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We study the non-equilibrium dynamics of dipoles confined in multiple stacked two-dimensional
layers realising a long-range interacting quantum spin 1/2 XXX model. We demonstrate that strong
in-plane interactions can protect a manifold of collective layer dynamics. This then allows us to
map the many-body spin dynamics to bosonic models. In a bilayer configuration we show how to
engineer the paradigmatic two-mode squeezing Hamiltonian known from quantum optics, resulting
in exponential production of entangled pairs and generation of metrologically useful entanglement
from initially prepared product states. In multi-layer configurations we engineer a bosonic variant of
the Kitaev model displaying chiral propagation along the layer direction. Our study illustrates how
the control over interactions, lattice geometry and state preparation in interacting dipolar systems
uniquely afforded by AMO platforms such as Rydberg and magnetic atoms, polar molecules or
trapped ions allow for the control over the temporal and spatial propagation of correlations for

Manipulating growth and propagation of correlations in dipolar multilayers: From

applications in quantum sensing and quantum simulation.

The individual particle control offered by quantum gas
microscopes [1] and optical tweezers [2], the impressive
advances in spectroscopic methods [3], complemented by
the capability of experiments to trap and manipulate a
broad range of atomic, molecular and optical systems fea-
turing diverse types of interactions (from contact [4, 5], to
dipolar [6—13] to all-to-all [14-19]) are opening untapped
opportunities for quantum simulation [20-22], metrology
[23] and computation [24-26]. In these systems it is now
possible to explore the propagation and growth of quan-
tum entanglement and correlations [27] which is crucial
for demonstrating their quantum advantage.

One of the most basic mechanisms for entanglement
growth, which is also at the very heart of foundational
questions in quantum mechanics [28, 29], is the creation
of entangled states consisting of pairs of correlated par-
ticles in the guise of two-mode squeezed (TMS) states
[30-32]. These states were originally understood in quan-
tum optics in the context of parametric amplification,
but have been shown to be relevant to a wide range of
phenomena including the Schwinger effect in high energy
physics [33, 34], the Unruh thermal radiation in general
relativity [35], mode-changing collisions in spinor conden-
sates [36—39] and thermofield double states in the holo-
graphic correspondence relating a quantum-field theory
to a gravitational theory in one higher dimension [10, 41].

In this work we explore various ways to produce cor-
related pairs during the non-equilibrium many-body dy-
namics of long-range interacting spin 1/2 arrays, real-
isable in polar molecules [6—8], magnetic atoms [412] or
Rydberg arrays [13—16], prepared in a stack of two-
dimensional layers. Across these platforms single-site
[17], as well as layer selective control and state prepa-
ration [48], and high filling fractions in tweezer arrays
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FIG. 1.
mapping to bosonic pair creation. a) Dipoles in stacked 2D
layers of a 3D optical lattice are prepared layer selectively
n (distinct) coherent spin states illustrated by the Bloch

Nlustration of spin 1/2 dipoles in multi-layers and

spheres. They interact via long-range (dipolar) interactions
within and between layers. b) Strong in-plane interactions
S; - S (illustrated as red ellipse) couple spins within a layer
resulting in collective behavior. Inter-layer dipolar spin ex-
change (Sj'S]_) maps to pair creation of bosonic collective
excitations.

[45, 46, 49] have been demonstrated. Here, we use strong
in-plane Heisenberg interactions to lock the spin of each
layer into a collective spin, with magnitude set by the
number of particles in each layer, and show that by
preparing different initial orientations of the collective
spins (enabled by layer-selectivity), interlayer interac-
tions [48] can be used to engineer distinct types of pair
production processes.

One of them is the paradigmatic two-mode squeez-
ing Hamiltonian [30-32] known for its capability to gen-
erate metrologically useful states. Originally encapsu-
lated by the Einstein, Podolsky, and Rosen (EPR) para-
dox [28, 29], two-mode squeezing occurs when two sep-
arate ensembles A and B are correlated such that the
relative fluctuations between the sum and difference of



two quadratures can be determined below the Heisen-
berg uncertainty constraint [50]. In this work A and B
are bosonic excitations in different spatially separated
layers generated exponentially fast through long-range
dipolar interactions between the particles allowing fast
scalable entanglement generation in large systems. Pio-
neering work on spatially distributed entanglement has
been accomplished using atom-light interactions in pho-
tonic systems [51-53], and hot atomic vapors [54, 55], as
well as in Bose-Einstein condensates [56, 57], and more
generally in quantum networks [58-62]. However, the
possibility of using long-range interactions to directly cor-
relate spatially separated arrays without the detrimental
degradation of coherence from motional effects or pho-
ton loss can offer significant opportunities for quantum
metrology, in particular in terms of scalability and speed
of entanglement generation.

Furthermore, by preparing an initial state with states
cyclically staggered along three perpendicular Bloch vec-
tor directions we show it is possible to engineer a bosonic
variety of the Kitaev model [63] which shows remark-
able properties such as phase-dependent chirality, dras-
tic sensitivity to boundary conditions and rich dynam-
ical behaviors [64]. While there have been proposals
to generate bosonic Kitaev models in coupled cavities
subject to parametric driving [64], their implementation
in long lived molecular or atomic states interacting via
long range interactions can offer important advantages
for their preparation, detection and storage.

Model.— We consider spins interacting via long-range
interactions in two or more two-dimensional layers as
shown in Fig. 1(a), prepared for example via a deep 3D
optical lattice . We assume distinct in-plane lattice spac-
ing ajy; and layer spacing az. We restrict dynamics to
two internal states representing a spin 1/2 degree of free-
dom with dynamics determined by the XXX Hamiltonian

] 1 4. A=A AZAZ
Hxxy = 1/22‘&- [2(5;st + 3 sj) +575; (1)
i

where i, j are three-dimensional positions (ix,iy,iz) and
ix,%y run along the positions in a given two-dimensional
layer of size L x L indexed by iz. The spin-operators
5§ = 6{*/2 are given in terms of the Pauli matrices 6%¥>*
that act on the spin at site i. For specificity we con-
sider dipolar interactions of the form V35 = Vyq(ri — 1rj)
with Vga(r) = %(1 — 3Z2) parametrised by a dipolar
coupling strength Cyy. The Hamiltonian contains both
intra-layer as well as inter-layer Heisenberg interactions,
the relative strength of which can tuned by changing the
ratio az/ajat-

We consider initial states for which all spins in a layer
i are prepared in the same state and form a fully po-
larised state with the collective spin 5’;- = Zix’iy Six iy
pointing in a layer dependent direction <5’;> = N/21,,
where N = L? at unit filling, as illustrated for alter-

nating anti-aligned layer spins 7i; = (—1)*2 in Fig. 1(a).
Any such state is an eigenstate of the intra-layer inter-
actions, and, thus, of the full Hamiltonian in the large
layer separation limit. The capability to layer-selectively
prepare and control such states has been experimentally
demonstrated [48].

The intra-layer interactions then reduce to V% S; -
S;, with the layer-averaged interactions V75V =
VN2 320y ixy Viixiv.i).Gxgvg)- This Si - Si term
creates an energy cost for states states with <§f) <
N/2(N/2 + 1) compared to permutationally symmetric
states of maximal spin-length (S2) = N/2(N/2+1), sup-
pressing transitions out of the collective manifold [65—

]. We emphasize that the specific spatial dependence
of the interactions is not material at short times as long
as intra-plane versus inter-plane interactions are tunable.
At later times the spatial range of the interactions and
the geometry will dictate the time scale for which the
collective state assumption remains valid.

Within the collective manifold the dynamics is de-
scribed by

Higyer = 1/2 Z v [;(Sjsj— +h.e)+ 5757 (2)
i#]
where we’ve omitted the constant contribution from the
in-plane interactions in the fully symmetric manifold.
The natural scale for the time evolution is set by the
layer-averaged inter-layer interaction, which for conve-
nience we define as V = V;%7, ;.

Bilayer.— We first study the case of a bilayer con-
figuration with initially anti-aligned layer spins, (S, (¢t =
0)) = —(So(t = 0)) = N/2 2, as shown in Fig. 1(b).

We simulate the quantum dynamics of the full dipo-
lar spin model using the discrete truncated Wigner ap-
proximation (dTWA) [70-75]. In the inset of Fig. 2 we
show the time evolution of the total layer spin-length
<$'3> for a range of layer-spacings az/aj;. While for
closely spaced layers the dynamics quickly leaves the
fully collective manifold resulting in rapid decay, for suf-
ficiently large spacings we observe a transition to ro-
bust collective behaviour with the spin-length remain-
ing maximal throughout the dynamics. This is readily
explained by the relative increase of the in-plane interac-
tions, which gap protect the permutationally symmetric
manifold in each layer, compared to the inter-plane in-
teractions, which allow excitations out of this manifold,
with increasing layer distance.

As a first result we thus observe that for an appropri-
ate ratio of az /a4 (or generically for sufficiently strong
intra-plane and sufficiently homogeneous inter-layer in-
teractions) the dynamics of the full model indeed closely
follows the collective model, allowing the simulation of
1D Heisenberg chains with large (tunable) spin.

Mapping to two-mode Squeezing.— Exploting the col-
lectiveness of the dynamics, we use a standard Holstein-



103 3 T
10* ; 3
10° | :
= F 0.0 ]
102 3 /\E
N ‘ N=1600 ]
10 —— N=400 }
- ’ N=100 ]

10() /l 1 1 i
0 1 2 3 4 5

tNVIh

FIG. 2. Exponential pair-creation and dynamical phase tran-
sition (DPT) in a dipolar bilayer. Main panel: Exponential
growth of bosonic excitations, Npair = N — ST + S§, versus
time compared to the two-mode squeezing prediction Npair =
2sinh? (SVt/h) (gray dashed). Bilayer with az/aj, = 12 in
an initially anti-aligned spin state, S7(0) = —S§(0) = N/2
with L = 10,20,40 (N = 100,400,1600 per layer). Inset:
DPT to collective regime. Spin-length (52)/N? versus time
for different layer spacings az/aiat = 2,4, 8,12 displaying the
transition to collective behavior for L = 40 (N = 1600).

Primakoff (HP) transformation [76] as S = S — a'a,
St =v25/1— 424, S7 = (S7)f, and S5 = —S + b'b,

Si = V28bty/1— YL 55 = (S)T with § = N/2 and

a and b bosonic operators. To quadratic order in the a
and b operators we obtain

Hypair = SV ((&TBT +ab) + (afa + BWB)) (3)

where S S; +S; S;” maps to pair creation QS(ELTIA)T—HALIA)),
while S¢S7 maps to —S2 + S(ata + b'h). To cancel this
Ising induced term we apply an additional staggered field
> (=1)'hS? with h = —SV obtaining the pure two-
mode squeezing Hamiltonian. Then, the dynamics cor-
responds to the resonant creation of correlated pairs of
bosonic excitations in both layers. This mapping and the
pair creation due to dipolar interlayer spin exchange in
the collective spin manifold is illustrated in Fig. 1(b).

Ezxponential Pair Creation A first prediction of this
mapping is the exponential creation of bosonic pairs
of excitations Nyaiy = (ata 4+ bib) = N — 87 + S¢ as
Npair(t) = 2sinh” (SVt/h) | ]. In Fig. 2 we demon-
strate that the dynamics of the full dipolar bilayer based
on dTWA simulations also shows exponential creation of
pairs. In fact, it closely follows the prediction of the two-
mode squeezing Hamiltonian (dashed gray line) as long
as Npair S 0.1N, beyond which the Holstein-Primakoff
approximation is invalid, and higher order corrections
become relevant [77]. This exponential creation can be
directly observed in experiment by measuring the popu-
lation difference S7 — S§ between the layers.
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FIG. 3. [Exponential two-mode squeezing. Main panel:

Time evolution of the squeezed variances for different layer-
spacings, compared to the two-mode-squeezing prediction
Var[O] = N/2e*25VH/" (gray dashed) for L = 40 (N = 1600
per layer). Bloch spheres using the appropriate combina-
tions of the layer-spin operators illustrating squeezed and
anti-squeezed variances. Inset: N-dependence of the mini-
mal variance achieved (az/aia: = 12) demonstrating N~/
scaling (gray dashed).

Squeezed Quadratures.— Due to the correlated cre-
ation of pairs in two modes the Hamiltonian (Eq. 3)
generates squeezed states in hybrid quadratures [30-

].  Translating these well known results from the
bosonic operators into our original spin operators we
find that S§ + SY and S§ — ST correspond to squeezed
quadratures, and S§ — S} and S§ + S§ correspond to
the anti-squeezed quadratures. Consequently, the vari-
ance of these hybrid operators is predicted to evolve as
Var[O4] = N/2et2SVU/h where we use + to refer to
the anti-squeezed/squeezed quadratures. Measuring this
variance and observing the squeezing requires measur-
ing spin-correlators between the layers of the form S§ Slﬁ ,
which via layer-selective pulses these can be reduced to
measurements of S§S7, or equivalently, population cor-
relations between the layers.

Based on the full dynamics of the dipolar bilayer we
confirm this prediction in Fig. 3 which shows the expo-
nential decrease of the variance of the squeezed quadra-
tures for a range of layer spacings (anti-squeezed quadra-
tures not shown behave accordingly). We observe that
the minimal squeezing achievable relies on a sufficiently
large layer separation to ensure we stay in the fully col-
lective manifold. If that is the case we observe excellent
agreement up to a time at which Np,ir ~ v/ N where cor-
rections to the quadratic Hamiltonian become relevant
[77]. As a consequence, the minimal achievable squeez-
ing scales as N~'/2 with respect to the total number of
spins as shown in the inset of Fig. 3. These generated
states directly allow quantum-enhanced sensing using re-
cently devised Ramsey protocols only requiring measure-
ments of the collective spin variables and collective spin
rotations of the individual layers [78]. We also find the
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FIG. 4. Chirality of spin transport in a multi-layer system
of dipoles. (a) Layers are prepared in a non-coplanar spiral
state with the collective layer spin pointing along Z, g, 2 re-
peating periodically (gray arrows). Central layer also shows
the local z (red, into plane) and y (blue) direction (b) Largest
singular value Amae (measuring the strength of the chiral
response to a perturbation) of the spin Green’s function

G‘?‘B-(t) = z([Si (t= 0)75']@(75)]) at fixed times as indicated

ey
in the legend versus distance j. Colorbar (Jv®|? — |[v¥|?) in-
dicates the direction of the corresponding left eigenvector v
showing the spin direction of the perturbation that induced
the chiral dynamics. System with L = 10 (N = 100 molecules
per layer) with 12 total layers.

squeezing to be robust to finite filling of the lattices [77].
This is an important observation since only tweezers ar-
rays have demonstrated the capability to operate at unit
filling [49], while current optical lattice setups are still
limited to operate at moderate filling fraction [47].

Bosonic Kitaev Model and chiral spin transport. — We
next extend our discussion to multiple layers, and exploit
the capability to prepare more complex initial states. We
consider a non-coplanar spiral state where we take the
layer spin directions to be 7; = &, 4 and 2 in order and
repeating periodically along the layers (Fig. 4(a)).

We then rotate the local spin basis in each layer to
be aligned with the initially prepared spin direction via
S; = UIS;U; with Uy = e 92m/3(ST+S1487)/V3 1y g
rotated frame, the XXX Hamiltonian can be projected
onto the fully symmetric state in each layer. If we also
restrict the interactions to nearest-layer interactions, it
can be mapped to

H=V> (UlSU;) - (UIS;U;) (4)
= VZ (Sf ~iz+1 + 8V ~i']c+1 + ngin) (5)

We then perform a unitary transformation to re-
move a global rotation of all spins via U(t) =

eiitv/hzi(§f+gg+giz), and finally use a Holstein-
Primakoff transformation ([77]) to obtain up to quadratic

order
i~ svy (iajal,, —iajal,, +he)  (6)
j

where a; is a bosonic creation operator acting on the time
and layer-dependent vacuum state. This Hamiltonian is
the bosonic version of the famous Kitaev model first in-
troduced in Ref. [64]. It can be expressed in terms of
hermitian quadrature operators, Z; = (&; —&—d;r-)/\/i, ;ﬁ; =
(a; — &;r)/(z\/é) as H = —25V Zj Pj&j+1, whose equa-
tions of motion are fully decoupled z; = —2S8V /iy,
and p; = 2SV/hp;—1, and therefore show perfect chi-
ral transport: the  quadratures are only coupled to -
quadratures to the right and the p quadratures are only
coupled to p-quadratures to the left.

We can observe the chiral nature of the excitations in
the dynamics of the spin operators. To gain some intu-
ition we first consider the evolution of the spin-operators
which perturbatively evolve as S&(t) ~ S’f‘—l—% {H, S’f‘} =
Sg 4 VtevaB(§y | 487 )SP. For asite i initially point-
ing along z, this reduces to S&(t) ~ 5@ + W#(ey“zﬁfﬁl +
emzéﬁrl)gf. Thus, we see that the x component at site
i couples to the y component at site ¢ — 1, and the y-
component at site ¢ couples to the z-component at site
i 4+ 1. This behavior, when understood in the properly
rotated initial frame introduced above, maps to y quadra-
tures only coupling to y quadratures to the right, and x
quadratures only coupling to z quadratures to the left,
featuring the anticipated chiral behaviour.

For the full dipolar spin dynamics there is not a sim-
ple global unitary transformation to eliminate the mean
field dynamics. Therefore, to cleanly observe the chiral
response we require a frame-independent quantity. This
can be achieved by computing the spin Green’s function,
defined as G%’B(t) = z([Sf‘(t =0), Sf(t)]) that measures
the effect of a perturbation in spin-component o at t = 0
on the time-evolved operator along spin-component
at site j and time ¢. Its singular values measure the
strength of response and and the components of the left
eigenvectors provide information about the spin projec-
tion that generated the response. Both are insensitive
to the global spin orientation generated by the MF dy-
namics. In Fig. 4(b) we show the largest singular value
(measuring the strength of response) as a function of
distance from the central layer i, (which initially points
along z). The color-scale shows the spin-direction of the
corresponding left eigenvector which is pointing (almost)
purely along z (red) to the right (j > i.), while it is (al-
most) purely along y (blue) to the left (j < i.). Thus,
correlations that propagate to the right originate from
S (t = 0), while correlations that propagate to the left
originate from Sf—’c (t = 0), demonstrating genuine chiral



behavior. We also compare the full dipolar spin model to
the analytical solution of the bosonic model and observe
good quantitative agreement between both solutions up
to times where boundary effects become relevant [77].

Outlook.— In summary, our work demonstrates the
large space of opportunities, uniquely enabled by the ca-
pability to spatially select, prepare and measure quan-
tum states, to study novel non-equilibrium phenomena
and to control the growth and propagation of quan-
tum correlations with applications in quantum sensing
and simulation. While here we focused on the limit of
Heisenberg in-plane interactions which favor spin align-
ment within layers, and thus homogeneous excitations
predominantly in the fully symmetric manifold within
the layers, by using a more general type of intralayer
spin Hamiltonians enriched by the anisotropic nature of
the dipolar interactions, one should be able to generate
spatially dependent and anisotropic excitations featuring
rich non-equilibrium universal behaviors [79]. Further-
more, the use of time-reversal protocols should enable
measurements of out-of-time-order correlations [30] to
better quantify correlation growth, or to realise SU(1,1)
interferometry [38]. The phenomenology discussed here
might be even further enriched utilizing dipoles with a
larger internal state space, e.g. multiple rotational states
of molecules or larger spin magnetic atoms.
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