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Third generation gravitational wave (GW) detectors are expected to detect millions of binary black hole (BBH)
mergers during their operation period. A small fraction of them (∼ 1%) will be strongly lensed by intervening
galaxies and clusters, producing multiple observable copies of the GW signals. The expected number of lensed
events and the distribution of the time delay between lensed images depend on the cosmology. We develop a
Bayesian analysis method for estimating cosmological parameters from the detected number of lensed events and
their time delay distribution. The expected constraints are comparable to that obtained from other cosmological
measurements, but probing a different redshift regime (z ∼ 10) that is not explored by other probes.

INTRODUCTION

The first gravitational wave (GW) detection by Advanced
LIGO [1] announced the arrival of a new astronomy[2]. Since
then, ∼100 GW signals [3–12] have been detected by LIGO
and Virgo [13], the majority of which correspond to stellar-
mass binary black hole (BBH) mergers. The remaining detec-
tions correspond to neutron star-black hole (NSBH) [14] and
binary neutron star (BNS) mergers [15, 16].

The astrophysical riches extracted from the GW observa-
tions have been spectacular. These have enabled unique tests
of general relativity [17–20], provided the very first glimpse
of the population properties of BBHs [21], and ruled out a
number of neutron star equation of state models [22]. GWs
have also given us the ability to estimate luminosity distances
to their sources without using distance ladders. This in turn
has provided new measurements of the Hubble constant H0
[23–30]. While their current uncertainties are large, future de-
tections will enable precise measurements (see, e.g., [31–35]
for prospective constraints, and [36–38] for some caveats).

The proposed third generation (3G) network of ground-
based detectors, consisting of two Cosmic Explorers [39] and
one Einstein Telescope [40], is planned to have a markedly
improved sensitivity – by as much as an order of magnitude –
compared to that of the Advanced LIGO and Virgo detectors.
The expected detection rate in the 3G era is therefore enormous
(∼ 105 − 106 BBH events per year [41]). These detectors could
observe stellar mass BBHs at redshifts of up to z ∼ 100 [42].

Using GW standard sirens, 3G detectors could not only en-
able a stringent constraint on H0, but also potentially provide
precise measurements of other cosmological parameters, such
as the matter densityΩm and cosmological constant densityΩΛ
of the flat ΛCDM cosmological model[31–35]. While precise
estimates of these parameters have been obtained from the
study of the cosmic microwave background (CMB) [43], Type
Ia supernovae [44], etc, there is considerable value in providing
independent constraints using GWs. Currently, there appears
to be an inconsistency between the high-redshift (z ∼ 1000)
CMB data and the low-redshift (z ≲ 2) probes such as super-
novae [44]. This could could be a result of unknown systematic
errors or point to the breakdown of the ΛCDM model. Not
only would these GW-based measurements have different sys-
tematic errors, they would also probe the cosmology using data
from redshifts (z ∼ 2 − 15), not probed by the CMB or other
electromagnetic (EM) observations.

Strong lensing of GWs offers a unique complementary probe
of cosmology. Strong lensing can produce multiple observ-
able copies of the GW signals which arrive at the detector at
different times. During their operational lifetime (∼10 years),
3G detectors are expected to observe tens of thousands of GW
signals strongly lensed by galaxies and galaxy clusters.

The most famous cosmological probe involving strong lens-
ing is the use of measured time delays to infer H0: this method
requires building detailed mass models for gravitational lenses
that host multiple images of background sources. These mod-
els, along with measured time delays, enable system-by-system
constraints, which can be combined to get a better measure-
ment of H0, and even other cosmological parameters, from a
catalog of such systems (see [45] for a recent review). The
dependence of lensing time delay on cosmological parameters
is degenerate with the lens parameters and the source loca-
tion, which are usually difficult to precisely constrain in the
absence of an EM counterpart. Hence previous work [46] in
GW time-delay cosmography relied on the existence of an EM
counterpart. This requires at least one of the compact objects
in the binary to be a neutron star, and the mass ratio to be mod-
erate, effectively restricting this method to low-mass binaries
only. The horizon distance of 3G detectors to such low-mass
binaries is modest (z ≲ 2). Further, even with the best EM
telescopes, the detectability of faint EM counterparts such as
kilonovae is restricted to smaller redshifts (z ≲ 0.5) [47]. These
limitations would make this essentially a probe of cosmology
at low redshifts.

In this work, we propose a statistical probe of cosmology
that uses population-level properties of a catalog of lensed GW
detections to constrain cosmology. This method is related to
previous proposals to statistically infer cosmological parame-
ters from distributions of image separations [48–51] and time
delays [52–55] in lensed quasars. In contrast to the lensing of
light, the angular separation of lensed GW signals in the sky is
expected to be unresolvable even with 3G detectors. However,
we will have precise timing information. Even with existing
GW detectors, the arrival times of GW signals can be measured
with a precision of ∼ 10−4 s, which cannot be achieved using
quasar light curves. Moreover, GWs are unaffected by issues
such as extinction (which is a potential source of systematic
error for quasar cosmography [56]) and in general have a much
simpler and well-modeled selection function.

We aim to to look for the imprints of cosmological parame-
ters on the number of lensed signals, as well as the distribution
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of their time delays, without relying on the accurate knowl-
edge of the source location of the individual signals and the
properties of the corresponding lenses. Indeed, the number
of lensed events as well as the time delay distribution will
also depend on the source properties (e.g., mass and redshift
distribution of BBHs [57–59]) as well as the lens properties
(e.g., the mass function of the dark matter halos [60] and the
lens model [61, 62]). If the distributions of the source and lens
properties are known from other observations or theoretical
models (e.g., from the observation of unlensed GW signals and
dark matter simulations), then the cosmological parameters
can be inferred from the observed number of lensed events
and their time delay distribution. Recently [63] presented a
complementary approach where they sought to constrain the
distribution of the sources and lenses from the GW lensing rate
and time delay distribution.

We provide prospective constraints on H0,Ωm (and by exten-
sion, ΩΛ, assuming a flat ΛCDM cosmology) acquired from
the expected detections of strongly lensed BBH detections in
the 3G era. For simplicity, we set the rest of the parameters in
the ΛCDM model to be the values given by the recent CMB
measurements [43]. We adopt a Bayesian framework which
effectively compares the detected number of lensed events and
the time delay distribution of lensed events, to a set of model
distributions corresponding to different values of H0 and Ωm.
We assume that the distributions of the source properties and
lens properties are known from independent means (e.g. from
the population of unlensed GW signals, EM probes, or the-
oretical models). We find that we are able to constrain H0
(Ωm) with a ∼ 1.6% (1.9%) precision (68% credible interval),
assuming an observation period of 10 yrs and a BBH merger
rate of 5 × 105 yr−1.

STRONG LENSING PROBABILITY AND TIME DELAY

GW signals that we consider have wavelengths much smaller
than the characteristic length scales of the lenses (galaxies and
clusters), which are, in turn, much smaller than the cosmo-
logical distances. Hence we invoke both the geometric optics
approximation as well as the thin lens approximation [64].
Further, we assume that the lenses can be approximated as
singular isothermal spheres (SIS), which is a reasonable first
approximation to galaxies situated at the centre of spherical
dark matter halos. Note that the method that we propose does
not rely on this simple lens model — detailed analyses will
need to use more realistic lens models1.

In the SIS approximation, if the source lies within the Ein-
stein radius rE of the lens, it will produce two distinct images
[65] (equivalently, two copies of the GW signals that are poten-
tially observable). For a source at redshift zs, the probability
of this happening is given by Pℓ(zs|Ω⃗) = 1 − exp[−τ(zs, Ω⃗)].
Here, τ(zs, Ω⃗) is the strong lensing optical depth — a measure
of the total number lenses that lie within a radius rE from the

1 See, e.g., [57, 62] for time delay distributions for some other lens models.
Note also that our method is statistical in nature, and hence, we need a
good description of lenses on average, rather than precise mass models of
individual lenses.

line connecting the source and the Earth.

τ(zs, Ω⃗) =
∫ zs

0

dτ
dzℓ

(zs, Ω⃗) dzℓ. (0.1)

The differential optical depth dτ/dzℓ has a dependence on
cosmological parameters Ω⃗. Hence the fraction of lensed GW
events will depend on Ω⃗.

The time delay between the two images is given by (see, e.g.
[65]):

∆t(zℓ, σ, zs, y, Ω⃗) =
D∆t

c
32π2

(
σ

c

)4
y

(
Dℓs
Ds

)2

. (0.2)

Above, D∆t ≡ (1 + zℓ)DsDℓ/Dℓs, is called the time delay dis-
tance, where Dℓ, Ds, Dℓs are angular diameter distances sep-
arating the earth and the lens, the earth and the source, and
the lens and the source, respectively. The lens and source red-
shifts are denoted by zℓ and zs, while σ denotes the velocity
dispersion of the lens, and y the source position in the lens
plane (in units of rE). The time delay depends, in addition, on
the cosmological parameters Ω⃗. This is because the relation
between angular diameter distance and redshift depends on
cosmological parameters.

If the properties of the lens (σ and zℓ in the SIS approxima-
tion) and the source (zs and y) are known (either through an EM
counterpart of the merger or by localizing the host galaxy[66]),
then Eq. (0.2) can be solved to get the cosmological parameters
directly [46]. However, this is likely to be possible only for
a small number of detected lensed events and limit ourselves
to low redshifts (z ≲ 0.5). Hence, we resort to a statistical ap-
proach here, where we exploit the dependence of the fraction
of lensed events, as well as the time delay distribution of the
images, on cosmological parameters.

BAYESIAN INFERENCE OF COSMOLOGICAL
PARAMETERS FROM LENSED EVENTS

We assume that a set of N lensed BBH mergers have been
confidently detected within an observation period Tobs, each
merger producing two lensed copies of the GW signal. We also
assume that the time delays between each of these the lensed
pairs have been measured accurately and precisely, which we
denote as {∆ti}, i = 1, 2, . . . ,N. Given N and {∆ti}, we wish to
construct a posterior on cosmological parameters Ω⃗ ≡ (H0,Ωm)
assuming a flat ΛCDM cosmology. From Bayes’ theorem:

p
(
Ω⃗ | N, {∆ti}

)
=

p
(
Ω⃗
)

p
(
N, {∆ti} | Ω⃗,Tobs

)
Z

(0.3)

where p
(
Ω⃗
)

is the prior on Ω⃗ and p
(
N, {∆ti} | Ω⃗,Tobs

)
is the

likelihood of observing N lensed events with time delays {∆ti}
given the cosmological parameters Ω⃗. Z is a normalization
constant, which is the evidence of the assumed model.

Since N and {∆ti} are uncorrelated, the likelihood can be
written as a product of likelihoods:

p
(
N, {∆ti} | Ω⃗,Tobs

)
= p

(
N | Ω⃗,Tobs

)
p
(
{∆ti} | Ω⃗,Tobs

)
.

(0.4)
Above, the likelihood of observing N lensed BBH mergers can
be described by a Poisson distribution

p
(
N | Ω⃗,Tobs

)
=
Λ(Ω⃗,Tobs)N e−Λ(Ω⃗,Tobs)

N!
, (0.5)
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FIG. 1. Left: Expected number of lens pairs for different values of Ω⃗ in flat ΛCDM model, assuming a merger rate R = 5 × 105 yr−1 and
observation time period Tobs = 10 yrs. Right: The strong-lensing time-delay distributions for different values of cosmological parameters:
Increasing H0 (Ωm) shifts the peak of the distribution towards smaller (larger) time-delay values. Dashed lines show the actual distributions
p(∆t | Ω⃗) while the solid lines show the distribution of time delays observable in a period of 10 yrs.

where Λ(Ω⃗,Tobs) is the expected total number of lensed events
observed within the observation period as predicted by the
cosmological model with parameters Ω⃗. Assuming that differ-
ent BBH mergers are independent events, the likelihood for
observing the set of time delays {∆ti} can be written as

p
(
{∆ti} | Ω⃗,Tobs

)
=

N∏
i=1

p
(
∆ti | Ω⃗,Tobs

)
. (0.6)

p(∆ti | Ω⃗,Tobs), can be thought of as “model” time-delay
distribution p(∆t | Ω⃗,Tobs) evaluated at the measured ∆ti,
whose shape is governed by the cosmological parameters Ω⃗.
p(∆t | Ω⃗,Tobs) is obtained from the expected time delay distri-
bution p(∆t | Ω⃗), after applying the condition that we can not
observe the time delays which are greater than the observation
time Tobs:

p
(
∆t | Ω⃗,Tobs

)
∝ p

(
∆t | Ω⃗

)
(Tobs − ∆t)Θ(Tobs − ∆t), (0.7)

where Θ denotes the Heaviside function. We evaluate the
posterior p(Ω⃗ | N, {∆ti}) on a finely meshed grid spanning
the space of cosmological parameters Ω⃗. The likelihood
p(N, {∆ti} | Ω⃗,Tobs) requires the calculation of the expected
total number of lensed events Λ(Ω⃗,Tobs) and the expected time
delay distribution p(∆t | Ω⃗) for different values of Ω⃗. Indeed
these quantities depend on the distribution of the source and
lens properties, such as the redshift distribution of BBH merg-
ers and the halo mass function. In this work, we assume that
these properties are known from other observations.

We compute the expected number of lensed binaries using
the following integral

Λ(Ω⃗,Tobs) = R
∫ zmax

s

0
pb(zs|Ω⃗) Pℓ( zs|Ω⃗) dzs

×
∫ Tobs

∆t=0
p(∆t|Ω⃗) (Tobs − ∆t) d∆t,

(0.8)

where R is the BBH merger rate, pb(zs|Ω⃗) is the redshift distri-
bution of merging binaries and Pℓ(zs|Ω⃗) is the strong lensing
probability for the source redshift zs. Here we assume that the

GW detectors are able to detect all the merging binaries out to
zmax. For 3G detectors, this is a good assumption for the zmax
values that we use 2.

Similarly, we compute the expected time delay distribution
p(∆t | Ω⃗) for different values of the cosmological parameters
Ω⃗ by marginalising the distribution of time delay over all other
parameters λ⃗ ≡ {y, σ, zℓ, zs} on which the time delay depends
[see Eq.(0.2)]:

p
(
∆t | Ω⃗

)
=

∫
p
(
∆t | λ⃗, Ω⃗

)
p(λ⃗ | Ω⃗) dλ⃗, (0.9)

where p(λ⃗ | Ω⃗) denotes the expected distribution of the impact
factor y, lens velocity dispersion σ, lens redshift zℓ and source
redshift zs, given the cosmological parameters Ω⃗.

We assume that redshift distribution pb(zs | Ω⃗) will be known
with adequate precision from the observation of the larger
number of unlensed events, which will dominate the data. For
illustration, we take the model described in [67] as the true
model of pb(zs). The lensing optical depth τ(zs, Ω⃗) depends
on the source redshift zs, the assumed cosmology Ω⃗, and a
model of the lens distribution [see Eq.(0.1)]. We model the
lens distribution using the halo mass function, which gives the
distribution p(σ, zℓ) of σ and zℓ. We consider the halo mass
function model described in [68], but use an additional model
[69] to check the bias introduced by using a wrong model in the
parameter inference (see Supplemental Material). Finally, the
distribution of impact parameter y, py(y) ∝ y, with y ∈ [0, 1].
This corresponds to a uniform distribution of lensed sources in
the lens plane within the Einstein radius.

Figure 1 illustrates the imprint of cosmology on the number
of lensed events observable for a period of ten years as well as
the distribution of time delays. The number of lensed events in-
crease with increasing H0 and Ωm. The peak of the distribution
shifts towards smaller time-delay values with increasing H0,

2 The zmax predicted by a source population model (e.g., [67]) assumes the
standard cosmology Ω⃗true. When we consider other values of Ω⃗, we rescale
zmax appropriately.



iv

and towards larger values with increasing Ωm. Even though
the impact of varying cosmology on the time delay distribution
appears small by eye, the Bayesian approach delineated in this
section is able to adequately capture these imprints to provide
O(1%) constraints.

EXPECTED CONSTRAINTS ON COSMOLOGICAL
PARAMETERS
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FIG. 2. Left panel: Expected posterior distributions (68% and 95%
credible regions) of H0 and Ωm computed from the time delay dis-
tribution and the number of lensed events separately, along with the
combined posterior (shown in orange). We assume a BBH merger rate
R = 5 × 105 yr−1 and total observation time period Tobs = 10 yrs. The
“true” cosmology (dashed cross-hairs) is recovered within the 68%
credible interval (orange shade), with H0 = 67.8 ± 1.1 km s−1Mpc−1

and Ωm = 0.3142 ± 0.0056. Right panel: A comparison of the the
combined posterior obtained from GW lensing with the same obtained
from CMB observations by Planck. While the orange contours as-
sume that the σ8 parameter is well-measured from other observations,
the grey contour corresponds to 95% credible region of the posterior
marginalized over σ8 parameter.

To assess the ability of our method to constrain cosmologi-
cal parameters, we choose a “true” cosmology Ω⃗true = {H0 =

67.3, Ωm = 0.316}. We further assume that the “true” halo
mass model is described by [68], as implemented in the hmf-
calc package [70], and the “true” source distribution is given
by [67]. We assume a total observing period Tobs = 10 yrs
and a BBH merger rate R = 5 × 105 yr−1. We neglect the
selection effects in the detection as 3G detectors are expected
to detect all the BBHs out to large distances (dL ∼ 1000 Gpc).
We compute the expected number Λ of lensed events making
use of Eq.(0.8). To simulate one observational scenario where
N events are detected, we draw one sample from a Poisson
distribution with mean Λ. Further, we draw samples {∆ti}Ni=1

from p(∆t | Ω⃗true,Tobs) [see Eq.(0.7)].
Using N and {∆ti}Ni=1, we evaluate the posterior described

in Eq. (0.3) for different values of Ω⃗. We assume uniform
priors on H0 and Ωm, so that the final posterior is given by the
product of the likelihoods p(N | Ω⃗,Tobs) and p(∆ti | Ω⃗,Tobs).
Figure 2 shows these two likelihoods as well as the posterior
on H0 and Ωm obtained from combining these two likelihoods.
We find that the posteriors are centred around the true values
of cosmological parameters. Further, the constraints on Ω⃗
are found to be H0 = 67.8 ± 1.1 and Ωm = 0.314 ± 0.006
(68% credible intervals of marginalised posteriors). These
constraints are comparable to those derived from the CMB

[43] 3. Additionally, they probe a very different redshift regime
(z ∼ 10 as compared to z ∼ 1000 probed by the CMB) and
have different systematics.

While we have assumed a BBH merger rate of R = 5 ×
105 yr−1, the true merger rate is uncertain as of now. Hence we
repeat these calculations assuming a more moderate merger
rate of R = 5 × 104 yr−1 and a pessimistic rate of R = 2.5 ×
104 yr−1. This will, in turn reduce the observed number of
lensed events over the observational period of Tobs = 10 yrs.
The expected posteriors on cosmological parameters assuming
the three different merger rates is shown in Fig.3. As expected,
a smaller merger rate (resulting in a smaller number of lensed
events) increases the width of the posteriors, although the true
cosmology continues to be recovered within the 68% credible
interval.
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FIG. 3. Expected posterior distributions of H0 and Ωm from a 10-year
observation period, assuming different values for the merger rate R
(shown in the legend). A lower merger rate (producing a smaller
number of lensed events) will result in less precise estimates of the
cosmological parameters.

We also illustrate the ability of this method to constrain
parameters of some more general cosmological models. In
particular, we consider wCDM model [43] with two parameters
Ω⃗ = {Ωm, w0}. In this part, we fix the Hubble constant H0 to
its “true” value, mimicking a situation where it will be well
measured from low-redshift observations. As done earlier, we
compute the expected number of lensed events and model time
delay distributions using Eqs. (0.8) and (0.7). We choose a
“true” cosmology Ω⃗true = {Ωm = 0.203, w0 = −1.55}. We

3 Note that we have set all other parameters of the ΛCDM model to the best
fits values provided by [43]. In order to make a fair comparison, we do
the same for the Planck posteriors as well. However, the uncertainty in
some of the other parameters, in particular σ8, will have an imprint on
the precision with which H0 and Ωm could be constrained. Therefore, in
addition, we show the posteriors that are marginalized over σ8 as well in
Fig. 2. The marginalized constraints are significantly worse, so we need a
complimentary probe to achieve better constraining power.
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assume a halo mass model described in [68] and the source
distribution given in [67]. Now considering a BBH merger
rate R = 5 × 105 yr−1 and total observing time period Tobs =

10 yrs, we draw one value of N and one set of{∆ti}Ni=1 from
p(N | Ω⃗true,Tobs) and p(∆t | Ω⃗true,Tobs). From these simulated
observation data we evaluate the posteriors on these Ωm and
w0 (see Fig. 4). The expected constraints from GW lensing
(w0 = −1.52+0.16

−0.12 and Ωm = 0.203 ± 0.001) compare favorably
to those obtained from Planck (w0 = −1.55+0.18

−0.33 and Ωm =

0.203+0.018
−0.058), albeit with the caveat that we are exploring only a

subset of parameters.
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FIG. 4. Expected posterior distributions (68% and 95% credible
regions) of Ωm and w0 of the wCDM model computed from the time
delay distribution and the number of lensed events (jointly). We
assume a BBH merger rate R = 5 × 105 yr−1 and total observation
time period Tobs = 10 yrs. The “true” cosmology (dashed cross-hairs)
is recovered within the 68% credible interval (orange shade), with
w0 = −1.52+0.16

−0.12 and Ωm = 0.203 ± 0.001.

OUTLOOK

We expect the lensing cosmography to provide a comple-
mentary measurement of cosmological parameters that are
comparable to those derived from other cosmological probes,
and at the same time using data from an intermediate regime
in redshift (z ∼ 10) that is rarely explored by other probes.
The apparent tension that exists between the current low and
high redshift measurements underlines the need of additional
measurements – especially the ones probing an intermediate
redshift regime.

The major sources of systematic errors that affect quasar cos-
mography [56] are unlikely to affect GW lensing cosmography:
GWs are unaffected by extinction, and selection effects in GW
searches are better modelled thanks to their intrinsic simplicity.
Nevertheless, there are several challenges to overcome before
this method can be used to provide reliable measurements of
cosmological parameters. The number of lensed events as well
as the distribution of their time delays depend on the prop-
erties of the astrophysical sources and lenses. Some of the
relevant parameters, such as the redshift distribution of BBH
mergers, can be inferred from the unlensed GW signals and the
stochastic GW background. For other parameters, such as the
distribution of the properties of the lens parameters, will need
to rely on theoretical models, such as large-scale cosmological
simulations.

There are other potential sources of systematics: the de-

tected sample of lensed events will also contain some unlensed
events that are misidentified as lensed, thus contaminating our
measurement. This contamination fraction will increase with
increasing number of detections [71]. However, in third gener-
ation detectors, we will have better ability distinguish between
lensed and unlensed events (e.g., due to the improved preci-
sion in estimating source parameters, by measuring additional
signal properties such as spin angles, higher harmonics and
Morse phase, and by using better informed priors on source
parameters, lensing time delay and magnification). Thus, we
expect that it will be possible to keep the contamination frac-
tion sufficiently small [62, 72, 73](see Supplemental Material).
In addition, even this contamination can be modelled as the
unlensed events will have a different, known time delay distri-
bution (see, e.g., Fig .2 of [57]).

In this paper, we have assumed a simple lens model, con-
sidered only two cosmological parameters as free and have
employed an approximate treatment of the calculation of the
lensing optical depth. While this paper was meant to illustrate
this idea and to demonstrate the potential power of this ap-
proach, all these approximate treatments need to be revisited
and refined. Additionally, we have focussed on BBH signals,
although BNS and NSBH mergers could also be used for these
measurements. Hence the expected constraints that we report
here are only indicative of the potential of this method. While
challenges are great, potential payoffs makes this a worthwhile
pursuit. We will explore this research program in future work.
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