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Abstract 

We present a many-body perturbation theory study of the excitonic properties of wurtzite GaN containing 
a single charged nitrogen vacancy. We determine that the lowest energy exciton consists of a bulk to 
defect transition, resulting in a 0.1 eV redshift of the optical absorption onset and a 50 meV increase in 
the exciton binding energy when compared with pristine bulk. Furthermore, by analysis of the electron-
hole correlation function, we quantify the defect-induced localization of the Wannier-Mott exciton in two 
ways. First, we show that the electron-hole separation is reduced, and that the exciton envelope 
wavefunction can be related to a simple model of a defect-bound exciton. Second, we show that the 
exciton center-of-mass does not display the periodicity of the lattice due to defect-induced localization. 
We anticipate that our approach, which quantitatively describes the influence of a point defect on the 
exciton wavefunction, will be generally applicable. 
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1. Introduction 

Point defects in semiconductors play an important role in many emerging technologies because they 
can potentially dominate the properties of optoelectronic materials [1–3]. The localization of electron 
density near defects can lead to trap states that limit the efficiency of light emitting diodes and 
transistors [4]. Alternatively, this localization can be utilized to create photocatalytic hotspots [5,6] or to 
create single photon emitters for use in quantum technologies [7]. Thus, controlling the fundamental 
electronic structure associated with point defects in materials is of paramount importance. Due to the 
uncertainty in establishing a relationship between a particular defect and opto-electronic properties from 
measurements because of the lack of control of the type and density of defects in materials, it is necessary 
to seek insight from theoretical modeling [8–12]. 

In particular, the presence of point defects has a significant impact on the absorption and emission 
spectra of materials. Electron-hole pairs can be trapped at the point defect sites, with their energetics 
determined by the defect-induced trap states. Additionally, the electron-hole pair can form a bound 
exciton with strong Coulomb interaction, with further spatial localization and highly efficient 
recombination [13–18]. In order to understand the nature of the electron-hole pair, it is necessary to 
characterize both the single particle energy levels and excitonic interactions associated with introduction 
of the defect. While theory and computation have made great advances in accurately describing trap state 
energies and recombination rates in defective materials [19–21], there are few computational studies of 
electron-hole interactions because of the computational complexity associated with capturing this 
phenomenon. Additionally, there is a lack of quantitative tools to describe the distribution of electron and 
hole in extended systems (such as exists for finite systems [22–24]), limiting the understanding of exciton 
localization that can be gained from computation. 

Recently, first-principles many-body perturbation theory (MBPT), a method that can accurately 
capture both electron-electron and electron-hole interactions, has been applied to the study of excitons 
within defective semiconductors [16,17,25–37]. The optical absorption spectrum from MBPT, computed 
within the GW and Bethe-Salpeter equation (BSE) approach [38,39] has been shown to provide 
quantitatively accurate optical absorption energies when compared with measurements [40]. Additionally, 
MBPT has been especially effective at explaining the detailed mechanisms underpinning measurement by 
identifying the nature of excited state transitions in defective materials; such calculations have provided 
the impetus to reexamine commonly accepted interpretations of experimental results in terms of such 
transitions [15,25].  

Here, we present MBPT-based studies of the excitonic properties of bulk wurtzite gallium nitride 
(GaN) containing a single point defect – the nitrogen vacancy in the +1 charge state (𝑉ே

ଵା) in order to 
understand defect-induced exciton localization. GaN is a well-studied light emitting material for which 
there is not always a clear correlation between particular defects and spectroscopic measurements [41,42]. 
There are also numerous theoretical studies of the energetics of defects in GaN [43,44]. Therefore, it 
serves as a highly relevant model system with technological applications. We utilize GW/BSE, along with 
a previously introduced analysis of the electron-hole correlation function [45], to understand the nature 
and energy of the exciton. Our analysis decomposes the exciton into a center-of-mass and relative 
envelope correlation function, demonstrating and quantifying the defect-induced localization of the solid-
state exciton.  
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2. Computational Details 

The geometry of GaN is taken from Ref.  [46]; wurtzite GaN forms a close-packed hexagonal cell with 
lattice vectors of 3.20 Å along the a and b axes and 5.20 Å along c, in good agreement with 
measurement [47]. The defect is created by removing a nitrogen atom from a 4x4x3 supercell, which 
results in a defect-defect separation of 12.8 Å along the a and b directions and 15.6 Å along c.  

We compute the optical absorption and excitonic properties of the pristine GaN unit cell and 4 x 4 x 3 
defective supercell (Fig. 1) using the BerkeleyGW package [48] with starting DFT orbitals from Quantum 
Espresso [49] [50]. The DFT and GW calculations follow previous studies [46]; we utilized the local 
density approximation (LDA) for the DFT simulations with a dielectric function cutoff of 20 Ry. For the 
pristine bulk unit cell (with-defect supercell) the highest empty state energy used to build the self-energy 
was 9.1 Ry (5.1 Ry) corresponding to a highest unoccupied state of 146 (3600); for both geometries a 
previous study [46] showed that GW results for the unit cell were converged at a highest empty state 
energy of 5.1 Ry corresponding to a highest unoccupied state of 74. For GW calculations a shifted k-point 
mesh of 8 x 8 x 8 (2 x 2 x 2) was used for the pristine bulk unit cell (with-defect supercell). The BSE sum 
was expanded over 8 valence x 6 conduction bands for the bulk unit cell and 12 valence x 7 conduction 
bands for the defective supercell. The k-point mesh used for the BSE sum was 16 x 16 x 16 (8 x 8 x 8) for 
the unit cell (supercell), with the quasiparticle energies and BSE kernel interpolated from the coarse grid 
onto the fine grid. For the bulk unit cell, we systematically checked the convergence of predicted BSE 
eigenvalues and dielectric function with the number of bands and number of k-points. Additionally, we 
performed GW/BSE calculations on a pristine bulk 4x4x3 supercell with the same convergence 
parameters as the defective supercell in order to ensure that these computational conditions reproduce the 
results of the unit cell calculations. We found that the peaks in the dielectric function agree to 0.1 eV. We 
apply a Gaussian broadening of 0.25 eV to the final BSE spectrum in order to account for the 
experimental resolution and finite temperature effects.  

To account for charged supercell interactions, we apply an average electrostatic correction [51] [52] of 
0.1 eV to all defect-centered orbital energies [53] [54] at all k-points of the fine grid. This is important 
because the localized defect states will be artificially pushed to higher energy due to long-range 
electrostatic interactions, resulting in an error in their relative energy to the bulk bands. This correction 
results in ~ 100 meV red shift of the BSE-calculated onset of absorption. In addition, this correction 
lowers the energy of unoccupied defect states with respect to the bulk CBM, altering the nature of the 
excited-state.  

We analyze the nature of the exciton wavefunction by evaluating the dominant transitions in the BSE 
sum and evaluating the spatial distribution of the wavefunctions. To evaluate the dominant transitions of 
the exciton, the orbitals shown in Fig. 1b-c are weighted orbitals, scaled by the coefficients determined by 
solving the Bethe-Salpeter Equation where the exciton wavefunction is represented as a linear 
combination of Kohn-Sham orbitals [38]. To make numerical calculations of the electron-hole correlation 
function of Eq. 2 and center-of-mass (COM) correlation function of Eq. 6, we perform the integral over 
the hole coordinate as a sum over many hole positions. We choose a series of random hole positions 
within the unit cell (pristine bulk) or 4 x 4 x 3 supercell (defective bulk), increasing the number of hole 
positions until significant changes in ℱ have ceased. We found that using 50 (200) random hole positions 
were adequate to determine ℱ for the pristine (with-defect) system. The COM function is a function of 
the sum of electron and hole coordinates, and is much more sensitive to hole sampling than the ECF, 
which depends on their difference; to describe the fully periodic COM, it is necessary for hole positions to 
be sampled beyond a single unit cell. Therefore, we calculated this function sampling hole positions 
within a 5 x 5 x 5 supercell using 50 randomly placed holes. Additionally, in order to check the 
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significance of defect-defect interactions on the distribution of ℱௗ(𝒓), we applied a cutoff such that r is 
contained within a single 4 x 4 x 3 supercell; we determined that defect-defect interactions did not have a 
notable impact on the extent of or fit to ℱௗ(𝒓).  

3. Results 
i. Defect-induced changes in low-energy optical transitions 

Fig. 1a presents the calculated imaginary part of the dielectric function for both pristine and defective 
GaN. For the pristine bulk unit cell, we predict an onset of absorption at 3.34 eV, in good agreement with 
experiment [55]. Moreover, as shown in the figure, the absorption spectrum of pristine bulk agrees well 
with measurement up to a range of 8.0 eV. As shown in Fig. 1a inset, with the introduction of the defect, 
the onset of absorption slightly redshifts to 3.3 eV; the small shift suggests that the defect constitutes a 
small perturbation. Additionally, there is an increase in oscillator strength of the lowest energy peak with 
introduction of defect, indicating that the electron-hole separation is reduced compared to the bulk. We 
predict an exciton binding energy, calculated as the energy difference between the free electron-hole pair 
and the bound exciton, to be 81 meV for the pristine and 126 meV for the with-defect structure. Our 
finding is consistent with experimental studies of nitrogen vacancies in GaN  in which a slight redshift of 
the photoluminescence onset upon introduction of the defect has been observed [56]. The slight increase 
in exciton binding is also consistent with a more localized exciton wavefunction.  

We note that the pristine GaN exciton binding energy is overestimated with respect to the Bohr model 
when parameters are taken from measurements (18-28 meV) [57–64] and from previous many-body 
perturbation theory calculations (30-37 meV) [65,66]. That the calculations overestimate experiment may 
be due to the fact that we do not account for ionic screening which can be significant in GaN and would 
lead to reduction in the binding energy. Additionally, there are inherent errors associated with GW/BSE 
and its input parameters. In particular, previous calculations  [65,66]. used a finer k-point grid than we do 
in the current study. 

 

Figure 1. a) The imaginary part of the dielectric function of pristine wurtzite GaN compared with ellipsometry 
measurement [67]. The inset shows the change in onset of absorption when the 𝑉ே

ଵା  defect is introduced. The 
transition associated with the lowest energy exciton is shown for b) pristine bulk and c) with-defect structure. For b-
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c, the blue and red density plots show the hole and electron component of the transition, respectively. For all 
calculations the polarization of the electric field is parallel to the GaN c-axis, consistent with the experiment. 

In our previous studies, we found that this defect introduces four defect-centered electronic states into 
the band structure of GaN, with energies near the bulk band edges [46]. These states include one occupied 
state deep within the valence band (0.2 eV from the valence band maximum) with spherical s-type 
symmetry and three unoccupied states near the bottom of the conduction band with p-type symmetry. 
Because these states are within the bands, we expect that the exciton will be a combination of bulk-like 
and defect-like excitations; the dominant transitions associated with the excited-state (Fig. 1b-c) confirm 
this expectation. For pristine bulk, the lowest energy exciton is a valence band (VB) to conduction band 
(CB) transition, which is to be expected for this direct gap semiconductor. Here, the VB is mainly 
composed of nitrogen p-type orbitals while the CB is mainly composed of nitrogen s-type orbitals. In the 
presence of the 𝑉ே

ଵା defect, the lowest-energy exciton associated with the defective structure consists of a 
transition from bulk-like VB to a localized defect-centered orbital, with the electron density centered 
around the defect and distributing over nearest neighbor gallium atoms.  

Fig. 1c indicates that the lowest energy exciton state in the presence of the defect is neither a defect-to-
defect nor bulk-to-bulk transition, consistent with a weak perturbation to the system. This explains why 
the onset of absorption and exciton binding energy are only modestly affected by the presence of defect. 
However, the analysis indicates a delocalized hole and localized electron distribution, which will 
influence the nature of the exciton. 

ii. Defect-induced exciton delocalization 

In order to better understand the nature of the exciton in the presence of the defect, we analyze the 
two-particle (electron-hole) wavefunction in terms of the well-known Wannier-Mott model for an exciton 
in a periodic solid. Here, the exciton wavefunction is derived from effective mass theory [68] as a product 
of non-interacting electron and hole wavefunctions (i.e. one-electron orbitals), and an envelope function 
that localizes the exciton via the Coulomb interaction. For a nearly-free electron system with low carrier 
effective masses and high screening, the electron and hole will be spatially well separated forming a 
Wannier-Mott exciton. The periodicity of the crystal results in a Bloch invariant wavefunction that is a 

function of the center-of-mass coordinate, 𝒓௖௠ =
௠೐𝒓೐ା௠೓𝒓೓

௠೐ା௠೓
, while the relative envelope function within 

the medium is a function of the relative coordinates, 𝒓 =  𝒓௘ − 𝒓௛. The former defines where in the lattice 
the electron-hole pair resides, while the latter provides a measure of electron-hole binding and 
localization.  

The relative envelope function can be described by a hydrogenic Hamiltonian and the associated 
lowest energy exciton state is a 1s-type orbital with spatial extent defined by the Bohr radius, 𝑎 =

𝑎଴(𝜖 𝜇⁄ ). Here, 𝑎଴ is the hydrogen Bohr radius, 𝜇 = 1 (1 𝑚௘ ⁄ + 1 𝑚௛⁄⁄ ) is the exciton reduced mass, 
and 𝜖 is the dielectric constant. The exciton Bohr radius defines the distance between electron and hole 
and is highly relevant for determining energetics as well as recombination rates. 

The Wannier-Mott model has been shown to work very well in predicting exciton binding energies 
when compared with experiment for a series of semiconductors [68]. However, the perturbation due to the 
defect state will qualitatively and quantitatively influence both the envelope and center-of-mass functions. 
In particular, the crystalline symmetry is broken by presence of the defect, and both electron and hole can 
be more spatially localized at the defect site. Thus, the envelope function will decrease in size and the 
center-of-mass function will not be Bloch invariant.  
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Previously, the localization of excitons near an ionized donor impurity has been described within 
effective mass theory [69], with the exciton Hamiltonian expressed as  

 𝐻ௗ = −
ℏమ𝛁౛

మ

ଶ௠೐
∗ −

ℏమ𝛁౞
మ

ଶ௠೓
∗ −

௘మ

ఢ௥೐
+

௘మ

ఢ௥೓
−

௘మ

ఢ௥
. (1) 

Here, the first two terms define the kinetic energy of non-interacting electron and hole with effective 
masses of me and mh, respectively, the third and fourth terms define the electron and hole binding to the 
defect, respectively, and the last term is the electron-hole Coulomb attraction. It has been shown that a 
trial wavefunction function taking the form of a linear combination of exponentially decaying functions 
can be fit to experimental data to provide insight into excitonic properties [70]. In the following, we 
investigate the applicability of the Wannier-Mott model and the model of Ref. [70] to the pristine and 
defective GaN by analysis of the predicted GW/BSE wavefunction in terms of its center-of-mass and 
envelope components. 

Fig. 2 presents a measure of the envelope function -- the electron distribution when the hole is 
localized in a high probability location. For pristine GaN, the electron distribution is consistent with a 
Wannier-Mott type exciton; because of the hexagonal symmetry of the crystal, there is a slight asymmetry 
to the exciton along the c-axis better described as a Wannier-Mott exciton within an anisotropic medium. 
For the with-defect structure, the electron density no longer resembles a Wannier-Mott-type exciton: the 
distribution around the hole is much more localized and highly asymmetric. This more localized electron-
hole distribution is consistent with the increased oscillator strength in the first absorption peak and 
increased exciton binding energy. 

 

 

Figure 2. Plot of the electronic density associated with the exciton wavefunction with the hole localized in a high 
probability location (green circle) for a) pristine GaN and b) with-defect GaN.  

 

In order to quantitatively describe the exciton envelope function in the solid-state, we define the 
electron-hole correlation function, i.e. the probability of finding electron and hole separated by a vector, 
𝒓   [45]. This function provides a definition of delocalization lengths, charge transfer character, and 
asymmetry associated with the exciton wavefunction, and importantly for our defective system where the 
underlying GaN translation symmetry is broken, does not rely on choosing a specific hole position for 
describing the exciton wavefunction. Previously, we introduced the envelope electron-hole correlation 
function (ECF) [27], 

 ℱ(𝒓) =
∫|ஏ(𝒓೐ୀ𝒓ା𝒓೓,𝒓೓)|మௗయ𝒓೓

∫|ஏ(𝒓೐)ஏ(𝒓೓)|మௗయ𝒓೓
, (2) 

where, 𝒓௘ and 𝒓௛ define the electron and hole coordinates respectively and the integral is taken over the 
total volume of the crystal. Here, the numerator is an integral over the volume of the interacting electron-
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hole wavefunction1 and the denominator an integral over the volume of the non-interacting electron and 
hole obtained from the random phase approximation (RPA) as a simple product of the highest energy 
valence and lowest energy conduction Kohn–Sham wave functions. ℱ(𝒓)  is not the envelope 
wavefunction but does analogously provide the electron-hole distribution of the exciton (see [71] for 
relationship).  

Given the Wannier-Mott exciton wavefunction, the ECF for lowest energy state, which is expected to be 
valid for the pristine GaN, takes the form  

 ℱ௣
ௐ௔௡௡௜௘௥(r) = 𝐴଴𝑒ି

మೝ

ೌ ,  (3) 

where 𝑟 is the radial coordinate, 𝐴଴ is a normalization constant, and the subscript indicates a pristine 
defect-free material (see [71] for derivation). 

Figs. 3a-b show the calculated ℱ௣(r) along the xy and xz crystallographic planes of pristine GaN, 
respectively, with the function integrated over the third axis. The function peaks at (0, 0) where electron 
and hole occupy the same space, and drops off over a ~1 nm radius. The spatial extent of the function is 
consistent with a Wannier-Mott exciton in an anisotropic medium [72]. The spatial extent is shown in Fig. 
3e, which presents the radial distribution of the ECF ℱ௣(r = |r|). Fitting this function to Eq. 3 (Fig. 3e), we 
find an excellent fit (R2 = 0.996) with decay length (a/2) of 1.13 nm. This corresponds to a Bohr radius of 
2.27 nm in reasonable agreement with the anisotropic effective mass model [72], which predicts a Bohr 
radius of 1.8 nm given average hole and electron effective masses of 1.4 and 0.2, respectively, and 
dielectric constant of 5.45 for bulk GaN. 

 

Figure 3. The two-dimensional ECF ℱ(𝒓)  for pristine (a,b) and with-defect (c,d) GaN, where  ℱ(𝒓)  has been 
averaged over the c-axis (a,c) and the b-axis (b,d). The radial ECF, ℱ(r = |r|), for both pristine unit-cell and with-

 

 

1 We note that this definition is similar to the definition of electron-electron correlation via the 
“intracule” approach of e.g. Ref.  [74]. 
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defect geometries are shown in e), along with fits to respective models. For the defective structure in e), the two 
peaks are located at 0.1 and 0.5 nm. 

 

As expected, with the introduction of defect, the Wannier-Mott model is no longer a good fit to the 
data. Fig. 3c-d present the defective GaN ECF, ℱௗ(𝑟), in the xy and xz planes, with the function averaged 
over the c and b crystal planes, respectively. This function is anisotropic in both planes with significant 
structure. Within the xy plane, the function shows two groupings of peaks centered at electron-hole 
separation of (0.14, 0.56) nm and (-0.50, -0.53) nm. There are four peaks within these two groupings, 
located at (0.02, 0.70) nm, (0.35, 0.70) nm, (0.22, 0.47) nm, (-0.10, 0.45) nm, (-0.61, -0.39) nm, (-0.29, -
0.40) nm, (-0.40, -0.64) nm, (-0.73, -0.66) nm which all decay on the order of ~ 0.1 nm. Within the xz 
plane, there are four well-defined separate peaks at locations (0.37, 0.50) nm, (0.73, 0.02) nm, (-0.58, 
0.03) nm and (-0.91, 0.50) nm that decay on the order of ~ 0.1 nm. Interestingly, the position of these 
peaks approximately corresponds to the in-plane nearest-neighbor and multiple next-nearest-neighbor 
distances. This is consistent with the conclusion of Fig. 1 that the electron is mainly localized near the 
defect site, extending to the neighboring gallium atoms, while the hole is mainly located in the VB of 
GaN, which is mainly composed of nitrogen orbitals.  

The radial ECF shown in Fig. 3e is also more localized than that that of the pristine GaN. Unlike for 
pristine bulk, there are multiple peaks in the spectrum, with one prominent peaks at |𝒓| = 0.1 nm and a 
lesser peak at |𝒓| = 0.5 nm. The former can be explained as a node in the exciton wavefunction due to the 
vacancy being in a +1 charge state. The vacancy repels the positive charge and attracts the negative 
charge, resulting in a node in the electron-hole distribution at |𝒓| = 0. The peak at |𝒓| = 0.5 nm can be 
explained by analyzing all of the nearest and multiple next-nearest neighbor distances between gallium 
atoms adjacent to the defect and nitrogen atoms. Creating a histogram of all distances, we find a peak at 
0.47 nm (see [71] Fig. S1). This is again consistent with the nature of the transition shown in Fig. 1c. 

With this analysis, we determine that the electron and hole are spatially significantly closer together 
than in the pristine crystal despite the defect being a small energetic perturbation, and that their relative 
distribution is highly structure-dependent. Thus, a single hydrogenic function is not suitable for 
describing the envelope function. Instead, we adapt the trial wavefunction [70] associated with the 
Hamiltonian of Eq. 1 to a form consistent with our system containing a nearly-free bulk-like hole and 
trapped localized electron to obtain an exciton wavefunction, 

 Ψ(r = r௘ − r௛) = 𝑟௛ ∑ 𝑋௜
ே
௜ୀଵ 𝑒ି(஺೔௥೐ା஻೔௥), (4) 

where the sum runs over N exponential functions with Xi defining the coefficients associated with each 
term and the Bi defining the decay function of the exponential. This form of wavefunction allows for the 
structure in the envelope function such as predicted by our GW/BSE calculations. Assuming an ECF of a 
similar form, 

 ℱௗ(𝑟) = ൫∑ 𝑋௜
ே
௜ୀଵ 𝑒ି஻೔௥൯

ଶ
, (5) 

where, r = |r|, we fit the radial ECF of Fig. 3e to this function. Considering four exponential functions, we 
obtain a good fit of the GW/BSE predicted ECF (R2 = 0.97). Here, the fitted function is able to produce 
the two main peaks of Fig. 3e with three functions that have decay length of ~ 0.13 nm and one with 
decay length of ~ 0.7 nm, suggesting that there are multiple length scales associated with the electron-
hole wavefunction. Interestingly, the magnitudes of these decay lengths are consistent with the length 
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scales found in Figure 3. The good fit of the calculated envelope function with this simple model suggests 
that it can accurately capture the features of the exciton wavefunction.  

The prior analysis defines the localization of the electron-hole pair in the relative coordinate. In order 
to understand the localization of the center-of-mass function with introduction of defect, we calculate the 
center of mass electron-hole function as  

 ℱ஼ெ൫𝒓𝑪𝑴൯ = ∫หΨ൫𝒓௘ = 𝒓𝑪𝑴 − 𝒓௛ , 𝒓௛൯ห
ଶ

𝑑ଷ𝒓௛. (6) 

The ℱ௣
஼ெ associated with pristine bulk (see Fig. 4) is delocalized with the periodicity of the unit cell 

lattice vectors, as is expected for a Wannier-Mott exciton. On the other hand, for the defective structure, 
ℱௗ

஼ெ is highly localized within the simulated supercell. Thus, the defect not only localizes the electron-
hole distribution but also localizes the center of mass of the exciton such that the exciton wavefunction no 
longer obeys crystal symmetry. Importantly, the center-of-mass localization can be captured by the 
electron-hole wavefunction analysis introduced in this work. 

 

Figure 4. The two-dimensional center-of-mass function ℱ஼ெ(𝒓𝑪𝑴) for (a) pristine and (b) with-defect GaN, where 
the function has been averaged over the c-axis and normalized to the maximum in the displayed region. In (a), the 
plot data was shifted to align an arbitrary peak with the plot origin, while in (b) the single dominant peak was shifted 
to the origin. 

4. Conclusion 

In summary, we utilized many-body perturbation theory to quantitatively understand the role of a 
single point defect, 𝑉ே

ଵା, on the excitonic properties of GaN. We determined that because the defect 
introduces states that are resonant with the band energies of the crystal, the exciton energy is only slightly 
influenced by its presence. However, analysis of the exciton wavefunction reveals that the exciton 
wavefunction is highly perturbed by the presence of the defect, with a much more localized and 
anisotropic shape. These features can be captured by a simple model of a trapped electron and nearly-free 
hole. This study suggests that the defect acts as a perturbation to the Wannier-Mott function – it traps 
carriers resulting in a more localized exciton, and also induces structural deformations that create a highly 
anisotropic exciton distribution. We anticipate that the understanding and analytical approach developed 
here will enable the quantitative description of the excitonic properties of other defective materials. 
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