno Co.). Although S and σ values of (6,5)
have already been evaluated in Ref. [11] in the main text,
we prepared another (6,5) sample with the same high pu-
rity (> 99%) for this study to evaluate its L12, S and σ.
In addition, we clarified the thermoelectric properties of
(9,4), (10,3), and Semi SWCNTs and evaluated the L12

values.
Theoretical calculations using Kubo-Lüttinger theory.

Based on the Kubo-Lüttinger formula [23, 24], L11 and
L12 of a single-electron system can be expressed as the
Sommerfeld-Bethe relations [8, 16, 25–27]:

L11 =

∫

∞

−∞

dE

(

−∂f(E − µ)

∂E

)

α (E) (3)

and

L12 = −1

e

∫

∞

−∞

dE

(

−∂f(E − µ)

∂E

)

(E − µ)α (E) (4)

where e is the elementary charge, f (E − µ) is the Fermi-
Dirac distribution function and α (E) is the spectral con-
ductivity. Using L11, L12, S and P are expressed as

S =
1

T

L12

L11

(5)

and

P = L11S
2 =

1

T 2

L2
12

L11

. (6)

An effective Hamiltonian of SWCNTs is known to be
expressed as a 1D free Dirac Hamiltonian, which is given
by

H0 (k) =

(

∆ h̄vk
h̄vk −∆

)

, (7)

where ∆ is half of the band gap, v is the velocity of a
Dirac electron in the high-energy region of |E| ≫ ∆, k
is the wavenumber of a Dirac electron, and h̄ = h/2π
is the Dirac constant [8]. In the self-consistent Born ap-
proximation for short-range random potential, α (E) and
ρ (E) can be analytically calculated by

α(E) =
1

A

e2

h

1

Im (κ1κ2)
Re

{

2κ1κ2 + κ∗

1κ2 + κ1κ
∗

2√
κ1κ2

}

(8)
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with Im
√
κ1κ2 > 0, and

ρ(E) =
a

2πh̄v
Re

{

κ1 + κ2√
κ1κ2

}

(9)

where A is the cross-sectional area of the system, a is the
unit-cell length,

κ1 ≡ E −∆−∑R

11
(E)

h̄v
(10)

and

κ2 ≡ E +∆−∑R

22
(E)

h̄v
. (11)

∑R

11
(E) and

∑R

22
(E) are the diagonal elements of the

retarded self-energy matrix. This calculation procedure
was conducted in Figures 3a, S3, and S4. In Figure S4,
the red, blue, green and pink curves correspond to (6,5)

SWCNTs, (9,4) SWCNTs, (10,3) SWCNTs and (11,10)
SWCNTs, respectively, with relaxation times of 100 fs.
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