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In ordinary circumstances the highest frequency present in a wave is the highest frequency in its
Fourier decomposition. It is however possible for there to be a spatial or temporal region where
the wave locally oscillates at a still greater frequency, in a phenomenon known as superoscillation.
Superoscillations find application in wide range of disciplines, but at present their generation is based
upon constructive approaches which are difficult to implement. Here we address this, exploiting
the fact that superoscillations are a product of destructive interference to produce a prescription
for generating superoscillations from the superposition of arbitrary waveforms. As a first test of
the technique, we use it to combine four quasi-sinusoidal THz waveforms to produce THz optical
superoscillations for the first time. The ability to generate superoscillations in this manner has
potential application in a wide range of fields, which we demonstrate with a method we term
superspectroscopy. This employs the generated superoscillations to obtain an observed enhancement
of almost an order of magnitude in the spectroscopic sensitivity to materials whose resonance lies

outside the range of the component waveform frequencies.

Introduction: In the modern era, light has assumed a
role of central importance in both industry and research.
It is not only a subject of fundamental study, but a tool
for the manipulation of matter [IHg], a medium of compu-
tation [9HI4], and a probe of physical systems. It is often
assumed that the ultimate limitations of light for imag-
ing and other optical experimentation correspond to the
highest frequency in its Fourier decomposition. In some
cases however, it is possible to construct a superoscilla-
tion (SO) - a band-limited signal which has a temporal or
spatial region in which it oscillates at a frequency faster
than its fastest Fourier component [I5].

The term superoscillation was first coined by Michael
Berry [IGHIT], in reference to work by Aharonov,
Bergman, and Lebowitz [18]. Today superoscillations
constitute a rapidly developing field of study in both
mathematics [I9, 20] and physics [21} 22]. The main hin-
derance to the application of superoscillations has been
their minute intensity as compared to the full waveform,
but advances in the general sensitivity of measurements
mean that the relative amplitudes of superoscillations
are no longer an impediment to their study and appli-
cation [I5]. These applications cover a broad range of
topics, including optical metrology [23], super-resolution
[24-26], super-transmission [27H29] and free-space plas-
monics [30].

In the spatial domain, there have been a number of
experimental observations of superoscillations [I7, 31}
33], which extend even into the THz optical frequency
range and allow for imaging below the diffraction limit
[34]. This raises the tantalising possibility that nanoscale
imaging with visible light may be made possible by su-
peroscillation [35].

In the temporal domain, radio frequency superoscilla-
tions have been employed [29} 36] [37], while THz acoustic
superoscillations have been observed in superlattices [38].

The envelopes of laser pulses have also been manipulated
to display superoscillatory behaviour (relative to the en-
velope frequency) [39H41]. To this point however, there
has been no direct observation of a THz time domain
optical superoscillation relative to the carrier frequency.
Much like in the spatial domain, temporal superoscilla-
tions have tremendous potential to broaden the domain
of useful operation for current technology. For exam-
ple, the super-transmissive property of superoscillations
[27] also means that they can be used to transmit light
through media at frequencies that would ordinarily be
absorbed. This has the potential to allow for the probing
of materials in a range at which they would ordinarily be
optically opaque. Another context in which time-domain
optical superoscillations might usefully be employed are
Aharanov-type pulse slicing experiments [42H45]. Per-
forming this slicing in the superoscillatory region of a
pulse could be used to generate highly energetic ‘gamma
ray’ photons.

At present, the prescriptions for directly constructing
superoscillations (as opposed to achieving them via the
design of lenses [46] or filters [25]) have been based on the
analysis of band limited functions, but transitioning to
experimentally viable approximations of such functions is
fraught with difficulties [47H49]. Despite the sensitivity of
purposely constructed superoscillations, there has been a
preponderance of ‘accidental’ superoscillations observed
both in random functions [16] and more structured fields
[50, 5I]. While a number of methods for the synthesis of
THz waveforms have been developed [62H55], we present
here a simple heuristic technique aimed directly at the
generation of superoscillations, based on the observation
that a superoscillation can be interpreted as product of
destructive interference within a given observational win-
dow.

In addition to the generation of superoscillations, we
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experimentally demonstrate that these fields can be used
in a novel technique for off-resonance sensing and detec-
tion, which we term superspectroscopy. This method em-
ploys superoscillatory fields to amplify time-local differ-
ences between similar optical systems, and enhance one’s
ability to distinguish between them. Not only does this
extend the range of spectroscopically accessible frequen-
cies by currently available light sources, but when com-
bined with supertransmissive properties has the potential
to enable detection and sensing even when transmitting
through highly absorbent media.

Superoscillations: The phenomenon of superoscilla-
tions has typically been studied in the context of the
function [16], 26]
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The behaviour of this function for small ¢ (or equivalently
large n) can be obtained by Taylor expanding to first
order:

AN
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n

When a = 1 this expression is exact for any n, but in the
case of a > 1, it produces the counterintuitive behaviour
that F,(a,t) oscillates faster than its highest frequency
Fourier component — e®. To show this, let us re-express
Eq. as a Fourier series. The most direct route to
achieving this is to express the trigonometric functions
as exponentials before performing a binomial expansion.
This leads directly to the Fourier expansion of F,(a,t):
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Regardless of the value of a chosen, the highest frequency
in the Fourier decomposition will be ky = 1. Hence, for
a > 1, the function close to the origin will “superoscil-
late” at a frequency greater than its largest Fourier com-
ponent. This is illustrated in Fig. (1| (top panel), where
the frequency of the superoscillation relative to its largest
Fourier component increases with a.

A function of the type described by Eq. is far from
the only way to obtain a superoscillation however. Care-
ful examination of the secondary properties F),(a,t) can
be used to formulate an alternative prescription for gen-
erating super oscillations. Here we focus on the fact that
superoscillations occur in the region where |F,(a,t)|? is
minimised, as shown by Fig. (1| (bottom panel). This phe-
nomenon can be understood heuristically by noting that
the magnitude of the superoscillation will be of order 1
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FIG. 1: Comparison of superoscillating functions (top

panel) to their intensities (bottom panel). Comparison

between the two panels readily demonstrates that the
region where the magnitude |F),(a, t)|? is minimised
corresponds to a superoscillatory window where the

function oscillates faster than its greatest Fourier
component kg = 1 (shown as dashed line). The precise
frequency achieved by the superoscillation is a function
of the parameter a.

by Eq.. Examination of the Fourier components via
Eq. however shows individual frequencies may have
much larger amplitudes. The size of these components
can only be reconciled with the superoscillation if there
is near total cancellation of the individual field compo-
nents around ¢ = 0. This means that superoscillations
are a product of destructive interference. This fact al-
lows us to use the proxy of destructive interference as a
figure of merit for the construction of superoscillations.

Let us now apply this logic to the problem of gener-
ating a superoscillating optical field E(t) using a set of
experimentally accessible, time-limited E;(t) waveforms
with different central frequencies f;. Each waveform has
an amplitude a; and time delay 7; such that the total
field is given via

E(t) = ZajEj(t—Tj)- (6)

We wish to select our parameters such that the intensity
of this waveform is minimised over some time window
t € [-Ts0,Tso], which we shall refer to as the region
of minimisation. This immediately presents two difficul-
ties if one varies amplitudes. First, in order to avoid the
trivial solution a; = 0, it is necessary to condition any
minimisation to avoid this outcome. Moreover, ampli-
tude modulation is guaranteed to reduce the integrated
intensity of the full waveform, making experimental de-
tection more challenging.

For this reason, we consider only variations of the time
delays 7; when minimising intensity within a given tem-
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FIG. 2: Left side: expeimentally measured
near-sinusoidal THz waveforms before (dashed lines)
and after (solid lines) implementing the time delays 7;
found by minimizing the objective function, Eq..
Right side: the measured superoscillation formed by the
time-shifted waveforms in the window of minimisation
t € [-Tso, Tsol-

poral region (i.e. setting a; = 1). Explicitly, we wish to
minimise the objective function

1tnh = [ h
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by varying the time delays 7;. Given the different central
frequencies of the component waveforms, the integrated
intensity of the combined beam will remain roughly con-
stant as time delays are varied, but by minimising that
intensity in some temporal region, we expect to generate
superoscillatory behaviour.

This objective function can be minimised in any num-
ber of ways, e.g. via gradient descent [56]. The cost
function itself is non-convex, meaning a number of lo-
cal minima may be obtained depending on the initial
guess for time delays. Note that while the minimisa-
tion does not guarantee superoscillatory behaviour, in
practice we find that the time delays corresponding to
minimisations of Eq. uniformly result in superoscil-
lations. Furthermore, any superoscillatory phenomenon
involves a trade-off between the amplitude and frequency
of the waveform, with higher effective frequencies hav-
ing smaller amplitudes [I5]. This means that the global

minimum of the cost function is likely to correspond to
a superoscillation whose amplitude is beyond the limit
of experimental detection. It is therefore useful to have
a number of minima when seeking the best balance be-
tween the amplitude and frequency of the superoscilla-
tion. As Fig. [3| demonstrates, there exist many minima
corresponding to clearly superoscillatory waveforms that
remain experimentally detectable.

Experimental generation of superoscillations: As a
first demonstration of the viability of this method for
generating superoscillations, we experimentally combine
four near-sinusoidal THz optical beams. In order to
generate an optical time-domain superoscillation in the
THz regime, an amplified femtosecond laser centered at
1030 nm is employed. This has a pulse duration of 190 fs,
400 pJ pulse energy and a 50 kHz repetition rate. This
in turn is used to generate four near-sinusoidal wave-
forms Ej;(t), which have f; = 0.52,0.63, 0.72, 0.82 THz
central frequencies. These waveforms are produced via
optical rectification in periodically poled lithium niobate
(PPLN) at room temperature (see Sec. I of [57]). This
technique is widely used for generation of narrow band
terahertz radiation [58H60].

After measuring each component waveform FEj;(t) in-
dividually (dashed lines on the left of Fig. [2)), the min-
imisation of Eq. is performed. The time delays 7;
prescribed by this procedure are then implemented ex-
perimentally (solid lines on the left of Fig. . The right
side of Fig. [2| shows the obtained experimental super-
oscillation that corresponds to one local minimum of the
objective function, Eq. . This and two other local
minima of Eq. obtained in this process are shown
in Fig. As predicted, in each case superoscillations
are clearly observed within the intensity-minimised re-
gion [Figs. [B[(d,e,f)]. These superoscillations are not only
of a sufficient amplitude for detection, but exhibit ex-
cellent agreement with the theoretical prediction used to
generate them.

The precise enhancement in frequency provided by the
superoscillation may be quantified via a calculation of
‘local frequency’. This is defined in analogy with the local
wavenumber used to characterise spatial superoscillations
[61], and is the gradient of the phase fioc = %i—‘f This is
obtained by Hilbert transforming the real valued signal
E(t) into an analytic form [62] E(t), from which the field
phase ¢(t) = arg E(t) is extracted. As Figs. (g7 h, i)
show, for most of the duration of the combined waveform,
its local frequency is approximately equal to its highest
frequency component. Within the region of minimisation
however, the combined waveform’s fio. deviates sharply,
experiencing a ~ 2 fold increase relative to the highest
frequency component.

Superspectroscopy: Having generated superoscilla-
tory fields, a natural question is how they may be prof-
itably applied. An immediate application is to exploit
their potential for off-resonance sensing to distinguish
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FIG. 3: Three example superoscillations obtained via the minimisation of Eq. @ Left column (a, b, ¢) shows both
the predicted and observed field over the full measurement window. The middle panels (d, e, f) highlight the
window in which the superoscillation occurs, with comparison to the highest frequency component waveform. The
experimental data is in excellent agreement with the theoretical 95% confidence limit (shaded blue area). The right
column (g, h, i) plots the local frequencies of both the total waveform and its highest frequency component. Outside
the window of minimisation these are roughly equivalent, but within this window the combined waveform’s local
frequency increases sharply compared to that of the highest frequency component.

between spectroscopically similar substances, in a tech-
nique we term superspectroscopy. To demonstrate this,
we employ the same four time-limited E;(t) waveforms
as the previous section, which we pass through samples
of anhydrous a-D-Glucose (glucose) or L-Glutamic acid
(LGA) (for full details see [57]). As Fig. [4] shows, both
the absorption and refractive index of these materials are
extremely similar within the range of frequencies of the
constituent waveforms. To quantify the degree of distin-
guishability between the transmitted fields we define the
dimensionless parameter J:

T [Ecu(t )* Evca(t)]*dt
5 f_°b“ [Ec(t)? + Erca(t)?]dt

J = (8)

This measure characterises the field difference averaged
over some observational window (of size 2Tqps), nor-
malised to the average intensity of the two responses
(such that J cannot be arbitrarily improved by uniformly
increasing the amplitude of the incident fields).
Following the procedure outlined in Sec. IT of [57], a
set of time delays for the incident field [corresponding to
some local minima of Eq. @] are chosen such that both
Eg(t) and Epga(t) are superoscillatory in the region
€ [-Tso,Tso), as shown in Fig. a). From this, we

measure the distinguishability J as a function of Tyys for
the superoscillatory responses, and compare this to the
results obtained when driving each material using only a
single frequency. As Fig. [5] demonstrates, the measured
J for the superoscillatory responses increases as the mea-
surement region defined by Tys becomes comparable to
Tso. Comparing this J to those obtained driving with
the individual component waveforms, we see that when
Tobs =~ Tso the superoscillation produces a distinguisha-
bility enhancement of almost an order of magnitude rel-
ative to the 0.82 THz pulse.

Outlook: The ability to probe systems with optical
signals underpins the ongoing development of quantum
technologies, and superoscillatory signals have the poten-
tial to greatly expand the toolset available to researchers.
The present work addresses the question of how to prac-
tically generate such superoscillations in the time do-
main. While the results presented here employ a spe-
cific methodology for producing superoscillations, the ul-
timate goal of the method - to minimise pulse intensity
over a given time window - can be achieved with a great
variety of techniques. This freedom means that the pre-
scription for generating superoscillations may be tailored
to enforce some desired secondary properties, depending
on the application and specific technique employed. In-
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FIG. 4: The measured (a) absorption and (b) refractive
index of our conventional THz-TDS system for
a-d-Glucose and L-Glutamic Acid (LGA). The vertical
lines indicate the four time-limited, quasi-sinusoidal
waveforms of frequencies 0.52 - 0.82 THz which are
combined to create the superoscillation. Within the
region of the four source waveforms, the Glucose and
LGA samples have nearly identical absorption and
refractive index.

deed, perhaps the principal future challenge will be to
develop methodologies that maximise the control avail-
able in the generation of superoscillations. Nevertheless,
as has been shown here, even a relatively simplistic pre-
scription is capable of producing clearly detectable opti-
cal superoscillations in the time domain.

The potential applications of superoscillations cover a
broad range of topics. Most obviously they extend the
range of frequencies accessible by a given light source.
This is of particular interest as researchers begin to ex-
plore dynamics in the attosecond regime [63]. At present
the high frequency light necessary to probe this timescale
is generated via highly non-linear effects such as high
harmonic generation [64H66], but superoscillations offer
an alternative platform for realising these light sources,
without recourse to non-linear effects.

Furthermore, recent developments in quantum control
have demonstrated the highly malleable nature of driven
systems, to the extent that one can force one material to
‘mimic’ the optical response of another [67H70]. Such
manipulations require complex, broadband fields how-
ever, and superoscillations may facilitate the realisation
of these control fields.
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FIG. 5: (a) Measured transmitted waves of Glucose and
LGA pellets, with the region of superoscillation marked
by a dashed black box. (b) Discriminability as a
function of the observation window length Tops. The
marked vertical line where T,,s = Tso indicates where
the observational window matches the window of
minimisation. It is at this point J is maximized for the
superoscillatory driving, providing an enhancement of
distinguishability of roughly an order of magnitude, as
compared to measurements using individual source
waveforms. In both panels shaded regions represent the
95% confidence limit, but on the scale represented this
limit is in almost all cases within the thickness of the
line plotted.

Finally, we have also demonstrated a proof-of-concept
for the advantage superoscillatory pulses can provide in
distinguishing spectroscopically similar substances. In
a follow-up work, we will determine how the choice of
superoscillation in superspectroscopy can be optimised
to further enhance distinguishability.
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