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We apply a generalized Schrieffer—Wolff transformation to the extended Anderson-like topological heavy
fermion (THF) model for the magic-angle (6 = 1.05°) twisted bilayer graphene (MATBLG) (Phys. Rev. Lett.
129, 047601 (2022)), to obtain its Kondo Lattice limit. In this limit localized f-electrons on a triangular lattice
interact with topological conduction c-electrons. By solving the exact limit of the THF model, we show that
the integer fillings v = 0, £1, £2 are controlled by the heavy f-electrons, while v = %3 is at the border of a
phase transition between two f-electron fillings. For v = 0, +1, £2, we then calculate the RKKY interactions
between the f-moments in the full model and analytically prove the SU(4) Hund’s rule for the ground state
which maintains that two f-electrons fill the same valley-spin flavor. Our (ferromagnetic interactions in the) spin
model dramatically differ from the usual Heisenberg antiferromagnetic interactions expected at strong coupling.
We show the ground state in some limits can be found exactly by employing a positive semidefinite bond-
operators” method. We then compute the excitation spectrum of the f-moments in the ordered ground state,
prove the stability of the ground state favored by RKKY interactions, and discuss the properties of the Goldstone
modes, the (reason for the accidental) degeneracy of (some of) the excitation modes, and the physics of their
phase stiffness. We develop a low-energy effective theory for the f-moments and obtain analytic expressions for
the dispersion of the collective modes. We discuss the relevance of our results to the spin-entropy experiments

in TBG.

Introduction— The discovery of the correlated insulating
phase [1] and superconductivity [2] in the MATBLG [3] has
driven considerable theoretical [4-22] and experimental ef-
forts [23-46] to understand its topology [47-63] and corre-
lation physics [47, 62—78]. Theoretically, correlated insula-
tors [79-90], ferromagnetic order [87, 91-94], superconduc-
tivity [83, 95-110], and other exotic quantum phases [111-
118] have been identified and systematically studied which
all point to rich physics [62] of the MATBLG. The recent
experiments [30, 66, 119, 120] have provided evidence for
fluctuating local moments and Hubbard-like physics. Mean-
while the theoretical understanding is challenging since the
stable topology [54, 59] of the flat bands obstructs the sym-
metric real-space description. A real-space extended Hubbard
model [70, 72, 121-123] can still be constructed, but a certain
symmetry (C2,T or P) becomes non-local. To address this
problem the authors of Ref. [124] have introduced an exact
mapping of MATBG to a THF model. THF is a version of
the extended Anderson lattice model describing localized f-
electrons interacting with topological conduction c-electrons.
The f-electrons have zero kinetic energy and strong Hubbard
interactions; they admit a description in terms of localized
Wannier orbitals centered at the AA-stacking region. The
topological flat bands can be recovered from the hybridization
between the f- and the c-electrons [124].

In this letter, we map the THF model to a Kondo lattice
model using a generalized Schrieffer-Wolff (SW) transforma-
tion which takes into account the density-density interaction
term between f- and c-electrons. In this limit, the dynamics of
the localized orbitals becomes the one of the f-moments. By
solving exactly a particular limit of the THF model, we show

that the integer fillings v = 0,=£1, £2 are controlled by the
f-electrons, while the situation is different for v = +3 which
sits at the phase transition between two f-electrons fillings.
In the Kondo lattice model of MATBLG, the local moments
formed by the localized f-electrons interact with topological
conduction electron bands via Kondo and direct ferromagnetic
exchange interaction. These two types of interactions induce
an RKKY interaction. At v = 0,—1,—2, the RKKY inter-
action dominates the physics and stabilizes the ferromagnetic
ground states obeying Hund’s rule. This result provides an an-
alytic derivation of the Hund’s rule found in the Hartree-Fock
calculations [124]. We proceed to investigate fluctuations of
the f-moments in the symmetry broken ground states by de-
veloping the low-energy effective theory and calculating the
excitation spectrum.

Schrieffer—Wolff transformation and Kondo lattice model—
The single-particle Hamiltonian of the THF model contains
the kinetic term H, describing the topological conduction c-
electron bands (SM [125], Sec. I), and the hybridization be-
tween the f- and the c-electrons H fe [124,125]:
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where wﬁ/’f’T creates I'3 “conduction” c-electron with mo-
mentum k, valley-spin flavor i € {1,2,3,4} (with (1,2,3,4)
corresponding to (+ 1T, — 1,4+ J,— 1)), and “orbital” index
¢ = (—1)%+1y (with @ = 1,2 are original orbital indices and



n = =& are valley indices defined in Ref. [124]). wﬁi’T creates
f-electron at moiré unit cell R with valley-spin flavor ¢, and
orbital index & = (—1)%T1y, where a = 1,2, = £ [124].
A, is the momentum cutoff, IV, is the total number of moiré
unit cells and A is the damping factor [124]. In the hybridiza-
tion matrix H /) (k), we keep the first two terms (7 and v’
in the expansion in powers of k. The flat band limit is realized
at M = 0, where M is taken as a parameter of H,.

The interaction Hamiltonian of the THF model is H I =
HU + HJ + HV + HW, where HU,HJ describe respec-
tively the on-site Hubbard interaction of the f-electrons (U =
57.95meV), and the ferromagnetic exchange between the f-
and the c-electrons (J = 16.38meV), HV, HW describe re-
spectively the repulsion between the c-electrons (~ 48meV)
and the repulsion between the f- and the c-electrons (W =
47meV) [124, 126]. The full Hamiltonian is H, + H ;. + H;.
The parameter values are taken from Ref. [124]. The model
possesses the U(4) x U(4) symmetry in the chiral-flat limit
(M = 0, v, = 0), aflat U(4) symmetry in the nonchiral-
flat limit (M = 0,v, # 0), a chiral U(4) symmetry in the
chiral-nonflat limit (M # 0,v, = 0) and a U(2) x U(2)
symmetry in the nonchiral-nonflat limit (M # 0,v, #
0) [4, 87, 121, 124, 125, 127, 128].

At sufficiently strong on-site Coulomb interaction U, the f-
electrons are fully localized and give rise to local f-moments
which are defined as
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{T}"} with g, v € {0, ,y, 2} are given in SM [125], Sec. 1.
Eq. 2 are the generators of the U(8) group (8 = 2(orbital) x
2(valley) x 2(spin)) where the U(1) charge component can be
gauged away for the fully-localized f-electrons.

We first analyze the zero-hybridization limit of the model
(v = 0,v, = 0). We treat Hy in the mean-field approx-
imation (fl{y £ and drop the H; which is relatively weak.
We can then solve the model exactly under the assumption
that each site is filled with vy + 4 f-electrons with an inte-
ger vy (SM. [125], Sec. II). We use v, to denote the filling
of the c-electrons and use ¥ = vy + v, to denote the total
fillings. In Fig. 1 (a), we plot vy and v, of the ground state
as a function of v. Atv = 0,—1,—2, —3, the ground state
has vy = v and v, = 0. v = —3 is close to the transition
point between vy = —3 state and vy = —2 states. Thus, at
v = —3, our assumption of uniform charge distribution may
be violated [117], and a Kondo model description fails. This
is consistent with the special place that v = —3 has in the
TBG physics [117].

Atv = 0,—1, -2, we fix the filling of the f-electrons (ac-
cording to Fig. 1 (a)) and perform a generalized SW transfor-
mation (SM. [125], Sec. 1V), which leads to the following
Kondo lattice Hamiltonian:
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where H K and ﬁcc are the Kondo interaction and one-body

+1 -1 +1 -1
(@) (o)
=t ] —— —— —
v=_0
= | e e — —
0 =
!
-1 © |l e —— — —
U=
f= ]| =l m— — —
-2 — V¢
Ve
-3 (d) _
—4 -3 -2 -1 0 5 St ] e —
v=—4
v = | —— — — —

FIG. 1. (a) Filling of f electrons(v¢) and c-electrons(v.) as a func-
tion of total filling(v) in the zero hybridization model. Three transi-
tion points are v ~ —0.59, —1.73, —2.95 (b), (¢), (d) Illustrations of
ground states at v = 0, —1, —2. The red dot means the filling of one
f-electron.

scattering term generated by the SW transformation respec-
tively [125, 129]. The Kondo interaction H takes the form
of
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where the colon symbols represent the normal ordering and
2 9k, q) (SM [125], Sec. I) is the U(8) moment of
c-electrons defined in the manner similar to ng,jg 5)(R) in

Eq. 2. The parameter Dymyf atv = vy =0, —1, —2is defined
as
1 - . + . )]
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The distinct feature of this expression is the presence W
absent in the standard Kondo Hamiltonians. In addition,
we perform a k-expansion in the square bracket of Eq. 4,
and keep only the zeroth and the linear order terms in k;
as was done in the expression for the hybridization matrix
H{em (k) (Eq. 1). The zeroth order Kondo coupling has
strength ’YQ/DVC=0,uf = 42.3meV,49.3meV, 98.6meV at
v = 0,—1, -2 respectively [124, 125]. Since v = —2 is
closer to the transition point (Fig. 1), we observe a larger
Kondo coupling at v = —2.

The RKKY interactions and the Hund’s rule— By inte-
grating out the c-electrons in the Kondo Hamiltonian(Eq. 3),
one induces an RKKY interaction [130-132] between the f-
moments (details in SM [125]), Sec. V). In the chiral-flat limit
(v, = 0, M = 0), the RKKY interactions can be described by
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FIG. 2. Excitation spectrum at v = 0,
full-half sector and half-half sector respectively.

the following U (4) x U(4) symmetric Hamiltonian
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v, ¢’
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where both JEEEY(R’)(< 0) and JEEEY (R/)(< 0) can
be analytically obtained and are ferromagnetic (SM [125],

PO AT
we show that H}ng_ Ioﬂzy % is a Positive Semidefinite Hamil-
tonian [4, 70], where the exact ground state can be ob-
tained [4, 70, 87, 125]. The grounds states are ferromagnetic
with the form of (SM [125], Sec. VI)

Sec.V). Using bond operators A%?R,
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where z/f denotes the filling of the f-electrons with index £ =

Landvf =Oaty = 0,vf = —1,0atv = —1,and v} = —1
at v = —2. {i,} are chosen arbitrarily and |0) is the vacuum
with ¥£5[0) = 0.

We then consider the nonchiral-flat limit (v, # 0, M = 0),
where the RKKY interactions are flat-U (4) symmetric. They
lift the ground-state degeneracy in Eq. 7. We obtain the
ground states by treating v}-induced RKKY interactions as
perturbations (SM [125], Sec. VI), and the true ground state
is selected by the following RKKY interactions
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where JEEEY(R)(< 0) is analytically obtained and ferro-
magnetic (SM [125], Sec. V). JEEXEY(R, — R) tends to
align two f-moments : XA]EL":,’J“JF)(R) : and : f]ff,;__)(Rg) :
and stabilize the ground states obeying the Hund’s rule (see

Fig. 1). The corresponding ground states are consistent with
Ref. [70, 87] (nonchiral-flat limit).

—1, —2. Blue, orange, red and green denote the fluctuations in the full-empty sector, half-empty sector,

Moreover, we also derive the RKKY interactions in the
zero-hybridization limit (y = 0,v, = 0) with non-zero
J(# 0) (SM [125], Sec. IIT), where the corresponding ground
states are consistent with Ref. [87] (chiral-nonflat limit).

In summary, the ground states, that we derived unbiasedly
from the RKKY interactions, spontaneously break the flat-
U(4) symmetry. The long-range ordered ground state is an
unavoidable consequence of the absence of Kondo screening
at v = 0,—1, —2 (see also Ref. [133]). Finally, we mention
that, to further distinguish the ground states within the same
flat-U (4) manifold, one needs to include the small flat-U (4)
breaking term (M # 0).

Fluctuations of the f-moments— We check the stability of
the ferromagnetic ground state derived from RKKY Hamil-
tonian by studying small fluctuations (details in SM [125],
Sec.VIII). We restrict ourselves to the flat-U (4) nonchiral-flat
limit M = 0,0, # 0atv = 0,—1,—2. To describe the fluc-
tuations we introduce for each site a 8 x 8 traceless Hermitian
matrix u;¢ jer (R), where i, j € {1,2,3,4} are valley-spin fla-
vors and &, ¢" € {4, —}. The f-moments in Eq. 2 can then be
written as (SM [125], Sec. VIII).

() l’ iU R iu(R
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where A is an 8 x 8 matrix defined as A ;e = (Yo :

{{’if*w{%i ¢ |tho)/2 and |t)o) is the ground state. A non-
zero w;e jer(R) will generate fluctuations by rotating the f-
moments from their ground-state expectation values.

The ferromagnetic order in the ground state opens a gap in
the single-particle spectrum of the c-electrons which allows us
to safely integrate them out [125] and to develop an effective
theory for small fluctuations by expanding the action to the
second order in u;¢ jer (R, T), where 7 is the imaginary time
(SM [125], Sec. VIII). The Lagrangian of the effective theory
is provided in SM [125], Sec. VIII, where we find the diagonal
components u;¢ ;¢ (R, 7) only contribute a total derivative and
we will focus on the off-diagonal components: ;¢ je (R, T)
with i€ # j¢'.

We then introduce two sets Sy and Seyy,y to character-
ize the ground state, where Sy;;; and S, denote the sets of



1€ indices that are filled with one and zero number of the f-
electrons at each site, respectively. A fluctuation generated by
wie jer(R) (1§ # j&') is described by the procedure of mov-
ing one f-electron from ;&' flavor at site R to £ flavor at
the same site (SM [125], Sec. VIII). This procedure can only
be valid when i € Semp,j§ € Spu. Consequently, only
wig jer (R, 7) with 5 € S, i€ € Semp and also its com-
plex conjugate ujes ;e(R, 7) that describes the reverse proce-
dure appear in our effective Lagrangian. We diagonalize the
Lagrangian and plot the excitation spectrum in Fig. 2.

We first analyze the spectrum at v = 0,—2. The La-
grangian density in the long-wavelength limit and in mo-
mentum (k) and frequency (w) spaces has the form of L =
Lgotdstone + Lgapped:
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where uji = (ugiiv) + UG-io))/V2 and Ul =
(g imy = u—i))/V2u(pimy ug—ivy) and ks =

ke £ iky, k = |k|. mg,m1,ma, V, A1, A,V depend on the
parameters of the THF Hamiltonian (SM [125], Sec. VIII).
The Goldstone modes with quadratic dispersion decouple
from the rest (gapped modes).

The gaps at k = 0 are A; and Ay, with As correspond-
ing to two-fold degenerate modes. This feature is repro-
duced in Fig. 2 (c). The exceptional case when all three
modes are degenerate (A; = As) is depicted in Fig. 2
(a) and the condition for the degeneracy is & = [—0.37 +
V/0.14 +0.23(v})2/(vA)?]7%/(JDy,.;) = 1. Using the re-
alistic values of parameters, we find a« = 1.07 =~ 1. By
directly evaluating the Lagrangian, we also observe “roton”
minima in the gapped modes (most obviously at v = —2) at
|k| ~ 0.3]|bps1| with by the moiré reciprocal lattice vector.

We next discuss the number of the Goldstone modes. Each
combination of (3, j) that satisfies i+,i— € Sepp, j+,j— €
St produce a Goldstone mode [125]. This leads to four
Goldstone modes at ¥ = 0 and three Goldstone modes at
v = —2 [88]. Furthermore, all excitation modes depicted in
Fig. 2 are four-fold degenerate at v = 0 and three-fold degen-
erate at v = —2, due to the remaining U(2) x U(2) symme-
tries at ¥ = 0 and the remaining U (1) x U(3) symmetries at
V=2

We now analyze the spectrum at v = —1. Unlike v = 0, —2
where each valley-spin flavor is filled with either two or zero
f- electrons, at v = —1, there is one valley-spin flavor (de-
noted by ¢ = 1) filled with two f-electrons and one valley-spin
flavor (denoted by ¢ = 2) filled with one f-electron and two

empty valley-spin flavors (denoted by ¢ = 3,4) as shown in
Fig. 1 (c). This allows us to classify u;¢ jo(R,7) atv = —1
into four sectors: (1) full-empty sector with ¢ = 3,4,5 = 1
ori = 1,5 = 3,4; (2) half-empty sector with¢ = 2,5 = 3,4
ori = 3,4,7 = 2; (3) full-half sector with¢ = 1,5 = 2
or j = 2,¢ = 1; (4) half-half sector with ¢ = 2,7 = 2. In
Fig. 2, we label the excitation in different sectors with differ-
ent colors. Due to the remaining U (1) x U(1) x U(2) sym-
metry of the v = —1 ground state , each mode is two-fold de-
generate in the full-empty and half-empty sectors and is non-
degenerate in the full-half and half-half sectors. We find 2 de-
generate Goldstone modes with stiffness 6.7meV - a%, in the
full-empty sector, 2 degenerate Goldstone modes with stiff-
ness 1.3meV - a3, in the half-empty sector, and 1 Goldstone
mode with stiffness 1.8meV - a?w in the full-half sector [88].

Several remarks are in order. Firstly, some of the gapped
modes at v = 0, —1, —2 are relatively flat as shown in Fig. 2.
Secondly, at ¥ = —1, one of the flat modes (green curve
in Fig. 2 (b)) with eigenfunction uy_ o4 (k) has a tiny gap
0.12meV at I'j; point and a very narrow bandwidth 1.5meV.

Summary and discussions— We have constructed and stud-
ied a Kondo lattice model for MATBLG. Its distinct feature
is the Dirac character of the c-electron spectrum: at integer
fillings, there is no Fermi surface. Hence the Kondo screening
is irrelevant and the low energy physics is dominated by the
RKKY interactions, which is also responsible for the Hund’s
rule and ferromagnetism of the ground states. Moreover, we
have developed an effective theory describing small fluctua-
tions of the local moments and found their excitation spec-
trum. We discuss the properties of the Goldstone and gapped
modes. Unlike previous studies that mostly rely on numerical
calculations, we are able to provide a more analytical under-
standing of the ground states and local-moment fluctuations
here. We believe that our work provides insight into the cor-
related ground states and the local-moment fluctuations of the
MATBLG.

We also comment on the connection with previous
works [88, 134]. Some features, including the soft modes and
accidental degeneracy of gapped modes at I'j;, also appear
in the projected Coulomb model [88], but the roton modes do
not. We note that the projected Coulomb model [88] has ig-
nored the effect of remote bands.

Roton modes have also been seen in Ref. [134], where the
remote bands have been included. However, our model gives
a larger bandwidth of the gapped modes than Ref. [134]. We
point out that, we take a different set of parameter values (in-
cluding dielectric constant, and gate distance). Besides, in
our model, all Goldstone modes have quadratic dispersions,
in contrast to Ref. [134] which found a linear one. The dif-
ference in the results has its origin in the different symmetry
properties. We consider the flat limit of the model, and the
quadratic dispersion comes from the broken flat U (4) symme-
try. Ref. [134] takes non-flat bands, and the linear Goldstone
modes come from the broken U (1) valley symmetry. How-
ever, the flat U(4) symmetry is only weakly broken due to
the small bandwidth of the flat bands, which makes it hard to



detect this symmetry-breaking effect experimentally.

We conclude the paper with a discussion of the relevance of
our results to the recent entropy experiments [119, 120]. Ex-
perimentally, the entropy in TBG near v = —1 has been found
to be of the order of Boltzmann’s constant and is suppressed
by the applications of magnetic fields. This large entropy can
be explained by the presence of soft mode at v = —1, which
will be suppressed by the magnetic field. Finally, the fluc-
tuations of the f-moments could potentially generate attrac-
tive interactions between c-electrons and drive the system to
the superconducting phase. Thus, our work also establishes a
platform for understanding the superconductivity.

Note added— After finishing this work, we have learned
that related, but not identical, results had recently been ob-
tained by the S. Das Sarma’s [135], P. Coleman’s [136] and Z.
Song’s groups [137].

Acknowledgements— We thank Z. Song for discussions.
We also thank P. Coleman and S. Das Sarma for discussions.
B. A. B.’s work was primarily supported by the DOE Grant
No. DE-SC0016239. H. H. was supported by the European
Research Council (ERC) under the European Union’s Horizon
2020 research and innovation program (Grant Agreement No.
101020833). Further support was provided by the Gordon and
Betty Moore Foundation through the EPiQS Initiative, Grant
GBMF11070 and the European Research Council (ERC) un-
der the European Union’s Horizon 2020 research and inno-
vation program (Grant Agreement No. 101020833) A. M. T.
was supported by the Office of Basic Energy Sciences, Ma-
terial Sciences and Engineering Division, U.S. Department of
Energy (DOE) under Contract No. DE-SC0012704.

* bernevig@princeton.edu

[1] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken, J. Y.
Luo, J. D. Sanchez-Yamagishi, K. Watanabe, T. Taniguchi,
E. Kaxiras, R. C. Ashoori, and P. Jarillo-Herrero, Nature 556,
80 (2018).

[2] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, Nature 556, 43 (2018).

[3] R. Bistritzer and A. H. MacDonald, Proceedings of the Na-
tional Academy of Sciences 108, 12233 (2011).

[4] B. A. Bernevig, Z.-D. Song, N. Regnault, and B. Lian, Phys.
Rev. B 103, 205413 (2021).

[5] K. Hejazi, C. Liu, H. Shapourian, X. Chen, and L. Balents,
Phys. Rev. B 99, 035111 (2019).

[6] B. Padhi, A. Tiwari, T. Neupert, and S. Ryu, Phys. Rev. Re-
search 2, 033458 (2020).

[7] J. F. Dodaro, S. A. Kivelson, Y. Schattner, X. Q. Sun, and
C. Wang, Phys. Rev. B 98, 075154 (2018).

[8] T. Soejima, D. E. Parker, N. Bultinck, J. Hauschild, and M. P.
Zaletel, Phys. Rev. B 102, 205111 (2020).

[9] P. Eugenio and C. Dag, SciPost Physics Core 3, 015 (2020).

[10] Y. Huang, P. Hosur, and H. K. Pal, Phys. Rev. B 102, 155429
(2020).
[11] X.Zhang, G. Pan, Y. Zhang, J. Kang, and Z. Y. Meng, Chinese

Physics Letters 38, 077305 (2021), arXiv:2105.07010 [cond-
mat.str-el].

[12] J. Kang, B. A. Bernevig, and O. Vafek, arXiv:2104.01145
[cond-mat] (2021), arXiv:2104.01145 [cond-mat].

[13] J. S. Hofmann, E. Khalaf, A. Vishwanath, E. Berg, and J. Y.
Lee, Physical Review X 12, 011061 (2022), arXiv:2105.12112
[cond-mat.str-el].

[14] Y.-H. Zhang, D. Mao, Y. Cao, P. Jarillo-Herrero, and
T. Senthil, Phys. Rev. B 99, 075127 (2019).

[15] X.-C. Wu, C.-M. Jian, and C. Xu, Phys. Rev. B 99, 161405(R)
(2019).

[16] R. M. Fernandes and J. W. F. Venderbos, Science Advances 6,
eaba8834 (2020).

[17] J. H. Wilson, Y. Fu, S. Das Sarma, and J. H. Pixley, Phys. Rev.
Research 2, 023325 (2020).

[18] J. Wang, Y. Zheng, A. J. Millis, and J. Cano, Phys. Rev. Re-
search 3, 023155 (2021).

[19] B. A. Bernevig, Z.-D. Song, N. Regnault, and B. Lian, Physi-
cal Review B 103, 205411 (2021), publisher: American Phys-
ical Society.

[20] J. Yu, M. Xie, B. A. Bernevig, and S. D. Sarma, arXiv preprint
arXiv:2301.04171 (2023).

[21] H. Shi and X. Dai, Phys. Rev. B 106, 245129 (2022).

[22] A. Shankar, D. Oriekhov, A. K. Mitchell, and L. Fritz, arXiv
preprint arXiv:2303.02492 (2023).

[23] Y. Cao, D. Chowdhury, D. Rodan-Legrain, O. Rubies-
Bigorda, K. Watanabe, T. Taniguchi, T. Senthil, and P. Jarillo-
Herrero, Phys. Rev. Lett. 124, 076801 (2020).

[24] Y. Cao, D. Rodan-Legrain, J. M. Park, N. F. Q. Yuan,
K. Watanabe, T. Taniguchi, R. M. Fernandes, L. Fu, and
P. Jarillo-Herrero, Science 372, 264 (2021).

[25] X. Lu, P. Stepanov, W. Yang, M. Xie, M. A. Aamir, I. Das,
C. Urgell, K. Watanabe, T. Taniguchi, G. Zhang, A. Bachtold,
A. H. MacDonald, and D. K. Efetov, Nature 574, 653 (2019).

[26] M. Yankowitz, S. Chen, H. Polshyn, Y. Zhang, K. Watanabe,
T. Taniguchi, D. Graf, A. F. Young, and C. R. Dean, Science
363, 1059 (2019).

[27] P. Stepanov, 1. Das, X. Lu, A. Fahimniya, K. Watanabe,
T. Taniguchi, F. H. L. Koppens, J. Lischner, L. Levitov, and
D. K. Efetov, Nature 583, 375 (2020).

[28] M. Xie and A. H. MacDonald, Phys. Rev. Lett. 127, 196401
(2021).

[29] Y. Jiang, X. Lai, K. Watanabe, T. Taniguchi, K. Haule, J. Mao,
and E. Y. Andrei, Nature 573, 91 (2019).

[30] D. Wong, K. P. Nuckolls, M. Oh, B. Lian, Y. Xie, S. Jeon,
K. Watanabe, T. Taniguchi, B. A. Bernevig, and A. Yazdani,
Nature 582, 198 (2020).

[31] U. Zondiner, A. Rozen, D. Rodan-Legrain, Y. Cao,
R. Queiroz, T. Taniguchi, K. Watanabe, Y. Oreg, F. von Op-
pen, A. Stern, E. Berg, P. Jarillo-Herrero, and S. Ilani, Nature
582, 203 (2020).

[32] I. Das, X. Lu, J. Herzog-Arbeitman, Z.-D. Song, K. Watanabe,
T. Taniguchi, B. A. Bernevig, and D. K. Efetov, Nat. Phys. 17,
710 (2021).

[33] J. M. Park, Y. Cao, K. Watanabe, T. Taniguchi, and P. Jarillo-
Herrero, Nature 592, 43 (2021).

[34] X. Lu, B. Lian, G. Chaudhary, B. A. Piot, G. Romagnoli,
K. Watanabe, T. Taniguchi, M. Poggio, A. H. MacDon-
ald, B. A. Bernevig, and D. K. Efetov, PNAS 118 (2021),
10.1073/pnas.2100006118.

[35] M. Otteneder, S. Hubmann, X. Lu, D. A. Kozlov, L. E. Golub,
K. Watanabe, T. Taniguchi, D. K. Efetov, and S. D. Ganichey,
Nano Letters 20, 7152 (2020).

[36] S. Lisi, X. Lu, T. Benschop, T. A. de Jong, P. Stepanov, J. R.
Duran, F. Margot, I. Cucchi, E. Cappelli, A. Hunter, A. Tamai,
V. Kandyba, A. Giampietri, A. Barinov, J. Jobst, V. Stalman,


mailto:bernevig@princeton.edu
http://dx.doi.org/10.1038/nature26154
http://dx.doi.org/10.1038/nature26154
http://dx.doi.org/ 10.1038/nature26160
http://dx.doi.org/ 10.1103/PhysRevB.103.205413
http://dx.doi.org/ 10.1103/PhysRevB.103.205413
http://dx.doi.org/ 10.1103/PhysRevB.99.035111
http://dx.doi.org/ 10.1103/PhysRevResearch.2.033458
http://dx.doi.org/ 10.1103/PhysRevResearch.2.033458
http://dx.doi.org/ 10.1103/PhysRevB.98.075154
http://dx.doi.org/ 10.1103/PhysRevB.102.205111
http://dx.doi.org/10.21468/SciPostPhysCore.3.2.015
http://dx.doi.org/10.1103/PhysRevB.102.155429
http://dx.doi.org/10.1103/PhysRevB.102.155429
http://dx.doi.org/ 10.1088/0256-307X/38/7/077305
http://dx.doi.org/ 10.1088/0256-307X/38/7/077305
http://arxiv.org/abs/2105.07010
http://arxiv.org/abs/2105.07010
http://arxiv.org/abs/2104.01145
http://dx.doi.org/ 10.1103/PhysRevX.12.011061
http://arxiv.org/abs/2105.12112
http://arxiv.org/abs/2105.12112
http://dx.doi.org/ 10.1103/PhysRevB.99.075127
http://dx.doi.org/ 10.1103/PhysRevB.99.161405
http://dx.doi.org/ 10.1103/PhysRevB.99.161405
http://dx.doi.org/10.1126/sciadv.aba8834
http://dx.doi.org/10.1126/sciadv.aba8834
http://dx.doi.org/ 10.1103/PhysRevResearch.2.023325
http://dx.doi.org/ 10.1103/PhysRevResearch.2.023325
http://dx.doi.org/ 10.1103/PhysRevResearch.3.023155
http://dx.doi.org/ 10.1103/PhysRevResearch.3.023155
http://dx.doi.org/ 10.1103/PhysRevB.103.205411
http://dx.doi.org/ 10.1103/PhysRevB.103.205411
http://dx.doi.org/10.1103/PhysRevB.106.245129
http://dx.doi.org/ 10.1103/PhysRevLett.124.076801
http://dx.doi.org/ 10.1126/science.abc2836
http://dx.doi.org/ 10.1038/s41586-019-1695-0
http://dx.doi.org/10.1126/science.aav1910
http://dx.doi.org/10.1126/science.aav1910
http://dx.doi.org/ 10.1038/s41586-020-2459-6
http://dx.doi.org/10.1103/PhysRevLett.127.196401
http://dx.doi.org/10.1103/PhysRevLett.127.196401
http://dx.doi.org/10.1038/s41586-019-1460-4
http://dx.doi.org/ 10.1038/s41586-020-2339-0
http://dx.doi.org/ 10.1038/s41586-020-2373-y
http://dx.doi.org/ 10.1038/s41586-020-2373-y
http://dx.doi.org/ 10.1038/s41567-021-01186-3
http://dx.doi.org/ 10.1038/s41567-021-01186-3
http://dx.doi.org/ 10.1038/s41586-021-03366-w
http://dx.doi.org/10.1073/pnas.2100006118
http://dx.doi.org/10.1073/pnas.2100006118
http://dx.doi.org/ 10.1021/acs.nanolett.0c02474

M. Leeuwenhoek, K. Watanabe, T. Taniguchi, L. Rademaker,
S. J. van der Molen, M. P. Allan, D. K. Efetov, and F. Baum-
berger, Nature Physics 17, 189 (2021).

[37] T. Benschop, T. A. de Jong, P. Stepanov, X. Lu, V. Stalman,
S.J. van der Molen, D. K. Efetov, and M. P. Allan, Phys. Rev.
Res. 3, 013153 (2021).

[38] P. Seifert, X. Lu, P. Stepanov, J. R. Durdn Retamal, J. N.
Moore, K.-C. Fong, A. Principi, and D. K. Efetov, Nano Let-
ters 20, 3459 (2020).

[39] N. C. H. Hesp, I. Torre, D. Rodan-Legrain, P. Novelli, Y. Cao,
S. Carr, S. Fang, P. Stepanov, D. Barcons-Ruiz, H. Herzig She-
infux, K. Watanabe, T. Taniguchi, D. K. Efetov, E. Kaxiras,
P. Jarillo-Herrero, M. Polini, and F. H. L. Koppens, Nature
Physics 17, 1162 (2021).

[40] J. Diez-Merida, A. Diez-Carlén, S. Yang, Y.-M. Xie, X.-J.
Gao, K. Watanabe, T. Taniguchi, X. Lu, K. T. Law, and D. K.
Efetov, arXiv preprint arXiv:2110.01067 (2021).

[41] P. Stepanov, M. Xie, T. Taniguchi, K. Watanabe, X. Lu, A. H.
MacDonald, B. A. Bernevig, and D. K. Efetov, Phys. Rev.
Lett. 127, 197701 (2021).

[42] S. Hubmann, P. Soul, G. Di Battista, M. Hild, K. Watanabe,
T. Taniguchi, D. K. Efetov, and S. D. Ganichev, Phys. Rev.
Mater. 6, 024003 (2022).

[43] A. Jaoui, I. Das, G. Di Battista, J. Diez-Mérida, X. Lu,
K. Watanabe, T. Taniguchi, H. Ishizuka, L. Levitov, and D. K.
Efetov, Nature Physics 18, 633 (2022).

[44] 1. Das, C. Shen, A. Jaoui, J. Herzog-Arbeitman, A. Chew,
C.-W. Cho, K. Watanabe, T. Taniguchi, B. A. Piot, B. A.
Bernevig, and D. K. Efetov, Phys. Rev. Lett. 128, 217701
(2022).

[45] S. Grover, M. Bocarsly, A. Uri, P. Stepanov, G. Di Battista,
I. Roy, J. Xiao, A. Y. Meltzer, Y. Myasoedov, K. Pareek,
K. Watanabe, T. Taniguchi, B. Yan, A. Stern, E. Berg, D. K.
Efetov, and E. Zeldov, Nature Physics 18, 885 (2022).

[46] G. Di Battista, P. Seifert, K. Watanabe, T. Taniguchi, K. C.
Fong, A. Principi, and D. K. Efetov, Nano Letters 22, 6465
(2022).

[47] K. P. Nuckolls, M. Oh, D. Wong, B. Lian, K. Watanabe,
T. Taniguchi, B. A. Bernevig, and A. Yazdani, Nature 588,
610 (2020).

[48] Y. Choi, H. Kim, Y. Peng, A. Thomson, C. Lewandowski,
R. Polski, Y. Zhang, H. S. Arora, K. Watanabe, T. Taniguchi,
J. Alicea, and S. Nadj-Perge, Nature 589, 536 (2021).

[49] Y. Saito, J. Ge, L. Rademaker, K. Watanabe, T. Taniguchi,
D. A. Abanin, and A. F. Young, Nat. Phys. , 1 (2021).

[50] S. Wu, Z. Zhang, K. Watanabe, T. Taniguchi, and E. Y. An-
drei, Nat. Mater. 20, 488 (2021).

[51] L. Zou, H. C. Po, A. Vishwanath, and T. Senthil, Phys. Rev.
B 98, 085435 (2018).

[52] D. K. Efimkin and A. H. MacDonald, Phys. Rev. B 98, 035404
(2018).

[53] J. Kang and O. Vafek, Phys. Rev. X 8, 031088 (2018).

[54] Z.Song, Z. Wang, W. Shi, G. Li, C. Fang, and B. A. Bernevig,
Phys. Rev. Lett. 123, 036401 (2019).

[55] H. C. Po, L. Zou, T. Senthil, and A. Vishwanath, Phys. Rev.
B 99, 195455 (2019).

[56] B. Padhi, C. Setty, and P. W. Phillips, Nano Letters 18, 6175
(2018), arXiv:1804.01101 [cond-mat.str-el].

[57] K. Hejazi, X. Chen, and L. Balents, Physical Review Research
3, 013242 (2021), publisher: American Physical Society.

[58] J. Kang and O. Vafek, Phys. Rev. B 102, 035161 (2020).

[59] Z.-D. Song, B. Lian, N. Regnault, and B. A. Bernevig, Phys-
ical Review B 103, 205412 (2021), arXiv:2009.11872 [cond-
mat].

[60] B. Lian, F. Xie, and B. A. Bernevig, Phys. Rev. B 102,
041402(R) (2020).

[61] K. Hejazi, C. Liu, and L. Balents, Phys. Rev. B 100, 035115
(2019).

[62] L. Balents, C. R. Dean, D. K. Efetov, and A. F. Young, Nature
Physics 16, 725 (2020).

[63] E. Y. Andrei, D. K. Efetov, P. Jarillo-Herrero, A. H. MacDon-
ald, K. F. Mak, T. Senthil, E. Tutuc, A. Yazdani, and A. F.
Young, Nature Reviews Materials 6, 201 (2021).

[64] H. Polshyn, M. Yankowitz, S. Chen, Y. Zhang, K. Watanabe,
T. Taniguchi, C. R. Dean, and A. F. Young, Nat. Phys. 15,
1011 (2019).

[65] X. Liu, Z. Wang, K. Watanabe, T. Taniguchi, O. Vafek, and
J. 1. A. Li, Science 371, 1261 (2021).

[66] Y. Xie, B. Lian, B. Jick, X. Liu, C.-L. Chiu, K. Watanabe,
T. Taniguchi, B. A. Bernevig, and A. Yazdani, Nature 572,
101 (2019).

[67] Y. Choi, J. Kemmer, Y. Peng, A. Thomson, H. Arora, R. Pol-
ski, Y. Zhang, H. Ren, J. Alicea, G. Refael, F. von Oppen,
K. Watanabe, T. Taniguchi, and S. Nadj-Perge, Nat. Phys. 15,
1174 (2019).

[68] A. Kerelsky, L. J. McGilly, D. M. Kennes, L. Xian,
M. Yankowitz, S. Chen, K. Watanabe, T. Taniguchi, J. Hone,
C. Dean, A. Rubio, and A. N. Pasupathy, Nature 572, 95
(2019).

[69] H. C. Po, L. Zou, A. Vishwanath, and T. Senthil, Phys. Rev.
X 8, 031089 (2018).

[70] J. Kang and O. Vafek, Phys. Rev. Lett. 122, 246401 (2019).

[71] F. Xie, A. Cowsik, Z.-D. Song, B. Lian, B. A. Bernevig, and
N. Regnault, Physical Review B 103, 205416 (2021), pub-
lisher: American Physical Society.

[72] J. W. F. Venderbos and R. M. Fernandes, Phys. Rev. B 98,
245103 (2018).

[73] Y.-Z. You and A. Vishwanath, npj Quantum Mater. 4, 1 (2019).

[74] N. Bultinck, S. Chatterjee, and M. P. Zaletel, Phys. Rev. Lett.
124, 166601 (2020).

[75] A. Thomson, S. Chatterjee, S. Sachdev, and M. S. Scheurer,
Phys. Rev. B 98, 075109 (2018).

[76] Y. Da Liao, Z. Y. Meng, and X. Y. Xu, Phys. Rev. Lett. 123,
157601 (2019).

[77] Y. D. Liao, J. Kang, C. N. Breig, X. Y. Xu, H.-Q. Wu, B. M.
Andersen, R. M. Fernandes, and Z. Y. Meng, Phys. Rev. X
11, 011014 (2021).

[78] N. F. Q. Yuan and L. Fu, Phys. Rev. B 98, 045103 (2018).

[79] M. Xie and A. H. MacDonald, Phys. Rev. Lett. 124, 097601
(2020).

[80] M. Ochi, M. Koshino, and K. Kuroki, Phys. Rev. B 98,
081102(R) (2018).

[81] J. Liu, J. Liu, and X. Dai, Phys. Rev. B 99, 155415 (2019).

[82] K. Seo, V. N. Kotov, and B. Uchoa, Phys. Rev. Lett. 122,
246402 (2019).

[83] M. Christos, S. Sachdev, and M. S. Scheurer, PNAS 117,
29543 (2020).

[84] J. Liu and X. Dai, Phys. Rev. B 103, 035427 (2021).

[85] T. Cea and F. Guinea, Phys. Rev. B 102, 045107 (2020).

[86] Y.Zhang, K. Jiang, Z. Wang, and F. Zhang, Phys. Rev. B 102,
035136 (2020).

[87] B. Lian, Z.-D. Song, N. Regnault, D. K. Efetov, A. Yazdani,
and B. A. Bernevig, Phys. Rev. B 103, 205414 (2021).

[88] B. A. Bernevig, B. Lian, A. Cowsik, F. Xie, N. Regnault, and
Z.-D. Song, Phys. Rev. B 103, 205415 (2021).

[89] H. Guo, X. Zhu, S. Feng, and R. T. Scalettar, Phys. Rev. B 97,
235453 (2018).

[90] J. Herzog-Arbeitman, A. Chew, D. K. Efetov, and B. A.


http://dx.doi.org/10.1038/s41567-020-01041-x
http://dx.doi.org/ 10.1103/PhysRevResearch.3.013153
http://dx.doi.org/ 10.1103/PhysRevResearch.3.013153
http://dx.doi.org/ 10.1021/acs.nanolett.0c00373
http://dx.doi.org/ 10.1021/acs.nanolett.0c00373
http://dx.doi.org/10.1038/s41567-021-01327-8
http://dx.doi.org/10.1038/s41567-021-01327-8
http://dx.doi.org/10.1103/PhysRevLett.127.197701
http://dx.doi.org/10.1103/PhysRevLett.127.197701
http://dx.doi.org/ 10.1103/PhysRevMaterials.6.024003
http://dx.doi.org/ 10.1103/PhysRevMaterials.6.024003
http://dx.doi.org/ 10.1038/s41567-022-01556-5
http://dx.doi.org/10.1103/PhysRevLett.128.217701
http://dx.doi.org/10.1103/PhysRevLett.128.217701
http://dx.doi.org/10.1038/s41567-022-01635-7
http://dx.doi.org/ 10.1021/acs.nanolett.1c04512
http://dx.doi.org/ 10.1021/acs.nanolett.1c04512
http://dx.doi.org/10.1038/s41586-020-3028-8
http://dx.doi.org/10.1038/s41586-020-3028-8
http://dx.doi.org/ 10.1038/s41586-020-03159-7
http://dx.doi.org/ 10.1038/s41567-020-01129-4
http://dx.doi.org/ 10.1038/s41563-020-00911-2
http://dx.doi.org/10.1103/PhysRevB.98.085435
http://dx.doi.org/10.1103/PhysRevB.98.085435
http://dx.doi.org/10.1103/PhysRevB.98.035404
http://dx.doi.org/10.1103/PhysRevB.98.035404
http://dx.doi.org/10.1103/PhysRevX.8.031088
http://dx.doi.org/10.1103/PhysRevLett.123.036401
http://dx.doi.org/ 10.1103/PhysRevB.99.195455
http://dx.doi.org/ 10.1103/PhysRevB.99.195455
http://dx.doi.org/10.1021/acs.nanolett.8b02033
http://dx.doi.org/10.1021/acs.nanolett.8b02033
http://arxiv.org/abs/1804.01101
http://dx.doi.org/10.1103/PhysRevResearch.3.013242
http://dx.doi.org/10.1103/PhysRevResearch.3.013242
http://dx.doi.org/10.1103/PhysRevB.102.035161
http://dx.doi.org/ 10.1103/PhysRevB.103.205412
http://dx.doi.org/ 10.1103/PhysRevB.103.205412
http://dx.doi.org/10.1103/PhysRevB.102.041402
http://dx.doi.org/10.1103/PhysRevB.102.041402
http://dx.doi.org/10.1103/PhysRevB.100.035115
http://dx.doi.org/10.1103/PhysRevB.100.035115
http://dx.doi.org/10.1038/s41567-020-0906-9
http://dx.doi.org/10.1038/s41567-020-0906-9
http://dx.doi.org/10.1038/s41578-021-00284-1
http://dx.doi.org/10.1038/s41567-019-0596-3
http://dx.doi.org/10.1038/s41567-019-0596-3
http://dx.doi.org/ 10.1126/science.abb8754
http://dx.doi.org/10.1038/s41586-019-1422-x
http://dx.doi.org/10.1038/s41586-019-1422-x
http://dx.doi.org/ 10.1038/s41567-019-0606-5
http://dx.doi.org/ 10.1038/s41567-019-0606-5
http://dx.doi.org/10.1038/s41586-019-1431-9
http://dx.doi.org/10.1038/s41586-019-1431-9
http://dx.doi.org/ 10.1103/PhysRevX.8.031089
http://dx.doi.org/ 10.1103/PhysRevX.8.031089
http://dx.doi.org/10.1103/PhysRevLett.122.246401
http://dx.doi.org/ 10.1103/PhysRevB.103.205416
http://dx.doi.org/10.1103/PhysRevB.98.245103
http://dx.doi.org/10.1103/PhysRevB.98.245103
http://dx.doi.org/10.1038/s41535-019-0153-4
http://dx.doi.org/10.1103/PhysRevLett.124.166601
http://dx.doi.org/10.1103/PhysRevLett.124.166601
http://dx.doi.org/10.1103/PhysRevB.98.075109
http://dx.doi.org/10.1103/PhysRevLett.123.157601
http://dx.doi.org/10.1103/PhysRevLett.123.157601
http://dx.doi.org/10.1103/PhysRevX.11.011014
http://dx.doi.org/10.1103/PhysRevX.11.011014
http://dx.doi.org/10.1103/PhysRevB.98.045103
http://dx.doi.org/10.1103/PhysRevLett.124.097601
http://dx.doi.org/10.1103/PhysRevLett.124.097601
http://dx.doi.org/10.1103/PhysRevB.98.081102
http://dx.doi.org/10.1103/PhysRevB.98.081102
http://dx.doi.org/ 10.1103/PhysRevB.99.155415
http://dx.doi.org/10.1103/PhysRevLett.122.246402
http://dx.doi.org/10.1103/PhysRevLett.122.246402
http://dx.doi.org/10.1073/pnas.2014691117
http://dx.doi.org/10.1073/pnas.2014691117
http://dx.doi.org/10.1103/PhysRevB.103.035427
http://dx.doi.org/10.1103/PhysRevB.102.045107
http://dx.doi.org/ 10.1103/PhysRevB.102.035136
http://dx.doi.org/ 10.1103/PhysRevB.102.035136
http://dx.doi.org/ 10.1103/PhysRevB.103.205414
http://dx.doi.org/ 10.1103/PhysRevB.103.205415
http://dx.doi.org/ 10.1103/PhysRevB.97.235453
http://dx.doi.org/ 10.1103/PhysRevB.97.235453

Bernevig, Phys. Rev. Lett. 129, 076401 (2022).

[91] J. H. Pixley and E. Y. Andrei, Science 365, 543 (2019).

[92] F. Wu and S. Das Sarma, Phys. Rev. Lett. 124, 046403 (2020).

[93] C. Repellin, Z. Dong, Y.-H. Zhang, and T. Senthil, Phys. Rev.
Lett. 124, 187601 (2020).

[94] J. Liu, Z. Ma, J. Gao, and X. Dai, Phys. Rev. X 9, 031021
(2019).

[95] B. Lian, Z. Wang, and B. A. Bernevig, Phys. Rev. Lett. 122,
257002 (2019).

[96] F. Wu, A. H. MacDonald, and I. Martin, Phys. Rev. Lett. 121,
257001 (2018).

[97] C. Xu and L. Balents, Phys. Rev. Lett. 121, 087001 (2018).

[98] E. Guinea and N. R. Walet, PNAS 115, 13174 (2018).

[99] H. Isobe, N. F. Q. Yuan, and L. Fu, Phys. Rev. X 8, 041041
(2018).

[100] C.-C. Liu, L.-D. Zhang, W.-Q. Chen, and F. Yang, Phys. Rev.
Lett. 121, 217001 (2018).

[101] J. Gonzélez and T. Stauber, Phys. Rev. Lett. 122, 026801
(2019).

[102] E. Khalaf, S. Chatterjee, N. Bultinck, M. P. Zaletel, and
A. Vishwanath, Science Advances 7, eabf5299 (2021).

[103] C. Lewandowski, D. Chowdhury, and J. Ruhman, Phys. Rev.
B 103, 235401 (2021).

[104] S. Liu, E. Khalaf, J. Y. Lee, and A. Vishwanath, Phys. Rev.
Research 3, 013033 (2021).

[105] D. M. Kennes, J. Lischner, and C. Karrasch, Phys. Rev. B 98,
241407(R) (2018).

[106] T. Huang, L. Zhang, and T. Ma, Science Bulletin 64, 310
(2019).

[107] A. Julku, T. J. Peltonen, L. Liang, T. T. Heikkild, and
P. T6rm4, Phys. Rev. B 101, 060505(R) (2020).

[108] F. Xie, Z. Song, B. Lian, and B. A. Bernevig, Phys. Rev. Lett.
124, 167002 (2020).

[109] E.J. Konig, P. Coleman, and A. M. Tsvelik, Phys. Rev. B 102,
104514 (2020).

[110] D. V. Chichinadze, L. Classen, and A. V. Chubukov, Phys.
Rev. B 101, 224513 (2020).

[111] A. Abouelkomsan, Z. Liu, and E. J. Bergholtz, Phys. Rev.
Lett. 124, 106803 (2020).

[112] Y. H. Kwan, G. Wagner, T. Soejima, M. P. Zaletel,
S. H. Simon, S. A. Parameswaran, and N. Bultinck,
arXiv:2105.05857 [cond-mat] (2021), arXiv:2105.05857
[cond-mat].

[113] C. Repellin and T. Senthil, Phys. Rev. Research 2, 023238
(2020).

[114] P.J. Ledwith, G. Tarnopolsky, E. Khalaf, and A. Vishwanath,
Phys. Rev. Research 2, 023237 (2020).

[115] L. Balents, C. R. Dean, D. K. Efetov, and A. F. Young, Nat.
Phys. 16, 725 (2020).

[116] P. Cha, A. A. Patel, and E.-A. Kim, Phys. Rev. Lett. 127,
266601 (2021).

[117] E. Xie, J. Kang, B. A. Bernevig, O. Vafek, and N. Regnault,
Phys. Rev. B 107, 075156 (2023).

[118] Y. Sheffer and A. Stern, Phys. Rev. B 104, L121405 (2021).

[119] Y. Saito, F. Yang, J. Ge, X. Liu, T. Taniguchi, K. Watanabe,
J.I. A. Li, E. Berg, and A. F. Young, Nature 592, 220 (2021).

[120] A.Rozen,J. M. Park, U. Zondiner, Y. Cao, D. Rodan-Legrain,
T. Taniguchi, K. Watanabe, Y. Oreg, A. Stern, E. Berg,
P. Jarillo-Herrero, and S. Ilani, Nature 592, 214 (2021).

[121] O. Vafek and J. Kang, Phys. Rev. B 104, 075143 (2021).

[122] M. Koshino, N. E. Q. Yuan, T. Koretsune, M. Ochi, K. Kuroki,
and L. Fu, Phys. Rev. X 8, 031087 (2018).

[123] X. Y. Xu, K. T. Law, and P. A. Lee, Phys. Rev. B 98,
121406(R) (2018).

[124] Z.-D. Song and B. A. Bernevig, Phys. Rev. Lett. 129, 047601
(2022).

[125] See supplementary materials for the detailed calculations
of Schrieffer—Wolff transformation, RKKY interactions, ex-
citation spectrum and effective field theory, which includes
Refs. [4, 87, 88, 117, 124, 129, 138-143].

[126] D. Célugdru, M. Borovkov, L. L. Lau, P. Coleman, Z.-D. Song,
and B. A. Bernevig, arXiv preprint arXiv:2303.03429 (2023).

[127] N. Bultinck, E. Khalaf, S. Liu, S. Chatterjee, A. Vishwanath,
and M. P. Zaletel, Physical Review X 10, 031034 (2020), pub-
lisher: American Physical Society.

[128] O. Vafek and J. Kang, Phys. Rev. Lett. 125, 257602 (2020).

[129] J. R. Schrieffer and P. A. Wolff, Phys. Rev. 149, 491 (1966).

[130] M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954).

[131] T. Kasuya, Progress of Theoretical Physics 16,
45 (1956), https://academic.oup.com/ptp/article-
pdf/16/1/45/5266722/16-1-45.pdf.

[132] K. Yosida, Phys. Rev. 106, 893 (1957).

[133] H. Hu, G. Rai, L. Crippa, J. Herzog-Arbeitman, D. Cilugiru,
T. Wehling, G. Sangiovanni, R. Valenti, A. M. Tsvelik, and
B. A. Bernevig, “Symmetric kondo lattice states in doped
strained twisted bilayer graphene,” (2023), arXiv:2301.04673
[cond-mat.str-el].

[134] E. Khalaf, N. Bultinck, A. Vishwanath, and M. P. Zale-
tel, arXiv:2009.14827 [cond-mat] (2020), arXiv:2009.14827
[cond-mat].

[135] Y.-Z. Chou and S. D. Sarma, arXiv preprint arXiv:2211.15682
(2022).

[136] L. L. H. Lau and P. Coleman, “Topological mixed va-
lence model for twisted bilayer graphene,” (2023),
arXiv:2303.02670 [cond-mat.str-el].

[137] G.-D. Zhou and Z.-D. Song, “Kondo phase in twisted bilayer
graphene — a unified theory for distinct experiments,” (2023),
arXiv:2301.04661 [cond-mat.str-el].

[138] E. H. Lieb, Phys. Rev. Lett. 73, 2158 (1994).

[139] A. Kitaev, Annals of Physics 321, 2 (2006).

[140] A. Weisse, G. Wellein, A. Alvermann, and H. Fehske, Rev.
Mod. Phys. 78, 275 (2006).

[141] P. Coleman, Introduction to many-body physics (Cambridge
University Press, 2015).

[142] M. Abramowitz, I. A. Stegun, and R. H. Romer, “Handbook
of mathematical functions with formulas, graphs, and mathe-
matical tables,” (1988).

[143] A. Altland and B. D. Simons, Condensed matter field theory
(Cambridge university press, 2010).



http://dx.doi.org/10.1103/PhysRevLett.129.076401
http://dx.doi.org/10.1126/science.aay3409
http://dx.doi.org/10.1103/PhysRevLett.124.046403
http://dx.doi.org/10.1103/PhysRevLett.124.187601
http://dx.doi.org/10.1103/PhysRevLett.124.187601
http://dx.doi.org/ 10.1103/PhysRevX.9.031021
http://dx.doi.org/ 10.1103/PhysRevX.9.031021
http://dx.doi.org/10.1103/PhysRevLett.122.257002
http://dx.doi.org/10.1103/PhysRevLett.122.257002
http://dx.doi.org/10.1103/PhysRevLett.121.257001
http://dx.doi.org/10.1103/PhysRevLett.121.257001
http://dx.doi.org/10.1103/PhysRevLett.121.087001
http://dx.doi.org/10.1073/pnas.1810947115
http://dx.doi.org/10.1103/PhysRevX.8.041041
http://dx.doi.org/10.1103/PhysRevX.8.041041
http://dx.doi.org/ 10.1103/PhysRevLett.121.217001
http://dx.doi.org/ 10.1103/PhysRevLett.121.217001
http://dx.doi.org/10.1103/PhysRevLett.122.026801
http://dx.doi.org/10.1103/PhysRevLett.122.026801
http://dx.doi.org/ 10.1126/sciadv.abf5299
http://dx.doi.org/10.1103/PhysRevB.103.235401
http://dx.doi.org/10.1103/PhysRevB.103.235401
http://dx.doi.org/10.1103/PhysRevResearch.3.013033
http://dx.doi.org/10.1103/PhysRevResearch.3.013033
http://dx.doi.org/10.1103/PhysRevB.98.241407
http://dx.doi.org/10.1103/PhysRevB.98.241407
http://dx.doi.org/ 10.1016/j.scib.2019.01.026
http://dx.doi.org/ 10.1016/j.scib.2019.01.026
http://dx.doi.org/10.1103/PhysRevB.101.060505
http://dx.doi.org/ 10.1103/PhysRevLett.124.167002
http://dx.doi.org/ 10.1103/PhysRevLett.124.167002
http://dx.doi.org/10.1103/PhysRevB.102.104514
http://dx.doi.org/10.1103/PhysRevB.102.104514
http://dx.doi.org/10.1103/PhysRevB.101.224513
http://dx.doi.org/10.1103/PhysRevB.101.224513
http://dx.doi.org/10.1103/PhysRevLett.124.106803
http://dx.doi.org/10.1103/PhysRevLett.124.106803
http://arxiv.org/abs/2105.05857
http://arxiv.org/abs/2105.05857
http://dx.doi.org/10.1103/PhysRevResearch.2.023238
http://dx.doi.org/10.1103/PhysRevResearch.2.023238
http://dx.doi.org/10.1103/PhysRevResearch.2.023237
http://dx.doi.org/10.1038/s41567-020-0906-9
http://dx.doi.org/10.1038/s41567-020-0906-9
http://dx.doi.org/10.1103/PhysRevLett.127.266601
http://dx.doi.org/10.1103/PhysRevLett.127.266601
http://dx.doi.org/ 10.1103/PhysRevB.107.075156
http://dx.doi.org/10.1103/PhysRevB.104.L121405
http://dx.doi.org/10.1038/s41586-021-03409-2
http://dx.doi.org/10.1038/s41586-021-03319-3
http://dx.doi.org/10.1103/PhysRevB.104.075143
http://dx.doi.org/ 10.1103/PhysRevX.8.031087
http://dx.doi.org/10.1103/PhysRevB.98.121406
http://dx.doi.org/10.1103/PhysRevB.98.121406
http://dx.doi.org/10.1103/PhysRevLett.129.047601
http://dx.doi.org/10.1103/PhysRevLett.129.047601
http://dx.doi.org/ 10.1103/PhysRevX.10.031034
http://dx.doi.org/10.1103/PhysRevLett.125.257602
http://dx.doi.org/10.1103/PhysRev.149.491
http://dx.doi.org/10.1103/PhysRev.96.99
http://dx.doi.org/10.1143/PTP.16.45
http://dx.doi.org/10.1143/PTP.16.45
http://arxiv.org/abs/https://academic.oup.com/ptp/article-pdf/16/1/45/5266722/16-1-45.pdf
http://arxiv.org/abs/https://academic.oup.com/ptp/article-pdf/16/1/45/5266722/16-1-45.pdf
http://dx.doi.org/10.1103/PhysRev.106.893
http://arxiv.org/abs/2301.04673
http://arxiv.org/abs/2301.04673
http://arxiv.org/abs/2009.14827
http://arxiv.org/abs/2009.14827
http://arxiv.org/abs/2303.02670
http://arxiv.org/abs/2301.04661
http://dx.doi.org/10.1103/PhysRevLett.73.2158
http://dx.doi.org/10.1103/RevModPhys.78.275
http://dx.doi.org/10.1103/RevModPhys.78.275

	Kondo Lattice Model of Magic-Angle Twisted-Bilayer Graphene: Hund's Rule, Local-Moment Fluctuations, and Low-Energy Effective Theory
	Abstract
	References


