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Recently published discoveries of acoustic and optical mode inversion in the phonon spectrum of
certain metals became the first realistic example of non-interacting topological bosonic excitations
in existing materials. However, the observable physical and technological use of such topological
phonon phases remained unclear. In this work we provide a strong theoretical and numerical evi-
dence that for a class of metallic compounds (known as triple point topological metals), the points
in the phonon spectrum, at which three (two optical and one acoustic) phonon modes (bands) cross,
represent a well-defined topological material phase, in which the hosting metals have very strong
thermoelectric response. The triple point bosonic collective excitations appearing due to these topo-
logical phonon band-crossing points significantly suppress the lattice thermal conductivity, making
such metals phonon-glass like. At the same time, the topological triple-point and Weyl fermionic
quasiparticle excitations present in these metals yield good electrical transport (electron-crystal) and
cause a local enhancement in the electronic density of states near the Fermi level, which considerably
improves the thermopower. This combination of “phonon-glass” and “electron-crystal” is the key
for high thermoelectric performance in metals. We call these materials topological thermoelectric
metals and propose several newly predicted compounds for this phase (TaSb and TaBi). We hope
that this work will lead researchers in physics and materials science to the detailed study of topo-
logical phonon phases in electronic materials, and the possibility of these phases to introduce novel
and more efficient use of thermoelectric materials in many everyday technological applications.

I. INTRODUCTION

By now, an almost complete classification of possi-
ble topological fermionic excitations in non-interacting
systems has been constructed1,2, and material examples
hosting many of these classified phases are ubiquitous.
This classification includes the so-called triple-point met-
als3–7, in which a symmetry-protected crossing of three
bands occurs close to the Fermi level, resulting in topo-
logical fermionic excitations. Here we claim that elec-
tronic crystalline compounds also have topologically pro-
tected bosonic excitations that result in non-standard
thermoelectric properties of the hosting materials.

Topological bosonic modes were proposed and realized
in classical mechanical systems8–10, where oscillations
of pendulums are although purely classical, but realize
the same physics, as some quantum electronic systems
do11,12. Another realization of topological bosonic states
came from experiments on photonic crystals13–20, provid-
ing a realization of Dirac, Weyl, and nodal line phases of
bosons in a bosonic system. Several very recent works
described the realization of topological bosonic modes in
electronic systems21–23. For example, the appearance of
a bosonic triple-point analogue of triple point fermion
in the phonon spectrum of several existing compounds
is discussed in Ref.22. Phononic Weyl points were also
reported in these metallic materials. Nonetheless, unlike
the observable effects of topological fermionic excitations,
no observable physical effect of these topological bosonic

excitations was predicted.

The topological character of bosonic (phononic) Weyl
points can be easily proven following the direct anal-
ogy with fermionic Weyl points. In fact, not only the
methodology of computing chiralities of electronic Weyl
points can be used for their phonon analogues, but even
the same, already developed, software for fermionic topo-
logical excitations24,25 reveals the topology in this case.
However the topological origin of the triple point in the
phonon spectrum is more complicated to capture.

Here we provide the proof of the topological nature of a
triple-point phonon. We add several novel metals to the
compounds described in Ref.22. Most importantly, we
provide the topology-mediated observable physical effect,
proving that the presence of triple-point phonons makes
these topological metals the most efficient thermoelectric
metals of those known to date. We show in details that
the enhanced thermoelectric response is driven by the
topological band-crossings present in the phonon spec-
trum.

In this work we investigated the electronic and vibra-
tional properties of nine compounds from TaX and NbX
(X = N, P, As, Sb, Bi) families, considering all of them
to have the tungsten carbide (WC) type crystal struc-
ture (space group 187). The lattice parameters, elec-
tronic band structures and phonon band structures of all
these compounds are given in the Supplemental Material
(SM)26. Our calculations reveal that TaP, TaAs, TaSb,
TaBi, NbP, NbSb and NbBi compounds exhibit triple-
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point and Weyl fermionic excitations, whereas, TaN and
NbN compounds only have triple-points in their elec-
tronic spectrum, as shown in SM26.

The phonon structure of all these compounds is simi-
lar, except for TaSb and TaBi compounds, in which an
optical and acoustic phonon mode inversion takes place
in the phonon spectrum. In the electronic spectrum a
similar band inversion between occupied and unoccupied
states is a signature of the non-trivial topology. The
same is true for crossings of optical and acoustic phonon
modes, as we prove below. We will show that the pres-
ence of such topologically protected phonon mode cross-
ings (i.e. triple-point phonons) significantly suppresses
the lattice thermal conductivity, and thereby enhances
the thermoelectric performance of these special topolog-
ical metals.

In the following, we choose the novel compound TaSb
as a prototype for the detailed illustration of topological
features in the electronic and vibrational properties. The
lowest energy crystal structure of TaSb is shown in Fig. 1.
Our calculations indicate that this structure is stable at
0 K and at room temperature (see SM26). This paper is
organized as follows: After the Introduction section, we
demonstrate the topological nature of electronic proper-
ties in Section II, and then we discuss the topological
nature of phonons in Section III. Section IV deals with
the thermoelectric response of triple-point-metals, which
is followed by a Summary section. All the theoretical
derivations together with numerical details are presented
in Appendix.
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FIG. 1. (Color online) (a) Crystal structure of TaSb com-
pound in WC-type P 6̄m2 space group. Ta atoms (maroon)
occupy the (2/3, 0.0, 2/3) site, and Sb atoms (golden) occupy
the (0.0, 1/2, 0.0) site. The unit cell contains one Ta and one
Sb atom. (b) Brillouin zone (BZ) of TaSb.

II. ELECTRONIC BAND STRUCTURE OF TaSb

The electronic band structure of TaSb, calculated
along the high symmetry directions of the BZ with SOC,
is shown in Fig. 2(d). Figs. 2(a-b) represent the Sb and
Ta orbitals projected fat bands calculated in absence of
SOC. Fig. 2(a) indicates that Sb–5py and Sb–5pz or-
bitals compose only the valence band states near the
Fermi-level, whereas, the Ta-3d orbitals predominantly
contribute to both the conduction and the valence bands
[see Fig. 2b)]. One can notice the presence of two evenly
dispersed gapless points near the Fermi-level, marked

by magenta circles in Fig. 2(a), along the M − K and
K − Γ directions. A further analysis of the electronic
band structure near K-point reveals that these gapless
points belong to a Dirac nodal line centered at the K-
point. This Dirac nodal line primarily appears due to
the inverted band ordering of Ta–dx2−y2 and Ta–dyz+zx
orbitals near K-point [see Fig. 2(b)]. Additionally, the
inverted band ordering of multiple Ta–d orbitals along
the Γ − A direction yields another four-fold degenerate
gapless nodal line (marked by a magenta rectangle). This
nodal line is protected by the C3v rotational symmetry
of the crystal and it is composed of Ta–dz2 , dx2−y2 , dzx,
dxy orbitals.

In presence of SOC, the spin-degeneracy of elec-
tronic bands is lost except at the time-reversal-invariant-
momenta (TRIM) points. The Dirac nodal line surround-
ing the K-point disappears and an energy gap opens
along the M − K − Γ path [Fig. 2(d)]. The SOC in-
duced energy gap is about ∼ 0.18 eV at this point, due
to the large SOC of Ta and Sb atoms. A careful analy-
sis of the bands away from the high-symmetry direction
manifests that the gapless Dirac nodal line breaks into
pairs of gapless Weyl points located at the same energy
near the K-point. These pairs of Weyl points share op-
posite topological charge and they feature a source and
a sink of Berry curvature in momentum space. These
Weyl points are of type-I character and they have al-
ready been discovered in experiments27–29. Although,
SOC breaks the Dirac nodal line into type-I Weyl points,
it does not destroy the gapless nodal line along Γ − A
completely. However, SOC partially lifts the degeneracy
of the gapless nodal line from the four-fold to the two-
fold. It is note worthy that the gapless nodal line lies
exactly at the Fermi-level. Two triply-degenerate gapless
nodal points (TP1 and TP2) appear at the ends of the
nodal line as depicted in Fig. 2(d). These gapless points,
known as triple-points, emerge at the touching point of
three bands (two valence and one conduction bands) near
the Fermi-level as shown in the inset of Fig. 2(d) and are
protected by the C3v rotational symmetry and vertical
mirror symmetries of the crystal3. The exact location of
the triple-points along Γ − A path is: TP1 (0, 0, 0.298
2π
c ) and TP2 (0, 0, 0.398 2π

c ).

The existence of three-component fermions has been
recently confirmed by angle-resolved photoemission spec-
troscopic (ARPES) measurements on MoP crystals7.
The work of Ref. 3 predicted the existence of two topo-
logically distinct types of triple-point-metals (type A and
type B). These two types can be easily classified by look-
ing at the crystal symmetry of system and the total num-
ber of accompanying nodal lines. The conditions for the
appearance of the two types of triple-point fermions, the
topological differences between them, and a list of host-
ing space groups are given in detail in Ref.3. All the
TaX and NbX (X = P, N, As) family compounds hav-
ing P 6̄m2 space group host topologically protected type-
A triple-point fermions, connected by a single nodal line
(see SM26).
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FIG. 2. (Color online) Figures (a-b) represent the electronic band structure calculated without inclusion of SOC. Projection
of the Sb-p atomic orbitals is shown in panel (a) while projection of Ta-d orbitals is shown in panel (b). The magenta circles
mark the location of points that belong to a Dirac nodal line centered at K-point, and magenta rectangles depicts the location
of gapless nodal line present along the Γ − A path. Panel (d) represents the electronic band structure calculated with-SOC.
The inset of panel (d) shows the enlarged view of the gapless nodal line. The locations of triple-points (TP1 and TP2) at
the end of the gapless nodal line are marked by black circles. For better visibility, bands near the Fermi-level are plotted in
different colors. Location of all the Weyl points present in the Brillouin zone is shown in panel (e) (For their exact locations,
see Tab. I). Red (blue) spheres denote the Weyl points having positive (negative) chirality. The green lines mark the location
of the gapless nodal line. Six pairs of Weyl points that appear in the shaded kx − ky plane are of type-I, while the other six
pairs of Weyl points that surround the gapless nodal line are of type-II. Panels (c) and (f) show the Fermi-surface calculated
at E −EF = 0.0 eV and E −EF = -0.024 eV, respectively. One can observe the formation of type-II Weyl points as touching
points of electron and hole pockets along the Γ −A path.

Although there is no clear signature of Weyl points
near the gapless nodal line and the triple-points in
Fig. 2(d), previous works reported the presence of type-II
Weyl points near such gapless nodal lines3,4. Therefore,
to pin down the location and chirality of all Weyl points,
we perform a comprehensive analysis of the electronic
structure near the Fermi-level. We evaluate the energy
gap (∆E) between the N th and (N + 1)th bands in the
3D BZ; i.e. ∆E = E(N + 1) − E(N). Here, N is the
total number of occupied bands. Such obtained gapless
points mark the location of Weyl points, and the ob-
tained gapless line is a representative of the nodal line in
BZ. We further integrate the Berry curvature in a small
sphere enclosing each individual Weyl points, and thus we
calculate the topological charge of each Weyl point24,25.
Fig. 2(e) shows the location and topological charge of all
Weyl points. We observe that six-pairs of type-I Weyl
points appear near kz = 0 plane at E − EF = -7 meV
energy. The exact location of a pair of Weyl points close

to the K-point is (according to the tight-binding calcula-
tions): (0.486 2π

a , -0.243 2π
b , ± 0.0421 2π

c ). We also observe
two gapless nodal lines (marked by green color) connect-
ing the triple-points TP1 and TP2 in the full BZ. Surpris-
ingly, we discover three additional pairs of Weyl points
located near each gapless nodal line. These Weyl points
appear at kz = ± 0.357 ( 2π

c ) near E−EF = -24 meV en-
ergy. The energy band dispersion near these Weyl points
suggests that these Weyl points have type-II character30.
The type-II Weyl fermions appear at the touching points
of the electron and hole pockets in reciprocal space, which
happens due to the tilted linear dispersion of spin non-
degenerate bands near Fermi-level.

We illustrate the evolution of the Fermi-surface calcu-
lated at different energy values in Fig. 2(c,f). One can
evidently observe the formation of both type-I and type-
II Weyl points in the Fermi-surface plots. The touching
of electron and hole pockets forming six isolated type-II
Weyl points can be noticed in Fig. 2(f).
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TABLE I. Coordinates of Weyl points and triple-points (TP)
present in TaSb.

Coordinates

Triple-points (TP)
TP1 (0.0, 0.0, ±0.298 2π

c
)

TP2 (0.0, 0.0, ±0.398 2π
c

)

Weyl-points (type-I) near K (0.486 2π
a

, -0.243 2π
b

, ± 0.0421 2π
c

)

Weyl-points (type-II) near TP
(±0.034 2π

a
, ±0.034 2π

b
, ± 0.357 2π

c
)

(±0.06 2π
a

, 0.00, ± 0.357 2π
c

)

The presence of Weyl points in the bulk suggests the
existence of ARPES-observable open Fermi-arcs at the
surface of Weyl semimetals31. Therefore, we study the
topological features of surface states by means of the tight
binding model constructed using the maximally localized
Wannier functions (MLWF) method32,33, using Wannier-
Tools software25. The results for different terminations
of (100) and (001) surfaces are presented in SM26. The
positive and the negative Weyl points project themselves
onto each other on the (001) surface, and thus making
the Fermi-arc invisible on the (001) surface of BZ. How-
ever, we do observe open Fermi-arcs connecting opposite
Weyl points on the (100) surface, where the projected
Weyl points do not neutralize their non-trivial features
(see SM26). Since the Weyl points are well dispersed on
the (100) surface, the connecting Fermi-arcs are quite
long in momentum space which makes them accessible in
ARPES measurements.

III. TOPOLOGICAL PHONONS IN TaSb

All the considered compounds have two atoms per
primitive unit cell, hence having six phonon bands (three
acoustic and three optical) in the spectrum. It is shown
in Appendix A that a phonon triple point appears in
those compounds, where the masses of atoms forming
the material, satisfy the following condition for phonon
mode inversion: The frequency gap ∆ between the acous-
tic and optical phonon bands at the A-point of Brillouin
zone (BZ) has to become negative for these bands to in-
vert

∆ ∝
√
β‖ −

√
β⊥

m

M
. (1)

Here, β‖ and β⊥ are the in-plane and out-of-plane second-
order interatomic force constants between the atoms of
masses m and M (m < M), respectively.

This relationship is verified by our calculations: ∆ de-
creases systematically with the increase of m/M ratio.
For TaN (m/M = 0.0774), TaP (m/M = 0.1711), and
TaAs (m/M = 0.414) compounds the obtained ∆ val-
ues are 200.5, 115.1, and 14.4 cm−1, respectively, but for
TaSb (m/M = 0.6731) and TaBi (m/M = 0.8658) com-
pounds ∆ becomes negative (-16.7 and -27.8 cm−1 cor-

respondingly) indicating the inversion of phonon modes
in the BZ. In addition to increasing m/M ratio, β⊥ >
β‖ condition is essential to observe the phonon mode-

inversion in the BZ. Results of Li et al.22 further corrob-
orate the aforementioned relationship (see Appendix A).

We thus conclude that while the electronic properties
of TaSb in P 6̄m2 group are similar to those of other
triple-point-metals of TaX and NbX family (X = N,
P, As), the phonon spectrum of TaSb and TaBi com-
pounds makes them distinct from the other triple-point-
metals in the considered material set. In particular, we
observe that one acoustic band (no. 3) and two degener-
ate optical bands (no. 4 and 5) in TaSb and TaBi com-
pounds intersect each other along the Γ-A path forming
two triply-degenerate phonon points (TDP) as shown in
Fig. 3(a) for TaSb. The atomic vibrations correspond-
ing to these phonon bands are illustrated in Fig. 3(b-d).
The TDPs are located at frequency ≈145 cm−1 and at
q = (0, 0,±0.428). The phonon mode inversion can be
noticed above the TDP (along kz), where two degenerate
optical phonon bands (no. iv and v) unusually appear at
lower frequencies than the acoustic phonon band (no. iii).
The phonon mode inversion, at the high-symmetry point
A(0, 0, ±πc ), is indicative of the non-trivial topological
nature of the vibrational properties in TaSb compound.
Despite the isoelectronic similarity of all the considered
compounds, such phonon band-inversion along Γ-A path
present only in TaSb and TaBi, is due to the fact that
atoms of relatively similar masses constitute these com-
pounds.

Topological classification of non-interacting fermionic
excitations is built from the symmetry analysis of tight-
binding models. Analogously, topological classification
of phonons (bosonic excitations) can be built from the
analysis of dynamical matrices (a good, although not
fully complete in terms of various symmetry constraints,
exposition of this approach is presented for mechanical
vibrations in Ref.9).

Starting from this point of view, let us now prove that
the TDP indeed has a topological origin, for which a
topological invariant can be defined [see Appendix B for
more details]. To capture the presence of fermionic triple
points in the band structure, two triple points are en-
closed into a surface in the BZ. Computation of the Wil-
son loop of lower-lying bands on this surface gives a ro-
bust topological signature of triple fermionic points in
metals3. Although TDPs also appear in pairs in the BZ,
unlike the case of Weyl points, a direct analogy to the
fermionic approach to obtain the topological invariant
does not work for TDPs.

However, we can still find the path to define a topo-
logical invariant, if we keep in mind that type-A triple
points in electronic band structure are connected by a
single nodal line, which is topologically trivial, having
the 0 value of the Berry phase (φB) of occupied bands
on any circular path enclosing it. Nonetheless, the hid-
den topology is revealed by applying the Zeeman field3,
which splits the two triple points into four Weyl points.
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FIG. 3. (Color online)(a) Part of the phonon spectrum of TaSb. The triply-degenerate point (TDP), at which phonon bands
3(iii), 4(iv) and 5(v) meet is the topologically protected triple-point of phonons (another such point is located in the other
direction in the BZ on the same C3v-symmetric line). Panels (b, c, d) explicitly illustrate the atomic vibrations corresponding to
the overlapping phonon modes 3(iii), 4(iv) and 5(v) correspondingly. The enumeration of phonon bands is made with numbers
(1..6) and (i..vi) “before” and “after” the crossing point, to stress the change in phonon band ordering by using different number
styles for ordinary and inverted phonon band orderings.

We apply a similar trick here to capture the topology
of TDPs. Instead of the Hamiltonian in the electronic
case, we deal with the dynamical matrix, the eigenval-
ues of which, similar to the type-A triple point electronic
Hamiltonian case, connect the two TDPs by a degener-
ate line (this line in Fig. 3(a) is formed by the degener-
ate phonon bands iv and v). The degeneracy between
phonon bands 4 and 5, as well as between bands iv and
v, occurs due to the presence of C3v symmetry in the
considered crystal lattice, because the xx and yy force
constants transform like x and y coordinates. The latter
transform in the same way as px and py orbitals that in
the C3v group form a 2-dimensional irreducible represen-
tation E, thus enforcing the degeneracy seen in Fig. 4(a).

The degeneracy line (not a loop, but an open line) in
the BZ of bands iv and v is illustrated in Fig. 4(d). Analo-
gously to the nodal line in type-A electronic triple-points,
this line of degenerate modes iv and v (on the right side of
the crossing point in Fig 3(a)) carries 0 Berry phase (φB)
computed for the lower-lying phonon bands around the
path S1 of Fig. 4(d). To reveal the topology of the TDP
we use the trick similar to Zeeman splitting mentioned
above. To do that, we modify the entries in the dynam-
ical matrix in a way that corresponds to changing the
semi-classically understood “spring constants” connect-
ing atoms along the x and in the y directions (that can be
related to the corresponding interatomic bond strength).
This modification splits the degeneracy of the phonon
nodal line, as illustrated in Figs. 4(b, c).

It turns out that such a splitting gaps the phonon
bands 4(iv) and 5(v) along the (Γ-A) direction of the
BZ. However, away from this line we still see the nodal
loops formed by the inverted bands iv and v. Computa-
tion of φB of the lower-lying phonon bands along the path
S2 linked with this degeneracy loop gives φB = π, thus
proving the topological nature of the TDPs, just like the
splitting of electronic triple points into four Weyl points
by the Zeeman field proves the topological origin of type-

A fermionic triple-points.
Despite this proof of the topological origin of TDPs,

the more important question is the observable physical
consequences, associated with these topological phonon
modes. Although our calculations of the surface phonon
spectrum of TaSb reveal topological surface modes, they
are not really observable, being heavily intermixed with
the bulk modes (see SM26). The work of Ref.22 demon-
strated evidence of similar non-trivial surface modes
(open Fermi arcs) in TiS and HfTe compounds that also
host TDPs in their phonon spectra. However, similar to
the case of TaSb, the phonon surface modes in these com-
pounds are also buried in the projection of bulk phonon
modes. For this reason, we explore another possible
signature of non-trivial topological excitations, that is,
transport properties. Of these properties, the one closely
related to phonons (although with a large contribution
from electrons as well), is the thermal transport34. For
this reason we study the effect of the phonon TDPs on
the thermoelectric properties of hosting metals, and find
them to be among the most efficient metallic thermo-
electrics.

IV. ENHANCED THERMOELECTRIC
RESPONSE

The performance of thermoelectric materials at tem-
perature T is usually determined by the figure of merit,

zT = S2σ
κel+κph

T , where quantities S and σ are Seebeck co-

efficient and electrical conductivity, whereas, κel and κph
are the electronic and phononic (lattice) contributions to
the thermal conductivity of material. A combination of
large S and large σ together with a small κ (= κel+κph)
is required to achieve large zT . In other words, a good
thermoelectric is a good conductor of charge carriers (i.e.
“electron-crystal”) and a bad conductor of phonons (i.e.
“phonon-glass”). Thus, in case of metals hosting coexist-
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FIG. 4. (Color online) (a) The phonon spectrum of TaSb along the C3v-symmetric line of the BZ: Doubly degenerate phonon
bands (4,5) and (iv,v) can be seen. (b) The phonon spectrum of TaSb with the xx and yy force constants in the dynamical
matrix made unequal for Ta. The degeneracy of (4,5) and (iv, v) is lifted. (c) The phonon spectrum of TaSb with the xx
and yy force constants in the dynamical matrix made unequal for Sb. The degeneracy of (4,5) and (iv, v) is lifted. (d) The
non-topological open nodal line formed in the BZ by bands iv and v of panel (a). The loop S1 encircles this line, but φB(S1) = 0.
(e) The closed nodal loop formed by bands iv and v in the BZ for the case of panel (b) away from the Γ-A line. The contour
S2 links with this loop and φB(S2) = π. (f) The closed nodal loop formed by bands iv and v in the BZ for the case of panel
(c). For a contour S3 linked with this loop φB(S3) = π.

ing topological electron and phonon excitations, we ex-
pect a significant benefit towards the enhancement of zT .

First, the presence of topologically protected phonon
band-crossings considerably suppress the lattice thermal
conductivity due to the increased phonon scattering cen-
ters (see SM26 for more details). The κph (and the
phonon mean free path) in TaSb is almost two orders in
magnitude smaller compared to that of in TaN which is a
metal without TDPs (Fig. 5 and more details in SM26).
According to the Wiedemann-Franz law, κel = L0Tσ,
where L0 is the Lorenz number and τ is the electron-
phonon relaxation time35. Since σ/τ ∼ 1020 1/Ωms at
low-doping concentrations for all the studied metals, the
κel (which mainly governs κ at high T ) is also in the same
order of magnitude for all TaX compounds. Therefore,
reduction in κph (which dominates κ at low T ) causes a
net decrease in κ of TaSb and TaBi (see SM26).

Second, there is an increase in the Seebeck coefficient
(S) of TaSb and TaBi. In particular, we notice a local en-
hancement in the electronic density of states (DOS) near
the Fermi level as we go from TaN to TaBi. This occurs
due to the flattening of electronic bands at the Fermi
level in TaSb and TaBi compounds (see SM26). Accord-
ing to the Mahan-Sofo theory36, such a situation yields
an increase in S, which in turn improves zT . In general,
the sharper is the local increase in DOS at the Fermi
level, the larger is the enhancement in S. Decrease in

κph and an increase in S combine to improve the overall
thermoelectric efficiency zT .
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FIG. 5. (Color online) (a) Variation of different components of
lattice thermal conductivity tensor (κph) against temperature
T for TaN and TaSb along x, y and z directions of crystal. (b)
Comparison of maximum zT (red) and Seebeck coefficients
(blue) obtained for electron doping at 300 K (circles) and
800 K (squares).

In Figure 5, we compare the zT of all the TaX fam-
ily compounds considered in this work, as well as one of
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the previously predicted TDP compounds HfTe22. Com-
parison of other thermoelectric quantities is presented in
Appendix C. Although the illustrated zT of these com-
pounds is smaller than that of the best known narrow
bandgap semiconductor thermoelectrics (having zT ≈ 1),
it is among the best known thermoelectric metals and
performs much better compared to non-topological met-
als, for which zT ranges from 0.0001 – 0.00137–39. No-
tably, we find that HfTe, a triple-point metal hosting
TDPs predicted in Ref.22, exhibits considerably large zT
(maximum zT = 0.35 at 300 K and 0.42 at 800 K for
electron doping case) compared to that of TaSb and TaBi
compounds due to its relatively large Seebeck coefficient
(maximum S = 129 µV/K at 300 K and 149 µV/K at
800 K for electron doping). The results that we obtain
here for TaSb, TaBi, and HfTe triple-point metals, put
these materials in the list of the best thermoelectric met-
als known to date, along with a lower symmetry (space
group #109) TaAs40 and recently reported HgTe41.

V. SUMMARY

In summary, our work provides the first illustration of
the use of topological phases of phonons in existing elec-
tronic compounds and predicts novel materials TaSb and
TaBi, which combine electronic and bosonic (phononic)
topological phases. The associated topological excita-
tions - fermions and phonons - give rise to enhanced
thermopower and thermoelectric response in considered
metals. The topological phonon modes considerably sup-
press the lattice thermal conductivity without disrupting
the electronic transport in the bulk crystal, whereas the
topological electronic bands near the Fermi level give rise
to a local increase in the DOS at the Fermi level caus-
ing an increment in the thermopower. Having illustrated
the approach to prove the topological phase of phonon
spectrum and the role of non-trivial phonon modes on
the thermal transport properties, we hope this work will
motivate further studies of the effects of topologically
non-trivial phonons on the material properties, includ-
ing thin films and metal/semiconductor heterostructures,
where the effects of topology and phonon scattering can
be more pronounced. Since the topological non-triviality
of bulk phonon modes guarantees the existence of gap-
less phonon surface states, which highly overlap with the
bulk phonons (in the studied materials) providing more
phonon scattering channels and causing further reduc-
tion of the lattice thermal conductivity in 2D, it would
be interesting to investigate the properties of the topo-
logical thermoelectric metals in 2D as well as in specially
designed metal/semiconductor heterostructures.
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Appendix A:
Phonons band-inversion in TaSb

We observe that one acoustic branch (no. 3) and two
degenerate optical branches (no. 4 and 5) intersect each
other along the Γ − A path forming a gapless triple-
degenerate-point (TDP) as marked in Figure 3(a). To
rule out the possibility of artifacts in the plotting, we an-
alyze the polarization of each phonon eigen vector along
the Γ − A path calculated using a very dense q-mesh.
Our results remarkably confirm that the phonon band-
crossing at TDP is real. The TDP is located at frequency
145 cm−1 and at (0, 0, 0.428) q-point. It is worth to men-
tion that this phonon band-inversion along Γ − A path
is missing for the case of other triple-point-metals (ex-
cept TaBi), even though all triple-point-metals share iso-
electronic properties. One main reason of the existence
of phonon band-inversion is the fact that the atoms of
almost equal masses constitute the TaSb and TaBi com-
pounds. When there is a significant difference in the mass
of the constituent atoms, the above-mentioned phonon
band-crossing does not take place and a wide frequency
gap appears in the phonon spectrum.

The nature of the atomic vibrations corresponding to
each phonon eigen mode near the TDP is shown in Fig-
ure 3(b-d). The 3rd phonon band corresponds to the
acoustic (in-phase) vibration of Ta and Sb atoms oscillat-
ing in a plane perpendicular to the x−y plane of cell. On
the other hand, 4th and 5th phonon bands represent the
optical vibrations (out-of-phase) of Ta and Sb atoms in
the x−y plane of cell. These two optical phonon branches
are degenerate along the Γ − A path due to the crystal
symmetry of TaSb compound. At a q-point below the
TDP, the acoustic mode (3rd band) has lower frequency
than that of the optical modes (4 and 5). However, above
the TDP, the acoustic mode unusually attains higher fre-
quency compared to the frequency of the optical modes,
thus leading to a band-inversion in the phonon spectra
along with formation of a triple-degenerate-point along
Γ − A path. Also, the Ta atom oscillates with a larger
amplitude in the inverted acoustic mode (3rd band). The
TDP is protected by the C3v rotational symmetry of the
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TaSb crystal. The excitations near the TDP yield three-
component bosonic quasiparticles in the present system.

The competition of the in-plane and out-of-plane inter-
atomic force constants between the atoms of comparable
mass could be the primary reason of the phonon-band
inversion in TaSb and TaBi compounds. Therefore, we
study the vibrational modes of a diatomic system con-
sidering a harmonic approximation for the interatomic
potential. Our analysis suggests that the frequency gap
(∆) between the optical (branch 4 or 5 ) and acoustic
phonon branches (branch 3) at the BZ edge (0, 0, π

2 ) is:

∆ =

√
2β‖

m
−
√

2β⊥
M

(A1)

i.e.,

∆ ∝
√
β‖ −

√
β⊥

m

M
(A2)

Here, β‖ and β⊥ are the in-plane and out-of-plane
second-order interatomic force constants between the
atoms of mass m and M (m < M), respectively. We
observe that the frequency gap (∆) decreases systemat-
ically with increase in the m/M ratio. In addition to
increasing m/M ratio, β⊥ > β‖ condition is essential to
observe the phonon band-inversion at the BZ edge.
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FIG. 6. (Color online) Normalized phonon frequency gap (∆)
calculated near the A-point of BZ for the set of nine com-
pounds reported in Ref.22. A negative value of ∆ implies the
presence of phonon band-inversion. Only three compounds
(marked with asterisk) show negative ∆.

In order to further test the validity of Eq. A2 for
phonon band-inversion, we apply it on the data re-
ported by Li et al.22. Figure 6 shows the calculated ∆
(=

√
β‖ −

√
β⊥

m
M ) for nine different compounds using

the data from Ref.22. Here, we used normalized ∆ by
dividing it by the constant factors. Used atomic masses
are given in SM26. We notice that only three out of nine
compounds can have negative ∆, and therefore only these
three compounds (TiS, ZrSe, and HfTe) can host TDP
in their phonon spectrum, which is consistent with the
predictions in Ref.22.

Appendix B:
Theoretical demonstration of the non-trivial

topology of phonon modes in TaSb

Assuming uαl,s is the displacement of the sth atom in

the lth unit cell along α (α = x, y, z) direction, the total
potential can be expanded according to uαl as

Φ = Φ0 +
1

2

∑
l,s,α

∑
l′,s′,β

Φl−l
′

αβ,ss′u
α
l,su

β
l′,s′ + ... (B1)

where the first derivation is zero due to the equilib-
rium state. The second derivation coefficient represents
the force constant which can be calculated in the first-
principle calculations. There is a very important relation∑

l′

Φl−l
′

αβ,ss′ = 0 (B2)

So Φ0
αβ,ss′ = −

∑
l 6=0 Φlαβ,ss′

In TaSb system, s=Ta, s′=Sb. Under the C3v symme-
try, Φ0

xx,ss should be the same as Φ0
yy,ss, which leads to a

trivial nodal line linking two triple points along A−Γ−A
shown in Fig. 4(a) and Fig. 4(d). A trivial nodal line
means that the Berry phase along a close around the
nodal line, like S1 in Fig. 4(d), is zero. In order to study
the topological structure of the nodal line in the spinless
system, we studied two cases by manually modifying the
lattice constant. One is that Φ0

xx,Ta−Ta 6= Φ0
yy,Ta−Ta,

the other is Φ0
xx,Sb−Sb 6= Φ0

yy,Sb−Sb. The band structure

and the nodal lines are shown in Fig. 4 (a) and Fig. 4
(d-f), respectively. It is shown that the trivial nodal line
would deform to a non-trivial nodal line with π Berry
phase.

Appendix C:
Comparison of Thermoelectric properties

Here we compare the maxima of various thermoelectric
properties of TaX obtained for electronic doping case. We
also compare the thermoelectric properties of TaX with
two other similar compounds predicted by Li et al. - HfTe
and TiS22. We notice relatively smaller magnitude of
thermoelectric effects for hole doping case (more details
in SM26).

Appendix D:
Numerical Details

Density functional theory (DFT) based first-principles
calculations were carried out using the projector
augmented-wave (PAW) method as implemented in
the VASP code42,43. We used the PBE exchange-
correlation functional as parametrized by Perdew-Burke-
Ernzerhof44. The SOC was employed by a second-
variation method implemented in the VASP code. We
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FIG. 7. (Color online) (a) Maximum of Seebeck coefficient or thermopower, (b) maximum of electrical conductivity
(σ/t)obtained at 300 K and 800 K, (c) maximum power factor at 300 K and 800 K, and (d) the theoretical maximum of
zT . Above data is for electron doping case.

considered five valence electrons of Ta (5d36s2) and five
valence electrons of Sb (5s25p3) in the PAW pseudo-
potential. The lattice parameters were optimized un-
til the Hellmann-Feynman residual forces were less than
10−4 eV/Å per atom. For convergence of the electronic
self-consistent calculations, a total energy difference cri-
terion was defined as 10−8 eV. We used 600 eV as ki-
netic energy cutoff of the plane wave basis set and a
Γ-type 10 × 10 × 10 k-point mesh was employed to op-
timize the lattice parameters and the self-energy. The
phonon calculations were performed for a 2×2×2 super-
cell. The PHONOPY code45 was used for the phonons
post-processing. SOC was included in the phonon cal-
culations. To verify the stability of the TaSb com-
pound at room temperature, we performed room tem-
perature molecular dynamics (MD) simulations for more
than 9800 fs with a time step of 1 fs. The SOC was in-
cluded in the MD simulations. In MD simulations, we
employed a supercell of size 4 × 4 × 4 to guarantee the

decay of interatomic force constants within the supercell
dimensions. The topological charge of the Weyl points
and the surface state spectrum were calculated using the
open-source WannierTools code25. This code is based on
the iterative Green’s function mechanism and it performs
the post-processing of the Wannier tight binding model
hamiltonian obtained from the Wannier9046. We used
Ta s, p, d, and Sb s, p orbitals as the initial projectors for
construction of the Wannier tight binding hamiltonian.
Details regarding the crystal structure and its stability
are given in SM26.

1. Thermal conductivity and anharmonic
high-temperature phonons

To accurately describe the high temperature anhar-
monicity of TaSb and TaN we used ab initio molecular
dynamics in combination with the temperature depen-
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dent effective potential technique (TDEP)47–49 to extract
effective interatomic force constants at finite tempera-
ture. The ab initio molecular dynamics simulations were
carried out using the PAW method as implemented in
VASP42,43. The simulation cell was constructed from a
4 × 4 × 4 repetition of the unit cell (128 atoms). We
used a set of seven volumes around equilibrium and ran
molecular dynamics at 300K using the Γ-point for Bril-
louin zone integration and an energy cutoff of 600 eV
for about 10000 time steps to ensure good coverage of
the phase space. The temperature was controlled with
a Nose-Hoover thermostat50,51. A 1.0 femtosecond time
step was used in the molecular dynamics (MD) calcula-
tions. From the forces obtained from uncorrelated config-
urations (one every 50 frames), folding into the unit cell
is performed and the temperature dependent of the har-
monic and anharmonic interatomic force constants are
obtained. With this information, we obtain the lattice
thermal conductivity.

For the other topological materials, we have used a
slightly different approach. We have generated a series
of 150 different uncorrelated configurations with a Gaus-
sian distribution around a predefined temperature (lower
than the Debye temperature). For each of those configu-
rations, the forces are calculated from first principles and
the same methodology described in the previous para-
graph was followed. We find a very good convergence
of results obtained from 150 uncorrelated configurations
and that of obtained from the MD simulations described
in the above paragraph.

2. Details of the thermoelectric properties
calculations

We perform the calculation of the thermoelectric prop-
erties such as the thermopower or Seebeck coefficient (S),
electrical conductivity (σ), the power factor (S2σ/τ), and
the theoretical maximum figure of merit (zT ). These
thermoelectric properties were obtained using the solu-
tion of Boltzmann transport equations (BTE) within the
constant relaxation time approximation (CRTA) as im-
plemented in the BoltzTrap code52,53. This theory allows
us to calculate the Seebeck coefficient tensor indepen-
dently of the electronic relaxation time (τ) while the elec-
tronic conductivity is dependent on τ . The code utilizes
the rigid band approximation to change the carrier con-
centration by rigidly shifting the chemical potential (µ)
into valence or conduction bands while the effects of tem-
perature on the electronic bands are neglected. The car-
rier concentration was considered from range −1×1021 to
1×1021 cm−3. The results obtained within the BoltzTrap
code have shown very good agreement with experimen-
tal measurements, specially for bulk materials54,55. The
lattice thermal conductivity evaluated from the TDEP
code was used to estimate zT . The relaxation time (τ)
obtained from the first-principles calculations (electron-
phonon interaction) was found to vary in the order of 1
ps with increasing temperature. Therefore, we decided
to choose τ = 1× 10−12 s. However, we observe negligi-
ble changes in zT with varying τ in ps range. This is as
expected for systems with small κph and relatively large
κel.
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9 R. Süsstrunk and S. D. Huber, Proceedings of the National

Academy of Sciences 113, E4767 (2016).
10 S. D. Huber, Nat Phys 12, 621 (2016).

11 C. L. Kane and T. C. Lubensky, Nat Phys 10, 39 (2014).
12 O. Stenull, C. L. Kane, and T. C. Lubensky, Phys. Rev.

Lett. 117, 068001 (2016).
13 A. B. Khanikaev, S. Hossein Mousavi, W.-K. Tse, M. Kar-

garian, A. H. MacDonald, and G. Shvets, Nat Mater 12,
233 (2013).

14 L. Lu, J. D. Joannopoulos, and M. Soljacic, Nat Photon
8, 821 (2014).

15 K. Sun, W. V. Liu, A. Hemmerich, and S. Das Sarma,
Nat Phys 8, 67 (2012).

16 J. Mei, Y. Wu, C. T. Chan, and Z.-Q. Zhang, Phys. Rev.
B 86, 035141 (2012).

17 S. Raghu and F. D. M. Haldane, Phys. Rev. A 78, 033834
(2008).

18 L. Lu, L. Fu, J. D. Joannopoulos, and M. Soljacic, Nat
Photon 7, 294 (2013).

19 M. C. Rechtsman, Y. Plotnik, J. M. Zeuner, D. Song,
Z. Chen, A. Szameit, and M. Segev, Phys. Rev. Lett.
111, 103901 (2013).

20 W.-Y. He and C. T. Chan, Scientific reports 5, 8186 EP
(2015).

21 T. Zhang, Z. Song, A. Alexandradinata, H. Weng, C. Fang,
L. Lu, and Z. Fang, Phys. Rev. Lett. 120, 016401 (2018).

22 J. Li, Q. Xie, S. Ullah, R. Li, H. Ma, D. Li, Y. Li, and
X.-Q. Chen, Phys. Rev. B 97, 054305 (2018).

mailto:smsingh@mix.wvu.edu
mailto:soluyanov@itp.phys.ethz.ch
http://dx.doi.org/10.1126/science.aaf5037
http://dx.doi.org/10.1126/science.aaf5037
http://dx.doi.org/10.1038/nature23268
http://dx.doi.org/10.1038/nature23268
http://dx.doi.org/ 10.1103/PhysRevX.6.031003
http://dx.doi.org/ 10.1103/PhysRevB.94.165201
http://dx.doi.org/ 10.1103/PhysRevB.94.165201
http://dx.doi.org/ 10.1103/PhysRevLett.117.076403
http://dx.doi.org/ 10.1103/PhysRevB.87.045202
http://dx.doi.org/ 10.1103/PhysRevB.87.045202
http://dx.doi.org/10.1038/nature22390
http://dx.doi.org/10.1038/nature22390
http://dx.doi.org/10.1126/science.aab0239
http://dx.doi.org/10.1073/pnas.1605462113
http://dx.doi.org/10.1073/pnas.1605462113
http://dx.doi.org/10.1038/nphys3801
http://dx.doi.org/10.1038/nphys2835
http://dx.doi.org/10.1103/PhysRevLett.117.068001
http://dx.doi.org/10.1103/PhysRevLett.117.068001
http://dx.doi.org/10.1038/nmat3520
http://dx.doi.org/10.1038/nmat3520
http://dx.doi.org/10.1038/nphoton.2014.248
http://dx.doi.org/10.1038/nphoton.2014.248
http://dx.doi.org/10.1038/nphys2134
http://dx.doi.org/ 10.1103/PhysRevB.86.035141
http://dx.doi.org/ 10.1103/PhysRevB.86.035141
http://dx.doi.org/10.1103/PhysRevA.78.033834
http://dx.doi.org/10.1103/PhysRevA.78.033834
http://dx.doi.org/10.1038/nphoton.2013.42
http://dx.doi.org/10.1038/nphoton.2013.42
http://dx.doi.org/10.1103/PhysRevLett.111.103901
http://dx.doi.org/10.1103/PhysRevLett.111.103901
http://dx.doi.org/10.1038/srep08186
http://dx.doi.org/10.1038/srep08186
http://dx.doi.org/10.1103/PhysRevLett.120.016401
http://dx.doi.org/10.1103/PhysRevB.97.054305


11

23 M. Esmann, F. R. Lamberti, P. Senellart, I. Favero,
O. Krebs, L. Lanco, C. Gomez Carbonell, A. Lemâıtre,
and N. D. Lanzillotti-Kimura, Phys. Rev. B 97, 155422
(2018).

24 D. Gresch, G. Autès, O. V. Yazyev, M. Troyer, D. Vander-
bilt, B. A. Bernevig, and A. A. Soluyanov, Phys. Rev. B
95, 075146 (2017).

25 Q. Wu, S. Zhang, H.-F. Song, M. Troyer, and A. A.
Soluyanov, Computer Physics Communications 224, 405
(2018).

26 “See Supplemental Material (SM) at [url will be inserted
by publisher] for details regarding the optimized lattice
parameters, electronic band structures, electronic density
of states (DOS), phonon spectrum, and atom projected
phonon DOS for all the studied materials. The surface elec-
tronic structure, surface phonon spectrum, thermoelectric
properties and results of crystal stability and elastic prop-
erties of the predicted TaSb compound are illustrated in
SM.”.

27 B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao,
J. Ma, P. Richard, X. C. Huang, L. X. Zhao, G. F. Chen,
Z. Fang, X. Dai, T. Qian, and H. Ding, Phys. Rev. X 5,
031013 (2015).

28 S.-Y. Xu, I. Belopolski, N. Alidoust, M. Neupane, G. Bian,
C. Zhang, R. Sankar, G. Chang, Z. Yuan, C.-C. Lee, S.-
M. Huang, H. Zheng, J. Ma, D. S. Sanchez, B. Wang,
A. Bansil, F. Chou, P. P. Shibayev, H. Lin, S. Jia, and
M. Z. Hasan, Science 349, 613 (2015).

29 L. Lu, Z. Wang, D. Ye, L. Ran, L. Fu, J. D. Joannopoulos,
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