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Abstract 

The influence of collapsed shape on the thermal transport of carbon nanotubes is studied by non-

equilibrium molecular dynamics. Nanotubes of different lengths, diameters, chiralities, and 

degrees of twist are simulated in the regime in which the thermal transport extends from ballistic 

to diffusive. In contrast with graphene nanoribbons, which are known to exhibit substantial 

rough-edge and cross-plain phonon scatterings, the collapsed tubes preserve the quasi-ballistic 

phononic transport encountered in cylindrical nanotubes. Stacked-collapsed nanotube 

architectures, closely related with the strain-induced aligned tubes occurring in stretched 

nanotube sheets, are shown to inherit the ultra-high thermal conductivities of individual tubes, 

and are therefore proposed to form highways for efficient heat transport in lightweight composite 

materials. 
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I. INTRODUCTION 

The continuous advances in carbon nanotube (CNT) processing technology have brought 

about a new class of synthetic materials, which include large-volume CNT sheets suitable for 

developing macroscale applications [1]. The sheet exhibits a network structure comprising 

partially aligned and highly-entangled mm-long CNTs, which gives rise to a large variety of 

physical properties [2, 3]. Currently, there are significant efforts to manipulate CNT orientation 

[4] in order to control macro-scale properties and impart the network the exceptional mechanical, 

thermal and electrical attributes of individual CNTs [5, 6]. For example, by mechanically 

stretching CNT sheets [4], a 22-fold improvement in the Young’s modulus and a 44% increase in 

electrical conductivity along the stretch direction have been reported [7].  Interestingly, recent 

atomic-resolution transmission electron microscopy analysis of the stretched-processed sheets 

[8] found massive presence of long, flattened CNTs [9]. Thus, during sheet stretching, the 

initially-cylindrical large-diameter CNTs undergo not only alignments but also permanent radial 

collapse to a dog-bone-shaped cross-section.  

The thermal properties of CNTs are of significant interest since the thermal conductivity 

(κ) of suspended single-walled cylindrical CNTs – 1,500 - 3,500 W m−1 K−1 at room temperature 

[6, 10, 11] – is comparable with the in-plane κ of graphite and diamond, which are among the 

best known thermal conducting materials. Molecular dynamics (MD) simulations showed that 

defects in CNTs, including bends and kinks, could significantly reduce κ as they strongly 

suppress high-frequency phonon modes [12]. Although the existence of collapsed CNTs has 

been known for decades [13], and their energetic stability, mechanical and electronic properties 

are well understood [14-16], thermal transport along these nanostructures has received less 
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attention. The impact on κ of the CNT circumference collapse, in which opposite faces form a 

van der Waals (vdW) bi-layer with two nearly circular edges, Figure 1a, is not known. This is a 

valid problem, since edges [17, 18] and cross-layer scattering [19, 20] can drastically impact the 

heat carrying abilities of graphitic materials. Additionally, collapsed CNTs are very susceptible 

to torsional deformations [21, 16], which might also affect  κ. 

By way of non-equilibrium MD simulations carried out with LAMMPS [22], here we 

examine phononic transport, which is expected to be the dominant component of the thermal 

transport in both metallic and semiconducting CNTs [11]. We consider not only individual CNT 

structures, Figure 1a, but also tightly-packed collapsed CNT systems, Figure 1b, to probe the 

robustness of the thermal transport to the potential quenching of the heat-carrying phonon modes 

by neighboring CNTs. To this end, we investigated various morphologies, including isolated 

collapsed single-walled CNTs, and experimentally relevant [9] collapsed CNT stacks. To probe 

the edge, layer-coupling, width, chirality, twist and the number-of-tubes structural effects, as 

well as the CNTs length scales needed to cover both the ballistic and diffusive transport, we 

simulated systems containing up to 1,228,800 carbon atoms.  

II. COMPUTATIONAL METHODS  
To prepare the collapsed CNTs, a Nose-Hoover thermostat was used initially to equilibrate 

the cylindrical CNTs at 5K. After the system reached equilibrium, a 0.01eV/Angstrom force was 

added in the transverse direction for 15 ps to squeeze the structure. The system was then freed in 

the transverse direction and equilibrated again under microcanonical ensemble for another 500 

ps. Periodic boundary conditions were applied in the axial direction throughout the whole 

process. In the end, we used conjugate gradient relaxation to relax the collapsed structures at 0K. 

The structures remained collapsed during the subsequent MD studies. The twisted collapsed 
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CNTs were created by performing structural relaxations under objective boundary conditions 

[23]. The packed  collapsed CNTs were created via relaxations under triclinic periodic boundary 

conditions.   

Figure 1. Cross section of the optimized (a) collapsed (30,30), (50,50) and (80,80) CNTs (from 

top to bottom), and (b) stacked collapsed (30,30) CNTs.  

Figure 2.  Diameter (D) of the nearly-circular edges of (n, n) CNTs versus n, as calculated with 

several bond-order potentials. The force-field data is taken from Ref. [15].  
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The geometry of the collapsed CNTs balances the bending energy stored in the bulging, 

nearly-circularizing edges with the vdW energy gained from drawing the flattened CNT walls 

close together. Thus, the interatomic forces play a dominant role in establishing the shapes of the 

collapsed CNTs. The selection of the interatomic classical potential is particularly subtle as the 

molecular mechanics of the available bond-order potentials with vdW interactions – AIREBO 

[24] and REBO [25] – describe bending strain differently [26]. In this respect, Figure 2 shows 

that the nearly-circular edges of the collapsed single-walled CNTs present different diameters, 

even when the same Lennard-Jones (L-J) parameters (energy parameter 𝜀 = 2.84 meV and the 

distance parameter 𝜎 = 3.4 Å) are used to describe the vdW interactions.  We selected the 

Tersoff potential [27] for our calculations, which was optimized to produce a phonon dispersion 

for the heat carrying phonon modes of CNTs and graphene in good agreement with experimental 

evidence [28]. To describe the collapsed CNTs, we have further added L-J interactions between 

the C-C atoms located on opposite faces with L-J parameters (𝜀 = 3.5 meV and 𝜎 = 3.4 Å) 

adjusted to describe stress-free collapsed geometries similar to those obtained with accurate force 

fields derived from ab initio calculations and experiments [14, 15].  

The set-up used for the κ calculations is described in Figure 3a-b. One-unit cell ring at each 

end of the tube was kept fixed throughout the simulation to prevent the center of the mass of the 

system from moving, and to impose a torsional deformation. Four other neighboring unit cells 

were designated as “hot” and “cold” baths. In selecting a simulation set-up with relatively small 

bath regions, we have followed the guidelines of Salaway and Zhigilei [29], which emerged from 

systematic length-dependent convergence studies of κ performed in cylindrical CNTs. We have 

also adopted their notion that κ reflects not only the thermal behavior of the CNT portion located 
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between the bath regions, but also of the bath regions themselves. In this respect, our tests on 

large-diameter collapsed CNTs with different sizes of bath region produced stable thermal 

conductivities in different CNT length regimes, Figure S1 [30]. Therefore, in our subsequent κ vs 

length plots, we have used the CNT length with the bath regions included.     

Figure 3. Non-equilibrium MD setup for (a) straight and (b) twisted collapsed (30,30) CNTs. 

The twist rate is 0.105 rad/nm.  (c) Temperature (blue circles) profiles in a straight (30,30) CNTs 

250 nm in length. The fitted line is shown in red. (d) The heat fluxes flowing into the hot 𝑄! and 

cold reservoir 𝑄! at the steady state. (e) Non-equilibrium MD setup for computing the inter-tube 

thermal resistance R in a stack of 23 collapsed (30,30) CNTs.   

In preparation for the thermal calculations, the system was initially equilibrated at 300 K 

with a Nose-Hoover thermostat after which the two reservoirs were rescaled at every time step to 
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maintain 𝑇! = 310 K and 𝑇! = 290 K, respectively. Under velocity Verlet cycling with a 0.5 fs 

time step, a steady state was reached after 1,000 ps or longer, depending on the sample length. 

The collapsed CNT shape without any edge breaking was maintained throughout the MD 

simulation, Figure S2 [30]. The heat flux along CNTs was obtained by calculating the difference 

of the rate of the kinetic energy extraction from the two reservoirs 𝑄 = 0.5 < 𝑄! − 𝑄! >, where 

𝑄! and 𝑄! are the instantaneous heat currents flowing into and away from the hot and cold baths 

to maintain the temperature gradient, Figure 3c. The angular brackets indicate a statistical 

average taken after the steady state was reached. From the dependence of the local temperature 

𝑇, obtained here by statistically averaging the kinetic energy of the atoms located in one unit cell, 

on the axial position 𝑧, we obtained the temperature profile shown in Figure 3d. To minimize the 

effects of fluctuations in local 𝑇, the 𝜅 presented in each figure is the average of five data sets 

taken after reaching the steady state. Accordingly, the error bars in each figure represent the 

standard deviation. 𝜅 is calculated with Fourier’s law 𝜅 = −𝑞 𝑑𝑇 𝑑𝑧 !!. Here 𝑞 is 𝑄 per cross-

sectional area, which is defined here by the thickness of the single atomic layer in a tube wall, 

0.34 nm, multiplied by the circumference of the cylindrical CNT. For collapsed CNTs, the 

inextensible deformation approximation is justified in view of the large width of the bi-layer 

region and the nm-scale diameter of the nearly-circular edges [26]. Therefore, the cross-sectional 

area of collapsed CNTs is taken to be the same as that of the original cylindrical CNT. Any 

potential changes in κ under circumferential collapse reported next cannot be attributed to 

different definitions of the cross-sectional area. 

For the calculations of the interfacial thermal resistance R between collapsed (30,30) CNTs, 

heat baths were applied on the left and right CNTs of the stack, as shown in Figure 3e. The 

CNTs between the two heat baths are free to move. R between tubes is calculated from 𝑁 − 1 ∙
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R =  𝐿 𝜅!, where 𝜅! is the computed thermal conductivity in the interfacial direction (y 

direction), 𝐿 and 𝑁 are the total between-bath distance and the number of CNTs between the two 

heat baths, respectively.  The contact area is 18.7 nm2, as approximated by the width of the 

collapsed CNT in vdW contact of 5 nm times the PBC length in the z direction.  

III. RESULTS AND DISCUSSION  

III. 1. Thermal Transport in Individual CNTs 

Before discussing the impact of the collapsed shape, it is important to first review the 

behavior of thermal transport in cylindrical CNTs. It is known that CNTs exhibit strong ballistic 

behavior over submicron length scales [31-34]. Figures 4a and 4b show that the sample length 

𝑙 of both (30,30) and (50,0) CNTs strongly influences κ. The initial linear increase of κ ∝ 𝑙 is a 

signature of pure ballistic behavior, i.e. phonons are able to propagate without being scattered by 

the sample. As the sample length increases, more phonon modes with longer wavelengths are 

being supported. These modes were shown to contribute actively to an increase of κ [32], 

although in a non-linear way. Another important feature is the significantly lower rate κ ∝ 𝑙!.! of 

increase at sample lengths above ~200 nm, which signals that the thermal transport extends into 

the diffusive regime. κ shows signs of saturations at above ~600 nm and the slow increase 

exhibited beyond this length is expected to continue over micron length scales [31-34].  

Figures 4a and 4b also show that the three considered inter-atomic potentials produce 

similar trends but very different κ magnitudes. To rationalize this result, we recall that the 

phonon dispersion plays an important role in thermal transport. While the re-optimized Tersoff 

potential [28] captures the quadratic behavior of the lowest frequency phonon modes near the Γ 

point, the REBO [25] and AIREBO [24] potentials produce linear behaviors in this region, 

Figure S2 [30].  This artifact causes significant error in κ, specifically a 50-80% underestimation 
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of 𝜅 by the REBO and AIREBO when compared to the re-optimized Tersoff potential result. It is 

worth noting that for the longest considered cylindrical CNTs, the κ produced by the re-

optimized Tersoff potential of 1,600-2,000 W m−1 K−1, is consistent with experimental 

measurements [10]. In the following, we will rely on the predictions produced by this validated 

potential.  Finally, we note that in Figure 4, the weak dependence of κ on CNT diameter and 

chirality is in agreement with previous literature [31].  

Figure 4. 𝜅 of cylindrical (filled symbols) and collapsed (empty symbols, ) (a) (30,30) CNTs 

(cross sectional area 4.39 nm2), (b) (50,0) CNTs (cross sectional area 4.23 nm2), (c) (50, 50) 

CNTs (cross sectional area 7.31 nm2) and (d) (80, 80) CNTs (cross sectional area 11.70 nm2) 

with different tube lengths, as calculated with re-optimized Tersoff (black), REBO (blue), and 

AIREBO (red) interatomic potentials. The regime in which 𝜅 extends from ballistic to diffusive 

is fitted as κ ∝ 𝑙!.! for both cylindrical (solid line) and collapsed (dashed line) CNTs.     
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Figures 4a and 4b further reveal the impact on κ of the collapsed shape. In contrast with 

the behavior reported earlier in the bending-kink case [12], the ballistic transport is not affected 

by the formation of the nearly-circular edges. As transport evolves into the diffusive regime, a 

more significant κ reduction develops, meaning that the heat carrying phonons scatter more 

effectively than in the cylindrical case. In the re-optimized Tersoff potential description, we 

measured only an 11% κ reduction for the (30,30) collapsed CNTs at the largest length 

considered. The REBO and AIREBO potentials produce more substantial reductions, 22% and 

31%, respectively, a trend that correlates with the diameter decrease of the nearly-circular edges 

described by these potentials, Figure 2. Figures 4c and 4d show a similar behavior in larger 

diameter armchair CNTs. Since the diameters of the nearly-circular edges are the same in the 

shown collapsed (50, 50) and (80, 80) CNTs (see Figure 2), the similar level of reduction in κ 

obtained in the wider collapsed CNTs suggest that the bi-layer vdW scattering is affecting κ to a 

lesser extent.    

It is useful to recall that MD captures naturally anharmonic effects	and various scattering 

mechanisms. Thus, the MD-computed κ reflects both phonon dispersion effects and the phonon 

relaxation times (𝜏!). A CNT presents four acoustic phonon branches: two radial-breathing 

transverse acoustic (ZA) (atomic movement perpendicular to the CNT axis), one twist (TA) 

(torsional movement around the axis), and one longitudinal (LA) branch (atomic movement 

along the axis). For large diameter cylindrical CNTs, the dispersion curves of these acoustic 

modes show very little deviation from the corresponding acoustic modes of graphene [31].        

Phonon dispersion modifications could be expected when changes in the mechanical 

properties of a mono-layer occur [35]. However, the elastic properties of collapsed CNTs closely 

resemble those of their cylindrical counterparts. For example, MD simulations showed that 
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stretching and compressing cylindrical and collapsed CNTs leads to overlapping strain energy 

curves [15]. Corroborating this observation, here we find that the phonon dispersion and phonon 

density of states are affected in a minor fashion by the collapsed shape, Figures S3, S4 and S5 

[30].   

We have also performed a phonon spectral analysis [30, 36, 37] based on the MD 

trajectories in order to illustrate how the 𝜏! of heat carrying modes are impacted by the cross-

sectional collapse. In Table 1 we compare the calculated averaged lifetimes 𝜏! of the ZA and TA 

phonon modes of a cylindrical and collapsed (80,80) CNTs at three selected wave vectors and 

frequency intervals. The reported values have a maximum of 11% uncertainty. It is noteworthy 

that the low-frequency ZA modes are especially important due to their significant contribution to 

the κ of larger diameter cylindrical CNTs [31]. When measured in the edge region of the 

collapsed CNT, we see that the 𝜏! values of the ZA branch are reduced significant (up a factor of 

3) at most frequency peaks. In contrast, the reduction of 𝜏! in the bi-layer region is rather small. 

At the same time, the TA data (last column of Table 1) also indicates that 𝜏! is negligibly 

impacted by the edge and bi-layer regions.   

Table 1. Re-optimized Tersoff potential calculations. Comparison of 𝜏! in cylindrical and 

collapsed (80,80) CNTs. The wave vector (units of 2𝜋/𝑎! ,  𝑎! = 0.246 nm). Each shown 

frequency ranges contain three phonon peaks. The lifetimes are listed in the order set by the 

magnitude of their frequency.   

CNT Shape 
Wave 
vector 
(𝟐𝝅/𝒂𝒛) 

Freq. 
(THz) 

𝛕𝐙  

ZA (ps) 
Freq.  

(THz) 

𝛕𝐙  

TA (ps) 

Cylindrical 
  

  
  

  
  

  
0.48 

2.9 – 4.4 
50.0; 38.5; 41.7 

12.8 – 16.0 
23.8; 22.7; 22.8 

 
0.60 4.8 – 6.2  

50.0; 62.5; 41.7 
16.7 – 18.9 

23.8; 20.8; 22.7 
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0.72 6.4 – 8.4 

55.6; 50.0; 62.5 
19.2 – 22.6 27.8; 25.0; 31.2 

Collapsed 
  

  
  

  
  

  

Edges: 

0.48 
2.9 – 4.4 

41.7; 20.0; 16.7 
12.8 – 16.0 

23.8; 20.0; 22.7 

0.60 
4.8 – 6.2 16.7; 35.7; 26.3 

16.7 – 18.9 
15.6; 20.8; 22.7 

0.72 6.4 – 8.4 
25.0; 41.7; 33.3 

19.2 – 22.6 20.0; 20.8; 22.7 
0.48 

2.9 – 4.4 
41.7; 38.5; 35.7 

12.8 – 16.0 
22.7; 20.0; 17.9 

Bi-layer: 0.60 4.8 – 6.2 
50.0; 55.6; 31.3 16.7 – 18.9 21.7; 20.8; 22.7  

 
0.72 6.4 – 8.4 

55.6; 50.0; 55.6 
19.2 – 22.6 25.0; 25.7; 27.8 

 

  In view of the minor changes in phonon dispersion, the above sampling of the lifetimes 

provides evidence that the small reduction in κ resulting from the cross sectional collapse is 

fostered by the double role played by the nearly-circular edges: (i) to increase in a gentle way 

the important ZA phonon scattering through the anharmonicity caused by the curvature strain 

[26] at the edges, and (ii) to “connect” the bi-layer region in a way that limits the cross-plane 

scattering typical of unconnected graphene layers. By limiting cross-plane scattering, the 

collapsed CNTs can maintain large phonon lifetimes for the in-plane conduction modes, 

especially for the low frequency ZA modes. 

Figure 5. (a) Comparison of 𝜅 in collapsed (30,30) CNT and two-layer GNR with similar width 
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but rough edges. (b) 𝜅 vs. twist rate in a collapsed (30,30) CNT measuring 239.33 nm. Data is 

from the re-optimized Tersoff potential.   

We further emphasize that the high κ of the collapsed CNTs is unusual given the fact that 

phonon propagation in atomically-thin graphene nanoribbons (GNRs) is especially sensitive to 

edge perturbation. As an example, Figure 5a compares the κ of collapsed (30,30) CNTs with that 

of bi-layer GNRs with similar widths but rough and open edges. (The rough open edges were 

created by opening the collapsed CNT and further eliminating atoms in a systematic manner 

while keeping the coordination number to at least two for the edge carbon atoms.)  In contrast to 

the behavior of collapsed CNTs, the GNRs display diffusive phonon scattering and are not able 

to preserve the quasi-ballistic phononic transport. The longest GNR considered displays an 

approximately 83% reduction in κ. We note that the final κ=270 W m−1 K−1 computed value is 

consistent with experimental measurements [17, 18].  

Contrasting with the results obtained so far, Figure 5b shows that a gradually-applied 

twist deformation can reduce κ especially when the atomic-scale twist angle is very large. To 

explain this behavior, we ruled out potential changes in phonon scatterings of the nearly-circular 

or bilayer regions since the curvature at the edges and inter-layer separation do not change 

significantly with twist [16]. Instead, we recall that the twisted collapsed CNTs store shear strain 

[16]. We propose that the mechanism for enhancing phonon-phonon scattering is the 

anharmonicity in the inter-atomic potential created by the displacement of atoms from their 

equilibrium positions.  

III. 2. Thermal Transport in Stacks of Collapsed CNTs 

 Collapsed CNTs are potentially attractive building blocks for forming mesoscale 

structures. Elliot et al. [14] investigated herringbone arrangements of collapsed CNT bundles 
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emerging under hydrostatic pressures. Inspired by the outcomes of recent experiments in 

stretching induced-alignment of CNT sheets [9], here we investigate tightly-packed architectures 

targeting ultra-high κ at the macro scale. The proposed packing, shown in Figure 1b for a system 

of collapsed (30,30) CNTs, accounts for the steric effect of stacking nearly-circular edges, which 

leads to a 49° incline of the periodicity vector in the perpendicular direction. The skewed 

stacking preserves the vdW contact between stacked bi-layer regions (vertical direction) and 

between the nearly-circular edges of CNTs in neighboring stacks (horizontal direction).   

Using a simulation setup similar to that shown in Fig. 3, we computed 𝜅 along a skewed 

stack with different numbers of collapsed (30,30) CNTs. As can be seen from the results 

summarized in Figure 6b, 𝜅 becomes rapidly independent on the number of tubes, a behavior that 

resembles the weak layer-dependence of in-plane 𝜅 in few-layer graphene [20]. Notably, the 

converged 𝜅 shows only a 14% reduction from the isolated collapsed (30,30) CNT.  

We have also evaluated the interfacial thermal resistance R between collapsed (30,30) 

CNTs. To verify our method, we have first computed R across two aligned cylindrical (30,30) 

CNTs at their equilibrium vdW distance.  R across two (30, 30) cylindrical CNTs turned out to 

be 2.38×10!"𝐾/𝑊, a value that is significantly larger than the 9.69×10!𝐾/𝑊 obtained in the 

collapsed case. The former value is in good agreement with what was obtained in previous 

studies [38, 39] and reflects the smaller number of carbon atoms in effective vdW contact. Note 

that in order to avoid defining the contact area between cylindrical CNTs, here we have 
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compared R in K/W units [38].  

Figure 6. (a) κ of stacked-collapsed (30,30) CNTs. The length of each CNT is 239.33 nm.  (c) R 

across the stacked collapsed (30,30) CNTs vs. the number of CNTs. The length of each CNT is 

3.74 nm. Data is from the re-optimized Tersoff potential.  

In spite of the good vdW contact, R between collapsed (30,30) CNTs is still large, a result 

that indicates that thermal transport in the stacked CNTs is strongly anisotropic. Figure 4b shows 

that R decreases with the increase in number of CNTs, and converges to 3.9×10!! m2 K/W, a 

value that is similar with R across few-layer graphene [40]. On the other hand, we expect that R 

between the nearly-circular edges of collapsed CNTs in neighboring stacks to be even larger, 

similar to R across small-diameter cylindrical CNTs [38, 39]  

IV. CONCLUSION  

The atomistic simulation results presented here indicate that collapsed CNTs and stacked-

collapsed CNTs behave thermally like bi-layers and few-layer GNRs, respectively, but free from 

the diffusive phonon scattering associated with rough edges and cross-plane scattering. While κ 

of individual collapsed CNTs can be significantly reduced by torsional deformation, the stacked 

collapsed bundles should be more robust, as the torsional rigidity of few-layer graphene ribbons 

increases rapidly with the number of layers [41]. Our theoretical findings are especially 

important in the context of the recent progress in carbon composites. In general, κ of the CNT 

network measures only tens of W m−1 K−1. This is because the network structure exhibits poor 

alignment and low packing densities, and R at the CNT-CNT junction is viewed as a main 

obstacle for effective thermal transport [3]. The proposed alignment of long CNTs into stacked 

collapsed architectures, experimentally achievable by stretching-induced alignment of the CNT 

sheet [9], presents potential for processing unidirectional thermal highways in lightweight 



16 

 

functional composite materials. The stacked architectures are further amenable to enhancing κ in 

the cross-plane direction by lowering the R between collapsed CNTs via polymer 

functionalization [42].    
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