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The time-evolution of multi-neutrino entanglement and correlations are studied in two-flavor
collective neutrino oscillations, relevant for dense neutrino environments, building upon previous
works. Specifically, simulations performed of systems with up to 12 neutrinos using Quantinuum’s
H1-1 20 qubit trapped-ion quantum computer are used to compute n-tangles, and two- and three-
body correlations, probing beyond mean-field descriptions. n-tangle re-scalings are found to converge
for large system sizes, signaling the presence of genuine multi-neutrino entanglement.

In extreme astrophysical environments, such as those
found in core-collapse supernovae, neutrino densities are
sufficiently high to participate in the transport of en-
ergy and momentum, in local chemical compositions and
in dynamics [1-5]. Coherent evolution of lepton flavors,
that depends on self-interactions between neutrinos in-
duced by weak interactions [6-10], plays an important
role. First studies of the quantum correlations in coher-
ent evolution of dense neutrino systems, beyond mean-
field descriptions, are providing important insights into
such dynamics [11-28]. So far, they have focused on bi-
partite entanglement witnesses, such as entanglement en-
tropy, negativity and concurrence [15-19, 21-26]. In this
work, we explore multi-neutrino entanglement in such
systems by computing n-tangles [29], 7,,, between n neu-
trinos induced by time evolution. The total n-tangles at
late times are found to scale for large system sizes. Our
work utilized classical simulations, and quantum simula-
tions using the Quantinuum 20-qubit trapped-ion quan-
tum computer H1-1 and noisy emulator H1-1E [30].

The leading-order low-energy effective Hamiltonian de-
scribing collective, coherent neutrino flavor oscillations is
composed of three terms. One term is responsible for
vacuum oscillations, originating from the neutrino mass
matrix [31-34]. A second is from the weak interactions
between neutrinos and matter, mainly between v, and
e, through charged-current processes, and is responsi-
ble for the Mikheev-Smirnov-Wolfenstein effect [35, 36].
In what follows, we neglect the contributions from this
term. A third term, from the neutral-current weak inter-
actions, is responsible for coherent forward scattering of
neutrinos, which becomes significant at sufficiently high
neutrino densities [7-10].

Due to the small value of 613 [37], three-flavor neutrino
systems can be approximated by two-flavor systems in-
volving the electron neutrino v, and a heavy neutrino v,
considered to be a combination of v, and v, [38]. The
effective Hamiltonian for N neutrinos can be written in
terms of spin operators acting in flavor space [14],
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where o)) = (Jg(f), crg(ji), a,(zi)) are the Pauli matrices acting
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on the i*® neutrino flavor-doublet, (|v.),|v,))". The 3-
vector b encodes the vacuum oscillations,
Am?
b= = (sin(26,), 0, — cos(26,)) , (2)

with Am? being the difference between neutrino squared-
masses, F the neutrino energy, and 6, the vacuum-mixing
angle. The two-body couplings J;;, uniquely defined at
leading order by the Standard Model, are,

Jij = \/iGFpl,(l — COS 91]) 5 (3)

where G is Fermi’s constant, p, the number-density of
neutrinos, and ¢;; the angle of the momenta between
the i*" and j*" neutrino. Following previous works,
e.g., Refs. [18, 28], we introduce p = v2Grp,, and, for
demonstrative purposes, set u/N = Am?/4E (assuming
a monochromatic beam), so that the one- and two-body
terms have comparable strengths [18]. Following the in-
spiring work of Hall et al. [18], a one-parameter set is
used to demonstrate relevant physics, with a vacuum-
mixing angle of 6, = 0.195, a distribution of momenta
with 6;; = arccos(0.9) x |i — j|/(N — 1) (cone-shaped),
and an initial state that is a product state of N/2 |v,)
and N/2 |v,), i.e., [Ug) = [1e)®N/2 @ |1, )ON/2,

While a number of previous calculations of neutrino
systems using quantum devices have been focused on the
coherent time evolution of the flavor content [18, 20, 25,
28], and the entanglement of one or two neutrinos [18, 25],
here we examine correlations between different neutrinos
and multi-body entanglement, quantities that can further
probe mean-field descriptions of these systems. Specifi-
cally, we look at the two-body correlations, as considered
previously, e.g., Ref. [26],
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Ultimately, studies of entanglement will help quantify the
limitations of classical techniques in providing reliable
and accurate results, and can also guide tensor-networks
approaches [17, 19, 24]. Entanglement in neutrino sys-
tems has been previously computed via full-state tomog-
raphy [18, 25|, which, however, is expected to become
inefficient for larger systems due to the required number
of measurements. Alternative methods including clas-
sical shadows [39], which are expected to require fewer
measurements, are currently being pursued.

As a way to gain further insight into the entangle-
ment structure of dense, coherent neutrino systems, we
focus on the n-tangle 7,,, defined as [(W[o5™ |¥*)[?, where
|T*) is the complex conjugate of |¥). This quantity is a
measure of the n-body entanglement [29]. For two-qubit
(neutrino) systems, 7 is the concurrence squared [40, 41],
C%,. For three-qubit systems, 73 is the residual entangle-
ment [42], CF 45) — Cfy — C13, with Cha3) = /2 — 2Tepg,
with p; the reduced density matrix of the first qubit.
However, for n > 4, 7,, is not uniquely the residual en-
tanglement, and it is smaller than or equal to the concur-
rence Cy(2..n) [43]. An interesting property of 7, is that,
for the N-qubit GHZ state [44, 45|, 7y = 1, while for the
N-qubit W state [46], 7v = 0. Thus, while it can help
distinguish between different types of entanglement, by
itself it is not a measure of N-body entanglement [29].!

Implementation on a Quantum Computer — Previous
works have performed quantum simulations of these sys-
tems using IBM’s superconducting-qubit quantum com-
puters [18, 20], D-Wave’s superconducting-qubit anneal-
ing devices [25] and Quantinuum’s Trapped-ion quan-
tum computers [28]. We implement the time evolution
of an initial state Uy under the Hamiltonian given in
Eq. (1) using Quantinuum’s H1-1 20 qubit trapped-ion
quantum computer, that is based on using the two hy-
perfine clock states in the 251/2 ground state of 172Yb*
ions as qubits [30]. For purposes of comparison, we also
provide results obtained using its emulator, H1-1E.? The
evolution operator, exp(—itH), is Trotterized, and each
contribution is mapped to a quantum circuit composed of
gates that are native to H1-1. As noted in Ref. [28], the
one-body and two-body parts of the Hamiltonian com-
mute, [HY, H"Y] = 0, so they can be Trotterized with-
out introducing a higher-order systematic error. For H,

1 There are other ways to ascertain the nature of entanglement in
these systems. For example, a more complete set of two-point
correlation functions could be used to determine the Quantum
Fisher information, F = 37, 53, nfng?ﬁné, with n!, being
unit vectors and C;JB = (Ugj)og)) — (o’&”)(o’g)), which can be
used to learn about the nature of entanglement [47, 48].

2 Ref. [49] showed that H1-1E could well reproduce the behavior of
H1-1.
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FIG. 1. Circuits for a single Trotter step for (a) N = 4, (b)
N =6, (¢) N =8, and (d) N = 12 neutrinos, where the two-
neutrino gates are clustered into groups that can be applied
in parallel, showing the linear scaling with N of the circuit
depth.

since each term acts on a different neutrino,
_itH” —ith.o®
e itH” _ ®€ itb-o ) (6)
i

This term is implemented with the following Euler de-
composition for SU(2) matrices [50],

o = JR(o)HRy(02) [ HR:(0n) |-, (1)

where the angles «; are fixed numerically.
For H"”, the known decomposition of SU(4) matrices
with 3 CNOT gates [51] is used,

e—itJijO'(i) O'(J)

with 8 = 2tJ;;, which has a slight advantage over [52, 53|
(requiring 5 single-qubits gates instead of 8). While not
directly relevant to the present set of simulation, it is
interesting to consider the T-gate resource requirements
for such simulation. Standard methods® suggest a T-gate
count of N (187N —101)/2 for e = 107%, for N neutrinos
per Trotter step. While the circuits in Eqgs. (7) and (8)
are not written in terms of the native gates used in H1-1
(these can be found in Ref. [28]), the package pytket [58]
includes a function that performs this translation, along
with optimizations. Implementation of this two-neutrino
term is more delicate. Since the sum over different pairs
of neutrinos is split in the implementation of the time-
evolution operator, the non-commutativity of terms in-
troduces systematic Trotter errors. While it is possible

3 Following Ref. [54], and assuming no additional ancilla qubits
are used, for general single-qubit rotations Uj, Refs. [55, 56|
give the following estimates of the number of T-gates, Ty1(€) =
2.95logy(1/e) + 3.75. For R., Ref. [57] gives Tgr.(e) =
3.21logs(1/€) — 6.93.
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FIG. 2. Flavor inversion probabilities for N = 12 neutrinos.
The lines show the single-step Trotter (continuous) and exact
(dashed) simulations, and the points show the results from
H1-1 (dark circles, using 240 shots) and H1-1E (light squares,
using 1200 shots).

to find a combination that minimizes this error, as in
Ref. [28] for the case of 4 neutrinos, this is not feasible
for larger systems. As shown in Ref. [18], it is possible
to build a circuit that performs the Trotterized version
of exp(—itH"") with N layers of the operator in Eq. (8)
(if multiple gates can be applied in parallel across the
device). Figure 1 shows the circuits used for different
number of neutrinos. A nice property of these circuits
is that they retain the symmetry present in the Hamil-
tonian given in Eq. (1), between the exchange of the it
and (N — i+ 1)*® neutrino, for the current choice of J;;.
While first order Trotter evolution has been used, higher
orders with their improved convergence have been ex-
plored in Ref. [28]. They found that the Trotter errors
from first and second order evolution from the prepared
initial state are significantly smaller than naive theoreti-
cal bounds. Alternative methods for time evolution, such
as Variational Fast Forwarding [59], should also be exam-
ined.

Two- and Three-Neutrino Correlations — A term that
appears in the computation of correlation functions is the
expectation value of o,. For this reason, it is interesting
to first compute the inversion probability for a single neu-
trino, defined as

Pi(t) = S(1F (01)) 9)

where the F sign depends on the initial state of the i*®
neutrino (— for v, and + for v,). Due to the symme-
try of the Hamiltonian (and its Trotterized version), the
inversion probabilities for the i and (N — i + 1)th neu-
trino are the same. The results for N = 12 are shown in
Fig. 2, where the two icons in the legend indicate whether
a quantum device (blue) or emulator (yellow) was used
to obtain the results [60], and the N = 8 are in the Sup-
plemental Material (SM). The uncertainties in the results
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FIG. 3. Two-body correlation for N = 12 neutrinos. The lines
show the single-step Trotter (continuous) or exact (dashed)
simulation, and the points show the results from H1-1 (dark
circles, using 240 shots) and H1-1E (light squares, using 1200
shots).

are computed via bootstrap resampling. For the N =8
case, agreement is found with the results presented in
Ref. [28]. For N = 12, both results from H1-1 and H1-1E
are showing somewhat larger deviations from expecta-
tions, but the device has remained coherent.*

As a selection of two- and three-body correlations, we
focus on

) with1<i<N, ¢ withl<i<N,
C  with1<i< N, ¢, with1<i<N.

A representative set of correlation functions for N = 12
neutrinos is shown in Fig. 3, and a more complete set
can be found in the SM. For the two-body correlations,
results from H1-1 and H1-1E follow the expected values,
although somewhat limited by statistics. This gets more
prominent when looking at the three-body correlations,
where with the current uncertainties most of the points
are consistent with zero. As seen by comparing the re-
sults from H1-1 and H1-1E, increasing the accumulated
statistics by factor of 5 makes a substantial difference,
but it remains insufficient. Increasing further the num-
ber of shots would help resolve those small values, which
would be reasonable with, for instance, IBM’s quantum
computers (where usually one works with > 10% shots).
With the possibility of performing more shots, error mit-
igation techniques, such as randomized compiling [61]
and decoherence renormalization [62-64], become viable.
While these correlations differ from zero, with a hierarchy
C?) > ¢B¥) an interesting trend is that CSV) plateaus

4 The associated SM gives the numerical values of the results
shown in Fig. 2, and those shown in subsequent figures.



N : 4 6
— L 1
0.6F ---- Exact o Hi-1 @
< 0 4?_ —— Trotter W H1-1E %
= g
0.2k _
0.0 /’f‘\?\‘x-aﬂ« — . 1
= 1071+ = /G/’E——O\
Z, N
T 103k e DR R SR R B
10 20 30 40
t{u]

FIG. 4. N-tangle 7y for N = {4, 6} neutrinos on a linear (top)
and log (bottom) scale. The lines show the Trotter (contin-
uous) or exact (dashed) simulation, and the points show the
results from H1-1 (dark circles, using 480 shots) and H1-1E
(light squares, using 1200 shots).

at late times, with ng) reaching a value ~ 0.5, down to
~ —0.5 for CS\’,'). Other limiting patterns are not found
for other computed quantities.

A potential improvement to the current results has
been explored, in which a post-selection of the counts
that satisfy the symmetries of the Hamiltonian. This
technique has been used with great success when study-
ing quantum field theories, e.g., see Refs. [49, 64-66].
However, specific to this system in the flavor basis, b - J
is the conserved quantity (and not J,), which makes post-
selection not feasible in our studies.’

Multi-Neutrino Entanglement — The N-tangle, 7, is
an interesting measure of multi-neutrino entanglement in
these systems which is straightforward to compute via,

r(t) = (oY 7) P = [(Bole o2V e |w)?

(10)
(without the need to use the SWAP test [67-69] to com-
pute the overlap). We have performed such calculations
for the system of N = 4 neutrinos using H1-1 and H1-1E,
as shown in the top panel of Fig. 4, where two Trotter
steps have been used in applying e’*. The N = 6 system
has also been studied, but only using H1-1E (and with a
single Trotter step). For the time-range displayed, 7y is
seen to decrease rapidly with system size.

To further explore the dependence of multi-neutrino
entanglement with system size, it is interesting to look
at 7,, with n < N. For this quantity, a re-scaling of the
sum of the 7,s is found to be helpful,

1 i
o D (1)

Tn,N =

5 Calculations could be performed in the mass basis, but the se-
lected initial state would then be a sum of product states, which
would complicate the calculation of the n-tangle.
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FIG. 5. The re-scaled n-tangle, 7»,n, defined in Eq. (11), for
n=1{2,...,12} and N = {4, ..., 18} neutrinos.

where the index 7 in T»,(Li) identifies one of the possible
(]Z ) permutations of U?”.G Figure 5 shows the re-scaled
Tn,n for different values of N and n. These quantities
are seen to exhibit convergence to a fixed curve with
increasing N, starting for relatively small system sizes.
The time required to reach the plateau region increases
with n, consistent with the notion that more time is re-
quired to entangle n neutrinos than n — 1. Moreover,
upon further investigation, these plateaus are found to
be robust against variations of the two-body coupling
strength (increasing or decreasing the angle of the cone)
and vacuum-mixing angle (more or less oscillatory be-
havior), the only observed difference is in the relaxation
time (shorter times for wider cones because the interac-
tion strength J;; is stronger).

While this scaling is somewhat puzzling, it can be
compared to other entangled multiqubit systems, for
which analytic results are available. For example, the
GHZ state has 7,—y = 1 and 7,y = 0, while the W
state has 7, = 0 Vn except for 7,-0 = 2(N — 1)/N
(with 7, = >, = for n < N). A system that has
similar scaling is the product of N/2 Bell pairs, with
Tn = (N/ngfi/g) ~ N™2_ Comparing this with the scal-
ing from Eq. (11), the n-tangle grows faster for the neu-
trino state than the Bell-pairs-state with system size (ex-
cept for 7o and 74), as depicted in Fig. 6. This implies
that there is multi-neutrino entanglement, beyond the
two-neutrino entanglement found in the (IN/2)-product
Bell-pairs-state.

The present analysis concerns the coherent flavor os-
cillations of a mono-energetic neutrino gas starting in a
mixed-flavor pure state. To gain an understanding of
such dynamics in a mixed state, we have also examined

6 e.g., for N = 4 and n = 2, these are 0y Q0 yRIRQI, 0y QIR0 RI,...
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FIG. 6. Comparison of two scalings of the n-tangles, N"/2
(continuous line) as found for systems of Bell pairs, and N2
(dashed line) as we have identified from the time evolution,
for different values of n and system sizes N, normalized to
Tn=N = 1.

the impact of different initial states for the evolution, and
find that the values of n-tangle depend upon the initial
state in non-trivial ways. A mono-flavor initial state gives
vanishing n-tangle, while an initial state with a single dis-
tinct flavor has non-zero 2-tangle, resembling a W-state
(the oscillations are too large to discriminate between
the different N-scalings, consistent with 2(N — 1)/N or
N"=2). Gases of different energy neutrinos can be de-
scribed within this framework through different values of
b in Eq. (2).

Summary and Conclusions — The time evolution of
multi-neutrino quantum correlations and entanglement
in dense neutrino systems is studied for systems of N = 4,
6, 8 and 12 neutrinos using Quantinuum’s H1-1 20 qubit
trapped ion quantum computer and its associated noisy
emulator H1-1E. The central reason for including and de-
veloping methods for implementation on quantum com-
puters is that determining the entanglement of the larger
systems that will be required as input into realistic as-
trophysical simulations will need quantum simulations of
such systems with larger numbers of neutrinos (than in
this work). We have chosen to study the n-tangle in
order to provide insight into the multi-particle entan-
glement structure of the systems. Compared to other
entanglement witnesses, the n-tangle is straightforward
to compute using a quantum computer (at least for a
single product state, as considered here), since it does
not require state tomography. The behavior of re-scaled
sums over n-tangles are found to converge to universal
curves with increasing system sizes, that depend upon the
parameters of the Hamiltonian, with late-time plateaus.
Further, the magnitudes of the n-tangles are found to
increasingly exceed that of systems comprised of neu-
trino Bell-pairs, indicating the presence of genuine multi-
neutrino entanglement in collective coherent neutrino fla-
vor oscillations in dense systems.
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