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The low-energy collective excitations of semiconductors and insulators often couple strongly to light, allowing
them to be probed optically. We argue here that in fractional Chern insulators intraband collective excitations
are dark in the sense that they couple anomalously weakly to light. Using this property, we establish a general
relationship between flat band Chern numbers, quantum geometry, and spatial correlations in fractional Chern
insulator states.
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Introduction. The collective excitations of semiconductors
and insulators often couple strongly to light, providing both
an experimentally convenient probe for fundamental physics
studies and a rich axis for optical and electro-optic applications.
Optical probes of interband excitonic collective excitations have
been especially impactful in transition metal dichalcogenide
(TMD) two-dimensional semiconductors [1]. Recently a novel
type of insulating state, the fractional Chern insulator (FCI)
[2–6], has been discovered in TMD moiré materials [7–10] and
in rhombohedral graphene multilayers [11]. Fractional Chern
insulators are exotic strongly correlated states with fractional-
ized quasiparticle excitations that have potential applications in
topological quantum computing, and hence are of considerable
interest. The appearance of FCI states is thought to be related
to weak dispersion of a partially occupied band combined with
quantum geometry [12–15] that is suitable in a way that is
discussed below. In this paper we argue that FCI’s have dark
low-energy intraband collective excitations because of their
weak band dispersion and spatial correlations similar to those of
two-dimensional plasmas because of their quantum geometry.

Dynamic structure factor and optical conductivity. Our
conclusions concerning the optical conductivity of fractional
Chern insulators follow in part from its relationship to a more
general quantity, the dynamic structure factor [16]

𝑆(𝒒, 𝐸) = 1
𝑁

∑︁
𝑛

| ⟨Ψ𝑛 |𝜌𝒒 |Ψ0⟩ |2 𝛿(𝐸 − 𝐸𝑛 + 𝐸0). (1)

The static structure factor 𝑆(𝒒) is the integral of the positive-
definite 𝑆(𝒒, 𝐸) over excitation energy 𝐸 . In Eq. (1), |Ψ𝑛⟩ is a
many-body eigenstate, the label 𝑛 = 0 is reserved for the ground
state, 𝐸𝑛 is a many-body energy eigenvalue, 𝜌𝒒 =

∑𝑁
𝑖=1 𝜌

(𝑖)
𝒒 =∑𝑁

𝑖=1 exp(−𝑖𝒒 · 𝒓𝑖) is the density operator and 𝑁 is the total
electron number.

In linear response theory [19], the retarded density-density
response function [16]

𝜒(𝒒, 𝐸) = 𝑛̄
∫ ∞

0
𝑑𝐸 ′𝑆(𝒒, 𝐸 ′)

[ 1
𝐸 − 𝐸 ′ + 𝑖𝜂 − 1

𝐸 + 𝐸 ′ + 𝑖𝜂

]
,

where 𝑛̄ = 𝑁/𝐴 is the average particle density. To address
optical absorption, we consider the real part of the frequency-
dependent conductivity 𝜎R

𝑥𝑥 , which is related to 𝜒 by the

continuity equation [16],

𝜎R
𝑥𝑥 (𝐸)
𝐸

= −𝑒2 lim
𝑞→0

𝜒I (𝒒, 𝐸)
𝑞2 = 𝑛̄𝜋𝑒2 lim

𝑞→0

𝑆(𝒒, 𝐸)
𝑞2 , (2)

and also related to the current-current response [20, 21] by

𝜎R
𝑥𝑥 (𝐸) = −𝐾

I (𝐸)
𝐸

, (3)

where, under the assumption of anisotropy [16],

𝐾 I (𝐸) = 1
𝐴

∑︁
𝑛

|⟨Ψ𝑛 | 𝑗𝑥 |Ψ0⟩|2 𝛿(𝐸 − 𝐸𝑛 + 𝐸0) (4)

and 𝒋 is the current operator.
Flat band contributions to𝜎R

𝑥𝑥 . Our goal is to isolate contri-
butions to the optical conductivity from low-energy transitions
within a partially occupied flat band with label 𝑓 and corre-
sponding Bloch states |𝜓 𝑓 ,𝒌⟩. We work to leading order in the
ratio of interactions to the energy separation between flat and
remote bands, and assume as an inessential convenience that
the flat band is lowest in energy. In this limit, we can classify
many-body states by the number of electrons in the flat band
and identify a low-energy sector in which all electrons occupy
the flat band. We note that the flat band contribution to 𝐾 I (𝐸)
depends only on the band-projected current operator

𝑗𝑥 =
∑︁
𝒌

⟨𝜓 𝑓 ,𝒌 | 𝑗𝑥 |𝜓 𝑓 ,𝒌⟩ 𝑎†𝑓 ,𝒌𝑎 𝑓 ,𝒌
= −𝑒

∑︁
𝒌

(𝑣𝑥) 𝑓 ,𝒌 𝑎†𝑓 ,𝒌𝑎 𝑓 ,𝒌
,

(5)
where 𝒗 𝑓 ,𝒌 = ℏ−1∇𝒌𝜖 𝑓 ,𝒌 is the band velocity and the operators
𝑎
(†)
𝑓 ,𝒌

destroy (create) the corresponding Bloch states. Since the
band velocity 𝒗 𝑓 ,𝒌 vanishes for a perfectly flat band, it follows
that the flat-band contribution to 𝐾 I (𝐸), and thus to 𝜎R

𝑥𝑥 (𝐸)
and 𝑆(𝒒, 𝐸)/𝑞2, vanishes in the same limit.

Flat band contributions to 𝑆(𝒒). We introduce the flat-
band Bloch state projector 𝑃 𝑓 ,𝒌 = |𝜓 𝑓 ,𝒌⟩⟨𝜓 𝑓 ,𝒌 | and consider
the projected density 𝜌̄ (𝑖)𝒒 =

∑
𝒌∈BZ 𝑃

(𝑖)
𝑓 ,𝒌−𝒒 𝑒

−𝑖𝒒 ·𝒓𝑖 𝑃 (𝑖)
𝑓 ,𝒌

with
corresponding projected dynamic structure factor

𝑆(𝒒, 𝐸) = 1
𝑁

∑︁
𝑛

|⟨Ψ𝑛 | 𝜌̄𝒒 |Ψ0⟩|2 𝛿(𝐸 − 𝐸𝑛 + 𝐸0). (6)
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FIG. 1. Total, remote band, and projected static structure factors for Fermi sea (FS) states, and generalized Laughlin (GL) states [cf. Eq. (12)]
as particular candidate FCI state. (a) The total structure factor 𝑆(𝑞 𝑥) at fractional band filling 𝜈 = 1/3 behaves like 𝑞2 at long wavelength
in insulating states but like 𝑞 in Fermi liquid states. Corresponding 𝜈 = 1 structure factors are shown for comparison. (b) The remote band
structure factor 𝑆r (𝑞 𝑥) of Fermi sea states and generalized Laughlin states at 𝜈 = 1 and 𝜈 = 1/3. The inset shows the filling factor dependence
𝑆r (𝑞′ 𝑥) vs. 𝜈 for the Fermi sea states at select momenta 𝑞′/(

√
3𝐺/2) = 0.2, 0.5, 1.0 (dotted, dashed, and solid lines). (c) The projected static

structure factor 𝑆(𝑞 𝑥) vanishes as 𝑞4 for generalized Laughlin states but as 𝑞 for Fermi liquid states. The inset shows the occupation of the FS
state at 𝜈 = 1/3 in the first Brillouin zone. The FS states here are for partially-filled, near-flat bands with near-ideal quantum geometry obtained
from the moiré homobilayer MoTe2 continuum model at twist angle 𝜃 = 3◦ with reciprocal lattice constant 𝐺 = 4𝜋/(

√
3𝑎M), see Ref. [16].

The projected static structure factor 𝑆(𝒒) (the integral of the
positive-definite 𝑆(𝒒, 𝐸) over 𝐸) is a measure of the density
response within the flat band sector, and the coefficient of 𝑞2

in its long-wavelength limit a measure of its contribution to
the optical conductivity [cf. Eq. (2)]. As explained above, this
quantity vanishes in the case of perfectly flat bands.

Remote band contributions to 𝑆(𝒒) and ideal quantum ge-
ometry. To separate the flat-band projected contribution from
the full 𝑆(𝒒), we note that [16]

𝑆(𝒒) ≡ 1
𝑁
⟨𝜌−𝒒𝜌𝒒⟩0 =

1
𝑁

∑︁
𝑖 𝑗

⟨𝑒𝑖𝒒 ·𝒓𝑖 𝑒−𝑖𝒒 ·𝒓 𝑗 ⟩ (7)

has same (𝑖 = 𝑗) and distinct (𝑖 ≠ 𝑗) particle contributions, and
that band-projection is relevant only for the former [22]:

𝑆𝑖𝑖 (𝒒) =
1
𝑁

∑︁
𝑏𝒌

⟨𝑢 𝑓 ,𝒌 |𝑢𝑏,𝒌+𝒒⟩ ⟨𝑢𝑏,𝒌+𝒒 |𝑢 𝑓 ,𝒌⟩ ⟨𝑛 𝑓 ,𝒌⟩,

where 𝑏 labels band indices, ⟨𝒓 |𝑢𝑏,𝒌⟩ = 𝑒−𝑖𝒌 ·𝒓 ⟨𝒓 |𝜓𝑏,𝒌⟩ is the
periodic part of the Bloch state, and 𝑛 𝑓 ,𝒌 = 𝑎

†
𝑓 ,𝒌
𝑎
𝑓 ,𝒌 is the

occupation operator. The projected static structure differs only
in that band summation is restricted to 𝑏 = 𝑓 , such that

𝑆r (𝒒) = 𝑆(𝒒) − 𝑆(𝒒) =
∑︁
𝒌

[
1 − |⟨𝑢 𝑓 ,𝒌+𝒒 |𝑢 𝑓 ,𝒌⟩|2

] ⟨𝑛 𝑓 ,𝒌⟩
𝑁

(8)

is the remote band contribution to the static structure factor.
Note that Eqs. (1) and (6) imply that 𝑆r (𝒒, 𝐸) ≤ 𝑆(𝒒, 𝐸); a
corresponding inequality extends to the static structure factors
by integrating over 𝐸 . For flat-band insulating states, the
inequality is saturated to order 𝑞2 in the long-wavelength limit
due to the absence of a flat-band contribution. A similar
inequality has recently been discussed in Ref. [23].

At long-wavelengths, Eq. (8) relates the remote-band struc-
ture factor 𝑆r (𝒒) to the Fubini-Study tensor integrated over the

Brillouin-zone and weighted by band occupations:

lim
𝑞→0

𝑆r (𝒒) = 𝑞𝜇𝑞𝜈
1
𝑁

∑︁
𝒌

(
𝑔 𝑓 ,𝒌

)
𝜇𝜈

⟨𝑛 𝑓 ,𝒌⟩, (9)

where |⟨𝑢𝑏,𝒌−𝑑𝒒 |𝑢𝑏,𝒌⟩|2 = 1 −
(
𝑔𝑏,𝒌

)
𝜇𝜈
𝑑𝑞𝜇𝑑𝑞𝜈 with an im-

plied sum over 𝜇, 𝜈 defines the Fubini-Study tensor 𝑔𝑏,𝒌 [12].
We comment below that the band states are equally occupied
in insulating states at fractional band fillings. Eq. (9) implies
that 𝑆r (𝒒) vanishes at least quadratically in 𝑞 for any many-
body state. When a band possesses the Landau-level-like ideal
quantum geometry thought to be associated with FCI states,
the quadratic coefficient in Eq. (9) is tied to the Chern number:
if (A) the ground state band-occupation numbers ⟨𝑛 𝑓 ,𝒌⟩ are
𝒌-independent, (B) the ideal quantum geometry trace condi-
tion tr[𝑔 𝑓 ,𝒌 ] = Ω 𝑓 ,𝒌 holds (Ω 𝑓 ,𝒌 is the Berry curvature), and
(C) the system has sufficient symmetries such that

∑
𝒌 𝑔 𝑓 ,𝒌 is

proportional to the identity matrix, then Eq. (9) leads to [16]

lim
𝑞→0

𝑆r (𝒒)
𝑞2 = |𝐶 𝑓 |

𝐴0
4𝜋

=
𝐴0
4𝜋
, (10)

where |𝐶 𝑓 | = 1 is the Chern number of band 𝑓 .
We have so far argued that the static and dynamic structure

factors can be partitioned into flat and remote band contribu-
tions, and that for insulating states at fractional filling factors
the flat band is absent to order 𝑞2 and the remote band fixed by
band Chern number. Figure 1 illustrates expected properties of
the partitioned structure factor for moiré homobilayer MoTe2
[16], the prime experimental example of FCI states. In realistic
cases the flat bands are never perfectly dispersionless and Fermi
liquid states can therefore be established at fractional filling
factors if interactions are sufficiently weak. Figure 1 compares
the full, remote-band, and projected structure factors of Fermi
liquid and FCI states. For the FCI states the structure factor has
been calculated using a generalized Laughlin variational state
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discussed below. Although 𝑆r (𝒒) is similar in the two cases,
the full static structure factors 𝑆(𝒒) differ strongly, and the flat-
band contribution even more strongly. For flat-band FCI states,
𝑆(𝒒) vanishes quartically in 𝑞, in comparison to the quadratic
behavior of generic insulators and the linear behavior of Fermi
liquids, which is related to its gapless excitations. (When the
weak band dispersion of realistic FCI states is included the
coefficient of 𝑞2 in 𝑆(𝒒) is non-zero but proportional to the
small parameter𝑊/Δ, where𝑊 is the flat-band width and Δ is
the FCI gap.)

Generalized Laughlin states, plasma analogy and perfect
screening. It follows the absence of a flat band contribution
to order 𝑞2 that the full static structure factor also satisfies
Eq. (10). Expanding Eq. (7) to order 𝑞2 and comparing with
Eq. (10) it follows that∫

𝐴0

𝑑2𝒓

∫
𝐴

𝑑2𝒓′ |𝒓 − 𝒓′ |2 [𝑛2 (𝒓, 𝒓′) − 𝑛(𝒓)𝑛(𝒓′)] = 𝐴0
2𝜋

(11)

for any flat band FCI state. This second moment sum rule for
pair correlation functions 𝑛2 (𝒓, 𝒓′) − 𝑛(𝒓)𝑛(𝒓′) of FCI states is
shared with two-dimensional classical plasmas [24] and can be
established by an instructive alternate argument in the special
case of short-range interactions and band filling 𝜈 = 1/𝑚 (odd
𝑚). In that case the incompressible ground states [12, 14, 25]
are generalized Laughlin many-body states [16, 26]. The
𝑁-particle wavefunction in real-space coordinates is

Ψ𝑚 (𝒓1, . . . , 𝒓𝑁 ) =
𝑁∏
𝑖< 𝑗

(𝑧𝑖−𝑧 𝑗 )𝑚
𝑁∏
𝑘=1

𝑒
− |𝑧𝑘 |2

4ℓ2 +Φ(𝒓𝑘 ) , (12)

where 𝑧𝑘 = 𝑥𝑘 + 𝑖𝑦𝑘 is position expressed as a complex number,
ℓ is the magnetic length corresponding to a quantum of pseudo
magnetic field [32] per unit cell area 𝐴0 (i.e., 2𝜋ℓ2 = 𝐴0),
and Φ(𝒓) is a periodic function with zero average value that
distinguishes one ideal flat band from another.

The wavefunction Ψ𝑚 is a product of polynomial and Gaus-
sian factors that respectively increase and decrease in magni-
tude exponentially with 𝑁; the factors must balance in order
for |Ψ𝑚 |2 to have a sensible thermodynamic limit, implying
𝑚𝑁 = 𝑁uc, where 𝑁uc = 𝐴/𝐴0 is the number of moiré pe-
riods in the system. To make this argument, we can view
|Ψ𝑚 |2 ∝ exp(−𝑈 (𝒓1, . . . , 𝒓𝑁 )/𝑚) as the classical Boltzmann
weight of a 2D Coulomb plasma [33] with particles of charge
𝑞𝑖 = 𝑚. With this identification, Eq. (12) leads to

𝑈 = −
𝑁∑︁
𝑖=1

𝑞𝑖𝜙b (𝒓𝑖) +
𝑁∑︁
𝑖< 𝑗

𝑞𝑖𝑉 (𝒓𝑖 − 𝒓 𝑗 )𝑞 𝑗 , (13)

where 𝑉 (𝒓) ≡ −2 ln |𝒓 | and 𝜙b (𝒓) =
∫
𝑑2𝑟 ′𝑉 (𝒓 − 𝒓′) 𝜌b (𝒓′) is

the attractive 2D Coulomb potential produced by the back-
ground charge 𝜌b (𝒓) = (2𝜋ℓ2)−1 − ∇2Φ(𝒓)/2𝜋 ≡ 𝐴−1 ·∑

𝑮 𝑒
𝑖𝑮·𝒓 𝜌b𝑮 with 𝜌b0 = 𝐴/(2𝜋ℓ2) [34]. The plasma dis-

tribution function has a sensible thermodynamic limit only
when it is charge neutral (𝜌b0 = 𝑚𝜌0 = 𝑚𝑁), capturing the
constraint 𝑚𝑁 = 𝑁uc. The average particle density then is
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FIG. 2. Dependence of the first reciprocal lattice vector shell charge
density modulation 𝜌𝑮 on the plasma coupling parameter 𝑚 and the
background modulation 𝜌b𝑮. (a) Dependence of the 𝜌𝑮 calculated
by sampling the plasma distribution function on the plasma coupling
parameter 𝑚. The exact charge modulation (black) is well-described
by the linear response relation (blue) when Monte-Carlo results are
used for the unperturbed system structure factor, and agrees with
analytical results in the limiting cases 𝑚 → 0 and 𝑚 ≫ 1 (red). (b)
Dependence of 𝜌𝑮 on background density modulation 𝜌b𝑮 a𝑚 = 1
and 𝑚 = 3, showing that all considered background modulations are
well within the linear response regime.

𝑛̄ = 𝑁/𝐴 = (𝑚2𝜋ℓ2)−1 = 1/(𝑚𝐴0), implying that the band
filling factor for this state is 𝜈 = 1/𝑚. For the calculations we
describe below it is convenient to write𝑈 in momentum space
using 𝜌𝒌 =

∑
𝑖 𝑒

−𝒌 ·𝒓𝑖 , such that

𝑈 =
1

2𝐴

∑︁
𝒌≠0

4𝜋
|𝒌 |2

|𝑚𝜌𝒌 − 𝜌b𝒌 |2, (14)

up to constant terms that do not change the relative weight.
Next we argue that the average density in any region much

larger than one unit cell must approach 𝜈/𝐴0 even when one
particle is held fixed near the center of that region. In the plasma
analogy this is known as Stillinger-Lovett perfect screening
[24, 35, 36], which implies that the plasma inverse dielectric
function vanishes at long wavelengths:

𝜖−1 (𝒒) = 1 + 4𝜋𝑚
𝑞2 𝜒(𝒒) −→

𝑞→0
0. (15)

Since the plasma response function 𝜒(𝒒) and 𝑆(𝒒) are both
Fourier transforms of the two-particle density correlation func-
tion (up to normalization), Eq. (15) implies

lim
𝑞→0

𝑆(𝒒)
𝑞2 =

ℓ2

2
=
𝐴0
4𝜋
, (16)

and thus leads to the same quadratic coefficient as in Eq. (10).
Thus combining the ideal band condition Eq. (10) with general-
ized Laughlin incompressible state wavefunctions leads to the
same conclusion as combining it with the assumption of per-
fectly flat-bands: the dipole contribution to 𝑆(𝒒) is exhausted
by the remote-band response, leaving no room for a flat-band
contributions.

Eq. (10) applies when band occupation probabilities ⟨𝑛 𝑓 ,𝒌⟩
are 𝒌-independent for Ψ𝑚 not just for the filled band, 𝑚 = 1,
but for any fractional filling 𝑚 > 1. The argument has two
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ingredients: (i) band vortexibility [14] together with the density
matrix properties in Ref. [37] non-trivially implies that two
vortexable band states with proportional charge densities have
proportional one-particle density matrices [37], and thus since

⟨𝑛 𝑓 ,𝒌⟩ =
∫
𝑑2𝑟𝑑2𝑟 ′ 𝜓∗

𝑓 ,𝒌 (𝒓) 𝜌
(1) (𝒓, 𝒓′) 𝜓 𝑓 ,𝒌 (𝒓′) (17)

proportional occupation numbers; and (ii) that the charge
density of a generalized Laughlin state (𝑚 > 1) is approximately
1/𝑚 times the charge density of a filled flat band (𝑚 = 1). (In
the SM [16] we provide an alternative proof that 𝑛 𝑓 ,𝒌 is constant
(Sec. IV.B) and Eq. (10) holds (Sec. IV.D).) In the presence of
weak band dispersion the generalized Laughlin states are no
longer exact ground states, lower-energy band states will have
slightly higher occupation than higher-energy band states and
the parametrically small current response to electric fields is
achieved by differential occupation of states with velocities of
opposite sign.

Plasma gas and local background cancellation. To estab-
lish property (ii) using the plasma analogy, we calculate the
𝑚-dependence of the Fourier components of the charge density
⟨𝜌𝒌⟩ = ⟨Ψ𝑚 |𝜌𝒌 |Ψ𝑚⟩ by Monte-Carlo sampling of the plasma
analogy Boltzmann distribution in Eq. (14), see [16] for details.
In linear response [16], the induced charge density at wavevec-
tor 𝑮 is proportional to the background charge density at that
wavevector and to the static structure factor of the unperturbed
uniform system:

⟨𝜌𝑮⟩ = − 1
𝐴0

4𝜋
|𝑮 |2

𝑆(𝑮)
����
𝜌b𝑮=0

𝜌b𝑮
𝑚
. (18)

To see how Eq. (18) justifies property (ii), we note that the den-
sity 𝑛̄ = 1/(𝑚𝐴0) sets the natural length scale for the structure
factor 𝑆(𝒒): For the first shell, |𝑮 | 𝑛̄−1/2 = (8𝜋2𝑚/

√
3)1/2 ≈

6.75
√
𝑚 is large already at 𝑚 = 1 which leads to uncorre-

lated values 𝑆(𝑮) ≈ 1. For 𝑚 ≥ 1, we thus estimate ⟨𝜌𝑮⟩ ≈
−(4𝜋/𝐴0 |𝑮 |2) (𝜌b𝑮/𝑚) = −

√
3/(2𝜋) (𝜌b𝑮/𝑚) ≈ −0.05𝑁 . In

Fig. 2, we show the first-shell charge density 𝜌𝑮 vs. 𝑚 in the
presence of a non-uniform background charge, obtained using
Monte Carlo to sample the plasma distribution [16]. We find
that calculating 𝜌𝑮 by sampling the non-uniform system gives
the same results as Eq. (18) with the uniform system correlation
function. In the regime of positive definite background charge
density studied here, our calculations verify the accuracy of
Eq. (18). We further remark that for 𝑚 → 0, |𝑮 | 𝑛̄−1/2 is small,
justifying the perfect screening limit of Eq. (16). This yields
𝑚𝜌𝑮 = −𝜌b𝑮, also in agreement with direct Monte-Carlo eval-
uation, see Fig. 2. For 𝑚 → 0, the charge density thus locally
cancels the background density, and becomes insensitive to
plasma interactions. On physical grounds, we expect that the
result for both limits survive into the non-linear regime of more
strongly varying charge densities. Importantly for this work,
we found property (ii): at fractional filling 𝜈 = 1/𝑚 the charge
density [by (i) also the band occupation] is simply 1/𝑚 times
that of the filled-band.

FIG. 3. GMP algebra deviation 𝛿(𝑞) of the projected structure
factor in the nearly-flat moiré valence band of homobilayer MoTe2
as function of twist angle 𝜃. We quantify the violation by defining
𝛿(𝑞) ≡ |⟨𝜓 𝑓 ,𝒌+𝒒1+𝒒2 |

[
𝜌𝒒1 , 𝜌𝒒2

]
|𝜓 𝑓 ,𝒌 ⟩| − |⟨𝜓 𝑓 ,𝒌+𝒒1+𝒒2 |2𝑖 sin(𝒒1 ∧

𝒒2 · 𝛀(𝒌)/2) 𝜌𝒒1+𝒒2 |𝜓 𝑓 ,𝒌 ⟩| with 𝒌 = 0 and 𝒒1, 𝒒2 as indicated in
the inset (|𝒒1 | = |𝒒2 | = 𝑞). The highlighted angle 𝜃 = 3◦ has both the
smallest flatband width and smallest trace condition deviation. See
Ref. [16] for details on the continuum model.

Discussion. We have shown that dipole transitions within a
|𝐶 | = 1 flat ideal band are parametrically weak. This property
of ideal Chern bands is shared with Landau bands, in which
dipole transitions are entirely inter-Landau level by virtue of
Kohn’s theorem [38]. It is natural to examine the degree to
which the two cases are similar at larger momentum. The
properties of density response functions within a Landau level
are constrained by the GMP algebra [39] of projected density
operators.

[ 𝜌̄𝒒1 , 𝜌̄𝒒2 ] = 2𝑖 sin(𝒒1∧𝒒2ℓ
2/2) 𝑒𝒒1 ·𝒒2ℓ

2/2 𝜌̄𝒒1+𝒒2 . (19)

The corresponding operator projected to a Chern band maps
Brillouin zone momentum 𝒌 to 𝒌 + 𝒒1 + 𝒒2 as in the Landau
level case, but with a coefficient that depends on the starting 𝒌:

⟨𝜓𝒌+𝒒1+𝒒2 | [ 𝜌̄𝒒1 , 𝜌̄𝒒2 ] |𝜓𝒌⟩ = (20)
⟨𝑢𝒌+𝒒1+𝒒2 |𝑢𝒌+𝒒2⟩⟨𝑢𝒌+𝒒2 |𝑢𝒌⟩ − ⟨𝑢𝒌+𝒒1+𝒒2 |𝑢𝒌+𝒒1⟩⟨𝑢𝒌+𝒒1 |𝑢𝒌⟩,

where we omitted the band label for brevity and note that
|𝑢𝒌 ′⟩ = 𝑒−𝑖𝒈·𝒓 |𝑢⌊𝒌 ′ ⌋⟩ with momenta ⌊𝒌′⌋ = 𝒌′ − 𝒈 reduced to
the first Brillouin zone [22]. The deviation of the projected
density operator matrix elements from GMP algebra values
is shown in Fig. 3 as a function of |𝒒1 | and twist angle for
|𝒒1 | = |𝒒2 | and a 60◦ angle between the two wavevectors. These
calculations are for the same model of MoTe2 homobilayer
moirés used to produce the Fermi liquid structure factors in
Fig. 1 for the twist angle 𝜃 ≈ 3◦ at which ideal quantum
geometry is most closely approached. We see in Fig. 3 that
the GMP algebra is approximately satisfied for small 𝒒 over
a wide range of twist angles surrounding the most ideal one,
and that the agreement with GMP algebra is poor at large 𝒒.
These results suggest that optical matrix elements will have a
strong tendency to be suppressed in Chern bands even if they
are relatively far from ideal - and perhaps that the interaction
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physics responsible for the fractional quantum anomalous Hall
effect, which is most easily explained when bands are prefectly
ideal, is also tolerant to deviations [40].

Although dipole allowed transitions are exceptionally weak
for intraband excitations, the oscillator strengths are not pre-
cisely zero, there is some hope that optical probes will still
prove useful. We do expect intraband oscillator strengths
to increase with disorder and flat band width, just as in the
non-anomalous strong-mangetic-field fractional quantum Hall
effect [37, 41, 42]. while remaining a small part of the full
𝑓 -sum rule weight. The larger interband absorption signals
can also provide useful insights and will likely reveal the small
ratio between neutral and charged interband excitation energies
that is familiar from ordinary fractional quantum Hall systems.

The conclusions of this paper are intended to apply rather
broadly to fractional Chern insulator states, although we have
performed specific calculations for a model of TMD AA moiré
homobilayers [43], the system in which FCI states have recently
been observed. In real systems like this, ideal quantum geom-
etry will never be perfectly realized. Nearly ideal quantum
geometry is however apparently sufficient for Landau-level-like
correlations at long length scales, as characterized for example
by the density-matrix properties summarized in Fig. 3.
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