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Accelerating the calculations of finite-temperature thermodynamic properties is a major challenge for rational materials design.
Reliable methods can be quite expensive, limiting their applicability in autonomous high-throughput workflows. Here, the
3-phonons quasi-harmonic approximation (QHA) method is introduced, requiring only three phonon calculations to obtain a
thorough characterization of the material. Leveraging a Taylor expansion of the phonon frequencies around the equilibrium
volume, the method efficiently resolves the volumetric thermal expansion coefficient, specific heat at constant pressure, the
enthalpy, and bulk modulus. Results from the standard QHA and experiments corroborate the procedure, and additional
comparisons are made with the recently developed self-consistent QHA. The three approaches — 3-phonons, standard, and self-
consistent QHAs — are all included within the open-source ab-initio framework AFLOW, allowing automated determination of
properties with various implementations within the same framework.

INTRODUCTION

Reliable and efficient computational methods are
needed to guide time-consuming and laborious experi-
mental searches, thus accelerating materials design. Im-
plementing effective methods within automated frame-
works such as AFLOW [1–5] facilitates the calculation of
thermodynamic properties for large materials databases.
There are several computational techniques to charac-
terize the temperature-dependent properties of materi-
als, each with varying accuracy and computational cost.
Techniques such as ab-initio molecular dynamics [6–10]
and the stochastic self-consistent harmonic approxima-
tion [11, 12] give accurate results for the temperature de-
pendent properties of materials. Although these meth-
ods are highly accurate, the treatment of anharmonicity
requires the consideration of many large distorted struc-
tural configurations, making them computationally pro-
hibitive for screening large materials sets. Other meth-
ods — including the Debye-Grüneisen model [13, 14] and
machine learning approaches [15, 16] — require less com-
putational resources, but often struggle to predict prop-
erties such as the Grüneisen parameter with reasonable
accuracy [17, 18]. The quasi-harmonic approximation
(QHA) [19–21] balances accuracy and computational cost
for calculating temperature and pressure-dependent prop-
erties of materials.

In its standard formulation, QHA also remains too
expensive for automated screening [22]. QHA requires
many independent phonon spectra calculations, obtained
by diagonalizing the dynamical matrices giving eigenvec-
tors (modes) and eigenvalues (energies) [23–26]. The dy-
namical matrix can be constructed either with linear re-
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sponse [26, 27] or the finite displacements method [26, 28,
29]. Despite its low computational demands, linear re-
sponse does not perform well at high temperatures where
anharmonicity can be large. The finite displacements
method can be easily integrated with a routine that com-
putes forces, making it the preferred method for high-
throughput calculations. However, it is still computation-
ally expensive for i. low symmetry crystals, ii. materials
with large atomic variations leading to complicated opti-
cal branches, and iii. metallic systems having long-range
force interactions requiring large supercells. To make QHA

better suited for automated screening, it is necessary to
reduce the number of required phonon spectra.

Recently, the self-consistent quasi-harmonic
approximation [30] (SC-QHA) has been developed.
It self-consistently minimizes the external and internal
pressures. The method requires spectra at only two
or three volumes, while the frequency-volume relation-
ship is determined using a Taylor expansion. It is
computationally efficient and almost five times faster
than QHA. Results agree well with experiments at low
temperatures, although some deviations are observed at
high-temperatures for the tested systems [30].

In this article, the quasi-harmonic approximation 3-
phonons (QHA3P) method is introduced. It calculates the
phonon frequencies around equilibrium for only three dif-
ferent volumes, and performs a Taylor expansion to ex-
trapolate the phonon frequencies at other volumes. The
QHA3P approach drastically reduces the computational
cost and achieves consistency with experiments, allowing
automated materials’ property screening without compro-
mising accuracy. Similar to QHA, QHA3P minimizes the
Helmholtz free energy with respect to volume for each
temperature. The calculations of thermodynamic proper-
ties and the temperature-dependent electronic contribu-
tion to the free energy are the same as in QHA. The QHA,
SC-QHA, and QHA3P methods are all implemented within
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<latexit sha1_base64="aBOyqbLWbmb82vz94N+T0VLBEzU=">AAAB+3icbVBNT8JAEN3iF+JXlaOXRjDhQEjLRb2RePGIiQUS2pDpsoUNu22zuzVpGvwrXjyo8eof8ea/cYEeFHzJJC/vzWRmXpAwKpVtfxulre2d3b3yfuXg8Oj4xDw968k4FZi4OGaxGAQgCaMRcRVVjAwSQYAHjPSD2e3C7z8SIWkcPagsIT6HSURDikFpaWRW63mv6cWcTKDpTYBzmNdHZs1u2UtYm8QpSA0V6I7ML28c45STSGEGUg4dO1F+DkJRzMi84qWSJIBnMCFDTSPgRPr58vi5damVsRXGQlekrKX6eyIHLmXGA93JQU3lurcQ//OGqQqv/ZxGSapIhFeLwpRZKrYWSVhjKghWLNMEsKD6VgtPQQBWOq+KDsFZf3mTuO3WTcu5b9c6jSKNMjpHF6iBHHSFOugOdZGLMMrQM3pFb8aT8WK8Gx+r1pJRzFTRHxifPwJ5k9M=</latexit><latexit sha1_base64="aBOyqbLWbmb82vz94N+T0VLBEzU=">AAAB+3icbVBNT8JAEN3iF+JXlaOXRjDhQEjLRb2RePGIiQUS2pDpsoUNu22zuzVpGvwrXjyo8eof8ea/cYEeFHzJJC/vzWRmXpAwKpVtfxulre2d3b3yfuXg8Oj4xDw968k4FZi4OGaxGAQgCaMRcRVVjAwSQYAHjPSD2e3C7z8SIWkcPagsIT6HSURDikFpaWRW63mv6cWcTKDpTYBzmNdHZs1u2UtYm8QpSA0V6I7ML28c45STSGEGUg4dO1F+DkJRzMi84qWSJIBnMCFDTSPgRPr58vi5damVsRXGQlekrKX6eyIHLmXGA93JQU3lurcQ//OGqQqv/ZxGSapIhFeLwpRZKrYWSVhjKghWLNMEsKD6VgtPQQBWOq+KDsFZf3mTuO3WTcu5b9c6jSKNMjpHF6iBHHSFOugOdZGLMMrQM3pFb8aT8WK8Gx+r1pJRzFTRHxifPwJ5k9M=</latexit><latexit sha1_base64="aBOyqbLWbmb82vz94N+T0VLBEzU=">AAAB+3icbVBNT8JAEN3iF+JXlaOXRjDhQEjLRb2RePGIiQUS2pDpsoUNu22zuzVpGvwrXjyo8eof8ea/cYEeFHzJJC/vzWRmXpAwKpVtfxulre2d3b3yfuXg8Oj4xDw968k4FZi4OGaxGAQgCaMRcRVVjAwSQYAHjPSD2e3C7z8SIWkcPagsIT6HSURDikFpaWRW63mv6cWcTKDpTYBzmNdHZs1u2UtYm8QpSA0V6I7ML28c45STSGEGUg4dO1F+DkJRzMi84qWSJIBnMCFDTSPgRPr58vi5damVsRXGQlekrKX6eyIHLmXGA93JQU3lurcQ//OGqQqv/ZxGSapIhFeLwpRZKrYWSVhjKghWLNMEsKD6VgtPQQBWOq+KDsFZf3mTuO3WTcu5b9c6jSKNMjpHF6iBHHSFOugOdZGLMMrQM3pFb8aT8WK8Gx+r1pJRzFTRHxifPwJ5k9M=</latexit><latexit sha1_base64="aBOyqbLWbmb82vz94N+T0VLBEzU=">AAAB+3icbVBNT8JAEN3iF+JXlaOXRjDhQEjLRb2RePGIiQUS2pDpsoUNu22zuzVpGvwrXjyo8eof8ea/cYEeFHzJJC/vzWRmXpAwKpVtfxulre2d3b3yfuXg8Oj4xDw968k4FZi4OGaxGAQgCaMRcRVVjAwSQYAHjPSD2e3C7z8SIWkcPagsIT6HSURDikFpaWRW63mv6cWcTKDpTYBzmNdHZs1u2UtYm8QpSA0V6I7ML28c45STSGEGUg4dO1F+DkJRzMi84qWSJIBnMCFDTSPgRPr58vi5damVsRXGQlekrKX6eyIHLmXGA93JQU3lurcQ//OGqQqv/ZxGSapIhFeLwpRZKrYWSVhjKghWLNMEsKD6VgtPQQBWOq+KDsFZf3mTuO3WTcu5b9c6jSKNMjpHF6iBHHSFOugOdZGLMMrQM3pFb8aT8WK8Gx+r1pJRzFTRHxifPwJ5k9M=</latexit>
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calculate 
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F (V )
<latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit><latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit><latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit><latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit>

F (V )
<latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit><latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit><latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit><latexit sha1_base64="ByLhVcqoj6FIyGsVBHw4oI27tqY=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRjDBC2m5qDcSE+MREwsk0JDtsoUN223Z3ZqQhj/hxYMar/4eb/4bt9CDgi+Z5OW9mczM82POlLbtb6uwsbm1vVPcLe3tHxwelY9P2ipKJKEuiXgkuz5WlDNBXc00p91YUhz6nHb8yW3md56oVCwSj3oWUy/EI8ECRrA2Urd6V2tfVlFpUK7YdXsBtE6cnFQgR2tQ/uoPI5KEVGjCsVI9x461l2KpGeF0XuonisaYTPCI9gwVOKTKSxf3ztGFUYYoiKQpodFC/T2R4lCpWeibzhDrsVr1MvE/r5fo4NpLmYgTTQVZLgoSjnSEsufRkElKNJ8Zgolk5lZExlhiok1EWQjO6svrxG3Ub+rOQ6PSrOVpFOEMzqEGDlxBE+6hBS4Q4PAMr/BmTa0X6936WLYWrHzmFP7A+vwBsYKN4Q==</latexit>

min
V

h
F (V )

i
<latexit sha1_base64="dJHuNn9TSqrV1XALfeqGqAeNa20=">AAACEXicbZDNSgMxFIXv1L9a/0ZduokWod2UGTfqriiIywpOW+iUkknTNjSTGZKMUIY+gxtfxY0LFbfu3PkugqbTLrT1QODw3XuT3BPEnCntOJ9Wbml5ZXUtv17Y2Nza3rF39+oqSiShHol4JJsBVpQzQT3NNKfNWFIcBpw2guHlpN64o1KxSNzqUUzbIe4L1mMEa4M6dtkPmejUkZF/wfo+DyQmQ5Siq1K9PJ4ymbGOXXQqTia0aNyZKVYPv78QANQ69offjUgSUqEJx0q1XCfW7RRLzQin44KfKBqbi3GftowVOKSqnWYrjdGxIV3Ui6Q5QqOM/p5IcajUKAxMZ4j1QM3XJvC/WivRvbN2ykScaCrI9KFewpGO0CQf1GWSEs1HxmAimfkrIgNsAtAmxYIJwZ1fedF4J5XzintjwijBVHk4gCMogQunUIVrqIEHBO7hEZ7hxXqwnqxX623amrNmM/vwR9b7D79Ingk=</latexit><latexit sha1_base64="xrU8talWGAu2DwbLdxhNxZm7mNc=">AAACEXicbZBPS8MwGMbT+W/Of50evUSHsF1G60W9DQXxOMFug7WUNMu2sDQtSSqMss/gxa/ixYOKV2/e/CKeBM3aHXTzgcDD733fJO8TxIxKZVkfRmFpeWV1rbhe2tjc2t4xy7stGSUCEwdHLBKdAEnCKCeOooqRTiwICgNG2sHoYlpv3xIhacRv1DgmXogGnPYpRkoj36y5IeV+C2q553TgskAgPIIpvKy2apOciYz5ZsWqW5ngorFnptI4+P4qe59O0zff3V6Ek5BwhRmSsmtbsfJSJBTFjExKbiJJrC9GA9LVlqOQSC/NVprAI016sB8JfbiCGf09kaJQynEY6M4QqaGcr03hf7VuovqnXkp5nCjCcf5QP2FQRXCaD+xRQbBiY20QFlT/FeIh0gEonWJJh2DPr7xonOP6Wd2+1mFUQa4i2AeHoApscAIa4Ao0gQMwuAMP4Ak8G/fGo/FivOatBWM2swf+yHj7AeAdn6I=</latexit><latexit sha1_base64="xrU8talWGAu2DwbLdxhNxZm7mNc=">AAACEXicbZBPS8MwGMbT+W/Of50evUSHsF1G60W9DQXxOMFug7WUNMu2sDQtSSqMss/gxa/ixYOKV2/e/CKeBM3aHXTzgcDD733fJO8TxIxKZVkfRmFpeWV1rbhe2tjc2t4xy7stGSUCEwdHLBKdAEnCKCeOooqRTiwICgNG2sHoYlpv3xIhacRv1DgmXogGnPYpRkoj36y5IeV+C2q553TgskAgPIIpvKy2apOciYz5ZsWqW5ngorFnptI4+P4qe59O0zff3V6Ek5BwhRmSsmtbsfJSJBTFjExKbiJJrC9GA9LVlqOQSC/NVprAI016sB8JfbiCGf09kaJQynEY6M4QqaGcr03hf7VuovqnXkp5nCjCcf5QP2FQRXCaD+xRQbBiY20QFlT/FeIh0gEonWJJh2DPr7xonOP6Wd2+1mFUQa4i2AeHoApscAIa4Ao0gQMwuAMP4Ak8G/fGo/FivOatBWM2swf+yHj7AeAdn6I=</latexit><latexit sha1_base64="YEk6GeoQd9znAu774Q1j31aFOXs=">AAACEXicbZBPS8MwGMbT+W/Of1WPXoJD2C6j9aLehoJ4nGA3YS0lzdItLElLkgqj7DN48at48aDi1Zs3v41Z14NuPhB4+L3vm+R9opRRpR3n26qsrK6tb1Q3a1vbO7t79v5BVyWZxMTDCUvkfYQUYVQQT1PNyH0qCeIRI71ofDWr9x6IVDQRd3qSkoCjoaAxxUgbFNpNn1MRdqGRf0mHPoskwmOYw+tGtzmdM1mw0K47LacQXDZuaeqgVCe0v/xBgjNOhMYMKdV3nVQHOZKaYkamNT9TJDUXoyHpGysQJyrIi5Wm8MSQAYwTaY7QsKC/J3LElZrwyHRypEdqsTaD/9X6mY7Pg5yKNNNE4PlDccagTuAsHzigkmDNJsYgLKn5K8QjZALQJsWaCcFdXHnZeKeti5Z769TbjTKNKjgCx6ABXHAG2uAGdIAHMHgEz+AVvFlP1ov1bn3MWytWOXMI/sj6/AFmmpuN</latexit>
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calculate
Taylor coefficients

(q, j)
<latexit sha1_base64="5z4iqUjyH/iCSDbsy4P9q7OB5Fc=">AAAB83icbVBNT8JAEJ3iF+IHqEcvG8EEE0NaLuqNxItHTKyQQEO2yxZWttuyuyUhDb/Diwc1Xv0z3vw3LtCDgi+Z5OW9mczM82POlLbtbyu3sbm1vZPfLeztHxwWS0fHjypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80e3cb02oVCwSD3oaUy/EA8ECRrA2kletpF0/QOPZ5VPlolcq2zV7AbROnIyUIUOzV/rq9iOShFRowrFSHceOtZdiqRnhdFboJorGmIzwgHYMFTikyksXR8/QuVH6KIikKaHRQv09keJQqWnom84Q66Fa9ebif14n0cG1lzIRJ5oKslwUJBzpCM0TQH0mKdF8aggmkplbERliiYk2ORVMCM7qy+vErdduas59vdyoZmnk4RTOoAoOXEED7qAJLhAYwzO8wps1sV6sd+tj2ZqzspkT+APr8wc/n5CQ</latexit><latexit sha1_base64="5z4iqUjyH/iCSDbsy4P9q7OB5Fc=">AAAB83icbVBNT8JAEJ3iF+IHqEcvG8EEE0NaLuqNxItHTKyQQEO2yxZWttuyuyUhDb/Diwc1Xv0z3vw3LtCDgi+Z5OW9mczM82POlLbtbyu3sbm1vZPfLeztHxwWS0fHjypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80e3cb02oVCwSD3oaUy/EA8ECRrA2kletpF0/QOPZ5VPlolcq2zV7AbROnIyUIUOzV/rq9iOShFRowrFSHceOtZdiqRnhdFboJorGmIzwgHYMFTikyksXR8/QuVH6KIikKaHRQv09keJQqWnom84Q66Fa9ebif14n0cG1lzIRJ5oKslwUJBzpCM0TQH0mKdF8aggmkplbERliiYk2ORVMCM7qy+vErdduas59vdyoZmnk4RTOoAoOXEED7qAJLhAYwzO8wps1sV6sd+tj2ZqzspkT+APr8wc/n5CQ</latexit><latexit sha1_base64="5z4iqUjyH/iCSDbsy4P9q7OB5Fc=">AAAB83icbVBNT8JAEJ3iF+IHqEcvG8EEE0NaLuqNxItHTKyQQEO2yxZWttuyuyUhDb/Diwc1Xv0z3vw3LtCDgi+Z5OW9mczM82POlLbtbyu3sbm1vZPfLeztHxwWS0fHjypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80e3cb02oVCwSD3oaUy/EA8ECRrA2kletpF0/QOPZ5VPlolcq2zV7AbROnIyUIUOzV/rq9iOShFRowrFSHceOtZdiqRnhdFboJorGmIzwgHYMFTikyksXR8/QuVH6KIikKaHRQv09keJQqWnom84Q66Fa9ebif14n0cG1lzIRJ5oKslwUJBzpCM0TQH0mKdF8aggmkplbERliiYk2ORVMCM7qy+vErdduas59vdyoZmnk4RTOoAoOXEED7qAJLhAYwzO8wps1sV6sd+tj2ZqzspkT+APr8wc/n5CQ</latexit><latexit sha1_base64="5z4iqUjyH/iCSDbsy4P9q7OB5Fc=">AAAB83icbVBNT8JAEJ3iF+IHqEcvG8EEE0NaLuqNxItHTKyQQEO2yxZWttuyuyUhDb/Diwc1Xv0z3vw3LtCDgi+Z5OW9mczM82POlLbtbyu3sbm1vZPfLeztHxwWS0fHjypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80e3cb02oVCwSD3oaUy/EA8ECRrA2kletpF0/QOPZ5VPlolcq2zV7AbROnIyUIUOzV/rq9iOShFRowrFSHceOtZdiqRnhdFboJorGmIzwgHYMFTikyksXR8/QuVH6KIikKaHRQv09keJQqWnom84Q66Fa9ebif14n0cG1lzIRJ5oKslwUJBzpCM0TQH0mKdF8aggmkplbERliiYk2ORVMCM7qy+vErdduas59vdyoZmnk4RTOoAoOXEED7qAJLhAYwzO8wps1sV6sd+tj2ZqzspkT+APr8wc/n5CQ</latexit>

of    ’s for each !

calculate
Taylor coefficients

(q, j)
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FIG. 1. The workflows for (a) QHA3P compared with (b) QHA and (c) SC-QHA. The most time-consuming step of QHA is
highlighted in red, while the time-saving steps of the other two methods are highlighted in blue.

AFLOW [1–5, 22]. The performance of QHA3P with two
different exchange-correlation (XC) functionals is investi-
gated.

COMPUTATIONAL DETAILS

The thermal properties of materials at finite tempera-
tures are calculated from the Helmholtz free energy (F ),
which depends on temperature (T ) and volume (V ). Ne-
glecting the electron-phonon coupling and magnetic con-
tributions, F can be written as the sum of three additive

contributions [19–21]:

F (V, T ) = E0 (V ) + Fvib (V, T ) + Felec (V, T ) , (1)

where E0 is the total energy of the system at 0 K without
any atomic vibrations, Fvib is the vibrational free energy
of the lattice ions, and Felec is the finite temperature elec-
tronic free energy due to thermal electronic excitations.
QHA methodology. QHA enables the calculation of Fvib

via the harmonic approximation and includes anharmonic
effects in the form of volume-dependent phonon frequen-



3

cies. Fvib is given by [19–22]:

Fvib (V, T ) =
1

Nq

∑

q,j

(
~ωj(q)

2
+ kBT ln

[
1− exp

(
−~ωj(q)

kBT

)])
, (2)

where ~ and kB are the Planck and Boltzmann constants,
and ωj(q) is the volume-dependent phonon frequency.
The (q, j) comprises both the wave vector q and phonon
branch index j. Nq is the total number of wave vectors.

Although Felec (V, T ) is negligible for wide band gap ma-
terials, its contribution is required for metals and narrow
band-gap systems. Felec (V, T ) is calculated as [19, 20, 31]:

Felec (V, T ) =Uelec (V, T )− TSelec (V, T ) ,

Uelec (V, T ) =

∫ ∞

0

nelec (ε) f (ε) εdε−
∫ EF

0

nelec (ε) εdε,

Selec (V, T ) =− kB

∫ ∞

0

nelec (ε) [f (ε) ln (f (ε)) +

+ (1− f (ε)) ln (1− f (ε))]dε,

(3)

where Uelec (V, T ) and Selec (V, T ) are the temperature-
dependent parts of the electronic internal energy and elec-
tronic entropy, respectively, nelec(ε) is the density of states
at energy ε, f(ε) is the Fermi-Dirac distribution, and EF

is the Fermi energy.

The QHA method requires at least ∼10 E0 and
∼10 phonon calculations (Fvib) to obtain a good fit for
the equation of state (EOS). Generally, QHA employs
isotropic volume distortions, although its implementation
in AFLOW also incorporates anisotropic effects by consid-
ering F as a function of direction-dependent strain, e.g.,
along principal directions [32, 33]. The calculated E0 and
Fvib are fitted to an EOS (e.g., Birch-Murnaghan EOS [34]).
The equilibrium volume (Veq) at a given temperature is de-
termined by minimizing F with respect to V at a given T ,
(∂F/∂V )

T
=0 (Figure 1b). A more detailed description of

F−V interpolation and the calculation of different energy
terms is discussed in Ref. [22].

The thermodynamic properties — constant volume spe-
cific heat (CV), constant pressure specific heat (CP), av-
erage Grüneisen parameter (γ̄), and volumetric thermal
expansion coefficient (αV) [19–22] — are calculated ac-
cording to the following definitions:

CV =
kB

Nq

∑

q,j

cj(q), (4)

cj(q) =

(
~ωj(q, V0)

kBT

)2 exp
(

~ωj(q,V0)
kBT

)

(
exp
(

~ωj(q,V0)
kBT

)
− 1
)2 , (5)

CP = CV + VeqTBα2
V, (6)

γ̄ =

∑
q,j γj(q)cj(q)∑

q,j cj(q)
, (7)

αV =
CVγ̄

BVeq
, (8)

where ωj(q, V0) is the frequency of phonon mode (q, j) at
relaxed volume (V0), and cj(q) and γj(q) are the specific
heat capacity at constant volume and mode Grüneisen
parameter at (q, j). The definitions of the bulk modulus
(B) and mode Grüneisen parameter (γj(q)) are:

B = Veq

(
∂2F

∂V 2

)

T

, (9)

γj(q) = − V0

ωj(q, V0)

(
∂ωj(q)

∂V

)

V0

. (10)

For metals and small band gap materials, the electronic
contribution can be considerable and is included in the
thermodynamic definitions. αV and CP are re-formulated
as [33, 35]:

αV,ph+elec = αV + αV,elec =
CVγ̄

BVeq
+

2

3BVeq
CV,elec,

CP,ph+elec = CV + VeqTBα2
V + CV,elec,

CV,elec = T

(
∂Selec

∂T

)

V

.

(11)

In addition to the basic quasi-harmonic thermodynamic
properties, the enthalpy (H) of a structure at P = 0 [21,
31] is:

H = F (T ) + TS = F (T )− T ∂F (T )

∂T
. (12)

AFLOW implementation of SC-QHA. SC-QHA has
been implemented within AFLOW following the descrip-
tion of Ref. [30]. Similar to QHA, SC-QHA calculates E0
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FIG. 2. The thermodynamic properties of Si (a,d,g,j,m), C (b,e,h,k,n), and SiC (c,f,i,l,o) are presented up to their melting
temperatures: 1687, 3823, and 3000 K [36], respectively. The results are obtained with QHA, QHA3P, and SC-QHA using
the PBE and PBEsol XC functionals. Experimental results from different sources [36–46] are indicated by inverted triangles,
diamonds, and pentagons.
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at ∼10 different volumes, but requires only three phonon
calculations at different cell volumes (Figure 1c) [30]. It
computes the temperature-dependent unit-cell volume by
optimizing the total pressure (external, electronic, and vi-
brational pressures),

V = [(P − Pe)]
−1 × 1

Nq

∑

q,j

Uj(q)γj(q), (13)

where P is external pressure, Pe (= −dE0 (V ) /dV ) is the
electronic pressure, Uj(q) is the mode vibrational inter-
nal energy, and γj(q) is the mode Grüneisen parameter
at (q, j). The volume-dependent ωj(q) and γj(q) are ex-
trapolated to other volumes using a Taylor expansion:

ωj (q, V ) = ωj (q, V0) +

(
∂ωj(q)

∂V

)

V0

(∆V )

+
1

2

(
∂2ωj(q)

∂V 2

)

V0

(∆V )
2
,

(14)

γj (q, V ) = − V

ωj(q)

[(
∂ωj(q)

∂V

)

V0

+

(
∂2ωj(q)

∂V 2

)

V0

∆V

]
,

(15)
where ∆V=V−V0. Computing the second order deriva-
tive of ωj(q) requires the calculation of phonon spectra
at three different volumes. Due to its numerical accu-
racy, the central difference algorithm is used to calculate
the derivative with respect to volume. Uj(q), the mode
vibrational internal energy, is defined as

Uj(q) =

[(
exp

(
~ωj(q)

kBT

)
− 1

)−1

+
1

2

]
~ωj(q). (16)

The procedure to self-consistently optimize the volume
at zero external pressure (P=0) and finite T is as fol-
lows [30] (Figure 1c):

(1) First, ∼10 E0 (V ) values are fitted to the EOS, en-
abling the analytical calculation of Pe at any new
volume.

(2) (∂ωj(q)/∂V )
V0

and
(
∂2ωj(q)/∂V 2

)
V0

are calculated

from the three phonon spectra, where ωj(q) and
γj(q) are initialized to their values at V0.

(3) To compute the equilibrium volume at T , V is ini-
tialized to a value 0.2% larger than V0 and the fol-
lowing loop is iterated:

(i) Calculate Pe using the EOS, and∑
q,j Uj(q)γj(q) using ωj(q) and γj(q).

(ii) Update the value of V using Eq. (13), and up-
date ωj(q) and γj(q) using Eqs. (14-15), re-
spectively.

(iii) If V is not converged to within an acceptable
threshold (e.g., 10−6), then loop over steps (i)
and (ii).

(iv) Calculate other thermodynamic properties us-
ing the converged values of ωj(q) and γj(q).

(v) V , ωj(q), and γj(q) at a given T become the
initial values for the next T characterization.

In SC-QHA, Veq is calculated self-consistently at low
temperatures (e.g., 0.1 K). At higher temperatures, Veq

is extrapolated as Veq (T + ∆T ) ' (1 + αV∆T )Veq — as
described in Ref. [30] — to avoid self-consistent volume
calculations for each T . Veq is equal to the self-consistently
converged V at a given T . Similarly, all properties calcu-
lated at Veq are the equilibrium properties at T .

While CV, CP, and αV are the same as for QHA, B and
γj(q) are computed differently in SC-QHA:

B = Veq

(
d2E0

dV 2

)

Veq

+Bγ +B∆γ + Pγ , (17)

where Bγ and B∆γ are the bulk modulus contributions
due to phonons, and Pγ represents the bulk modulus con-
tribution due to external pressure. The mathematical ex-
pressions for these variables are defined in Ref. [30], and
γj(q) is computed using Eq. (15). It is also important to
note that the value of CV at a given T is computed with
the ωj(q) values instead of ωj(q, V0), where ωj(q) is the
volume (and thus temperature)-dependent frequency.

The temperature-dependent electronic energy contribu-
tions can be added to SC-QHA by employing the relation-
ship between the electronic eigenvalues and V (similar to
the relationship between phonon eigenvalues and volume
(Eq. (13))). Felec is not included in the version of SC-QHA

implemented in AFLOW. Derivations and a more detailed
description of SC-QHA can be found in Ref. [30]. The ver-
sion of SC-QHA implemented in AFLOW is equivalent to
the 2nd-SC-QHA [30].
QHA3P and QHA5P methodology. The QHA3P

method requires only three phonon calculations along with
the ∼10 E0 energies. The Taylor expansion (Eq. (14)) in-
troduced in SC-QHA [30] is used to extrapolate the phonon
spectra to the remaining volumes. The following steps are
the same as QHA: fit to the EOS, minimize F with respect
to V , and calculate the thermodynamic properties (Fig-
ure 1a). Although the same technique is used to extrapo-
late the phonon frequencies (Eq. (14)) in both QHA3P and
SC-QHA, the definitions of some thermodynamic proper-
ties and the method for computing them differ. For
example, the mode Grüneisen parameter is extrapolated
with Eq. (15) in SC-QHA, but it is explicitly calculated
using Eq. (10) in QHA3P. Therefore, inaccuracies in the
phonon dispersion (ωj(q)) generally introduce more error
in γ̄ for SC-QHA compared to QHA3P.

The success of QHA3P depends on the estimation of
ωj(q) with the Taylor expansion coefficients. For some
systems, the second order Taylor expansion (QHA3P) is
not sufficient to predict thermodynamic properties with
good accuracy. Extending it to fourth order, which re-
quires five phonon calculations (QHA5P), can improve reli-
ability. The method has been developed and comparisons
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FIG. 3. The thermodynamic properties of ZnO (a,d,g,j,m), Al2O3 (b,e,h,k,n), and MgO (c,f,i,l,o) as a function of temperature.
The results of ZnO and Al2O3 are presented up to their melting temperatures (Tm), while MgO is shown up to (2/3)Tm. The Tm

values of ZnO, Al2O3, and MgO are 2248, 2345, and 3125 K [36], respectively. The results are obtained with QHA, QHA3P, and
SC-QHA using the PBE and PBEsol XC functionals. Experimental results from different sources [36, 38, 47–55] are indicated
by inverted triangles, diamonds, pentagons, and filled pentagons.
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with QHA3P are included in the Results and Discussion
section and Appendix.
The root-mean-square relative deviation. The root-
mean-square relative deviation (RMSrD)

χ (X, Y ) =

√√√√
∑N
i

(
Xi−Yi

Xi

)2

N − 1
(18)

is used to quantitatively compare the calculated thermo-
dynamic properties between the various methods and val-
idate the model against experiments. Here χ (X, Y ) rep-
resents the RMSrD between N data points obtained from
methods X and Y . Small values of χ (X, Y ) indicate that
X and Y produce statistically similar results.
Geometry optimization. All structures are fully re-
laxed using the high-throughput framework AFLOW, and
density functional theory package VASP [56]. Opti-
mizations are performed following the AFLOW Stan-
dard [57]. The projector augmented wave (PAW) pseu-
dopotentials [58] and the XC functionals proposed by
Perdew-Burke-Ernzerhof (PBE) [59] are used for all cal-
culations, unless otherwise stated. To study functional
effects and compare with previous SC-QHA results [30],
calculations using the PBEsol functional [60] are also car-
ried out. A high energy cutoff (40% larger than the max-
imum recommended cutoff among all the species) and a
k-point mesh of 8000 k-points per reciprocal atom are
used to ensure the accuracy of the results. Primitive cells
are fully relaxed until the energy difference between two
consecutive ionic steps is smaller than 10−9 eV and forces
on each atom are below 10−8 eV/Å.
Phonon calculations. Phonon calculations are carried
out using the Automatic Phonon Library [29, 61], as im-
plemented in AFLOW, using VASP to obtain the inter-
atomic force constants via the finite-displacements ap-
proach. The magnitude of this displacement is chosen
as 0.015 Å. Supercell size and the number of atoms in
the supercell (supercell atoms) along with space group
number (sg #) of each example [62] are listed in Table I.
Non-analytical contributions to the dynamical matrix are
also included using the formulation developed by Wang et
al. [63]. Frequencies and other related phonon properties
are calculated on a 31×31×31 mesh in the Brillouin zone:
sufficient to converge the vibrational density of states and
thus the corresponding thermodynamic properties. The
phonon density of states is calculated using the linear in-
terpolation tetrahedron technique available in AFLOW.
The QHA calculations are performed on 10 equally spaced
volumes ranging from −3% to 6% uniform strain with 1%
increments from the respective equilibrium structures of
the crystal. The QHA Grüneisen parameter is calculated
with ±0.03% distorted volumes [22]. More expanded (as
opposed to compressed) volumes are used since most ma-
terials have positive thermal expansion. Both the SC-QHA

and the QHA3P calculations employ ±3% expanded and
compressed volumes. All calculations are performed with-
out external pressure (P=0), and all volume distortions

TABLE I. Compound names with ICSD number, supercell size,
supercell atoms, lattice type, and space group number. More
detailed information is available in the Appendix (Table A1).

compound ICSD supercell
size

supercell
atoms

lattice
type

sg #

Si 76268 5×5×5 250 fcc 227

C (Diamond) 28857 4×4×4 128 fcc 227

SiC 618777 4×4×3 192 hex 186

Al2O3 89664 2×2×2 80 rhl 167

MgO 159372 4×4×4 128 fcc 225

ZnO 182356 4×4×3 192 hex 186

AlNi 602150 4×4×4 128 cub 221

NiTiSn 174568 3×3×3 81 fcc 216

Ti2AlN 157766 4×4×1 128 hex 194

are isotropic.

RESULTS AND DISCUSSION

Non-metallic compounds. Thermodynamic properties
for Si, C, and SiC are illustrated in Figure 2 and ZnO,
Al2O3, and MgO in Figure 3. Comparisons of QHA3P

with QHA, SC-QHA, and experimental data are discussed
below with two different XC functionals.
αV from both QHA3P and QHA agree well with the avail-

able experiments for all tested non-metallic compounds
using both XC functionals. Conversely, SC-QHA overesti-
mates αV for Si, ZnO, Al2O3, and MgO. Using the PBEsol

XC functional improves consistency with experimental re-
sults for Si, although αV is still larger for ZnO and MgO.
For Al2O3, αV values from different experiments [38, 50–
52] vastly differ from one other. Below 1500 K, exper-
imental results from Ref. [50, 52] are well described by
PBEsol, whereas above 1500 K, they are better predicted
by PBE. The RMSrD between αV from different approaches
and experiment are provided in Table II. The relatively
small RMSrD between QHA3P and experiments compared
to the RMSrD between SC-QHA and experiments indicate
that the QHA3P αV predictions are more reliable.

The larger values of αV from SC-QHA are due to the
overestimation of γ̄. This is particularly significant for
positive αV materials, where ωj(q) decreases with T for
almost all (q, j) (QHA3P Methodology section). For ex-
ample, the T -dependent phonon dispersion curves of MgO
(Figure 4(a)) show that ωj(q) decreases for all (q, j) ex-
cept for acoustic branches near Γ. Figure 4(b, c) il-
lustrates that the values of γ̄ for MgO and Al2O3 are
unaffected by the differences in volume distortion mag-
nitudes between QHA and QHA3P and match well with
experiments.

Despite deviations in αV, there are no significant dif-
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TABLE II. RMSrD for αV for all non-metallic materials. χ for αV are calculated with respect to the experiments in: Ref. [39]
(Si), Ref. [41] (C), Ref. [45] (SiC), Ref. [48] (ZnO), Ref. [50] (Al2O3), and Ref. [54] (MgO). Units: RMSrD in percent.

χ(QHA3P, QHA) % χ(SC-QHA, QHA) % χ(QHA3P, expt) % χ(SC-QHA, expt) %

(αV) (αV) (αV) (αV)

compound PBE PBEsol PBE PBEsol PBE PBEsol PBE PBEsol

Si 0.1 1.3 9.2 7.5 15.7 8.4 25.8 19.6

C 0.8 1.0 2.8 4.5 14.0 12.1 16.8 12.4

SiC 0.7 0.4 4.7 3.7 13.5 12.7 12.6 11.1

ZnO 0.4 5.9 27.0 37.7 16.7 7.3 31.7 16.2

Al2O3 0.3 0.8 11.1 9.5 12.4 8.1 18.7 9.1

MgO 0.1 1.8 27.5 14.5 25.4 14.4 75.0 38.0

TABLE III. RMSrD for αV, CP, and H for metallic materials (AlNi and Ti2AlN) and a small band gap compound (NiTiSn).
χ for αV are computed with respect to the experiment in: Ref. [20] (AlNi), Ref. [33] (NiTiSn), and Ref. [64] (Ti2AlN). Units:
RMSrD in percent.

Compound χ(QHA3P, expt) % χ(QHA3P, expt) % χ(QHA3P, expt) % χ(QHA3P, expt) % χ(QHA3P, expt) % χ(QHA3P, expt) %

(αV,ph+elec) (αV) (CP,ph+elec) (CP) (Hph+elec) (H)

AlNi 5.2 5.1 2.6 3.2 5.6 1.9

NiTiSn 6.4 6.2 0.0 0.0 n/a n/a

Ti2AlN 4.9 5.7 0.0 0.0 n/a n/a

ferences between CP and H obtained from the three ap-
proaches. The values are insensitive to the choice of func-
tional, except for MgO (Figures 2 and 3(d-i)). Both CP

and H match experimental values well. However, CP is
slightly underestimated for Si, SiC, and ZnO. Addition-
ally, divergence from experiments occurs near 2000 K for
MgO using the PBE XC functional in SC-QHA. The ob-
servations are supported by the RMSrD of CP (Table A2,
Appendix).

The values of B computed with the three methodologies
also match when using the same XC functional, except for
ZnO and MgO (Figures 2 and 3(j-o)). For ZnO, discrep-
ancies occur between the QHA3P and QHA results. Since
the bulk modulus value is related to the curvature of F (V )
at Veq, small changes in F (V ) can have a large impact on
B. For instance, at 2000 K the difference in F between
QHA3P and QHA for ZnO is approximately 5 meV at 6%
expanded volume of V0 (Figure A1, Appendix), signifi-
cantly affecting B (Figure 3(j)).

The values of B calculated using PBEsol are larger than
for PBE, with similar trends reported previously [46], and
are closer to experiment. For MgO, deviations occur
at high temperatures between SC-QHA and QHA3P (and
QHA). RMSrD with experiment for B has not been cal-
culated due to limited data availability. For B, the small
RMSrD values between QHA3P and QHA demonstrate that
the methods are consistent with each other. Conversely,
the RMSrD values between SC-QHA and QHA are high for
ZnO and MgO (Table A2, Appendix).

As for B, predicted Veq values are similar for all methods

when using the same XC functional. However, the volume
predictions obtained using PBEsol are smaller than those
for PBE (Figure 2 and 3(m-o)).

Although features of the phonon spectra — including
band continuity — are well predicted by the Taylor expan-
sion (Figure A3, Appendix), F (V ) curves from QHA and
QHA3P deviate in some cases (Figure A1, Appendix). In
particular, discrepancies between QHA and QHA3P occur
for ZnO with the PBEsol XC functional. Including higher
order terms in the Taylor expansion (QHA5P) eliminates
the differences (Figure A1, Appendix) and improves the
αV, B, and Veq values.
Metallic compounds and narrow band gap mate-
rials. Thermodynamic properties for metals AlNi and
Ti2AlN and narrow band gap (0.12 eV [67]) half-Heusler
NiTiSn are presented in Figure 5. For QHA3P and QHA,
calculations are performed with and without the electronic
contribution. Results for SC-QHA are presented without
the electronic contribution (not implemented in AFLOW).
In this section, calculations are performed only with the
PBE XC functional.

Similar to the non-metallic examples, there are no
prominent differences between αV obtained using the three
methods (Figure 5(a-c)). The αV results demonstrate the
effectiveness of all methodologies in accurately predicting
the experimental thermodynamic properties of AlNi, Ni-
TiSn, and Ti2AlN. In addition, the contribution of Felec to
F does not alter the results.

The other thermodynamic properties — CP, H, B, and
Veq — also match well with each other (for the three meth-
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FIG. 4. (a) The phonon dispersion curves of MgO at three different temperatures are computed using SC-QHA equilibrium
volumes and Eq. (14). (b, c) The γ̄ values as a function of temperature for MgO and Al2O3 using QHA, QHA3P, and SC-QHA.
The experimental Grüneisen parameters of MgO are taken from Ref. [54, 55].

ods) and with experiments, with a few exceptions (Fig-
ure 5(d-f)). The H values for AlNi from QHA3P and
QHA do not agree with experiments above 500 K when
Felec is taken into consideration (Figure 5(g, j)). The B
values from the three methods show discrepancies stem-
ming from differences in the F (V ) energies. The small
RMSrDs between QHA3P and experiments for αV, CP, and
H demonstrate the reliability of the approach. Since the
QHA, SC-QHA, and QHA3P predictions are similar, RM-

SrD values are presented only for QHA3P.

CONCLUSIONS

The quasi-harmonic approximation 3-phonons method
is introduced to calculate thermodynamic properties of
both non-metallic and metallic compounds. The effi-
ciency of QHA3P is tested for a range of materials using
two different exchange-correlation functionals, and the
calculated thermodynamic quantities are in agreement
with both QHA and experimental measurements. We
show that SC-QHA overestimates the average Grüneisen
parameter, as well as αV, at high temperatures for
some materials, while QHA3P performs well. This study
demonstrates that QHA3P is an ideal framework for
the high-throughput prediction of finite temperature
materials properties, combining the accuracy of QHA

with the computational efficiency of SC-QHA.
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115.5

FIG. 5. The thermodynamic properties of AlNi (a,d,g,j,m), NiTiSn (b,e,h,k,n), and Ti2AlN (c,f,i,l,o) are presented up to their
melting temperatures of 1300 K, 1500 K, and 1500 K [20, 33, 64–66], respectively. QHA3P results are compared with QHA and
experiments. Experimental results from different sources [20, 33, 36, 64–66] are indicated by inverted triangles and diamonds.
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APPENDIX

Comparison of SC-QHA implementation in AFLOW versus Ref. [30]. The SC-QHA method was originally
developed and tested in Ref. [30] using the PBEsol XC functional. To check the consistency between the AFLOW

implementation of SC-QHA and Ref. [30], the calculated properties are compared for Si, C, and Al2O3. The differences
between the properties computed with AFLOW and Ref. [30] are marginal. However, some discrepancies are observed
for the αV values of Si, B values of C, and the αV and B values of Al2O3, which are the presented examples in Ref. [30].
To investigate this, thermodynamic properties are reproduced for Al2O3 using the original SC-QHA and PHONOPY [68]
codes with the AFLOW Standard VASP input parameters (Figure A2, Appendix). This indicates that the origin of
the incompatibility between these two studies is the difference in the VASP input parameters. While the accuracy is
increased by using the AFLOW Standard VASP input parameters, the SC-QHA results are still inconsistent with QHA

and experiments.

TABLE A1. List of compound names with various crystallographic properties along with the AFLOW prototype [69, 70] and
unique identifier (auid) [5].

compound ICSD supercell
size

supercell
atoms

lattice
type

sg# DFT band
gap (eV)

prototype auid

Si 76268 5×5×5 250 fcc 227 0.61 A cF8 227 a [71] aflow:ff211836be789f69

C (Diamond) 28857 4×4×4 128 fcc 227 4.11 A cF8 227 a [71] aflow:b438e1a25f9c187d

SiC 618777 4×4×3 192 hex 186 2.30 AB hP4 186 b b [72] aflow:504844a24702c7dc

ZnO 182356 4×4×3 192 hex 186 1.81 AB hP4 186 b b [72] aflow:f30df164c6192045

Al2O3 89664 2×2×2 80 rhl 167 5.86 A2B3 hR10 167 c e [73] aflow:537e800e0a1b75be

MgO 159372 4×4×4 128 fcc 225 4.46 AB cF8 225 a b [74] aflow:a2cc05c200330e16

AlNi 602150 4×4×4 128 cub 221 0.00 AB cP2 221 b a [75] aflow:f727dcd6a292301d

NiTiSn 174568 3×3×3 81 fcc 216 0.17 ABC cF12 216 b c a [76] aflow:7bed936e9d5a44ca

Ti2AlN 157766 4×4×1 128 hex 194 0.00 ABC2 hP8 194 d a f [77] aflow:bdc38ae3ca07e398

TABLE A2. RMSrD for CP and B for all non-metallic materials. χ for CP are calculated with respect to the experiments in
Ref. [36]. χ for H and Veq are similar to CP and B, respectively, and are not presented. Units: RMSrD in percent.

χ(QHA3P, expt) % χ(SC-QHA, expt) % χ(QHA3P, QHA) % χ(SC-QHA, QHA) %

(CP) (CP) (B) (B)

compound PBE PBEsol PBE PBEsol PBE PBEsol PBE PBEsol

Si 7.4 7.6 7.1 7.7 0.5 0.2 0.2 0.4

C 2.2 2.2 3.1 1.8 0.5 0.0 1.0 0.5

SiC 4.8 5.0 4.4 4.6 0.0 0.1 0.2 0.3

ZnO 8.5 9.3 5.9 7.0 0.3 7.0 3.4 9.8

Al2O3 4.5 5.3 3.0 4.1 0.8 0.3 1.1 1.7

MgO 9.0 3.6 37.1 11.5 0.5 0.7 21.6 6.6

http://aflow.org/material.php?id=aflow:ff211836be789f69
http://aflow.org/material.php?id=aflow:b438e1a25f9c187d
http://aflow.org/material.php?id=aflow:504844a24702c7dc
http://aflow.org/material.php?id=aflow:f30df164c6192045
http://aflow.org/material.php?id=aflow:537e800e0a1b75be
http://aflow.org/material.php?id=aflow:a2cc05c200330e16
http://aflow.org/material.php?id=aflow:f727dcd6a292301d
http://aflow.org/material.php?id=aflow:7bed936e9d5a44ca
http://aflow.org/material.php?id=aflow:bdc38ae3ca07e398
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FIG. A1. The F (V ) curve of ZnO at 2000 K. The range of volumes is from −3 to 6 percent of V0 (43.22 Å3). The difference
between any two curves gives Fvib, since E0 is the same for QHA, QHA3P, and QHA5P.
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<latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit>

T (K)
<latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit>

T (K)
<latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit><latexit sha1_base64="6R/g+GVeIc2gcMfN6YuPC/XzdAI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDBC9klJuqNxIuJF0xYIIEN6ZYuVLrtpu2aEMJ/8OJBjVd/kDf/jQX2oOhLJnl5byYz88KEM21c98vJra1vbG7ltws7u3v7B8XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm/mfvuRKs2kaJpJQoMYDwWLGMHGSq1ys1y5O+8XS27VXQD9JV5GSpCh0S9+9gaSpDEVhnCsdddzExNMsTKMcDor9FJNE0zGeEi7lgocUx1MF9fO0JlVBiiSypYwaKH+nJjiWOtJHNrOGJuRXvXm4n9eNzXRVTBlIkkNFWS5KEo5MhLNX0cDpigxfGIJJorZWxEZYYWJsQEVbAje6st/iV+rXle9+1qpfpGlkYcTOIUKeHAJdbiFBvhA4AGe4AVeHek8O2/O+7I152Qzx/ALzsc3LbWNsg==</latexit>
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<latexit sha1_base64="LQedZu7cUj79lP0LdqLlBPAfQp8=">AAAB7nicbVA9TwJBEJ3FL8Qv1NJmI5hgQ+5o1I5ooSUmnpLAhewte7Bhb+/c3TMhF/6EjYUaW3+Pnf/GBa5Q8CWTvLw3k5l5QSK4No7zjQorq2vrG8XN0tb2zu5eef/gXseposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsIdgdDX1H56Y0jyWd2acMD8iA8lDTomxUrt6Wa1dt8hpr1xx6s4MeJm4OalAjlav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n83uneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwnM/4zJJDZN0vihMBTYxnj6P+1wxasTYEkIVt7diOiSKUGMjKtkQ3MWXl4nXqF/U3dtGpdnI0yjCERxDDVw4gybcQAs8oCDgGV7hDT2iF/SOPuatBZTPHMIfoM8fY/6OXw==</latexit><latexit sha1_base64="LQedZu7cUj79lP0LdqLlBPAfQp8=">AAAB7nicbVA9TwJBEJ3FL8Qv1NJmI5hgQ+5o1I5ooSUmnpLAhewte7Bhb+/c3TMhF/6EjYUaW3+Pnf/GBa5Q8CWTvLw3k5l5QSK4No7zjQorq2vrG8XN0tb2zu5eef/gXseposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsIdgdDX1H56Y0jyWd2acMD8iA8lDTomxUrt6Wa1dt8hpr1xx6s4MeJm4OalAjlav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n83uneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwnM/4zJJDZN0vihMBTYxnj6P+1wxasTYEkIVt7diOiSKUGMjKtkQ3MWXl4nXqF/U3dtGpdnI0yjCERxDDVw4gybcQAs8oCDgGV7hDT2iF/SOPuatBZTPHMIfoM8fY/6OXw==</latexit><latexit sha1_base64="LQedZu7cUj79lP0LdqLlBPAfQp8=">AAAB7nicbVA9TwJBEJ3FL8Qv1NJmI5hgQ+5o1I5ooSUmnpLAhewte7Bhb+/c3TMhF/6EjYUaW3+Pnf/GBa5Q8CWTvLw3k5l5QSK4No7zjQorq2vrG8XN0tb2zu5eef/gXseposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsIdgdDX1H56Y0jyWd2acMD8iA8lDTomxUrt6Wa1dt8hpr1xx6s4MeJm4OalAjlav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n83uneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwnM/4zJJDZN0vihMBTYxnj6P+1wxasTYEkIVt7diOiSKUGMjKtkQ3MWXl4nXqF/U3dtGpdnI0yjCERxDDVw4gybcQAs8oCDgGV7hDT2iF/SOPuatBZTPHMIfoM8fY/6OXw==</latexit><latexit sha1_base64="LQedZu7cUj79lP0LdqLlBPAfQp8=">AAAB7nicbVA9TwJBEJ3FL8Qv1NJmI5hgQ+5o1I5ooSUmnpLAhewte7Bhb+/c3TMhF/6EjYUaW3+Pnf/GBa5Q8CWTvLw3k5l5QSK4No7zjQorq2vrG8XN0tb2zu5eef/gXseposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsIdgdDX1H56Y0jyWd2acMD8iA8lDTomxUrt6Wa1dt8hpr1xx6s4MeJm4OalAjlav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n83uneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwnM/4zJJDZN0vihMBTYxnj6P+1wxasTYEkIVt7diOiSKUGMjKtkQ3MWXl4nXqF/U3dtGpdnI0yjCERxDDVw4gybcQAs8oCDgGV7hDT2iF/SOPuatBZTPHMIfoM8fY/6OXw==</latexit>
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<latexit sha1_base64="h3nQEq+qnkHNMiwo77l9xVsRhb4=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAV6sIyU8TLruBGcFPBXqBTy5k004YmM0OSEcowb+HGV3HjQsWtuPNtTC8Lbf0h8PGfczg5vxdxprRtf1uZpeWV1bXsem5jc2t7J7+711BhLAmtk5CHsuWBopwFtK6Z5rQVSQrC47TpDa/G9eYDlYqFwZ0eRbQjoB8wnxHQxurmy0UXeDSAbuIqAZxjVwrcSF3NBFWOfZ+cnKXF0k3RgJMWj7v5gl22J8KL4MyggGaqdfNfbi8ksaCBJhyUajt2pDsJSM0Ip2nOjRWNgAyhT9sGAzBrO8nkrhQfGaeH/VCaF2g8cX9PJCCUGgnPdArQAzVfG5v/1dqx9i86CQuiWNOATBf5Mcc6xOOQcI9JSjQfGQAimfkrJgOQQLSJMmdCcOZPXoR6pXxZdm4rherpLI0sOkCHqIQcdI6q6BrVUB0R9Iie0St6s56sF+vd+pi2ZqzZzD76I+vzB3GMnbI=</latexit><latexit sha1_base64="h3nQEq+qnkHNMiwo77l9xVsRhb4=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAV6sIyU8TLruBGcFPBXqBTy5k004YmM0OSEcowb+HGV3HjQsWtuPNtTC8Lbf0h8PGfczg5vxdxprRtf1uZpeWV1bXsem5jc2t7J7+711BhLAmtk5CHsuWBopwFtK6Z5rQVSQrC47TpDa/G9eYDlYqFwZ0eRbQjoB8wnxHQxurmy0UXeDSAbuIqAZxjVwrcSF3NBFWOfZ+cnKXF0k3RgJMWj7v5gl22J8KL4MyggGaqdfNfbi8ksaCBJhyUajt2pDsJSM0Ip2nOjRWNgAyhT9sGAzBrO8nkrhQfGaeH/VCaF2g8cX9PJCCUGgnPdArQAzVfG5v/1dqx9i86CQuiWNOATBf5Mcc6xOOQcI9JSjQfGQAimfkrJgOQQLSJMmdCcOZPXoR6pXxZdm4rherpLI0sOkCHqIQcdI6q6BrVUB0R9Iie0St6s56sF+vd+pi2ZqzZzD76I+vzB3GMnbI=</latexit><latexit sha1_base64="h3nQEq+qnkHNMiwo77l9xVsRhb4=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAV6sIyU8TLruBGcFPBXqBTy5k004YmM0OSEcowb+HGV3HjQsWtuPNtTC8Lbf0h8PGfczg5vxdxprRtf1uZpeWV1bXsem5jc2t7J7+711BhLAmtk5CHsuWBopwFtK6Z5rQVSQrC47TpDa/G9eYDlYqFwZ0eRbQjoB8wnxHQxurmy0UXeDSAbuIqAZxjVwrcSF3NBFWOfZ+cnKXF0k3RgJMWj7v5gl22J8KL4MyggGaqdfNfbi8ksaCBJhyUajt2pDsJSM0Ip2nOjRWNgAyhT9sGAzBrO8nkrhQfGaeH/VCaF2g8cX9PJCCUGgnPdArQAzVfG5v/1dqx9i86CQuiWNOATBf5Mcc6xOOQcI9JSjQfGQAimfkrJgOQQLSJMmdCcOZPXoR6pXxZdm4rherpLI0sOkCHqIQcdI6q6BrVUB0R9Iie0St6s56sF+vd+pi2ZqzZzD76I+vzB3GMnbI=</latexit><latexit sha1_base64="h3nQEq+qnkHNMiwo77l9xVsRhb4=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAV6sIyU8TLruBGcFPBXqBTy5k004YmM0OSEcowb+HGV3HjQsWtuPNtTC8Lbf0h8PGfczg5vxdxprRtf1uZpeWV1bXsem5jc2t7J7+711BhLAmtk5CHsuWBopwFtK6Z5rQVSQrC47TpDa/G9eYDlYqFwZ0eRbQjoB8wnxHQxurmy0UXeDSAbuIqAZxjVwrcSF3NBFWOfZ+cnKXF0k3RgJMWj7v5gl22J8KL4MyggGaqdfNfbi8ksaCBJhyUajt2pDsJSM0Ip2nOjRWNgAyhT9sGAzBrO8nkrhQfGaeH/VCaF2g8cX9PJCCUGgnPdArQAzVfG5v/1dqx9i86CQuiWNOATBf5Mcc6xOOQcI9JSjQfGQAimfkrJgOQQLSJMmdCcOZPXoR6pXxZdm4rherpLI0sOkCHqIQcdI6q6BrVUB0R9Iie0St6s56sF+vd+pi2ZqzZzD76I+vzB3GMnbI=</latexit>
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<latexit sha1_base64="HJquD0FDfLh1U/7+XEhBb69McPc=">AAACDXicbVBNS8NAEN3Ur1q/oh69LDaFeqlJEdRbsRePFYwtNCFsttt26W4SdjdCCfkFXvwrXjyoePXuzX/jts1Bqw8GHu/NMDMvTBiVyra/jNLK6tr6RnmzsrW9s7tn7h/cyTgVmLg4ZrHohUgSRiPiKqoY6SWCIB4y0g0n7ZnfvSdC0ji6VdOE+ByNIjqkGCktBWbNageZJzliDHqCw05u1a2JlgTPrvLcOsWEsZPArNoNew74lzgFqYICncD89AYxTjmJFGZIyr5jJ8rPkFAUM5JXvFSSBOEJGpG+phHiRPrZ/J0c1rQygMNY6IoUnKs/JzLEpZzyUHdypMZy2ZuJ/3n9VA0v/IxGSapIhBeLhimDKoazbOCACoIVm2qCsKD6VojHSCCsdIIVHYKz/PJf4jYblw3nplltnRVplMEROAZ14IBz0ALXoANcgMEDeAIv4NV4NJ6NN+N90VoyiplD8AvGxzd3V5qi</latexit><latexit sha1_base64="HJquD0FDfLh1U/7+XEhBb69McPc=">AAACDXicbVBNS8NAEN3Ur1q/oh69LDaFeqlJEdRbsRePFYwtNCFsttt26W4SdjdCCfkFXvwrXjyoePXuzX/jts1Bqw8GHu/NMDMvTBiVyra/jNLK6tr6RnmzsrW9s7tn7h/cyTgVmLg4ZrHohUgSRiPiKqoY6SWCIB4y0g0n7ZnfvSdC0ji6VdOE+ByNIjqkGCktBWbNageZJzliDHqCw05u1a2JlgTPrvLcOsWEsZPArNoNew74lzgFqYICncD89AYxTjmJFGZIyr5jJ8rPkFAUM5JXvFSSBOEJGpG+phHiRPrZ/J0c1rQygMNY6IoUnKs/JzLEpZzyUHdypMZy2ZuJ/3n9VA0v/IxGSapIhBeLhimDKoazbOCACoIVm2qCsKD6VojHSCCsdIIVHYKz/PJf4jYblw3nplltnRVplMEROAZ14IBz0ALXoANcgMEDeAIv4NV4NJ6NN+N90VoyiplD8AvGxzd3V5qi</latexit><latexit sha1_base64="HJquD0FDfLh1U/7+XEhBb69McPc=">AAACDXicbVBNS8NAEN3Ur1q/oh69LDaFeqlJEdRbsRePFYwtNCFsttt26W4SdjdCCfkFXvwrXjyoePXuzX/jts1Bqw8GHu/NMDMvTBiVyra/jNLK6tr6RnmzsrW9s7tn7h/cyTgVmLg4ZrHohUgSRiPiKqoY6SWCIB4y0g0n7ZnfvSdC0ji6VdOE+ByNIjqkGCktBWbNageZJzliDHqCw05u1a2JlgTPrvLcOsWEsZPArNoNew74lzgFqYICncD89AYxTjmJFGZIyr5jJ8rPkFAUM5JXvFSSBOEJGpG+phHiRPrZ/J0c1rQygMNY6IoUnKs/JzLEpZzyUHdypMZy2ZuJ/3n9VA0v/IxGSapIhBeLhimDKoazbOCACoIVm2qCsKD6VojHSCCsdIIVHYKz/PJf4jYblw3nplltnRVplMEROAZ14IBz0ALXoANcgMEDeAIv4NV4NJ6NN+N90VoyiplD8AvGxzd3V5qi</latexit><latexit sha1_base64="HJquD0FDfLh1U/7+XEhBb69McPc=">AAACDXicbVBNS8NAEN3Ur1q/oh69LDaFeqlJEdRbsRePFYwtNCFsttt26W4SdjdCCfkFXvwrXjyoePXuzX/jts1Bqw8GHu/NMDMvTBiVyra/jNLK6tr6RnmzsrW9s7tn7h/cyTgVmLg4ZrHohUgSRiPiKqoY6SWCIB4y0g0n7ZnfvSdC0ji6VdOE+ByNIjqkGCktBWbNageZJzliDHqCw05u1a2JlgTPrvLcOsWEsZPArNoNew74lzgFqYICncD89AYxTjmJFGZIyr5jJ8rPkFAUM5JXvFSSBOEJGpG+phHiRPrZ/J0c1rQygMNY6IoUnKs/JzLEpZzyUHdypMZy2ZuJ/3n9VA0v/IxGSapIhBeLhimDKoazbOCACoIVm2qCsKD6VojHSCCsdIIVHYKz/PJf4jYblw3nplltnRVplMEROAZ14IBz0ALXoANcgMEDeAIv4NV4NJ6NN+N90VoyiplD8AvGxzd3V5qi</latexit>

FIG. A2. Comparison of AFLOW computed αV, CP and B with Ref. [30]. Experimental results from different sources [36–
43, 45, 50–52, 54] are indicated by inverted triangles, diamonds, pentagons, and filled pentagons. The black line in the Al2O3

plots represents calculations with the PHONOPY+SC-QHA codes [30, 68], performed using the AFLOW Standard VASP input
parameters.
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FIG. A3. Calculated and extrapolated (from the Taylor expansion) phonon dispersion curves for C (a-c) and ZnO (d-f) at
their respective equilibrium volumes and two expanded volumes with the PBEsol XC functional. Phonon band continuity is
highlighted using different colors. Note that the frequencies obtained using the Taylor expansion follow the same band continuity
as the phonon dispersion obtained from QHA.
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Ángyán, Assessing the Performance of Recent Density
Functionals for Bulk Solids, Phys. Rev. B 79, 155107
(2009).

[47] A. A. Khan, X-ray determination of thermal expansion of
zinc oxide, Acta Crystallogr. Sect. A 24, 403 (1968).

[48] Y. S. Touloukian, R. K. Kirby, R. E. Taylor, and P. D.
Desai, Thermophysical Properties of Matter; Thermal Ex-
pansion; Nonmetallic Solids, vol. 13 (IFI-Plenum, New
York, 1977).

[49] H. Ibach, Thermal Expansion of Silicon and Zinc Oxide
(II), Phys. Stat. Solidi 33, 257–265 (1969).

[50] S. Kondo, K. Tateishi, and N. Ishizawa, Structural Evo-
lution of Corundum at High Temperatures, Jpn. J. Appl.
Phys. 47, 616 (2008).

[51] R. G. Munro, Evaluated Material Properties for a Sintered
α-Alumina, J. Amer. Ceram. Soc. 80, 1919–1928 (1997).

[52] J. B. Wachtman Jr., T. G. Scuderi, and G. W. Cleek, Lin-
ear Thermal Expansion of Aluminum Oxide and Thorium
Oxide from 100◦ to 1100◦K, J. Amer. Ceram. Soc. 45,

319–323 (1962).
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