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Parameterized quantum circuits can be used as quantum neural networks and have the potential
to outperform their classical counterparts when trained for addressing learning problems. To date,
much of the results on their performance on practical problems are heuristic in nature. In particular,
the convergence rate for the training of quantum neural networks is not fully understood. Here, we
analyze the dynamics of gradient descent for the training error of a class of variational quantum ma-
chine learning models. We define wide quantum neural networks as parameterized quantum circuits
in the limit of a large number of qubits and variational parameters. We then find a simple analytic
formula that captures the average behavior of their loss function and discuss the consequences of
our findings. For example, for random quantum circuits, we predict and characterize an exponential
decay of the residual training error as a function of the parameters of the system. We finally validate
our analytic results with numerical experiments.

Machine learning has revolutionized data processing
for several practical applications. With the abundance of
data and computational resources, heuristic deep learn-
ing algorithms have been successfully employed for sev-
eral applications, including speech recognition, transla-
tion, drug discovery, genomics, and self-driving cars [1].
The theory of deep learning owes part of its successes
to analytic insights that facilitate the design of learning
algorithms [2–8].

Recent experimental progress on quantum hardware
and algorithms has generated great excitement in try-
ing to identify applications that can lead to a quantum
advantage over classical devices [9–12]. One such appli-
cation is quantum machine learning (QML) which em-
ploys parameterized quantum circuits to analyze either
classical or quantum data [13–15]. Contrary to the clas-
sical setting, where experiments are routinely performed
on large-scale problems, current quantum processors are
limited both in number of qubits and by decoherence
noise [16], which makes it challenging to test QML algo-
rithms in practice. Analytic tools are currently among
the best resources that can help us quantify the perfor-
mance of QML models and design new algorithms [17].

Similar to classical neural networks, several models
for quantum neural networks (QNNs) have been pro-
posed [18–22]. The success of QNNs relies on several fac-
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tors: trainability, expressivity, generalization, and con-
vergence rate. Although trainability [23–34], expressivity
[29, 35–38], and generalization capabilities [10, 37, 39–41]
of QNNs have been extensively studied, analytic under-
standing of the convergence rate of the training error is
still lacking.

In this article, we present an analytic theory for the dy-
namics of a wide QNN trained with gradient descent, in
the limit of large number of parameters. Our results are
based on the framework of the quantum neural tangent
kernel (QNTK), recently developed in Refs. [42, 43]. Of
particular interest here is the lazy training regime where
the QNTK becomes constant - or frozen, see Ref. [42].

Using the QNTK framework, we calculate the behavior
of the residual training error for random parameterized
quantum circuits. In the high-dimensional limit and for
a sufficiently large number of variational parameters, we
find an analytic solution characterizing the convergence
of the residual training error. We denote the rate of con-
vergence as γ, and show its dependence on the number
of variational parameters L, the dimension of the Hilbert
space D, learning rate η, and Tr

(
O2
)

for an observable O.
High values of γ imply that a QNN is in the overparame-
terized regime, leading to an exponential convergence of
the residual error on average. We note that prior to our
analytic results, overparameterization in QNNs was only
numerically investigated for some systems in [44, 45] and
connected to the dimension of the dynamical Lie algebra
associated with periodic structure ansatzes [46].

The paper is organized as follows: we first review the
QNTK theory. Using the QNTK, we derive an analytic
solution characterizing the convergence of the residual
training error. We then derive conditions on the param-
eters of the system, such that the residual error decays
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exponentially, and extend our results to general super-
vised learning problems. Finally, we provide numerics
verifying our results. We conclude with a brief summary
and discuss the implications of our results. In our Supple-
mental Material we provide detailed proofs of our results.

Quantum Neural Tangent Kernel.—We begin by re-
viewing the QNTK theory as described in Ref. [42]. Let
D denote the dimension of a Hilbert space H. We con-
sider a general class of parameterized quantum circuits
on log(D) qubits, expressed as follows:

U(~θ) =

L∏
`=1

W` exp (iθ`X`) ≡
L∏
`=1

W`U`, (1)

where ~θ = {θ`}L`=1 is a set of continuous parameters,
W` denote unparameterized gates, and X` are Hermitian

operators. Here, ~θ are optimized to minimize a loss func-
tion that can be expressed as the expectation value of an
observable O:

L(~θ) ≡ 1

2

(〈
Ψ0

∣∣∣U†(~θ)OU(~θ)
∣∣∣Ψ0

〉
−O0

)2
≡ 1

2
ε2 , (2)

where |ψ0〉 is an input state, O0 denotes the target value,
and ε denotes the residual error [42].

We note that in Eq. (2), we start with a simpler prob-
lem than a general supervised learning task where one
has access to a labeled dataset. In general, the loss func-
tion for a general supervised learning task is given by

LA(~θ) =
∑
i,α̃∈A

1

2

(
zi(~θ,xα̃)− yα̃,i

)2
≡
∑
i,α̃∈A

1

2
ε2α̃,i(

~θ) ,

(3)
where α̃ labels the elements from the training set A,
xα̃ and yα̃,i form the data inputs and outputs respec-
tively in the training set, where the output dimension

has the index i. zi(xα̃) =
〈

Ψ(xα̃)
∣∣∣U†(~θ)OiU(~θ)

∣∣∣Ψ(xα̃)
〉

is the model output with the embedding map |Ψ(xα̃)〉,
and εα̃,i = zi(~θ,xα̃)− yα̃,i is the residual training error.

Below we provide a detailed summary of our results
for Eq. (2) and briefly discuss our results for Eq. (3). We
provide detailed proofs for both cases in Supplemental
Material [47]. Based on the gradient of the loss function
in Eq. (2), the gradient descent algorithm updates the
variational parameters as

δθ` ≡ θ`(t+ 1)− θ`(t) = −ηε ∂ε
∂θ`

, (4)

where η is the learning rate and t refers to the time step
of the gradient descent dynamics. Similarly, we define
the change in the residual training error as δε ≡ ε(t +
1) − ε(t). When the learning rate η is small, from the
Taylor expansion of δε we get

δε ≈
∑
`

∂ε

∂θ`
δθ` = −η

∑
`

∂ε

∂θ`

∂ε

∂θ`
ε = −ηKε , (5)

where the quantity

K ≡
∑
`

∂ε

∂θ`

∂ε

∂θ`
(6)

is called the Quantum Neural Tangent Kernel (QNTK)
[42], which is a non-negative number. In a general su-
pervised learning setting, as defined in Eq. (3), K is a
symmetric positive-semidefinite matrix.

In the regime of lazy training – where variational angles
do not change much – QNTK becomes constant (frozen)
[42]. For a frozen QNTK, at the gradient descent step t,
the residual error decays as follows [42]:

ε(t) ≈ (1− ηK)tε(0) , (7)

where ε(0) denotes the residual error at t = 0. Thus for
a small learning rate η and a frozen QNTK, the residual
error ε decays exponentially.

We first analyze Eq. (7) for the case when K ≈ E(K) ≡
K, where the average of K is over ~θ. We later derive
conditions under which Eq. (7) is valid. Note that an

average of K over ~θ depends on the choice of the ansatz,
as defined in Eq. (1). For such ansatzes, ∂ε/∂θl can be
expressed as

∂ε/∂θl = −i〈Ψ0|U†+,`[X`, U
†
−,`OU−,`]U+,`|Ψ0〉, (8)

where U−,` ≡
∏̀
k=1

WkUk and U+,` ≡
L∏

k=`+1

WkUk. Let

Tr
(
X2
l

)
= cN , where c is a constant.

We now derive our results on the residual training er-
ror of random parameterized quantum circuits. Note that
our results can be generalized to other ansatzes, and later
we discuss the relevance of our results for periodic struc-

ture ansatzes [30, 46]. Suppose that U(~θ) is sufficiently
random, such that for each l, both U−,l and U+,l are inde-
pendent and match the Haar distribution up to the sec-
ond moment. Then we get the following averaged value
of K in the large D limit [47]:

K ≈
LTr

(
O2
)

D2
, (9)

which implies that on average, the residual training error
decays as

ε(t) ≈ e−γtε(0) , (10)

where the decay rate is given by

γ ≡ ηK = (ηLTr
(
O2
)
)/D2 . (11)

Note that Eq. (10) holds for η � 1, as we have dis-
carded higher-order terms in Eq. (5). We later show that
in the large-D limit, the second order term can be dis-
carded even for high values of η.

The average result Eq. (9) follows for 2-design ran-
dom circuits which can be implemented using one-
dimensional O(log2(D)) gates [48]. Thus, for such
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efficiently-implementable circuits, Eq. (10) provides an
analytic solution to the average behavior of the residual
training error. For circuits that approximate a 4-design,
fluctuations in K from K are also small.

In general, the decay rate γ is small because of the
1/D2 dependence on the dimension of the Hilbert space.
By setting L ≈ D2/(ηTr

(
O2
)
), the residual training er-

ror decays exponentially with the decay with rate γ =
O(1). This leads us to define the overparameterized
regime for a quantum neural network (QNN): A QNN
is overparameterized if the number of parameters of the
system are sufficiently large such that γ = O(1).

We now discuss two cases for overparameterized ran-
dom quantum circuits. For Tr

(
O2
)
∈ O(D), which holds

for physical Hamiltonians that can be expressed as a
linear combination of Pauli operators on logD qubits,
L ∼ D is sufficient for making the corresponding QNN
overparameterized. Similarly, for low-rank observables,
Tr
(
O2
)
∈ O(log(D)) which implies that L ∼ D2 make

the corresponding QNN overparameterzied.

Prior to our work, the overparameterization of a QNN
was first numerically observed in Ref. [44], where the
authors investigated the task of learning Haar random
unitaries U(D) using parameterized alternating opera-
tor sequences. In particular, they numerically observed
that when the number of parameters in the sequence
was greater than or equal to D2, the gradient descent
always finds the target unitary. On the other hand, in
Ref. [45], overparameterization phenomena were studied
in the context of estimating the ground state energies
of transverse-field Ising and XXZ models. In particular,
they employed the Hamiltonian variational ansatz from
Ref. [49] for these problems and numerically observed
that the computational phase transition (or overparam-
eterization) takes place when the number of parameters
is much less than D2.

Furthermore, in Ref. [46], the overparameterization
was defined using the rank of the quantum Fisher infor-
mation matrix associated with a QNN. They particularly
focused on periodic structure ansatzes (PSA) and argued
that a PSA is overparameterized if the number of param-
eters scale as the dimension of the dynamical Lie algebra
associated with a periodic structure ansatz [46]. The re-
sults provided here show a deeper understanding of the
training error dynamics, which cannot be obtained with
algebraic arguments alone.

Although the overparameterized regime for random
quantum circuits provides an analytic understanding of
exponential convergence of the training error, it is not
amenable to practical implementations as the number of
parameters are required to scale as the dimension of the
Hilbert space. However, our result should not be inter-
preted as a no-go theorem. In fact, our model simply can-
not make predictions if the number of parameters is not
large enough. On the other hand, Eqs. (10)–(11) are in
general valid for k-design circuits, which can be efficiently
implemented, but there are two major issues for such
circuits: 1) the decay rate is small due to 1/D2 depen-

dence, and 2) these circuits suffer from barren plateaus
[23]. Thus, a practical challenge is to identify ansatzes
that are trainable and have fast exponential convergence
of the training error. In this regard, our analytic re-
sults could be applied to the case when the dynamical
Lie algebra associated with the generators of a periodic
structure ansatz share a symmetry [30]. As discussed in
Ref. [30], a symmetry can cause the state space to break
into invariant subspaces, and the system may become re-
ducible. Let us assume that such a reducible system is
controllable on some or all of the invariant subspaces.
More concretely, let H =

⊕
kHk, and let the system

be controllable on a subspace Hk of dimension Dk. If
the initial state ψ ∈ Hk, then under the condition that
Dk ∈ O(poly(logD)), it is possible to get the decay rate
γ = O(1) for L ∈ O(poly(logD)) number of parameters.
Thus for such ansatzes, it is possible to get trainability
guarantees along with an exponential decay of the resid-
ual error.
Concentration of the QNTK and validity of the ana-

lytic regime.—We proved Eq. (10) under two assump-
tions: 1) For small learning rate η, in Eq. (5), we ex-
panded δε up to the first order in η, 2) we consid-
ered K ≈ K in Eq. (7). We now derive conditions in
support of these assumptions. First, we derive condi-
tions under which K does not fluctuate much around K.
In particular, under the assumption that the ansatz in
Eq. (1) forms a 4-design and in the large D limit, we get

that ∆K =

√
E[(K −K)

2
] scales as [47]

∆K ≈
√
L

D2

√(
8Tr2 (O2) + 12Tr (O4)

)
. (12)

Similarly, we analyze the higher order corrections to
the Taylor expansion of δε in Eq. (5), which was called
the quantum meta-kernel (dQNTK) in Ref. [42]. In par-
ticular,

δε = −ηKε+ (1/2)η2ε2µ , (13)

where

µ =
∑
`1,`2

∂2ε

∂θ`1∂θ`2

∂ε

∂θ`1

∂ε

∂θ`2
. (14)

Under the assumption that the ansatz in (1) forms a 6-
design, we show that E(µ) = 0. This condition is simi-
lar to the classical counterpart of deep neural networks
[50]. Moreover, in the large-D limit ∆µ ≡

√
E (µ2) scales

as [47]

∆µ ≈
√

32ηL

D3
Tr3/2

(
O2
)
. (15)

Therefore, assumptions made in deriving Eq. (10) are
valid as long as

∆K

K
≈ 1√

L
� 1,

∆µ

K
≈

(
η
√

Tr(O2)
)

D
� 1 (16)
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We refer to these conditions as the concentration con-
ditions. Note that poly(t) · log2(D)-depth local random
circuits with two qubit nearest-neighbor gates on a one-
dimensional lattice are sufficient to realize an approx-
imate k-designs on log(D) qubits [51]. Thus for L ∈
O(log2(D)), in the large-D limit, both conditions in
Eq. (16) are satisfied. Interestingly, in the large-D limit,
∆µ/K � 1 is satisfied even for high values of η. Thus,
our analytic solutions to the dynamics of the training er-
ror are valid in the large-D limit, which defines a wide
QNN. A wide QNN also has a large number of varia-
tional parameters as L ∈ O(log2(D)) was assumed in
deriving Eq. (16). It is an interesting question to deter-
mine similar conditions for other parameterized quantum
circuits, including problem-inspired ansatzes [30]. Fur-
thermore, we remark that 1/width limit is also useful for
analytic understanding of classical neural networks [50],
where width implies the number of neurons in a single
layer.

Supervised learning generalization.— In supervised
learning, the QNTK is a symmetric, positive semi-
definite matrix [52]. We compute the average behavior
of the QNTK [47], in the frozen limit, finding that

K
i1i2
δ1,δ2 ≈

2LTr (Oi1Oi2)

D2
σδ1δ2 . (17)

FIG. 1. Concentration of the QNTK on 4 qubits as a function
of the circuit depth L. We pick different values of L (up to
40) in the randomized ansatz, defined in Eq. (20). We sample
over 1000 variational angles from Eq. (20) independently and
uniformly over [0, 2π]. We plot ∆K/K̄ verus L, which verifies

the analytic scaling of L−1/2, as derived in Eq. (15). In the
inset, we plot K versus L, where the dashed line represents
the theoretical values of K from Eq. 9, green dots represent
the numerical values of K, and the blue error bars represent
∆K.

Here, δ1,2 correspond to input variables in the training
data. The feature dependent analytic result is obtained
through the definition of the feature S-matrix,

Sδ1δ2 = |φ (xδ1)〉 〈φ (xδ2)| , (18)

and feature cross-section,

σδ1δ2 = |Tr (Sδ1δ2)|2 . (19)

see [47] for a full derivation. We use the notation xδ
to represent in general an element in the data space, i.e.,
both training and test data. In Eq. (17), we only include
the leading order contributions in the large D limit, while
the full non-perturbative expressions are given in [47].
Note that Eq. (17) is dependent on the feature maps used,
unlike the case of the optimization task considered in
Eq. (2). Moreover, using 4-design assumptions (see [47]
for more details), we show that ∆K/K̄ ∼ 1√

L
which is

similar to what is observed for classical neural networks.
Importantly, a difference between the supervised learn-

ing case and the optimization case is the dependence
of the QNTK on the size of the training data. For
σδ1δ2 ≈ δδ1δ2 and Oi = O for all i, we are able to model
the eigenvalues of the QNTK [47]. We find that for a
training set size |A|, there are |A| − 1 eigenvalues which
do not depend on the size of the data set. On the other
hand, there is a one-dimensional eigenspace with the ker-

nel eigenvalue, 2L(D−|A|)
(D2−1)2

(
DTr

(
O2
)
− Tr2(O)

)
, for all

D ≥ |A|. Thus, for high values of |A|, the behavior
of the eigenvalues suggests slower decay rates for larger
datasets.

Single instance

Averaged value

Exact analytic

0 20 40 60 80 100
0.0

0.5
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t

ε
(t
)

FIG. 2. Residual training error ε versus the gradient descent
steps t for 2 qubits and L = 64 for the random ansatz de-
fined in Eq. (20). We use random initial angles in [0, 2π], and
perform the gradient descent experiment with a learning rate
η = 10−4 with 1000 steps. For 50 different initializations, we
plot the dynamics of ε(t), the theoretical prediction for the
average dynamics of ε(t), and the numerical values for the
averaged ε(t).

Numerical experiments.—In what follows, we present
numerical results verifying our analytic results presented
above. First, for the optimization problem, we consider
a variational ansatz, as defined in Eq. (1) with

U` = exp(iP`θ`) , W` = Haar ∈ U(D) , (20)

where we sample P` uniformly from the D-qubit Pauli
group. Moreover, Wl is sampled with respect to a Haar
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measure on U(D), and then kept fixed during the opti-

mization. Let O =
10∑
j=1

cjP̃j , where P̃j are also sampled

from the D-qubit Pauli group, and cj ∈ (0, 1). After

sampling once, we keep P`, P̃j , and cj fixed during the
optimization.

2 4 6 8 10
0

5

10

15

20

25

||

K
ei
g

FIG. 3. Lowest eigenvalue for the kernel of a supervised
learning task defined on 4 qubits and L = 64, as a func-
tion of the training data size |A|. The predicted linear

relation 2L(D−|A|)
(D2−1)2

(
DTr

(
O2

)
− Tr2(O)

)
(orange solid line)

agrees with numerical estimations with 50 independent in-
stances of the ansatz.

In Figure 1, we study the scaling of K and ∆K/K
with respect to L for four qubits. In the inset of Fig-
ure 1 we verify the linear scaling of K with L, as derived
in Eq. (9). Similarly, Figure 1 also follows the analytic

scaling of ∆K/K ≈ 1/
√
L, as derived in Eq. (12). In

Figure 2 we plot the residual training error ε versus the
gradient descent optimization steps (time) for two qubits
and L = 64, for 50 independent random initializations.
Figure 2 verifies that in the large-L limit, the residual er-
ror ε decays exponentially, as derived in Eqs. (10)–(11).

In Figure 3, we focus on the data-dependent lowest
kernel eigenvalue,

Keigen =
2L(D − |A|)

(D2 − 1)
2

(
DTr

(
O2
)
− Tr2(O)

)
. (21)

We consider a 4-qubit example and set L = 64. Other
parameters are the same as in Figure 1. We consider
different values of |A| ranging from 2 to 10, and plot
both numerically and analytically the value of the small-
est eigenvalue, observing fair agreement. We generate
the input data vectors such that they are orthogonal to
each other. We provide further numerical results on su-
pervised learning problems in [47].
Discussion.—Using the quantum neural tangent ker-

nel (QNTK) theory, we analytically solved the dynamics
of the residual training error corresponding to variational
quantum cost functions. Using these analytic solutions
we characterized an exponential decay of the residual
training error as a function of the parameters of random
quantum circuits. We derived conditions for which the
second-order effects to the residual error and the fluctu-
ations in the QNTK are negligible for wide QNNs.

One application of the theory developed in our work is
to analyze the overparameterization of symmetric QNNs.
As discussed previously, for the case when the subspace
dimension of symmetric QNNs grows polynomially in the
number of qubits, the number of parameters needed to
observe a non-vanishing decay of the training error is
also polynomial in number of qubits. Therefore, extend-
ing our results to symmetric QNNs [30] will be an impor-
tant direction for future research. Another open question
is to establish connections between the QNTK and the
generalization error for quantum machine learning mod-
els [39, 53, 54], as well as with the quantum information
theory bottleneck, as developed in [54]. Finally, note that
the symmetric quantum neural networks already lead to
desirable features in variational quantum algorithms, like
the absence of barren plateaus [25].
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Lucchi, Alessio Figalli, and Stefan Woerner. The power
of quantum neural networks. Nature Computational Sci-
ence, 1(6):403–409, 2021.

[11] Yunchao Liu, Srinivasan Arunachalam, and Kristan
Temme. A rigorous and robust quantum speed-up in
supervised machine learning. Nature Physics, pages 1–5,
2021.

[12] Dorit Aharonov, Jordan Cotler, and Xiao-Liang Qi.
Quantum algorithmic measurement. Nature Communi-
cations, 13(1):1–9, 2022.

[13] Maria Schuld, Ilya Sinayskiy, and Francesco Petruccione.
An introduction to quantum machine learning. Contem-
porary Physics, 56(2):172–185, 2015.

[14] Jacob Biamonte, Peter Wittek, Nicola Pancotti, Patrick
Rebentrost, Nathan Wiebe, and Seth Lloyd. Quantum
machine learning. Nature, 549(7671):195–202, 2017.

[15] Vedran Dunjko and Hans J Briegel. Machine learning
& artificial intelligence in the quantum domain: a re-
view of recent progress. Reports on Progress in Physics,
81(7):074001, 2018.

[16] https://research.ibm.com/blog/127-qubit-quantum-
processor-eagle.

[17] Maria Schuld and Nathan Killoran. Is quantum advan-
tage the right goal for quantum machine learning? arXiv
preprint arXiv:2203.01340, 2022.

[18] Edward Farhi and Hartmut Neven. Classification with
quantum neural networks on near term processors. arXiv
preprint arXiv:1802.06002, 2018.

[19] Iris Cong, Soonwon Choi, and Mikhail D Lukin. Quan-
tum convolutional neural networks. Nature Physics,
15(12):1273–1278, 2019.

[20] Johannes Bausch. Recurrent quantum neural net-
works. Advances in neural information processing sys-
tems, 33:1368–1379, 2020.

[21] Kerstin Beer, Dmytro Bondarenko, Terry Farrelly, To-
bias J Osborne, Robert Salzmann, Daniel Scheiermann,
and Ramona Wolf. Training deep quantum neural net-
works. Nature communications, 11(1):1–6, 2020.

[22] S. Mangini, F. Tacchino, D. Gerace, D. Bajoni, and
C. Macchiavello. Quantum computing models for ar-
tificial neural networks. EPL (Europhysics Letters),
134(1):10002, apr 2021.

[23] Jarrod R McClean, Sergio Boixo, Vadim N Smelyanskiy,
Ryan Babbush, and Hartmut Neven. Barren plateaus
in quantum neural network training landscapes. Nature
communications, 9(1):1–6, 2018.

[24] Marco Cerezo, Akira Sone, Tyler Volkoff, Lukasz Cincio,

and Patrick J Coles. Cost function dependent barren
plateaus in shallow parametrized quantum circuits. Na-
ture communications, 12(1):1–12, 2021.

[25] Arthur Pesah, M Cerezo, Samson Wang, Tyler Volkoff,
Andrew T Sornborger, and Patrick J Coles. Absence
of barren plateaus in quantum convolutional neural net-
works. Physical Review X, 11(4):041011, 2021.

[26] Kunal Sharma, Marco Cerezo, Lukasz Cincio, and
Patrick J Coles. Trainability of dissipative perceptron-
based quantum neural networks. arXiv preprint
arXiv:2005.12458, 2020.

[27] Zidu Liu, Li-Wei Yu, L-M Duan, and Dong-Ling
Deng. The presence and absence of barren plateaus in
tensor-network based machine learning. arXiv preprint
arXiv:2108.08312, 2021.

[28] Maria Kieferova, Ortiz Marrero Carlos, and Nathan
Wiebe. Quantum generative training using r\’enyi di-
vergences. arXiv preprint arXiv:2106.09567, 2021.

[29] Z Holmes, K Sharma, M Cerezo, and PJ Coles. Con-
necting ansatz expressibility to gradient magnitudes
and barren plateaus, arxiv e-prints. arXiv preprint
arXiv:2101.02138, 2021.

[30] Martin Larocca, Piotr Czarnik, Kunal Sharma, Gopikr-
ishnan Muraleedharan, Patrick J Coles, and M Cerezo.
Diagnosing barren plateaus with tools from quantum op-
timal control. arXiv preprint arXiv:2105.14377, 2021.

[31] Taylor L Patti, Khadijeh Najafi, Xun Gao, and Su-
sanne F Yelin. Entanglement devised barren plateau mit-
igation. Physical Review Research, 3(3):033090, 2021.

[32] Chen Zhao and Xiao-Shan Gao. Analyzing the barren
plateau phenomenon in training quantum neural net-
works with the zx-calculus. Quantum, 5:466, 2021.

[33] Samson Wang, Enrico Fontana, Marco Cerezo, Kunal
Sharma, Akira Sone, Lukasz Cincio, and Patrick J Coles.
Noise-induced barren plateaus in variational quantum al-
gorithms. Nature communications, 12(1):1–11, 2021.

[34] Supanut Thanasilp, Samson Wang, Nhat A Nghiem,
Patrick J Coles, and Marco Cerezo. Subtleties in the
trainability of quantum machine learning models. arXiv
preprint arXiv:2110.14753, 2021.

[35] Sukin Sim, Peter D Johnson, and Alán Aspuru-Guzik.
Expressibility and entangling capability of parameter-
ized quantum circuits for hybrid quantum-classical algo-
rithms. Advanced Quantum Technologies, 2(12):1900070,
2019.

[36] Kouhei Nakaji and Naoki Yamamoto. Expressibility of
the alternating layered ansatz for quantum computation.
Quantum, 5:434, 2021.

[37] Yuxuan Du, Zhuozhuo Tu, Xiao Yuan, and Dacheng Tao.
An efficient measure for the expressivity of variational
quantum algorithms. arXiv preprint arXiv:2104.09961,
2021.

[38] Kunal Sharma, M Cerezo, Zoë Holmes, Lukasz Cincio,
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