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Current laser-interferometric gravitational wave detectors suffer from a fundamental limit to their
precision due to the displacement noise of optical elements contributed by various sources. Several
schemes for Displacement-Noise Free Interferometers (DFI) have been proposed to mitigate their
effects. The idea behind these schemes is similar to decoherence-free subspaces in quantum sensing
i.e. certain modes contain information about the gravitational waves but are insensitive to the
mirror motion (displacement noise). In this paper, we derive quantum precision limits for general
DFTI schemes, including optimal measurement basis and optimal squeezing schemes. We introduce a
triangular cavity DFI scheme and apply our general bounds to it. Precision analysis of this scheme
with different noise models shows that the DFI property leads to interesting sensitivity profiles and
improved precision due to noise mitigation and larger gain from squeezing.

Introduction— Quantum metrology studies funda-
mental precision limits in physical measurements im-
posed by quantum physics. Recent progresses in this field
have led to formulation of precision limits for a variety of
sensing devices: gravitational wave (GW) detectors [1-8],
magnetometers [9, 10], atomic clocks [11-14], nano-NMR
[15-19], etc.

We focus here on optomechanical sensors and laser in-
terferometers. These platforms have emerged as the pri-
mary instruments for the detection of GWs, with suc-
cessful observations conducted by several of these de-
tectors [20-24]. They are, however, severely limited by
noise sources that displace the mirror positions in the
interferometer: thermal noise, Radiation Pressure Noise
(RPN), seismic noise, and Newtonian gravity noise [25—
29]. These noises are in particular dominant in the low-
frequency regime (< 10 Hz), thus limiting the sensitivity
at this range and preventing detection of various signals
such as intermediate-mass black holes, young Neutron
Stars, extreme mass ratio in-spirals, etc. Circumventing
displacement noise is thus an outstanding challenge for
GW detection and optomechanical sensors in general.

Interestingly, the coupling of light fields to GW signals
is different from their coupling to mirror displacement,
i.e. GW information is accumulated along the optical
path, unlike displacement noise which is only introduced
at the mirrors. This observation has led to proposals of
interferometers wherein displacement noise can be can-
celed while not losing the GW signal [30]. This approach
is referred to as Displacement-noise Free Interferometry
(DFT).

DFI for laser interferometry was originally pro-
posed using a simplified system and later expanded to
more complex systems such as speed meters and 3D-
interferometers [31-36]. A similar approach for laser
phase noise cancellation has also been proposed for LISA
using Time Delay Interferometry [37-39]. However, DFI
systems with requisite sensitivities remain elusive. Fur-

thermore, a rigorous study of the quantum precision lim-
its of these interferometers has not been conducted.

In this paper, we use quantum metrology techniques
to derive general precision limits, optimal measurements,
and optimal squeezing quadratures for DFI schemes. We
develop a triangular cavity DFI scheme, which combines
resonance power amplification and DFT, and apply our re-
sults to analyze it. In addition to the improved sensitivity
at low frequencies, we observe interesting effects that mo-
tivate the use of DFI and multichannel interferometers.
We identify pseudo displacement-free subspaces, i.e. sub-
spaces that are displacement-free for a limited range of
frequencies. These subspaces lead to unexpected sensi-
tivity profiles and further noise suppression. Lastly, we
study the effect of squeezing and show that DFI increases
the sensitivity gain from squeezing in the high displace-
ment noise regime.

Formalism and Model— Previous DFI schemes
used several Mach-Zender interferometers [31, 32]. How-
ever, these interferometers did not incorporate cavity res-
onance to amplify the power and sensitivity. Here, we
propose a scheme that combines DFI with cavity reso-
nance gain: an equilateral triangular cavity with three
mirrors, six input local-oscillator fields and six outputs.
The six fields circulate inside the cavity - split between
the clockwise and anti-clockwise directions. The scheme
and suggested parameters are described in fig. 1. This tri-
angular cavity yields power amplification: given identical
mirrors transmissivities (T), the ratio between the intra-
cavity power and the total input power is: m

We will show that this scheme is indeed a DFI. The in-
tuition for this is simple: the displacement noise is gener-
ated by the three mirrors and induced on the six output
fields. Since the number of mirrors is smaller than the
number of output fields, we have modes that are decou-
pled from this noise and enable the DFI. This approach
is formulated below.



FIG. 1. Sketch of the DFI scheme: a symmetric triangular
cavity is formed by three mirrors and six input laser fields.
Six detectors are placed in the opposite direction of the input
fields. The configuration leads to both a clockwise and an
anti-clockwise circulating field within the cavity. We used the
following parameters: Arm length: L = 4km, Laser wave-
length: 1064 nm (same as advanced LIGO [40]). Mirrors
mass: 5 kg, Intracavity Power: 3.5 MW (to enhance RPN for
illustrations). Power transmissivity of the mirrors: 7' = 0.1.

We use a general formulation that holds for any system
with n mirrors and k fields, such that £ > n. The system
is described using the input-output formalism [41, 42]
and we denote the quadrature operators of the input and

output fields as Qin = (Z; ) ,Qout = <El ) respec-
2

tively. aq, b1 are the k-dimensional vectors of amplitude
quadratures, and as, bo are the k-dimensional vectors of
phase quadratures. These quadratures satisfy the stan-
dard commutation relations: [(Q(,ut)] , <Q”‘”‘>J =Jik
0 1
—1x 0O
placement of the mirrors is denoted as {Az;};_,, and
the amplitude of the GW polarization vector is given by
h = (hy,hy)" . The input-output relations in the fre-
quency domain are then:

Qout (Q) =M (Q) Qin (Q) +V (Q) h (Q) + A (Q) Ax (SE))

1
Q = 27 f is the angular frequency, hereafter this notation
will be suppressed, M, A, V are the transfer matrices of
the input modes, displacement noise, and the GW vector
respectively. Accordingly, these are 2k x 2k, 2k X n,
and 2k x 2 dimensional matrices, that take the following
general form (assuming carrier frequency is resonant with
the arm length):

o My O B 0
M= < A[21 ]\jint ) ’ A= (Aph > ’

o (0O Y_(_ o 0
B Vph o V+,pl1 v><7ph ’

Myt is a k x k unitary interferometer transfer matrix
and My is a k x k coupling matrix between the ampli-
tude and phase quadratures due to Radiation Pressure
Noise (RPN). A,V act only on the phase quadratures,

with J =4 ( ) (same for Qin). The noisy dis-

(2)

with their support being Apn(k x n dimensional), Vpp,
(k x 2 dimensional). V,;, consists of two column vectors:
V. phs Vx ph, these are k-dimensional transfer vectors of
hy, hy respectively. A detailed description of how to
calculate these transfer matrices can be found in refs.
[42, 43].

We are now poised to define the Displacement Free
Subspace (DFS): this is the space of phase quadratures of

the form: u-bo with u € ker (AJr ) . Since uTAphAX =0,

ph

these quadratures are decoupled from the displacement
noise term in eq. (1) and thus resilient to this noise.
Thinking of the phase quadratures as k-dimensional col-
umn vectors, the DFS is then the kernel of A;Eh. We de-
note this subspace and its projection operator as Mprgg
and Ilppg respectively. The orthogonal complement of
the DFS is the coupled subspace, it is the linear span of
the column vectors of Apy,. This subspace and its projec-
tion operator are denoted as Mg and Ilg respectively.
Since Alh is an n X k dimensional matrix, a sufficient
condition for the existence of DFS is k > n, i.e. more
fields than mirrors.

Quantum precision limits— Our figure of merit is
the minimal detectable GW amplitude in any given po-
larization. With our interferometer, the dominant polar-
ization is approximately h,, hence the figure of merit is
the standard deviation in estimating hy, we denote it as
o and refer to it as the Standard Deviation (SD) or the
sensitivity. This reduces the problem to a single param-
eter estimation of hy, where the sensitivity is calculated
below using the Cramér-Rao Bound.

According to the Cramér-Rao Bound, given a specific
readout scheme with outcomes distribution {p ()}, , the
2. of any unbiased estimator of A satisfy:
o? > F~1, with F = ((0, In (p))2> being the Fisher
Information (FI) and this inequality is tight [44].

In the quantum context, further optimization over the
detection schemes yields the Quantum Fisher Informa-
tion (QFI), denoted as I, [45] such that for any readout
scheme o2 > 1,

In our case the QFI has a particularly simple form

8, 46, 47]:

variance, o

T=2(0h.dy)" 5,1 (90, d,), (3)

where dq and ¥, are the mean vector and covariance
matrix of Qqyus respectively:

A

dg = (Qout), B¢ = (QoutQlue) — (Qoue) Q). (4)

This simple form is because the output modes are in
Gaussian state, and information about h is encoded only
in the dg.

From eqs. (1) and (2) we observe that 9, dq = V<,
with Vi = (0 Vi)', and that &, = M¥,MT +
AY Ax AT, where 3;, Y ax are the covariance matrices of

the input quadratures and the displacement noise Ax
respectively. Assuming the input state is vacuum and the



displacement noise is Gaussian i.i.d.: Ax ~ N (0, %621) ,
the covariance matrix is then X, = % (M']\/fr + 52AAT) ,
and the QFI reads:

[ =4V (MMT 462440y, (5)

In eq. (5), the RPN is included in the M/ M/T term, and
the rest of the displacement noise is encoded by the ad-
ditional AAT term. The shot noise limit is obtained by
nullifying the RPN and the displacement noise i.e. M is
unitary and 6 = 0, which yields: I = 4V1V+. This limit
serves as an upper bound to any noisy QFI scenario.

The QFT (egs. (3) and (5)) is attainable with a ho-
modyne measurement of the quadrature (Z; lV+) . let
[43, 48]. Our sensitivity curves will therefore correspond
to either the QFI, i.e. the SD with an optimal measure-
ment: o = l/ﬁ, or to the FI with a specific homodyne
measurement: o = 1/v/F.

Precision limits of the simplified model— We
begin with a simplified model to develop an understand-
ing of the DFI method. The simplified model is devoid
of RPN, i.e. M is unitary, and the displacement noise is
taken to be a white noise, i.e. ¢ (92) is constant. The QFI
is therefore:

I=avl (14482440 V. (6)

The sensitivity for different levels of ¢, ranging from
the shot noise limit (§ = 0) to infinite displacement noise
(0 — o0), is presented in fig. 2 (a). The DFI property
is manifested in the fact that as 6 — oo the standard
deviation remains finite, denoted by the black line in fig. 2
(a). We thus have finite noise in GW detection even in
the presence of infinite displacement noise.

To understand the behavior of the sensitivity, we note
that the QFI can be decomposed as:

I = Fc + Fprs
= 4Vl I (1482447 T eV, + 4V Tpps vy

The first term (F() is the information from the coupled
subspace and the second term (Fprs) is the information
from the DFS.

In the infinite displacement noise limit (§ — oo), the
first term, Fo, vanishes and thus the QFI in this limit is:

Isooo = 4V Hpps Vs

i.e. we get information only from the DFS. As f — 0
this standard deviation diverges, indicating that in this
regime IIppg V4 — 0. For finite § (dashed lines in fig. 2
(a)), the QFI converges to I = 4(%2\)1 (AA“‘)A V. at
low frequencies, and thus o grows as ¢ in this limit.

Furthermore, using eq. (7) we can quantify the ef-
fectiveness of the DFI with the following coefficient:

) = —1brs__ je. the fraction of the information that
Fprs+Fo’
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FIG. 2. (a) precision limits with the simplified model. The
SD, o, as a function of frequency for different levels of dis-
placement noise (0) (eq. (6)). The DFI property is manifested
in the fact that o is finite in the limit of infinite displacement
noise (solid black curve). (b) Precision limits with realistic
noise profiles: Given RPN alone, by measuring the optimal
quadratures (eq. (8)) the QFI (black dashed line) coincides
with the shot noise limit (solid yellow line). On the other
hand, measuring the (non-optimal) phase quadratures, yields
the solid blue (circles) line (eq. (9)). Similarly, given both
RPN and thermal noise, measuring the phase quadratures
yields the solid red (rectangles) line. Inset: Comparison be-
tween the phase quadratures FI (solid red line) and the QFI
(black dashed line) in the presence of thermal noise and RPN.

comes from the DFS. It will be shown that 7 has an op-
erational meaning as the gain from squeezing in the limit
of large displacement noise.

Precision limits with realistic noise profiles—
Let us now consider the sensitivity with realistic thermal
noise and RPN. We begin by analyzing the effect of RPN
alone and then study the combination of the two noises.

The effect of RPN is given by a non-unitary M, i.e.
non-zero Moy matrix (eq. eq. (2)). We assume that the
mirrors are free masses, hence Moy ﬁ, where m is
the mass of the mirrors. This typically leads to a sensi-
tivity profile that scales as Q2 [7, 8].

The QFI, in this case, saturates the shot noise limit
(black dashed line in fig. 2 (b)), i.e. RPN is completely
removed by measuring an appropriate choice of quadra-
tures. This is a generalization of the optimal frequency-
dependent readout introduced in ref. [2, 49]. Specifically,
the k quadratures given by the column vectors of the ma-
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FIG. 3. Effect of squeezing: (a) Performance with squeezing in the simplified model. Dashed lines correspond to SD (o) with
squeezing and solid lines to unsqueezed . For white displacement noise, squeezing becomes not effective at lower frequencies as
can be also observed from the plot of 7 in the inset. (b) Performance with squeezing given thermal noise and RPN. The solid
(dashed) line corresponds to unsqueezed (optimally squeezed) SD with phase quadratures measurement. Inset: ngain (red dots)
and 7 (green line) as a function of frequency. (¢) The SD with optimal squeezed input and optimal measurement (blue curve,
circles) compared to the SD with the same squeezed input but a readout combination that maximizes the signal (red curve,

squares).

trix:

M T
T‘d(:c — < Mu]lltM21 ) (8)

are decoupled from RPN and homodyne measurement of
the corresponding k operators, fth(m, saturates the
QFI and the shot noise limit.

Measuring these optimal quadratures is experimentally
challenging, the standard and simple readout quadra-
tures are the phase quadratures. Phase quadratures how-
ever are not decoupled from RPN and measuring them
yields the following FI [43]:

—1
F = 4V17ph (1 + M21M§1> V4 phs 9)

This expression is analogous to the QFI of the sim-
plified model (eq. (6)), where the term May M, is the
displacement noise caused by RPN. It can be shown that
My = ApnD,, where D, is the transfer matrix of the
amplitude quadratures to the displacement of the mirrors
[43]. The DFS is therefore decoupled from this noise. The
corresponding sensitivity is presented in the solid blue
line (circles) of fig. 2 (b), where we observe an interest-
ing behavior: unlike the conventional sensitivity curves,
it does not diverge uniformly as 1/Q? [50], instead there
is a range of frequencies where the divergence stops. This
plateau is due to a pseudo-DFS, a subspace that is imper-
vious to displacement noise in this range of frequencies.
Let us further elaborate on this.

In our triangular cavity scheme the phase quadratures
can be decomposed to three orthogonal eigenspaces of the
covariance matrix: Mpin D Mmax ® Mprs, where M, P
M is a decomposition of M¢ to eigenspaces with min-
imal and maximal eigenvalues respectively. Since these
are eigenspaces of the covariance matrix, the FI is a sum
of the FI's achieved with each one of them separately, i.e.:

F = Fuin + Faax + Fprs. For different frequencies, dif-
ferent subspaces are dominant, this accounts for the non-
uniform divergence. The plateau appears when F,;, be-
comes dominant. My, is immune to displacement noise
in this range of frequencies, i.e. it is an eigenspace of
MglM;rl with an eigenvalue that is much smaller than
shot noise, hence the plateau. This is discussed further
in the supplemental.

Let us now consider thermal noise as well. The thermal
noise is modeled as Ax ~ N (0, $6%1), where §2(2) =
2.7-1073°/f> m2/Hz [51]. Hence, the effect of thermal
displacement noise is similar to the simplified model with
a frequency-dependent 0.

In the presence of both RPN and thermal displace-
ment noise, the optimal measurement quadratures are
the quadratures of eq. (8), which are decoupled from
RPN. Hence RPN is completely canceled and we are left
only with the thermal noise. The QFI thus takes the
form of eq. (6) with a frequency-dependent §. A plot of
the corresponding sensitivity is presented in the inset of
fig. 2.

Measuring the phase quadratures,
RPN is not canceled andi1 the FI reads:
Wl (1 Mo My + 324540, ) Vg The

plot of the corresponding sensitivity profile (red solid
line) and a comparison with the QFI (black dashed line)
is presented in the inset of fig. 2 (b). Three different
regimes can be observed in the plot, that correspond
to three eigenspaces of the covariance matrix. For low
enough frequencies, the DF'S becomes dominant and the
SD diverges as f~2, instead of f~5/2. Before that, there
is an intermediate regime where M,;, is dominant and
a short plateau exists. The comparison in fig. 2 (inset)
between the phase quadratures FI and the QFI shows
that they coincide at low frequencies where the thermal
noise is dominant but the QFI clearly outperforms the



phase quadratures FI at intermediate frequencies where
RPN is dominant.

Effect of squeezing— We summarize the opti-
mal squeezing schemes and sensitivities with squeez-
ing. Given a squeezing factor of e the optimal

-1
QFI is: 4V1,ph (6*2T1+52AphALh) Vi ph, it can
be achieved with squeezing of the phase quadratures

and measuring the optimal quadratures of eq. 8.
For phase quadratures measurement, the optilmal FI
s AVt (ef2r (]1 + MglMgl) + 52AphALh) Vi oo
achievable by squeezing the optimal quadratures. These
optimal squeezing quadratures and sensitivity bounds are
derived in the supplemental.

The performance of the squeezed schemes, and com-
parison with the unsqueezed case, is shown in fig. 3. Ob-
serve that the gain from squeezing is not uniform and
depends on the effectiveness of the DFI, i.e. on n. We

can define the gain from squeezing as 7gain = %,
where Fyq(F') is the FI with(out) squeezing. Clearly

0 < Ngain < 1, where 0 corresponds to no gain and 1 to
maximal gain. We show in the supplemental that in the
limit of large displacement noise 7gain = 7, hence 7Mgain
equals the fraction of information coming from the DFS.
This is illustrated in the insets of fig. 3. DFI is therefore
necessary to gain from squeezing in the presence of large
displacement noise. The improvement introduced by DFI
is summarized in fig. 3 (c¢) where we compare the sensitiv-
ity with squeezed input given different readout combina-
tions: a combination that maximizes the signal and the
optimal combination that saturates QFI. The sensitivity

with optimal combination considerably outperforms the
sensitivity with maximal-signal combination at low fre-
quencies due to two DFI properties: better scaling with f
(f~2 compared to f~2-%), and larger gain from squeezing.

Extensions and conclusions— The supplemental
contains extensions of this triangular scheme to n—gons
with n mirrors. Such polygon schemes may lead to fur-
ther sensitivity improvement. The supplemental contains
also an analysis of the Sagnac noise, i.e. a phase shift due
to rotation. We show that the resulting sensitivity loss
is small.

To conclude, we developed new DFI schemes and de-
rived general quantum precision limits, optimal measure-
ments, and optimal squeezing quadratures.

There are still several challenges and open questions.
The main challenge is to incorporate suppression of laser
noise in this architecture. The laser noise must be corre-
lated between the different ports and the challenge is to
engineer such correlation. Other challenges include fur-
ther optimization over the architecture and considering
also detuning.
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