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We show that locally-interacting, periodically-driven (Floquet) Hamiltonian dynamics coupled
to a Langevin bath support finite-temperature discrete time crystals (DTC) with an infinite auto-
correlation time. By contrast to both prethermal and many-body localized DTCs, the time crys-
talline order we uncover is stable to arbitrary perturbations, including those that break the time
translation symmetry of the underlying drive. Our approach utilizes a general mapping from prob-
abilistic cellular automata (PCA) to open classical Floquet systems undergoing continuous-time
Langevin dynamics. Applying this mapping to a variant of the Toom cellular automata, which we
dub the “π-Toom time crystal”, leads to a 2D Floquet Hamiltonian with a finite-temperature DTC
phase transition. We provide numerical evidence for the existence of this transition, and analyze
the statistics of the finite temperature fluctuations. Finally, we discuss how general results from the
field of probabilistic cellular automata imply the existence of discrete time crystals (with an infinite
auto-correlation time) in all dimensions, d ≥ 1.

A tremendous amount of recent excitement has cen-
tered upon interacting periodically-driven (Floquet)
“phases of matter” [1–7]. While discussed as non-
equilibrium phases, thus far attention has largely focused
on two scenarios which are non-equilibrium only in a
rather restricted sense. First, there are quantum “many-
body-localized” (MBL) Floquet phases [2–4, 8–11]. Be-
cause the ergodicity breaking of MBL is sufficient to pre-
vent the periodic drive from heating the system to infi-
nite temperature, the system does not need to be coupled
to a dissipative bath (e.g., the dynamics are driven, but
purely unitary) [12–14]. In this case, the eigenstates of
the Floquet evolution have area-law entanglement, which
allows much of the physics to be mapped to more fa-
miliar questions of order in quantum ground states [15–
18]. Second, there are “prethermal” Floquet phases, in
both classical and quantum systems, which heat expo-
nentially slowly due to (for example) a mismatch between
the driving frequency and the natural frequencies of the
undriven system [19–28]. During the exponentially long
time-scale before heating, these systems can exhibit be-
havior which is analogous to order in finite temperature
equilibrium phases [20, 24, 26, 27]. However, prethermal
Floquet phases are not “true” phases in the strict sense
because they are distinguished from disordered behavior
via crossovers, rather than sharp transitions [7].

Perhaps the most paradigmatic example of a Floquet
phase of matter is the so-called discrete time-crystal
(DTC)—starting from a generic initial state, at long
times the DTC relaxes into a steady state with a tem-
poral periodicity which is a multiple of the drive’s [2–4].
This behavior breaks the discrete time-translation sym-
metry of the drive and is stable to small perturbations of
the dynamics.
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Figure 1. (a) Time crystalline order parameter (e.g. strobo-
scopic magnetization) as a function of the error probability.
The phase transition from a discrete time crystal to the dis-
ordered phase is shown for both a continuous-time, Floquet
Langevin simulation of the π-Toom model with pinning po-
tential v = 50, 100, as well as for a direct implementation
of the π-Toom PCA. We average (−1)⌊t/τ⌋ ⟨MA⟩ starting at
t = 3000 for ∼ 500 Floquet cycles, ∼ 50 noise realizations
and system size N = 32 × 32. (b,c) Schematic of the trans-
lation between the discrete state space of a cellular automata
and the continuous state space of a Hamiltonian model. (d)
Dynamics of the Langevin π-Toom model (v = 100, T = 7),
exhibiting robust period doubling (full line even times, light
dashed line odd times) with a lifetime that grows exponen-
tially with L [29]. We infer that for the system size (L = 32)
considered in panel (a), the lifetime of the π-Toom time crys-
tal is significantly longer that the time window over which the
magnetization is averaged.
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From the perspective of symmetry breaking, it is nat-
ural to ask if “true” time crystals, with an infinite auto-
correlation time exist beyond many-body localized quan-
tum systems [30]; here, we emphasize that the lifetime of
the DTC order should diverge exponentially in the sys-
tem size as the thermodynamic limit is taken, while all
other parameters (i.e. Floquet frequency, temperature,
etc.) are kept fixed. Without MBL to prevent heating,
one requires an alternate strategy to stabilize time crys-
talline order; one approach that is compatible with both
quantum and classical many-body dynamics is to couple
the system to a dissipative bath [20, 31–41].

Thinking microscopically, classical driven dissipative
systems are described by Hamiltonian dynamics coupled
to a finite-temperature Langevin bath, or in the quan-
tum case, periodically-driven Lindblad evolution. A key
feature in both these contexts is that if the bath is dis-
sipative, at finite temperature it should also come with
noise due to the fluctuation-dissipation theorem. At zero
temperature, where there is damping but no noise, many-
body time-crystals can occur rather trivially by anal-
ogy to the “period doubling” of coupled iterated logis-
tic maps [42–46]. By contrast, the presence of noise
pushes the system to explore its entire phase space and
can therefore desynchronize any initial time-crystalline
behavior. This noise-induced ergodicity leads to a finite
lifetime for the DTC order. The key question we will fo-
cus on is the following: Can true time-crystals exist in a
periodically driven system of locally interacting particles
coupled to an equilibrium bath at finite temperature?

In this Letter, we argue in the affirmative: finite-
temperature time-crystals [47, 48], with an infinite auto-
correlation time, can exist even in translation-invariant
arrays of classical non-linear oscillators interacting only
with their nearest-neighbors. This significantly strength-
ens and extends upon prior works which found that ar-
rays of parametrically-driven oscillators did not produce
a stable time crystal: thermal fluctuations led to an auto-
correlation time which was finite and activated [49].

Our results are three-fold. First, we explain [50] how
non-trivial results in the field of probabilistic cellular au-
tomata (PCA) [51, 52] imply that local PCAs can exhibit
time-crystalline behavior stable to arbitrary small per-
turbations in any dimension, d ≥ 1 [53–57]. Unlike MBL
or prethermal time crystals, such time-crystalline order
is “absolutely stable”, in the sense that it remains ro-
bust even in the presence of perturbations that break the
discrete time-translation symmetry of the periodic drive.
Next, we extend these PCA results to the physical setting
of interest—classical, continuous-time, Langevin dynam-
ics. In particular, we provide an explicit protocol which
allows classical Langevin dynamics to “simulate” any
PCA; focusing on the example of the so-called π-Toom
PCA in 2D [55–57], we find that our continuous-time
Langevin simulation indeed exhibits a finite-temperature
phase transition between a discrete time-crystal and a

disordered phase (Fig. 1). Finally, we utilize results from
“large deviations” theory to analytically obtain a bound
on the spatio-temporal error cumulants; building on this
bound, we perform an extensive analysis of the errors
due to Langevin noise and provide numerical evidence
that they are of a type covered by rigorous mathematical
results from Gács and Toom [53–57].

Time-crystals in probabilistic cellular automata—The
state of a probabilistic cellular automata is given by a
spin configuration {η(x)}, where x ∈ Λ labels sites in
a regular lattice Λ and each η(x) takes values in a fi-
nite set S. In a conventional cellular automata (CA),
the dynamics are governed by a deterministic transition
rule [58, 59],

{η(x, t+ 1)} = T [{η(x, t)}]. (1)

In a PCA, the spins instead evolve under a Markov pro-
cess described by the transition matrix Mη→η′ , which
characterizes the probability to evolve from configuration
η to η′ [60–62].

Whether a PCA can realize a stable time-crystal is sub-
tle. The long-time dynamics of a PCA are described by
the stationary probability distributions P[η] of M , e.g.,
MP[η] = P[η]. We say M exhibits an n-fold subhar-
monic response if there are n > 1 distinct distributions,
Pi[η], such that MPi[η] = Pi+1[η], with Pn = P0. This
simply formalizes the notion of long-time oscillations: at
long times, a generic initial state will relax into to a non-
uniform convex combination

∑
i piPi which is stationary

under Mn, but not M [63]. A PCA time crystal is then
defined to be a local PCA with a stable n-fold subhar-
monic response. This motivates our first question: Do
PCA time crystals exist [64]?

One prerequisite for a PCA time-crystal is ergodicity
breaking. A PCA is “ergodic” if it has a unique sta-
tionary distribution, so that at long times the state is
independent of the initial spin configuration. A time-
crystal necessarily breaks ergodicity because Mn has n
stationary distributions, so the system remembers which
of the n states in the orbit it is in. Ergodicity-breaking
PCAs were first proved to exist in 2D by Toom [55, 60],
and much later in 1D by Gács [53]. We focus our dis-
cussions here on Toom’s model because of its simplic-
ity (a discussion of the Gács model in 1D is provided in
the supplemental material [29]). The Toom model is a
2D PCA with a binary state space, S = {−1, 1}, and a
“majority vote” transition rule in the Northern-Eastern-
Center (NEC) neighborhood N = {(1, 0), (0, 1), (0, 0)}
[the (∆xi,∆yi) ∈ N denote the relative locations of the
cells in the neighborhood].

Crucially, in this model, it was proven that there are
two “phases” (i.e. stationary distributions), correspond-
ing to states “all +1” and “all −1”, which are stable
against arbitrary stochastic perturbations below a crit-
ical error rate ϵ [65], provided that the errors are not



3

too correlated [53, 55, 66]. This requirement can be en-
coded into an error condition: there exists ϵ such that
the probability of k errors is bounded:

P∧k
ℓ=1Euℓ

=

k∏
ℓ=1

PEuℓ
|Euℓ−1

...Eu1
≤ ϵk. (2)

where Eu denotes an “error” at a space-time point u, i.e.
the dynamics did not follow the original update rule T .

Finally, a simple modification of the Toom PCA [50,
67], which we call the “π-Toom” model, immediately
turns his construction into a time-crystal exhibiting an
infinite autocorrelation time [68]: in particular, instead of
an NEC majority vote, one utilizes an NEC anti-majority
vote, or equivalently, one considers the Toom model with
an interleaved spin flip, 1 ↔ −1, between each step.
In 1D, an equivalent construction based upon the Gács
model yields a similar PCA time crystal.

Simulating a PCA using Floquet-Langevin dynamics—
In order to extend PCA time crystals to a microscopic,
physical setting, we now demonstrate the ability for
continuous-time Langevin dynamics to effectively simu-
late any PCA. The dynamics we consider take the general
Langevin form:

q̇i = ∂pi
H({p, q}; t)

ṗi = −∂qiH({p, q}; t) +Ri(t)− γpi (3)

⟨Ri(t)Rj(t
′)⟩noise = 2γTδijδ(t− t′),

where (qi, pi) are the conjugate variables of a classical os-
cillator at site i, and Ri(t) is a stochastic force whose vari-
ance is proportional to the friction coefficient γ and the
temperature T . We focus on a CA with states η = −1, 1
which we will encode in the oscillator with the identifi-
cation η = sign(q) as depicted in Fig. 1(b,c).

To be specific, we focus on η = ±1 and we will encode
η as the sign of the oscillator position q. The Hamilto-
nian takes the form H(t) =

∑
i

p2
i

2m +U({q}, t), with U(t)
engineered so that one Floquet cycle, H(t + τ) = H(t),
will implement one application of the update rule T .

When attempting to build Floquet-Langevin dynamics
that simulate a PCA, we encounter the following chal-
lenge. In our continuous-time dynamics, one needs a
way to “store” the previous global state throughout the
update cycle. This is essential in order to give the dy-
namics enough time to identify what the new state of the
system should be. To solve this issue, at each position x,
we envision two oscillators (A and B) with coordinates
(qAx , p

A
x ) and (qBx , pBx ). At each step, we will view one set

of oscillators (say A) as the “memory”, while the other set
(B) will undergo evolution to the new state B = T (A),
driven by U({q}, t) = VI({q}). After letting the par-
ticles relax to their positions using a pinning potential
U({q}, t) =

∑
i Vpin(qi), we exchange the role of A and

B and repeat. For more details on the specific four-step
Floquet-Langevin sequence see the appendix.
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Figure 2. Error probability PE versus the ratio of the pinning
potential to the temperature, v/T , in simulations of (a) the
do-nothing (I) and Toom CAs. The dashed-red line indicates
the equilibrium estimate PE = 1
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π-Toom CA. While PE apparently depends on the simulated
CA, as v increases the π-Toom error rate converges toward the
Toom error rate. In all cases, we find an exponential decay in
the error rate as a function of v/T . Data are obtained from a
32 × 32 system by averaging over 25 Floquet cycles after an
initial evolution of 200 Floquet cycles.

Discrete time-crystal in a Floquet-Langevin simulation
of the π-Toom model—Within the PCA setting, the π-
Toom model is a discrete time-crystal, and we have just
described a procedure for “simulating” any PCA using
continuous-time Floquet-Langevin dynamics. Naively,
it seems that combining these two insights immediately
yields a continuous-time, Floquet-Langevin DTC with an
infinite lifetime. The subtlety is the following: at finite
temperature, the errors due to Langevin noise (e.g. ther-
mally activated escape out of the pinning potentials) may
not satisfy the requirements of the Gács and Toom error
models [Eq. 2]. We will return to a detailed analysis of
error correlations, but let us begin by numerically explor-
ing the existence of time crystalline order in a Floquet-
Langevin simulation of the π-Toom model.

Working with a two dimensional square lattice, we per-
form an extensive set of numerical simulations by solving
the Floquet-Langevin dynamics [Eq. (3)] using a sym-
plectic stepping method. To implement the π-Toom
model, we take the pinning potential to be: Vpin(q) =
vpin(q− 1)2(q+1)2+Fq, where F = 10−4 breaks the ac-
cidental Ising symmetry of the model. We parameterize
the magnitude of the interaction and the pinning poten-
tials as 4vI = vpin = v, while the noise term, Ri(t), is
implemented via random momentum kicks with variance
2γTdt. Finally, γ is chosen such that the dynamics are
tuned to critical damping relative to both Vpin and VI .

In order to ensure that a single Floquet period imple-
ments only one π-Toom update, we utilize the following
interleaving strategy: in step two, we choose T to be the
Toom update rule, while in step four, we choose T to
be the π-Toom update rule. We compute the Floquet-
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Langevin dynamics up to time-scale, t ∼ 104, starting
from a uniform initial state (a study of different ini-
tial states is provided in the supplemental material [29]).
We probe the resulting dynamics by measuring the av-
erage “magnetization”, ⟨MA⟩ ≡ 1

N

∑
k sign(q

A
k ), where

N = L×L is the system size. Time crystalline order cor-
responds to stable period-doubling of the magnetization;
indeed, as shown in Fig. 1(d), the auto-correlation of the
magnetization ⟨MA(t)MA(0)⟩ exhibits period-doubling
out to a time-scale that increases exponentially with L
[29]. The DTC order parameter is then defined as the
time average (over both space and time) of the strobo-
scopic magnetization: (−1)⌊t/τ⌋ ⟨MA⟩.

In order to compare our Floquet Langevin simulation
with a direct implementation of the π-Toom PCA, we
first translate the temperature, T , to an effective error
rate PE (per space-time unit cell) [69]. As shown in
Fig. 1(a), the time crystalline order parameter, which
we estimate from the time-window t/τ = 3000 − 3500,
exhibits a phase transition as a function of PE . The
functional form and location of the DTC phase transi-
tion are in good agreement between our continuous-time
Floquet Langevin simulation of the π-Toom model and a
direct implementation of the PCA itself (with improving
agreement for larger pinning potentials).

The nature of errors in the Floquet-Langevin DTC—
Due to the presence of a finite temperature bath, our
continuous-time Floquet-Langevin simulation of the π-
Toom model is intrinsically noisy. Large thermal fluctua-
tions can lead to an “error” in the subsequent state η(x, t)
relative to the noiseless transition T

(
η(x + N , t − 1)

)
.

Fortunately, our overall goal is in fact to simulate the
noisy PCA version of the π-Toom model. However, even
then, the distribution of errors arising from the Floquet-
Langevin dynamics need not (a priori) be consistent with
the aforementioned error condition [Eq. 2].

To this end, our final goal is to obtain numerical
evidence that: (i) the errors arising from the Floquet-
Langevin dynamics satisfy Eq. 2 for some constant ϵ(T )
and (ii) the error bound ϵ(T ) can be made arbitrarily
small as T → 0. To begin, we first examine the temper-
ature dependence of the error rate per space-time unit
cell PE = ⟨Eu⟩, where Eu = 0/1 is the indicator function
for an error at u [70]. In Fig. 2, we show the empiri-
cally measured error rate PE(T ) as a function of v/T for
the Floquet-Langevin simulation of three different PCA
rules: the “do-nothing” rule I, the Toom rule, and the
π-Toom rule. In all cases we find that decreasing the
temperature leads to an exponential decay in PE , im-
plying that for strong potentials and low temperatures,
arbitrarily small error probabilities are obtained.

We now turn to the crucial issue of spatio-temporal
correlations. Consider an arbitrary space-time volume V
containing |V | points. Letting P (NV ) denote the prob-
ability that NV errors occur in the volume V , we aim
to provide empirical evidence that there is a constant ϵ

L
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(a) (b)

(c)

1/L3
<latexit sha1_base64="Qhm1NuxcHaZJKWVX8ZRXPuF2F3Q=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCs4p0GtAzYWFhEMB+QXMLcZi9Zsne37O4pIeR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF0jBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWSKspqNBGJagaomeAxqxluBGtKxTAKBGsEw5up33hkSvMkfjAjyfwI+zEPOUVjpU57iFJi1yPn5K5z2S0U3ZI7A1kmXkaKkKHaLXy1ewlNIxYbKlDrludK449RGU4Fm+TbqWYS6RD7rGVpjBHT/nh29YScWqVHwkTZig2Zqb8nxhhpPYoC2xmhGehFbyr+57VSE177Yx7L1LCYzheFqSAmIdMISI8rRo0YWYJUcXsroQNUSI0NKm9D8BZfXib1i5Lnlrz7crFSzuLIwTGcwBl4cAUVuIUq1ICCgmd4hTfnyXlx3p2PeeuKk80cwR84nz+lA5E9</latexit><latexit sha1_base64="Qhm1NuxcHaZJKWVX8ZRXPuF2F3Q=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCs4p0GtAzYWFhEMB+QXMLcZi9Zsne37O4pIeR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF0jBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWSKspqNBGJagaomeAxqxluBGtKxTAKBGsEw5up33hkSvMkfjAjyfwI+zEPOUVjpU57iFJi1yPn5K5z2S0U3ZI7A1kmXkaKkKHaLXy1ewlNIxYbKlDrludK449RGU4Fm+TbqWYS6RD7rGVpjBHT/nh29YScWqVHwkTZig2Zqb8nxhhpPYoC2xmhGehFbyr+57VSE177Yx7L1LCYzheFqSAmIdMISI8rRo0YWYJUcXsroQNUSI0NKm9D8BZfXib1i5Lnlrz7crFSzuLIwTGcwBl4cAUVuIUq1ICCgmd4hTfnyXlx3p2PeeuKk80cwR84nz+lA5E9</latexit><latexit sha1_base64="Qhm1NuxcHaZJKWVX8ZRXPuF2F3Q=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCs4p0GtAzYWFhEMB+QXMLcZi9Zsne37O4pIeR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF0jBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWSKspqNBGJagaomeAxqxluBGtKxTAKBGsEw5up33hkSvMkfjAjyfwI+zEPOUVjpU57iFJi1yPn5K5z2S0U3ZI7A1kmXkaKkKHaLXy1ewlNIxYbKlDrludK449RGU4Fm+TbqWYS6RD7rGVpjBHT/nh29YScWqVHwkTZig2Zqb8nxhhpPYoC2xmhGehFbyr+57VSE177Yx7L1LCYzheFqSAmIdMISI8rRo0YWYJUcXsroQNUSI0NKm9D8BZfXib1i5Lnlrz7crFSzuLIwTGcwBl4cAUVuIUq1ICCgmd4hTfnyXlx3p2PeeuKk80cwR84nz+lA5E9</latexit><latexit sha1_base64="Qhm1NuxcHaZJKWVX8ZRXPuF2F3Q=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCs4p0GtAzYWFhEMB+QXMLcZi9Zsne37O4pIeR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF0jBtXHdb2dldW19YzO3ld/e2d3bLxwc1nWSKspqNBGJagaomeAxqxluBGtKxTAKBGsEw5up33hkSvMkfjAjyfwI+zEPOUVjpU57iFJi1yPn5K5z2S0U3ZI7A1kmXkaKkKHaLXy1ewlNIxYbKlDrludK449RGU4Fm+TbqWYS6RD7rGVpjBHT/nh29YScWqVHwkTZig2Zqb8nxhhpPYoC2xmhGehFbyr+57VSE177Yx7L1LCYzheFqSAmIdMISI8rRo0YWYJUcXsroQNUSI0NKm9D8BZfXib1i5Lnlrz7crFSzuLIwTGcwBl4cAUVuIUq1ICCgmd4hTfnyXlx3p2PeeuKk80cwR84nz+lA5E9</latexit>

2/(2! L3)
<latexit sha1_base64="fzrJY6En1NzAkQNNUncTEppUr2U=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpKUSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+7PT7t20Sk7U8BF4makCDLUu/aX14twwonQmCGlOq4Taz9FUlPMyLjgJYqYFUPUJx1DBeJE+en0kTE8MUoPhpE0JTScqr8nUsSVGvHAdHKkB2rem4j/eZ1Eh5d+SkWcaCLwbFGYMKgjOEkF9qgkWLORIQhLam6FeIAkwtpkVzAhuPMvL5Jmpew6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4Y0l7A=</latexit><latexit sha1_base64="fzrJY6En1NzAkQNNUncTEppUr2U=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpKUSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+7PT7t20Sk7U8BF4makCDLUu/aX14twwonQmCGlOq4Taz9FUlPMyLjgJYqYFUPUJx1DBeJE+en0kTE8MUoPhpE0JTScqr8nUsSVGvHAdHKkB2rem4j/eZ1Eh5d+SkWcaCLwbFGYMKgjOEkF9qgkWLORIQhLam6FeIAkwtpkVzAhuPMvL5Jmpew6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4Y0l7A=</latexit><latexit sha1_base64="fzrJY6En1NzAkQNNUncTEppUr2U=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpKUSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+7PT7t20Sk7U8BF4makCDLUu/aX14twwonQmCGlOq4Taz9FUlPMyLjgJYqYFUPUJx1DBeJE+en0kTE8MUoPhpE0JTScqr8nUsSVGvHAdHKkB2rem4j/eZ1Eh5d+SkWcaCLwbFGYMKgjOEkF9qgkWLORIQhLam6FeIAkwtpkVzAhuPMvL5Jmpew6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4Y0l7A=</latexit><latexit sha1_base64="fzrJY6En1NzAkQNNUncTEppUr2U=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpKUSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+7PT7t20Sk7U8BF4makCDLUu/aX14twwonQmCGlOq4Taz9FUlPMyLjgJYqYFUPUJx1DBeJE+en0kTE8MUoPhpE0JTScqr8nUsSVGvHAdHKkB2rem4j/eZ1Eh5d+SkWcaCLwbFGYMKgjOEkF9qgkWLORIQhLam6FeIAkwtpkVzAhuPMvL5Jmpew6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4Y0l7A=</latexit>

3/(3! L3)
<latexit sha1_base64="cEiT2n6fGfT3prmFNTXfrm8xPOM=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpLQSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+4rp1276JSdKeAicTNSBBnqXfvL60U44URozJBSHdeJtZ8iqSlmZFzwEkXMiiHqk46hAnGi/HT6yBieGKUHw0iaEhpO1d8TKeJKjXhgOjnSAzXvTcT/vE6iw0s/pSJONBF4tihMGNQRnKQCe1QSrNnIEIQlNbdCPEASYW2yK5gQ3PmXF0nzvOw6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4lml7I=</latexit><latexit sha1_base64="cEiT2n6fGfT3prmFNTXfrm8xPOM=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpLQSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+4rp1276JSdKeAicTNSBBnqXfvL60U44URozJBSHdeJtZ8iqSlmZFzwEkXMiiHqk46hAnGi/HT6yBieGKUHw0iaEhpO1d8TKeJKjXhgOjnSAzXvTcT/vE6iw0s/pSJONBF4tihMGNQRnKQCe1QSrNnIEIQlNbdCPEASYW2yK5gQ3PmXF0nzvOw6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4lml7I=</latexit><latexit sha1_base64="cEiT2n6fGfT3prmFNTXfrm8xPOM=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpLQSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+4rp1276JSdKeAicTNSBBnqXfvL60U44URozJBSHdeJtZ8iqSlmZFzwEkXMiiHqk46hAnGi/HT6yBieGKUHw0iaEhpO1d8TKeJKjXhgOjnSAzXvTcT/vE6iw0s/pSJONBF4tihMGNQRnKQCe1QSrNnIEIQlNbdCPEASYW2yK5gQ3PmXF0nzvOw6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4lml7I=</latexit><latexit sha1_base64="cEiT2n6fGfT3prmFNTXfrm8xPOM=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpLQSjBWYmFgKBJ9SE2oHNdprdpOZDtIVdSRhV9hYQAhVj6Bjb/BbTNAy5GudHTOvbr3niBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJz1Bc0pBhpI3XtQ2+I4hh1K/CsVDmC3kDFCJPU5XwMb+4rp1276JSdKeAicTNSBBnqXfvL60U44URozJBSHdeJtZ8iqSlmZFzwEkXMiiHqk46hAnGi/HT6yBieGKUHw0iaEhpO1d8TKeJKjXhgOjnSAzXvTcT/vE6iw0s/pSJONBF4tihMGNQRnKQCe1QSrNnIEIQlNbdCPEASYW2yK5gQ3PmXF0nzvOw6Zfe2WqxVszjy4AAcgxJwwQWogWtQBw2AwSN4Bq/gzXqyXqx362PWmrOymX3wB9bnD4lml7I=</latexit>

4/(4! L3)
<latexit sha1_base64="Kg2s6iQxoapW2jWCeT6BmRviwfQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpJAJBgrsTAwFIk+pCZEjuu2Vu3Esh2kKurIwq+wMIAQK5/Axt/gthmgcKQrHZ1zr+69JxKMKu04X1ZhYXFpeaW4Wlpb39jcsrd3mipJJSYNnLBEtiOkCKMxaWiqGWkLSRCPGGlFw8uJ37onUtEkvtUjQQKO+jHtUYy0kUJ73x8iIVDowZOKdwD9gRIIk8zlfAyv786OQ7vsVJ0p4F/i5qQMctRD+9PvJjjlJNaYIaU6riN0kCGpKWZkXPJTRcyKIeqTjqEx4kQF2fSRMTwyShf2Emkq1nCq/pzIEFdqxCPTyZEeqHlvIv7ndVLduwgyGotUkxjPFvVSBnUCJ6nALpUEazYyBGFJza0QD5BEWJvsSiYEd/7lv6R5WnWdqnvjlWteHkcR7IFDUAEuOAc1cAXqoAEweABP4AW8Wo/Ws/Vmvc9aC1Y+swt+wfr4BoyYl7Q=</latexit><latexit sha1_base64="Kg2s6iQxoapW2jWCeT6BmRviwfQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpJAJBgrsTAwFIk+pCZEjuu2Vu3Esh2kKurIwq+wMIAQK5/Axt/gthmgcKQrHZ1zr+69JxKMKu04X1ZhYXFpeaW4Wlpb39jcsrd3mipJJSYNnLBEtiOkCKMxaWiqGWkLSRCPGGlFw8uJ37onUtEkvtUjQQKO+jHtUYy0kUJ73x8iIVDowZOKdwD9gRIIk8zlfAyv786OQ7vsVJ0p4F/i5qQMctRD+9PvJjjlJNaYIaU6riN0kCGpKWZkXPJTRcyKIeqTjqEx4kQF2fSRMTwyShf2Emkq1nCq/pzIEFdqxCPTyZEeqHlvIv7ndVLduwgyGotUkxjPFvVSBnUCJ6nALpUEazYyBGFJza0QD5BEWJvsSiYEd/7lv6R5WnWdqnvjlWteHkcR7IFDUAEuOAc1cAXqoAEweABP4AW8Wo/Ws/Vmvc9aC1Y+swt+wfr4BoyYl7Q=</latexit><latexit sha1_base64="Kg2s6iQxoapW2jWCeT6BmRviwfQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpJAJBgrsTAwFIk+pCZEjuu2Vu3Esh2kKurIwq+wMIAQK5/Axt/gthmgcKQrHZ1zr+69JxKMKu04X1ZhYXFpeaW4Wlpb39jcsrd3mipJJSYNnLBEtiOkCKMxaWiqGWkLSRCPGGlFw8uJ37onUtEkvtUjQQKO+jHtUYy0kUJ73x8iIVDowZOKdwD9gRIIk8zlfAyv786OQ7vsVJ0p4F/i5qQMctRD+9PvJjjlJNaYIaU6riN0kCGpKWZkXPJTRcyKIeqTjqEx4kQF2fSRMTwyShf2Emkq1nCq/pzIEFdqxCPTyZEeqHlvIv7ndVLduwgyGotUkxjPFvVSBnUCJ6nALpUEazYyBGFJza0QD5BEWJvsSiYEd/7lv6R5WnWdqnvjlWteHkcR7IFDUAEuOAc1cAXqoAEweABP4AW8Wo/Ws/Vmvc9aC1Y+swt+wfr4BoyYl7Q=</latexit><latexit sha1_base64="Kg2s6iQxoapW2jWCeT6BmRviwfQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBQ4VUlpJAJBgrsTAwFIk+pCZEjuu2Vu3Esh2kKurIwq+wMIAQK5/Axt/gthmgcKQrHZ1zr+69JxKMKu04X1ZhYXFpeaW4Wlpb39jcsrd3mipJJSYNnLBEtiOkCKMxaWiqGWkLSRCPGGlFw8uJ37onUtEkvtUjQQKO+jHtUYy0kUJ73x8iIVDowZOKdwD9gRIIk8zlfAyv786OQ7vsVJ0p4F/i5qQMctRD+9PvJjjlJNaYIaU6riN0kCGpKWZkXPJTRcyKIeqTjqEx4kQF2fSRMTwyShf2Emkq1nCq/pzIEFdqxCPTyZEeqHlvIv7ndVLduwgyGotUkxjPFvVSBnUCJ6nALpUEazYyBGFJza0QD5BEWJvsSiYEd/7lv6R5WnWdqnvjlWteHkcR7IFDUAEuOAc1cAXqoAEweABP4AW8Wo/Ws/Vmvc9aC1Y+swt+wfr4BoyYl7Q=</latexit>
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<latexit sha1_base64="KjPN4FKMUj4vQ7H9hsc6KSKMjZQ=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4qkkR9ChIwWMFq0JTwmY7bZduNmF3IpbQf+DFv+LFgyJevXrz37iNOfj1YODtezPMzotSKQx63oczMzs3v7BYWaour6yurbsbm5cmyTSHNk9koq8jZkAKBW0UKOE61cDiSMJVNDqd+lc3oI1I1AWOU+jGbKBEX3CGVgrdvUAyNZBAm6Fvq0EDXbzDAOEWdZzzyUErbIZuzat7Behf4pekRkq0Qvc96CU8i0Ehl8yYju+l2M2ZRsElTKpBZiBlfMQG0LFUsRhMNy/umdBdq/RoP9G2FNJC/T6Rs9iYcRzZzpjh0Pz2puJ/XifD/nE3FyrNEBT/WtTPJMWETsOhPaGBoxxbwrgW9q+UD5lmHG2EVRuC//vkv+SyUfe9un9+WDs5LOOokG2yQ/aJT47ICTkjLdImnNyRB/JEnp1759F5cV6/WmeccmaL/IDz9gl9WJul</latexit><latexit sha1_base64="KjPN4FKMUj4vQ7H9hsc6KSKMjZQ=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4qkkR9ChIwWMFq0JTwmY7bZduNmF3IpbQf+DFv+LFgyJevXrz37iNOfj1YODtezPMzotSKQx63oczMzs3v7BYWaour6yurbsbm5cmyTSHNk9koq8jZkAKBW0UKOE61cDiSMJVNDqd+lc3oI1I1AWOU+jGbKBEX3CGVgrdvUAyNZBAm6Fvq0EDXbzDAOEWdZzzyUErbIZuzat7Behf4pekRkq0Qvc96CU8i0Ehl8yYju+l2M2ZRsElTKpBZiBlfMQG0LFUsRhMNy/umdBdq/RoP9G2FNJC/T6Rs9iYcRzZzpjh0Pz2puJ/XifD/nE3FyrNEBT/WtTPJMWETsOhPaGBoxxbwrgW9q+UD5lmHG2EVRuC//vkv+SyUfe9un9+WDs5LOOokG2yQ/aJT47ICTkjLdImnNyRB/JEnp1759F5cV6/WmeccmaL/IDz9gl9WJul</latexit><latexit sha1_base64="KjPN4FKMUj4vQ7H9hsc6KSKMjZQ=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4qkkR9ChIwWMFq0JTwmY7bZduNmF3IpbQf+DFv+LFgyJevXrz37iNOfj1YODtezPMzotSKQx63oczMzs3v7BYWaour6yurbsbm5cmyTSHNk9koq8jZkAKBW0UKOE61cDiSMJVNDqd+lc3oI1I1AWOU+jGbKBEX3CGVgrdvUAyNZBAm6Fvq0EDXbzDAOEWdZzzyUErbIZuzat7Behf4pekRkq0Qvc96CU8i0Ehl8yYju+l2M2ZRsElTKpBZiBlfMQG0LFUsRhMNy/umdBdq/RoP9G2FNJC/T6Rs9iYcRzZzpjh0Pz2puJ/XifD/nE3FyrNEBT/WtTPJMWETsOhPaGBoxxbwrgW9q+UD5lmHG2EVRuC//vkv+SyUfe9un9+WDs5LOOokG2yQ/aJT47ICTkjLdImnNyRB/JEnp1759F5cV6/WmeccmaL/IDz9gl9WJul</latexit><latexit sha1_base64="KjPN4FKMUj4vQ7H9hsc6KSKMjZQ=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4qkkR9ChIwWMFq0JTwmY7bZduNmF3IpbQf+DFv+LFgyJevXrz37iNOfj1YODtezPMzotSKQx63oczMzs3v7BYWaour6yurbsbm5cmyTSHNk9koq8jZkAKBW0UKOE61cDiSMJVNDqd+lc3oI1I1AWOU+jGbKBEX3CGVgrdvUAyNZBAm6Fvq0EDXbzDAOEWdZzzyUErbIZuzat7Behf4pekRkq0Qvc96CU8i0Ehl8yYju+l2M2ZRsElTKpBZiBlfMQG0LFUsRhMNy/umdBdq/RoP9G2FNJC/T6Rs9iYcRzZzpjh0Pz2puJ/XifD/nE3FyrNEBT/WtTPJMWETsOhPaGBoxxbwrgW9q+UD5lmHG2EVRuC//vkv+SyUfe9un9+WDs5LOOokG2yQ/aJT47ICTkjLdImnNyRB/JEnp1759F5cV6/WmeccmaL/IDz9gl9WJul</latexit>

Figure 3. (a) Scaled cumulants, κn/(L
3n!), of the error dis-

tribution from a Floquet Langevin simulation of the π-Toom
model for L× L× L space-time volumes. The dashed curves
are fits to κn/L

3 = cn−bnL
−µn . As shown in the supplemen-

tal material [29], we find µ > 0 indicating convergence to a
finite cn. Each data point was estimated from the statistics of
3000 independent Langevin trajectories (T = 5.17, v = 100),
with 1000 L×L×L blocks sampled from each trajectory. (b,c)
Shows the connected two-point correlations of the errors for
v = 100 and T = 5.17. The magnitude of the error correla-
tions for a diagonal cut along space are depicted in (b), while
the real-space propagation of errors is shown in (c). The color
map range is rescaled by 1.0, 0.025, 0.004 for the left, middle
and right panels respectively.

such that P (NV = |V |) ≤ ϵ|V | for all V . However, mea-
suring P (NV = |V |) directly is difficult because for large
|V | such “large deviations” [71–74] are too rare to enable
the collection of sufficient statistics. To make progress,
we will instead relate P (NV = |V |) to the connected n-
point correlations of the errors. In particular, following
the detailed derivations in appendix, our aim is to pro-
vide numerical evidence that the nth cumulant, κn does
not grow faster than n! or |V |.

Restricting to space-time boxes of dimension |V | =
L3, we show the estimated cumulants for our Floquet-
Langevin simulation of the π-Toom model for 2 ≤ L ≤ 32
[Fig. 3(a)]. They converge to a finite cn with a power law
correction in 1/L [29]. While it is difficult to estimate the
cumulants beyond n > 3, from the available data, the n!
bound on cn is safely satisfied. In addition to power-law
correlations, the non-zero higher-order cumulants also
suggest that the error distribution is non-Gaussian. In-
terestingly, this originates from the anisotropic nature of
the π-Toom update rule. An initial error causes an in-
creased likelihood for errors at nearby space-time points,
with correlations that propagate outward in the “NEC”
direction [Fig. 3(b,c)].

In summary, despite errors which are both power-law
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correlated and non-Gaussian, we find compelling evi-
dence that the Floquet-Langevin DTC satisfies the req-
uisite error condition for absolute stability [53–57]. Of
course we cannot rule out that for some anomalously
large volume |V |, cumulant order n, or inverse tempera-
ture 1/T , the observed behavior will change course and
violate the bound—a caveat common to any numerical
finite-scaling approach. Obtaining a rigorous proof of
this bound thus remains an important open question.
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Note added : During the completion of this work, we
became aware of complementary work exploring the util-
ity of Toom-like dynamics for stabilizing time-crystalline
phases in noisy, incoherent quantum spin systems [75].

Appendix on details of the specific four-step
Floquet-Langevin dynamics

We begin with the oscillators at site x in the state
(q

A/B
x , p

A/B
x ) =

(
η(x, t

)
, 0
)
. From there, the dynamics

evolve via a 4-step process governed by [76]:

H (t) =
∑
x

pAx
2

2m
+

pBx
2

2m
+ U

(
t, {qAx , qBx }

)
, (4)

where the potential U(t, {qAx , qBx }) has a Floquet period
of τ = 4:

U
(
t, {qAk , qBk }

)
= (5)

=


∑

x Vpin(q
A
x ) + Vpin(q

B
x ) mod (⌊t⌋, 4) = 0, 2∑

x Vpin(q
A
x ) + VI

(
qAx+N , qBx

)
mod (⌊t⌋, 4) = 1∑

x VI

(
qBx+N , qAx

)
+ Vpin(q

B
x ) mod (⌊t⌋, 4) = 3.

Let us unpack each of these steps in turn. First, we envi-
sion turning on a one-body potential, Vpin(q), which has
been engineered so that so that each qx has local minima
at q = ±1. At sufficiently low temperatures, the dissipa-
tive dynamics [Eq. 3] will relax each oscillator’s positions,
qx, toward the nearest local minima, which corresponds
to valid state of the CA. The second step of the Flo-
quet dynamics implements the cellular automata transi-
tion B = T (A). We will keep qA fixed using the pinning
potential. For the B oscillators, however, we turn off
Vpin, and turn on an interaction potential VI between os-
cillators A and B. The interaction is engineered such that

each oscillator B experiences a single potential minimum
corresponding to the desired update rule as dictated by
the oscillators A in its neighborhood; as a result, VI de-
pends on both qBx and qAx+N . In the third step, we turn
off the interaction, VI , while ramping up the pinning po-
tential, Vpin. As in the first step, dissipation relaxes and
pins the positions of the oscillators. Finally, in the last
step, we implement “A = T (B)” by repeating step two
with the role of A and B reversed [29]. Note that one
can also replace the transition T in the last step with the
“do-nothing” CA rule, I, if one wants to implement only
a single CA update per Floquet cycle.

Appendix on derivations relating P (NV = |V |) to the
connected n-point correlations of the errors

Consider the scaled cumulant generating function
(SCGF), λV (j) =

1
|V | log⟨ejNV ⟩, which upper bounds the

error probability as P (NV = |V |) ≤ e−|V |(j−λV (j)) for
any choice of j ≥ 0. The error bound from Eq. 2 can
then be re-expressed via a min-max principle as:

ln(1/ϵ) = min
V

max
j≥0

[j − λV (j)] . (6)

Crucially, the Taylor series of the SCGF is directly re-
lated to the cumulants, κn, of the error distribution,
λV (j) = |V |−1

∑∞
n=1 κn

jn

n! ; the cumulants themselves
are in turn directly related to the connected correla-
tions, e.g. for n = 2, κ2 =

∑
u1,u2∈V ⟨Eu1Eu2⟩c. If

the correlations decay sufficiently rapidly as a function
of distance, the cumulants will scale as κn ∼ |V |cn(V ),
where the coefficient cn(V ) depends on the geometry
of V but does not grow with |V | (i.e. c1(V ) = PE).
So long as this coefficient is upper bounded by some
constant cn ≡ maxV cn(V ), and cn itself grows slower
than n!, one can immediately upper bound λV (j) ≤
λ(k) ≡ ∑∞

n=1 cn
kn

n! for all k ≥ 0. It then follows that
ln(1/ϵ) = maxj≥0[j − λ(j)] also satisfies Eq. (2). Since
λ(0) = 0 and λ′(k) = PE < 1, the maximal value is
positive and finite, ensuring Eq. (2) is satisfied for some
ϵ < 1.

We now discuss whether the error bound ϵ(T ) → 0 as
T → 0, ensuring that by reducing the temperature of the
external bath, the error probability can be made arbitrar-
ily small. One sufficient condition is the existence of a
T -independent, continuous, and strictly increasing func-
tion Λ(k) such that λ(k) ≤ PE(T )Λ(k) for all k, T ≥ 0
and with Λ(0) = 0. To see why, note the aforementioned
min-max principle now becomes:

log [1/ϵ(T )] = max
j≥0

[j − PE(T )Λ(j)] . (7)

Since Λ(j) is invertible on j ∈ R+, we may define
j∗(PE) = Λ−1(1/PE). Eq. (7) then provides the
bound log[1/ϵ(T )] ≥ j∗(PE(T )) − 1. Finally, note
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Figure A1. Connected two-point correlations of the errors
for v = 100 and T = 5.17 and T = 11.94. Along different
directions, the errors display fundamentally distinct correla-
tions, which are more prominent for higher temperature.

limPE→0 j∗(PE) = ∞, because the inverse of a strictly
increasing function is itself strictly increasing. Thus,
the existence of such a Λ(j), combined with our ear-
lier evidence that limT→0 PE(T ) = 0, would imply
limT→0 ϵ(T ) = 0.

To verify the existence of such a Λ(j), it would be suf-
ficient to show that the scaled cumulants are bounded
as cn(T ) ≤ PE(T )Cn, with Cn growing slower than n!,
so that Λ(j) has an infinite radius of convergence (Pois-
son statistics corresponds to Cn = 1, Λ(k) = ek). A
preliminary comparison of T = 5.17, 11.94 (Fig. 3 in
the main text and Fig. 4 in the supplemental materi-
als [29]) finds c2(T )/PE(T ) = 1.24 at T = 11.94, while
c2(T )/PE(T ) = 1.08 at T = 5.17, consistent with an
approach to C2 ∼ 1, but a comprehensive investigation
remains a work in progress (summary of the extracted
cumulant fits can be found in Table I).

We end this appendix by complementing the data pre-
sented in Fig. 3(b) of the main text with additional space-
time cuts as well as different temperatures [Fig. A1].
With regards to the space-time cuts, we observe that

Table I. Fitting parameters for power-law fit
T = 5.17, v = 100

Fig. 3
T = 11.94, v = 100

Fig. S4
n cn bn ηn cn bn ηn
1 0.048 0 — 0.21 0 —
2 0.052 0.007 0.60 0.26 0.09 0.23
3 0.067 0.026 0.46 0.11 — —
4 0.088 0.060 0.90 — — —

the correlations in errors are clearly anisotropic—when
considering cuts in the negative x̂ direction (Fig. A1 top
row), the correlations quickly become zero once the dis-
tance between the sites is greated than 2. On the other
hand, when moving in the NEC direction, we find that
error correlations are much greater and display a light-
cone-like behavior—namely, errors a distance l away be-
come meaningful after ∆t = l steps has passed. This
fact is further enhanced upon increasing the tempera-
ture of the system. When going from T ∼ 5 to T ∼ 11,
we observe that the correlated errors survive to much
later times and spread to longer distances. These behav-
iors highlight the non-Markovianity of the noise in the
Floquet-Langevin dynamics. Nevertheless, our present
numerical results suggest that the noise satisfies the con-
dition encoded in Eq. (2).
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